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PREFACE 


In  the  preface  to  the  first  of  the  author’s  two  1970  volumes  on  Order  Statistics  and  their  Use  in  Testing 
and  Estimation,  the  following  statement  is  made:  "Volume  3 will  be  devoted  to  a chronological  anno- 
tated bibliography,  with  a brief  summary  of  the  contents  of  each  article,  together  with  lists  of  references 
to  earlier  work  and  citations  by  later  authors.”  At  the  time  those  words  were  written  (February  1969), 
the  author  had  collected  a list  of  slightly  fewer  than  a thousand  relevant  publications,  so  it  appeared 
feasible  to  summarize  all  of  them  in  a single  volume.  Many  things  have  happened  in  the  intervening 
eight  years  to  change  the  details  of  the  plan,  though  the  basic  design  has  remained  the  same.  When  work 
actually  began  on  the  compilation  of  the  bibliography,  many  more  relevant  publications  were  found.  At 
times  it  seemed  that  for  every  publication  read,  two  new  ones  were  discovered,  so  that  the  question  arose 
as  to  whether  the  process  was  a converging  one.  Moreover,  the  pressure  of  other  work  made  it  impossible 
to  spend  as  much  time  on  this  task  as  had  been  anticipated  and,  as  time  passed,  many  new  publications 
on  order  statistics  appeared.  As  a result,  several  volumes  will  be  required  to  complete  the  bibliography. 

It  was  decided  that  the  first  volume  should  be  Volume  1 of  a new  series  instead  of  Volume  3 of  Order 
Statistics  and  their  Use  in  Testing  and  Estimation,  as  was  planned  originally.  Volume  1 covers  relevant 
publications  up  through  1949  (a  total  of  937  publications).  A diligent  effort  has  been  made  to  provide  as 
nearly  complete  coverage  as  possible,  but  inevitably  some  relevant  publications  will  have  been  over- 
looked. 

The  author  wishes  to  acknowledge  the  assistance  of  a number  of  persons  without  whose  help  completion 
of  this  volume  would  have  been  difficult,  if  not  impossible.  Patricia  Wittgruber,  Mary  Cross  and 
Josephine  Mickins  of  the  Aerospace  Research  Laboratories  Library  provided  invaluable  assistance  in 
obtaining  copies  of  relevant  publications.  In  later  stages  (since  the  disestablishment  of  ARL  and  the 
author’s  transfer  to  the  Air  Force  Flight  Dynamics  Laboratory  in  1975),  Elizabeth  Holloway  and 
Christine  Eynon  of  the  AFFDL  Library  performed  the  same  service.  Copies  of  many  publications  not 
available  at  Wright-Patterson  Air  Force  Base  were  obtained  from  the  University  of  Illinois  Library, 
with  the  assistance  of  Howard  A.  Messman,  John  K.  Aikin  and  Mardelle  Austin  of  the  U.  of  I.  Library 
staff  and  Ralph  M.  Riegelsperger  of  the  ARL  Support  Division.  Mark  Breiter  and  David  A.  Lee  of  ARL 
translated  several  Russian  papers,  and  copies  and/or  translations  of  a number  of  foreign  publications 
were  obtained  from  the  Foreign  Technology  Division,  with  the  assistance  of  Richard  A.  DiLorenzo,  FTD 
Interfacer  at  AFFDL.  Eva  Brandenburg  of  ARL  and  Rhonda  Baab  of  AFFDL  typed  the  manuscript. 
Sharon  Foley  of  the  Aeronautical  Systems  Division  Computer  Center  used  a computer  to  generate  lists 
of  citations  and  author  and  subject  indexes.  Robert  G.  Merkle  and  Robert  L.  Neulieb  of  AFFDL  and 
Albert  H.  Moore  of  the'Air  Force  Institute  of  Technology  read  the  manuscript  and  offered  helpful 
suggestions.  The  author  wishes  to  express  his  thanks  to  all  these  persons  and  his  apologies  to  any  others 
whose  contributions  may  have  been  inadvertently  overlooked. 

Wright-Patterson  Air  Force  Base,  Ohio 
August  1977 
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INTRODUCTION 


Let  x,,  x2, . . xnbe  a sample  of  size  n from  a specified  or  unspecified  population,  arranged  in  nondecreas- 
ing order  so  that  X|^x2£  . . . sxn.  Then  x,,  x2, . . xn  are  collectively  called  the  order  statistics  (plural)  of 

the  sample,  and  x,  (i  = 1,2 n)  is  called  the  i,h  order  statistic  of  the  sample.  In  another  sense  of  the 

expression,  order  statistics  (singular)  is  that  branch  of  the  subject  of  statistics  which  deals  with  the 
mathematical  properties  of  order  statistics  ( plural ) and  with  statistical  methods  based  upon  them.  Order 
statistics  has  often  been  considered  (incorrectly)  to  be  a branch  of  nonparametric  statistics  (or  of 
distribution-free  statistics,  which  differs  from  nonparametric  statistics  in  ways  too  subtle  to  discuss 
here).  In  fact,  the  majority  of  publications  on  order  statistics  deal  with  the  order  statistics  of  specific 
populations,  and  many  of  them  involve  the  use  of  the  sample  order  statistics  to  estimate  one  or  more 
population  parameters.  The  compiler  of  this  bibliography  (a  designation  which  he  will  use  in  the  sequel 
to  distinguish  between  himself  and  the  author  of  the  particular  publication  under  discussion)  makes  a 
sharp  distinction  between  order  statistics  and  rank  statistics,  which  is  a branch  of  nonparametric 
statistics.  Publications  dealing  with  the  ranks  of  the  observations  in  the  sample  but  not  with  the  values 
(or  expected  values)  of  any  of  them  will  not  in  general  be  included  in  this  bibliography;  however,  a few 
that  are  needed  for  comparison  of  methods  based  on  ranks  with  alternatives  based  on  order  statistics  will 
be  included.  Similarly,  although  the  method  of  least  squares  is  not  based  on  order  statistics,  a substan- 
tial number  of  publications  on  least  squares  will  be  included  because  most  alternative  methods  are 
based  on  order  statistics  and  comparisons  with  the  classical  method  of  least  squares  are  inevitable. 
Likewise,  since  the  "weakest-link”  theory  (based  on  the  theory  of  extreme  values,  a -branch  of  order 
statistics)  plays  an  important  role  in  the  size  effect  on  material  strength,  a few  publications  on  the  size 
effect  which  do  not  specifically  mention  the  "weakest-link”  theory  will  be  included  for  comparative 
purposes. 

This  volume  is  divided  into  three  sections.  The  first  and  largest  of  these  is  a chronological  bibliography 
(alphabetical  within  years)  of  937  pre-1950  publications,  with  summaries,  references  and  citations.  At 
the  end  of  each  bibliographic  listing,  the  source(s)  of  any  known  abstract(s)  and/or  review(s)  is  (are) 
given.  A summary  of  each  publication  (or  the  portion  of  it  relevant  to  our  subject)  is  given,  sometimes 
including  extensive  quotations  of  the  author’s  own  words  (or  translations  of  them,  if  the  publication  is  in 
a language  other  than  English).  Comments  and'or  notes  by  the  compiler  are  included  when  appropriate, 
separate  from  and  following  the  summary.  The  937  publications  summarized  in  this  volume  form  a 
closed  set  with  respect  to  the  references  and  citations;  references  to  and  citations  by  other  publications  in 
the  set  are  listed  chronologically  (alphabetically  within  years)  for  each  of  the  937  publications  in  the  set. 
If  a publication  has  no  list  of  references  (citations),  there  were  none  to  (by  > other  publications  included  in 
the  set.  When  the  reference  is  to  an  edition  other  than  the  first,  the  date  of  the  edition  actually  cited  is 
given  in  brackets.  References  which  are  included  only  in  later  editions  are  enclosed  in  braces.  A date  in 
brackets  in  a citation  list  is  the  date  of  the  first  edition  in  which  the  citation  occurs.  A list  of  references  to 
post- 1949  literature  (to  be  summarized  in  later  volumes)  and  a list  of  abbreviations  used  for  the  names  of 
abstracting  and  reviewing  journals  are  given  at  the  end  of  Section  I.  Section  II  is  an  alphabetical  list  of 
authors,  with  year(s)  of  publication  for  each  author  in  parentheses  following  his  name.  Each  authors 
name  is  alphabetized  according  to  the  first  capital  letter  in  his  surname.  Thus,  de  Finetti  is  alphabetized 
under  F,  but  De  Morgan  is  alphabetized  under  D;d'Addario  is  alphabetized  under  A,  l’Hermite  under  H, 
von  Mises  under  M,  van  den  Berg  under  B,  etc.  In  the  case  of  joint  authorship,  the  complete  listing  is 
alphabetized  according  to  the  name  of  the  first  author,  and  cross  references  are  alphabetized  according 
to  the  nameis)  of  the  other  author!  s).  Cross  references  are  also  given  to  different  forms  or  spellings  of 
authors’  names.  Section  III  is  a subject  index  in  which  the  subjects  are  listed  alphabetically,  with  cross 
references  when  appropriate,  and  the  publications  pertinent  to  each  subject  are  listed  chronologically 
(alphabetically  within  years). 
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SECTION  I 

CHRONOLOGICAL  BIBLIOGRAPHY  OF  PRE-1950  PUBLICATIONS,  WITH 
SUMMARIES,  REFERENCES  AND  CITATIONS 
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* Ptolemaeus,  Claudius  (circa  150).  Mathematiches  Syntaxeos  Biblia  (Greek).  German  translation  and 
explanatory  notes  by  K.  Manitius,  Ptolemdus  Handbuch  der  Astronomie,  2 vols.,  B.  G.  Teubner,  Leipzig, 
1913;  revised  edition,  with  foreword  and  corrections  by  O.  Neugebauer,  1963. 

Summary:  The  author  gives  a comprehensive  account  of  what  was  known  to  the  Greek  astronomers, 
including  some  information  concerning  the  methods  they  used  in  analyzing  their  observational  data.  He 
reports!  Vol.  I,p.  133)  that  Hipparchus  (second  century  B.  C.)  noticed  inequalities  in  the  intervals  of  time 
between  successive  passages  of  the  sun  through  the  same  solstitial  point,  which  led  him  to  question 
whether  the  length  of  the  year  is  constant.  Subsequently  (see  Vol.  I,  pp.  136-137;  Plackett  ( 1958b),  p. 
130),  Hipparchus  estimated  the  maximum  variation  in  length  as  3/4  day,  apparently  by  taking  half  the 
range  of  his  observations  of  the  distance, of  the  star  called  Spica  west  of  the  autumnal  point  of  lunar 
eclipses  (maximum  6-1/2°,  minimum  5-1/4°,  with  an  additional  allowance  of  1/4°  for  error  in  his 
observations  and  the  calculations  based  on  them). 

Note:  All  references  to  volume  and  page  numbers  are  to  those  of  the  German  translation  by  Manitius 
(1913),  the  same  pagination  being  retained  in  the  revised  (1963)  edition. 

* Galilei,  Galileo  (1632).  Dialogo  sopra  i due  massimi  sisterni  del  mondo:  Tolemaico,  e Copernicano. 
Landini,  Florence.  [English  translation.  Dialogue  concerning  the  two  chief  world  systems,  Ptolemaic  and 
Copernican,  by  Stillman  Drake  (with  foreword  by  A.  Einstein).  Univ.  of  Calif.  Press,  Berkeley,  1953]. 

Summary:  Galileo,  having  been  forbidden  by  the  church  to  teach  certain  theories,  seeks  to  evade  this 
injunction  by  writing  this  dialogue  in  which  he  puts  his  own  words  into  the  mouths  of  the  characters.  An 
example  is  the  following,  chosen  because  of  its  relevance  to  our  subject:  "Then  these  observers  being 
capable,  and  having  erred  for  all  that,  and  their  errors  needing  to  be  corrected  in  order  for  us  to  get  the 
best  possible  information  from  their  observations,  it  will  be  appropriate  for  us  to  apply  the  minimum 
amendments  and  smallest  corrections  that  we  can — just  enough  to  remove  the  observations  from 
impossibility  and  restore  them  to  possibility  . . . .”  [p.  290  of  the  English  translation],  A part  of  the 
discussion  of  the  third  day  of  the  dialogue  concerns  the  question  of  determining  the  distance  from  the 
earth  of  a new  star,  given  observations  on  its  maximum  and  minimum  elevation  (in  degrees)  and  the 
elevation  of  the  pole  star  by  thirteen  observers  at  different  points  on  the  earth’s  surface.  If  the 
observations  were  exact,  the  distance  could  be  determined  from  the  observations  of  any  two  observers, 
and  the  ( ‘j1  ) = 78  determinations  made  by  pairing  the  observers  in  all  possible  ways  would  all  give  the 
same  result.  Since  the  observations  are  subject  to  error,  78  different  distances  of  the  star  from  the  center 
of  the  earth  are  found,  ranging  from  a value  less  than  the  radius  of  the  earth  to  infinity  and  beyond.  Both 
extremes  are  manifestly  impossible.  In  the  above  statement  of  Salviati,  one  of  the  three  participants  in 
the  dialogue,  apropos  t his  situation,  we  see  the  beginnings  of  the  theory  of  errors,  which  attempts  to 
determine  the  truth  from  inconsistent  observations  by  minimizing  various  (non-decreasing)  functions  of 
the  errors.  Some  of  these  functions,  as  we  shall  see  later,  are  based  on  order  statistics. 

* Bernoulli,  Nicolas  I < 1 709 ».  Specimina  Artis  conjectandi,  ad  quaestiones  Juris  applicatae.  Basle.  Re- 
printed in  Actorum  Eruditorum  quae  Lipsiae  Publicantur  Supplementa  4 (1711),  159-170. 

Summary:  Suppose  there  are  b men  who  will  all  die  within  a year,  and  are  equally  likely  to  die  at  any 
instant  within  this  time  [uniform  (rectangular)  distribution  of  remaining  life].  Find  the  probable 
duration  of  the  life  of  the  last  survivor.  Bernoulli  views  this  problem  as  equivalent  to  the  following:  A 
line  of  length  a is  measured  from  a fixed  origin;  on  this  line  b points  are  taken  at  random:  determine  the 
mean  distance  from  the  origin  of  the  most  distant  point.  He  supposes  that  the  line  of  length  a is  divided 
into  an  indefinitely  large  number  n of  equal  parts,  each  of  length  c,  so  that  nc  = a;  each  of  the  b points 

may  be  at  the  distance  c,  or  2c,  or  3c up  to  nc;  but  no  two  or  more  at  exactly  the  same  distance. 

Bernoulli  shows  that  the  required  mean  distance  is  given  by 
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The  result  obtained  is  precisely  the  expected  value  of  the  largest  observation  ib,h  order  statistic!  in  a 
random  sample  of  size  b from  a uniform  distribution  on  the  interval  iO,ai. 

Citations:  Todhunter  <1865),  Czuber  (18991,  Keynes  <1921). 

* Cotes,  Roger  < 1722).  Aestimatio  errorum  in  mixta  mathesi,  per  variationes  partium  trianguli  plani  et 
sphaerici.  Opera  Miscellanea , pp.  1-22.  (Appended  to  his  Harmonia  Mensurarum ).  Cantabrigiae. 

Summary:  In  the  last  paragraph  (page  22),  which  is  the  only  part  of  this  work  which  is  of  special 
interest  here,  the  author  considers  four  observations  p.  q.  r and  s,  which  may  not  be  equally  reliable,  of 
the  position  of  a point.  He  proposes,  as  the  most  probable  true  position,  a weighted  average  with  weights 
P,  Q,  R and  S which  are  inversely  proportional  to  the  spread  of  the  errors  to  which  the  respective 
observations  are  subject. 

Comments:  This  proposal  of  Cotes  represents  one  of  the  earliest  attempts  to  determine  an  average 
which  uses  all  the  observations  but  does  not  assign  equal  weights  to  all  of  them;  later  we  shall  encounter 
methods  in  which  the  weights  vary  according  to  the  position  of  the  observations  in  the  ordered  sample. 
Merriman  ( 1877)  has  remarked  (page  154):  "Cotes’s  rule  only  agrees  with  modern  methods  when  the 
observations  are  directly  made  upon  one  quantity”.  Eisenhart  (1964),  pages  25  and  26,  has  applied 
Cotes’  suggestion  to  the  determination  of  the  slope  of  a line  through  the  origin.  For  every  observed  point 
( x,,v  j ) (x^  0),  y,/x,  is  an  observation  on  the  slope.  For  the  special  case  of  equal  weights,  Cotes’  suggestion 
leads  to  the  condition  of  zero  sum  of  residuals,  so  that  the  line  must  passthrough  the  center  of  gravity  (x, 
y)  of  the  data,  and  hence  must  have  slope  y/x,  provided  x and  y are  not  both  equal  to  zero. 

Citations:  Lalande  (1771),  Laplace  (1812),  Ivory  (1825),  von  Riese  (1830),  Jevons  (1874),  Merriman 
( 1877),  Pizzetti  ( 1892),  Czuber  ( 1899). 

* Euler,  L.  ( HAS).  Piece  quia  Remporte  le  Prix  de  I'Academie  Rovale  des  Sciences  en  I 748 , sur  les  1 negalites 
da  Mauvement  (le  Saturne  et  de  Jupiter.  Martin,  Coignard  et  Guerin,  Paris.  Reprint,  Leonhardi  Eu/eri 
Opera  Omnia  II  25  iCommentationes  Astronomicae  I),  45-157.  Orell  Fiissli,  Turici,  1960. 

Summary:  According  to  Eisenhart  ( 1964),  page  26,  this  work  and  the  following  one  by  Mayer  ( 1750) 
give  the  results  of  independent  investigations  of  the  authors,  who  both  in  the  same  year  ( 1748)  developed 
what  has  come  to  be  called  the  Method  of  Averages  for  fitting  a linear  equation  to  observed  data.  In  this 
method  the  observational  equations  are  divided  into  as  many  subsets  as  there  are  coefficients  to  be 
determined,  the  division  being  according  to  the  values  of  (one  of)  the  independent  variable(s),  those 
having  the  largest  values  of  this  variable  grouped  together,  then  the  next  largest  in  another  group,  etc. 
Then  the  equations  in  each  group  are  added  together,  which  is  equivalent  to  applying  to  each  subset  the 
condition  of  zero  sum  of  residuals  inherent  in  the  method  of  Cotes  ( 1722)  for  the  special  case  of  equal 
uncertainties  of  the  observations.  The  resulting  equations,  whose  number  is  equal  to  the  number  of 
coefficients  to  be  determined,  are  then  solved  simultaneously.  [A  drawback  of  this  method  is  that  the 
results  depend  on  the  wav  in  which  the  observational  equations  are  divided  into  subsets,  and  are 
therefore  somewhat  arbitrary  and  subjective.]  Shevnin  1 1966),  page  1004,  credits  Euler  with  being  the 
first  ( in  articles  122-123  of  this  work)  to  use  a rudimentary  form  of  the  mini  max  principle  ( minimization 
of  the  maximum  residual  error)  for  solving  a redundant  system  of  linear  equations. 

Citations:  Lalande  (1771).  von  Zach  (1805),  Laplace  (1812),  Todhunter  (1865).  Merriman  (1877). 

* Mayer,  Johann  Tobias  (1750).  Abhandlung  uber  die  Umwalzung  des  Monds  um  seine  Axe  und  die 
scheinbare  Bewegung  der  Mondsflecken.  Knsmoqraphischc  Machrichten  und  Sammlungen  for  1748  1, 
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Summary:  After  giving  an  account  of  his  development  [independent  of  that  of  Euler  (1749)]  of  the 
Method  of  Averages,  the  author  uses  this  method  in  an  example.  Having  made  twenty-seven  observa- 
tions on  the  position  of  a moon  spot,  he  uses  them  to  write  twenty-seven  equations  each  containing  three 
unknown  quantities.  To  solve  these  he  adds  together  the  nine  equations  in  which  the  values  of  the 
coefficients  of  one  of  the  unknown  quantities  are  the  greatest,  then  the  nine  in  which  they  are  least,  and 
finally  the  remaining  nine.  He  then  solves  simultaneously  the  resulting  three  equations  in  three 
unknowns  in  order  to  obtain  the  coefficients  in  the  linear  equation  fitted  to  the  observed  data. 

Citations:  Lalande  (1771),  von  Zach  (1805),  Laplace  (1812),  Hauber  (1830-32),  Todhunter  (1865), 
Merriman  ( 1877),  Pizzetti  (1892),  Goedseels  ( 1909),  Whittaker  & Robinson  ( 1924),  Bruen  ( 1938),  Dem- 
ing  (1943). 

* Maire,  Christopher;  Boscovich,  Roger  Joseph  ( 1755).  De  Litteraria  Expeditione  per  Pontificiam  ditionem 
ad  dimetiendas  duas  Meridiani  grad  us,  et  corrigendam  rnappam  geographicam,  jussu,  et  auspiciis 
Benedicti  XIV  Pont.  Max.  suscepta.  Romae.  [French  translation,  Voyage  Astronomique  et  Geographique 
dans  l’£tat  de  I'tlglise,  entrepris  par  I'Ordre  et  sous  les  Auspices  du  Pape  Benoit  XIV,  pour  mesurer  deux 
degres  du  meridien,  et  cornger  la  Carte  de  I'Etat  ecclesiastique,  Paris,  1770]. 

Summary:  This  volume  is  a report  on  the  results  of  an  expedition  undertaken  by  the  two  authors 
(Jesuits)  under  the  auspices  of  Pope  Benedict  XIV  to  measure  two  degrees  of  meridian  and  correct  the 
map  of  the  Papal  State.  The  book  is  divided  into  five  parts,  of  which  the  second  and  third  are  by  Maire  and 
the  others  by  Boscovich.  Our  interest  centers  in  * portion  of  the  fifth  part,  especially  pp.  499-501,  where 
Boscovich  attempts  to  determine  the  best  value  of  the  ellipticity  of  the  earth  from  five  measurements  of 
degrees  of  meridian  (the  new  one  by  Maire  and  himself  reported  earlier  in  the  volume  and  four  others) 
which  he  considers  most  reliable  among  a larger  number  of  available  measurements.  If  the  earth  were 
exactly  an  ellipsoid  of  revolution  and  if  the  measurements  were  perfectly  accurate,  any  two  measure- 
ments of  degrees  of  meridian  made  at  different  latitudes  would  determine  its  ellipticity  exactly.  But 
because  the  measurements  are  subject  to  error,  each  of  the  (| ) = 10  pairs  of  measurements  yields  a 
different  value  of  the  ellipticity,  which  is  directly  related  to  the  excess  of  the  polar  degree  over  the 
equatorial.  If  the  ellipticity  is  computed  from  the  arithmetic  mean  of  all  ten  excesses,  the  result  is  1/255, 
but  if  the  two  most  discrepant  values  of  the  excess  (one  of  which  is  actually  negative)  are  discarded  and 
the  ellipticity  is  computed  from  the  arithmetic  mean  of  the  eight  remaining  ones,  the  result  is  1/195. 
Boscovich  gives  both  of  these  results,  but  is  not  satisfied  with  either. 

Comments:  This  volume  is  of  interest  not  only  because  of  the  material  on  the  treatment  of  outliers 
(extreme  order  statistics),  but  also  because  of  its  relation  to  later  publications  by  Boscovich  (1757,  1760) 
in  which  he  developed  and  applied  a method,  based  on  order  statistics,  to  determine  the  straight  line  of 
best  fit  to  three  or  more  non-collinear  points.  The  1770  French  translation  includes  a note  which  is  a 
translation  of  the  exposition  of  this  method  from  Boscovich  ( 1760).  This  and  other  added  features  make 
the  translation  more  useful  than  the  original,  as  Todhunter  (1873),  p.  332,  has  remarked. 

Citations:  Boscovich  (1757,  1760),  Lalande  (1771),  Bernoulli  (1785),  Laplace  (1793,1799),  von  Lin- 
denau  (1806),  Todhunter  (1873),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892),  Bruen  (1938). 

* Simpson,  Thomas  ( 1756).  A letter  to  the  Right  Honourable  George  Earl  of  Macclesfield,  President  of  the 
Royal  Society,  on  the  advantage  of  taking  the  mean  of  a number  of  observations,  in  practical  astronomy. 
Philosophical  Transactions  of  the  Royal  Society  of  London  for  1755  49  (1),  82-93. 

Summary:  The  author  points  out  that  the  practice  of  taking  the  mean  of  a number  of  observations. 
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while  common  among  astronomers,  has  been  questioned  by  some  persons  of  considerable  note  who  have 
maintained  that  a single  observation,  taken  with  due  care,  is  as  reliable  as  the  mean  of  a great  number. 
In  order  to  refute  that  position,  he  determines  the  distributions  of  the  mean  errors  of  n independent 
observations  from  a discrete  uniform  (rectangular)  population  and  from  a discrete  isosceles  triangular 
population.  He  then  compares  these  distributions  with  those  of  single  observations  from  the  same  parent 
populations,  and  shows  that  the  probability  is  less  that  the  error  of  the  mean  of  n observations  equals  or 
exceeds  a given  value  than  that  the  error  of  a single  observation  equals  or  exceeds  the  same  value,  the 
more  so  the  greater  the  value  of  n. 

Comments:  Simpson’s  results,  though  quantitatively  true  only  for  the  arithmetic  mean,  are  qualita- 
tively the  same  as  those  for  other  averages,  including  those  ( such  as  the  median  and  the  midrange)  based 
on  order  statistics. 

Citations:  Merriman  (1877),  Czuber  (1891a),  Keynes  (1921),  Whittaker  & Robinson  (1924). 


* Boscovich,  Roger  Joseph  (1757).  De  litteraria  expeditione  per  pontificiam  ditionem,  et  synopsis 
amplioris  operis,  ac  habentur  plura  ejus  ex  exemplaria  etiam  sensorum  impressa.  Bononiensi  Scien- 
tiarum  et  Artum  Instituto  Atque  Academia  Commentarii  4,  353-396. 

Summary:  The  author  summarizes  the  measurement  of  a meridian  arc  near  Rome  and  reevaluates  the 
data  on  this  and  previous  measurements  given  by  Maire  and  Boscovich  ( 1755 ).  He  proposes  for  the  first 
time  two  criteria  for  determining  the  best-fitting  straight  line  y = a+bx  through  three  or  more  points: 

( 1 ) The  sums  of  the  positive  and  negative  residuals  (in  the  y-direction)  shall  be  numerically  equal;  and 

(2)  the  sum  of  the  absolute  values  of  the  residuals  shall  be  a minimum.  He  proceeds  to  apply  these 
criteria  to  the  data  of  Maire  and  Boscovich,  though  he  does  not  give  any  indication  as  to  the  method  of 
solution  of  the  equation  for  the  best  value  of  the  slope  b resulting  from  the  criteria. 

Comments:  Boscovich’s  first  criterion  requires  that  the  best-fitting  straight  line  pass  through  the 
centroid  (x,y)  of  the  observations.  The  second  criterion  is  then  applied  subject  to  the  restriction  imposed 
by  the  first.  If  this  restriction  were  removed,  the  smallest  possible  minimum  of  the  sum  of  the  absolute 
values  of  the  residuals  would  be  attained.  We  shall  see  that  this  unrestricted  minimum  is  precisely  the 
solution  proposed  by  some  later  authors. 

Reference:  Maire  & Boscovich  (1755). 

Citations:  Boscovich  (1760),  Bernoulli  (1785),  von  Zach  (1805),  Gauss  (1809),  von  Riese  (1830), 
Todhunter  (1873),  Bruns  (1882),  Mansion  (1913). 

* Simpson,  Thomas  ( 1757).  An  attempt  to  shew  the  advantage  arising  by  taking  the  mean  of  a number  of 
observations,  in  practical  astronomy.  Miscellaneous  Tracts  on  Some  Curious,  and  Very  Interesting 
Subjects  in  Mechanics,  P hysical- Astronomy , and  Speculative  Mathematics,  pp.  64-75.  J.  Nourse,  London. 

Summary:  This  is  essentially  a revision  of  the  author’s  earlier  paper  [Simpson  (1756)].  Nothing  of 
consequence  in  that  paper  has  been  omitted,  but  there  are  two  notable  additions.  At  the  beginning,  the 
author  states  explicitly  for  the  first  time  the  assumptions  that  the  error  distribution  is  ( 1)  symmetric 
(positive  and  negative  errors  of  equal  magnitude  are  equally  likely ) and  (2)  limited  in  extent  (with  limits 
depending  on  the  goodness  of  the  instrument  and  the  skill  of  the  observer).  Four  pages  of  new  material  at 
the  end  are  devoted  to  extension  to  a continuous  isosceles  triangular  error  distribution  of  the  results 
previously  given  for  the  corresponding  discrete  distribution. 

Citations:  Lalande  1 17711,  Todhunter  (1865),  Glaisher  (1872),  Merriman  (1877),  Czuber  (1891a), 
Pizzetti  1 1892),  Czuber  1 1899'.  Keynes  ( 1921 ). 
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* Boscovich,  R.  J.  (1760).  De  recentissimis  graduum  dimensionibus,  et  figura,  ac  magnitudine  terrae  inde 
derivanda.  Philosophiae  Recentioris,  a Benedicto  Stay  in  Romano  Archigynasis  Publico  Eloquentare 
Professore,  versibus  traditae,  Libri  X,  cum  adnotationibus  et  Supplementis  P.  Rogerii  Josephi  Boscovich 
S.  J.,  Tomus  II,  pp.  406-426,  esp.  420-425.  Romae.  [French  translation  included  in  note  appended  to  1 770 
French  edition  of  Maire  and  Boscovich  (1755),  pp.  501-512]. 

Summary:  This  dissertation  is  a portion  of  Boscovich’s  commentary  on  the  second  of  three  volumes  of 
Stay’s  treatise  on  natural  philosophy  in  Latin  hexameters.  On  page  420-425,  Boscovich  gives  a geomet- 
ric method  of  solving  the  equations  resulting  from  the  application  of  the  two  criteria  stated  in  his  earlier 
paper  [Boscovich  ( 1757)]  to  the  problem  of  finding  the  straight  line  y = a + bx  of  best  fit  to  a number  of 
points  which  are  not  collinear,  and  applies  this  method  to  the  same  five  meridian  arcs,  obtaining  the 
value  1/248  for  the  ellipticity  of  the  earth.  This  method  [see  Eisenhart  (1961),  pp.  202-204,  for  details]  is 
based  on  the  ordered  slopes  b,  b2  s=  b3  s b4  b5  of  the  lines  connecting  the  five  observational  points  (xt, 
yt),  i = 1,  2,  . . .,  5,  to  their  centroid  (x,  y). 

References:  Maire  & Boscovich  (1755),  Boscovich  (1757). 

Citations:  Lalande  (1771),  Bernoulli  (1785),  von  Lindenau  (1806),  Adrain  (1818),  Anonymous  (1821), 
Cauchy  (1831),  Todhunter  (1873),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892),  Bruen  (1938). 

* Lambert,  J.  H.  ( 1760).  Photometria,  sive  di  Mensura  et  Gradibus  Luminis,  Colorum,  et  Umbrae.  Augus- 
tae  Vindelicorum,  Augsburg,  (esp.  Arts.  271-306).  [Review,  Nova  Acta  Eruditorum  (1760),  564-578]. 

Summary:  Sheynin  ( 1966),  p.  1003,  has  stated  that  Lambert  should  be  given  precedence  over  Gauss  as 
the  originator  of  the  theory  of  errors.  This  is  one  of  Lambert’s  three  main  works  on  the  subject  [see  also 
Lambert  ( 1765a, b)].  This  work  is  available  in  the  Ostwald’s  Klassiker  series,  but  Sheynin  states 
(p.  1004)  that  the  translator  not  only  omitted  the  relevant  portion,  but  added  a comment  to  the  effect 
that  the  omitted  portion  contains  nothing  of  interest  to  the  reader.  Similarly,  no  mention  is  made  of  this 
portion  in  the  review  cited  above.  Accqj-ding  to  Sheynin,  the  three  works  of  Lambert  contain:  (a)  The  first 
general  outline  since  Galilei  ( 1632)  of  the  properties  of  errors  of  observations;  (b)  A rule  for  estimating 
the  precision  of  measurements  by  comparing  the  means  taken  with  and  without  the  most  extreme 
observation.  The  latter  of  these  is  also  mentioned  by  Merriman)  1877),  pp.  156-157,  in  his  brief  summary 
of  the  contents  of  this  book.  Again  according  to  Sheynin,  the  specific  contents  of  the  present  volume 
include  use  (in  Arts.  299-303)  of  the  principle  of  maximum  likelihood,  for  which  the  author  gives  a 
graphical  method  of  solution.  Sheynin  notes,  however,  that  Lambert  did  not  regard  this  principle  as 
useful  in  practice,  and  never  returned  to  it. 


Note:  The  compiler  has  been  unable  to  obtain  a copy  of  this  book,  and  has  therefore  had  to  rely  on  other 
authors  [Sheynin  (1966)  and  Merriman  (1877),  especially  the  former]  for  a summary  of  its  contents. 


Citations:  Trembley  (1804),  Anonymous  (1821),  Glaisher  (1872),  Merriman  (1877),  Pizzetti  (1892). 

* Short,  James  ( 1763).  Second  paper  concerning  the  parallax  of  the  sundetermined  from  the  observations 
of  the  late  transit  of  Venus,  in  which  this  subject  is  treated  of  more  at  length,  and  the  quantity  of  the 
parallax  more  fully  ascertained.  Philosophical  Transactions  of  the  Royal  Society  of  London  53, 300-345. 


Summary:  The  author  endeavors  to  determine  the  parallax  of  the  sun  from  observations,  at  various 
points,  of  a transit  of  V enus,  on  the  basis  of  comparisons  of  ( 1 ) observed  durations,  ( 2 ) least  distance  at 
centers,  and  (3)  internal  contact  at  egress.  He  makes  1 16  comparisons  of  internal  contacts  observed  at 
places  north  of  the  Equator,  which  he  divides  into  two  groups  of  53  and  63  comparisons  with  means  8.61" 
and  8.58",  respectively.  Bv  rejecting  those  results  among  the  53  which  differ  from  the  mean  by  more  than 
one  second  ( half  a second),  he  finds  the  trimmed  mean  based  on  the  remaining  45(37)  results  to  be  8.55” 
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(8.57").  He  takes  as  his  result  the  mean  of  the  untrimmed  mean  and  the  two  trimmed  means,  8.58".  By 
rejecting  those  results  among  the  63  which  differ  from  the  mean  by  more  than  1"  (0.5"),  he  finds  the 
trimmed  mean  based  on  the  remaining  49(37)  results  to  be  8.50" (8.535"),  and  then  takes  as  his  result  the 
mean  of  the  untrimmed  mean  and  the  two  trimmed  means,  8.55",  which  he  then  averages  with  the 
corresponding  result  for  the  53  observations  to  obtain  the  value  8.565",  which  he  considers  to  be  the  best 
available  from  all  116  observations.  Somewhat  less  variable  (and  more  precise)  results  are  obtained  by 
comparison  of  observations  at  northern  hemisphere  points  with  those  at  the  Cape  of  Good  Hope  and  at 
Rodriguez  (21  observations  in  each  group)  with  means  of  8.56"  and  8.57"  and  trimmed  means,  after 
rejecting  2(8)  values  which  differ  from  the  mean  by  more  than  0.2",  also  8.56"  and  8.57".  From  12 
comparisons  of  total  duration,  he  finds  a mean  parallax  of  8.68"  and  a trimmed  mean,  after  rejecting  4 
values  which  differ  from  the  mean  by  more  than  1",  of  8.61",  which  he  takes  as  the  best  value  obtainable 
from  these  observations.  He  also  finds  means  of  8.56"  and  8.53"  from  8 comparisons  of  least  distances  at 
centers  for  northern  hemisphere  points  with  that  at  Rodriguez  and  from  32  comparisons  of  least 
distances  at  centers  computed  from  total  durations.  These  two  sets  of  observations  are  quite  concordant, 
and  he  does  not  reject  any  of  them.  From  the  six  means  (8.565",  8.56",  8.57”,  8.61",  8.56”,  and  8.53") 
obtained  in  different  ways,  the  author  finds  the  mean  to  be  8.566",  or  if  the  mean  ( 8.61")  based  on  total 
durations  (which  he  says  is  least  certain)  is  rejected,  he  finds  the  mean  of  the  remaining  five  means  to  be 
8.557",  so  he  concludes  that  the  sun’s  parallax,  on  the  day  of  the  transit,  was  8.56". 

* Lambert,  J.  H.  ( 1765a).  Anmerkungen  und  Zusatze  sur  practischen  Geometrie.  Beytrdgezum  Gebrauche 
der  Mathematik  und  aeren  Anwendung , Vol.  1,  pp.  1-313.  Berlin.  (Second  edition,  1792). 

Summary:  A general  statement  as  to  the  contents  of  the  author’s  three  main  works  dealing  with  the 
theory  of  errors[Lambert  ( 1760,  1765a,  b)]  is  given  in  the  summary  of  the  first.  Specific  contents  of  the 
present  work  include  [see  Sheynin  (1966),  p.  1004]:  (a)  A justification  (Arts.  443-445)  for  preferring  an 
arithmetical  mean  to  a single  observation;  (b)  A derivation  (Arts.  429-430)  of  a semicircular  probability 
density  function  for  the  distribution  of  errors;  and  (c)  A statement  (Art.  420)  of  the  minimax  principle 
(minimizing  the  maximum  residual  error).  Lambert  confesses  that  he  does  not  know  how  to  use  this 
principle  in  a general  and  straightforward  manner. 

Note:  The  author  has  been  unable  to  obtain  a copy  of  this  publication,  and  therefore  has  been  forced  to 
rely  upon  Sheynin  (1966)  for  a summary  of  its  contents. 

Comment:  It  is  not  clear  whether  or  not  Lambert  was  aware  of  the  use  by  Euler  ( 1749)  of  a rudimentary 
form  of  the  minimax  principle. 

Citation:  Trembley  ( 1804). 

* Lambert,  J.  H.  ( 1765b).  Theorie  der  Zuverlassigkeit  der  Beobachtungen  und  Versuche.  Reytrdge  zum 
Gebrauche  der  Mathematik  und  deren  Anwendung,  Vol.  1 , pp.  428-488.  Berlin.  (Second  edition.  1792'. 

Summary:  Seethe  summary  of  the  book  by  Lambert  (1760)  fora  general  summary  of  the  contents  of  his 
three  main  works  | Lambert  ( 1760, 1765a,b)l  dealing  with  the  theory  of  errors.  On  page  426  of  the  present 
work,  the  author  repeats  [see  Merriman  (1877),  p.  157]  the  method  given  in  the  previous  volume 
[Lambert  (1760)]  forjudging  the  precision  of  the  measurements  which  consists  in  comparing  the  mean  of 
all  observations  with  a new  mean  found  after  rejecting  that  observation  deviating  most  from  the  first 
mean.  He  defines  [see  Sheynin  ( 1966),  p.  1004]  the  objectives  of  the  theory  of  errors.  In  Art.  321  he  states 
that  these  objectives  are  to  find  the  relations  between  errors,  their  consequences,  the  conditions  of 
observation  and  the  accuracy  of  instruments.  He  also  undertakes  a study  of  the  errors  of  functions  of  the 
observations,  and  endeavors  to  determine  the  'true  value’  of  the  observed  quantity  and  to  estimate  the 
accuracy  of  the  observations.  In  Art. 20  he  gives,  according  to  Sheynin,  rules  for  fitting  straight  lines  and 
curves  by  dividing  the  observations  into  groups  and  taking  their  centers  of  gravity  instead  of  the 
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original  observations.  It  is  not  clear  to  the  compiler  whether  these  rules  are  the  same  as  those  to  which 
Merriman  refers  when  he  states  that  this  work  contains  a method  of  adjusting  simple  observations  based 
on  the  principle  that  the  algebraic  sum  of  the  errors  shall  be  zero,  and  illustrates  this  method  by 
determining  empirical  formulae  for  the  length  of  the  seconds  pendulum,  the  declination  of  the  magnetic 
needle,  etc. 

Note:  The  compiler  has  been  unable  to  obtain  a copy  of  this  publication.  He  has  therefore  been  forced  to 
rely  on  other  authors  [Merriman  (1877)  and  Sheynin  (1966)]  for  an  account  of  its  contents. 

Citations:  Bernoulli  (1785),  Trembley  ( 1804),  von  Zach  ( 1805),  van  Beeck  Calkoen  ( 1816),  Anonymous 
(1821),  Muncke  (1825),  Hagen  (1837),  Merriman  (1877),  Pizzetti  (1892),  Czuber  (1899). 

* Lalande,  Jerome  le  Francois  de  ( 1771).  Astronomie , Tome  Troisieme.  Desaint,  Paris.  (Second  edition). 
[Third  edition,  1792], 

Summary:  The  author  reviews  the  literature  on  the  theory  of  errors  and  its  application  to  problems  in 
astronomy  and  geodesy.  He  mentions  the  work  of  Cotes  ( 1722)  on  weighted  averages  and  that  of  Simpson 
(1757)  on  the  advantages  of  the  arithmetic  mean,  and  states  that  he  uses  a simplification  of  Simpson’s 
method  in  solving  the  problem  of  precession  of  equinoxes.  He  discusses  in  some  detail  the  method  of 
averages,  due  to  Euler  (1749)  and  Mayer  (1750),  and  the  method  of  minimizing  the  sum  of  absolute 
deviations,  subject  to  the  condition  that  the  sums  of  positive  and  negative  deviations  be  equal  in 
magnitude,  due  to  Boscovich  ( 1760).  He  uses  those  two  methods  in  the  solution  of  systems  of  inconsistent 
equations  resulting  from  measurements  of  degrees  of  longitude  and  of  lengths  of  seconds  pendulums, 
both  of  which  are  applied  to  the  determination  of  the  earth’s  ellipticity. 

References:  Cotes  (1722),  Euler  (1749),  Mayer  (1750),  [Maire  &]  Boscovich  (1755)  [1770],  Simpson 
(1757),  Boscovich  (1760). 

Citation:  Gore  (1889). 

* Lagrange,  J.  L.  (1774).  Memoire  sur  l’utilite  de  prendre  le  milieu  entre  les  resultats  de  plusieurs 
observations;  dans  lequel  on  examine  les  avantages  de  cette  methode  par  le  calcul  des  probabilites;  et  ou 
Ton  resoud  differents  problemes  relatifs  a cette  matiere.  Miscellanea  Taurinensia  for  1770-73  5, 167-232 
(esp.  Probleme  X,  225-229).  [Reprinted  in  Oeuvres  de  Lagrange,  Vol.  2,  pp.  173-234.  Gauthier-Villars, 
Paris,  1868]. 

Summary:  After  solving  several  problems  concerning  averages  of  observations  having  discrete  error 
distributions,  which  are  reminiscent  of  Simpson  (1756,  1757),  the  author  states  his  Problem  X:  ' One 
supposes  that  each  observation  is  subject  to  all  possible  errors  between  the  two  limits  p and  -q,  and  that 
the  facility  of  each  error  x,  that  is,  the  number  of  cases  in  which  it  can  occur,  divided  by  the  total  number 
of  cases,  is  represented  by  any  function  whatever  of  x designated  by  y;  one  requires  the  probability  that 
the  mean  error  of  n observations  shall  be  included  between  the  limits  rand  — s.”  To  solve  this  problem,  he 
says,  one  first  determines  the  probability  [density]  that  the  mean  error  shall  be  z,  which  is  represented 
by  a function  of  z,  and  then  integrates  from  z = r to  z = s [apparently  he  means  from  z = -s  to  z = r].  To 
find  the  probability  [density  ] that  the  mean  error  of  n observations  is  z,  consider  the  polynomial  which  is 
represented  by  the  integral  of  yaxdx  from  x = -q  to  x = p,  raise  this  polynomial  to  the  n,h  power,  and  find 
the  coefficient  of  az.  He  says  it  is  easy  to  see  that  this  coefficient,  which  will  be  a function  ofz,  expresses 
the  probability  that  the  mean  error  shall  be  z.  Lagrange  applies  this  procedure  to  two  examples:  ( 1 ) y = 
K(a  constant)  [uniform  or  rectangular  distribution  of  error];  (2)  y = K(p2-x2),  ( — p,  p)  [parabolic 
distribution  of  error  ].  He  remarks  (p.  228)  that  the  latter  appears  to  be  "the  simplest  and  most  natural 
which  one  can  imagine.”  On  pages  230-232,  he  considers  a Problem  XI,  which  is  essentially  a third 
example  of  Problem  X with  y = K cos  x,  ( - v!  2,  n/2)  [cosine  distribution  of  error].  In  each  case  the  mean 
error  of  n observations  has  smaller  dispersion  (the  more  so  the  larger  ni  than  the  error  of  a single 
observation. 
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Comments:  The  results  of  this  paper  concern  the  advantages  of  averaging  observations  rather  than 
particular  methods  of  determining  averages.  The  advantages  found  for  the  arithmetic  mean  are 
common  to  various  averages,  including  those  based  on  order  statistics. 

Note:  Edwards  ( 1974)  has  pointed  out  that  the  author  (in  his  solution  of  Problem  VI)  uses  the  method  of 
maximum  likelihood,  which  was  also  employed  by  his  contemporaries  Lambert  (1760)  and  Daniel 
Bernoulli  ( 1778).  Edwards  is  careful  to  distinguish  between  the  method  of  maximum  likelihood  and  the 
(Bayesian)  method  of  maximum  probability  used  by  Gauss  ( 1809),  Laplace  ( 1812)  and  Czuber  ( 1890),  as 
well  as  by  Karl  Pearson  in  some  of  his  early  writings.  The  method  of  maximum  probability  assumes  a 
uniform  prior  distribution,  obtaining  the  same  result  given  by  the  method  of  maximum  likelihood 
without  the  necessity  of  making  any  such  assumption. 

Citations:  Laplace  ( 1774, 1781 ),  Bernoulli  (1785),  Trembley  ( 1804),  Anonymous!  1821 ),  Muncke  ( 1825), 
Dirichlet  ( 1836),  Todhunter  ( 1865),  Glaisher  ( 1872),  Merriman  ( 1877),  Czuber  ( 1891a),  Pizzetti  ( 1892), 
Czuber  ( 1899),  Keynes  ( 1921),  Kendall  ( 1943). 

* Laplace,  P.  S.  (1774).  Memoire  sur  la  probability  des  causes  par  les  evenemens.  Memoires  de 
Mathematique  et  de  Physique  Presentes  . . . par  Divers  Savans  6,  621-657  (esp.  Probleme  III:  Determiner 
le  milieu  que  Ton  doit  prendre  entre  trois  observations  donnecs  d’un  meme  phenomene,  634-644). 
[Reprint"')  in  Oeuvres  Completes  de  Laplace,  V ol.  8,  pp.  27-65.  G luthier-Villars,  Paris,  1891.  (JFM  23,  20 
— listing  only)J. 

Summary:  In  the  introductory  paragraph  of  section  V,  just  before  posing  Problem  III,  Laplace  states 
that  he  had  presented  two  years  earlier  a method  of  determining  the  average  which  one  should  take 
among  several  observations  of  the  same  phenomenon,  but  had  withdrawn  it  before  publication  because 
of  the  little  use  that  could  be  made  of  it.  Having  read  about,  but  not  seen,  the  work  of  Lagrange  (1774) 
and  that  of  Daniel  Bernoulli  [then  in  manuscript  form,  but  later  published:  Bernoulli  (1778)],  he  has  now 
had  his  interest  revived  and  has  decided  to  publish  his  own  results  after  all.  His  Problem  III  is  that  of 
determining  the  average  of  three  observations.  He  proposes  two  criteria:  ( 1 ) the  average  should  be  such 
that  it  is  equally  likely  to  fall  above  or  below  the  true  value;  and  (2)  the  average  should  be  such  that  the 
sum  of  the  products  of  the  errors  and  their  respective  probabilities  is  a minimum.  He  demonstrates  that 
the  two  criteria  lead  to  the  same  average.  Let  x,=£  x2  s x3be  the  three  observations,  and  let  p=  x2  -x,  and 
q = x3  — x2.  Suppose  the  true  value  is  x,  + x;  then  the  probability  [density]  that  the  three  observations 
(assumed  to  be  from  a symmetric  distribution)  will  fall  at  the  points  x,,  x2,  and  x3  will  be  f(x)f(p-x)f(p+q 
-x),  where  f(x)  is  the  probability  [density]  that  a single  observation  will  fall  at  a distance  x from  the  true 
value.  Now  construct  a curve  whose  equation  is  y =f(x)f(p-x)f(p+q-x).  In  order  to  satisfy  Laplace’s  first 
criterion  (and  hence  also  his  second)  it  is  necessary  to  find  the  value  of  x such  that  an  ordinate  erected  at 
the  abscissa  x (measured  from  x,)  divides  the  area  under  this  curve  equally.  The  solution  depends,  of 
course, on  f(x).  Laplace  takes  fix)  = (m/2)e~m|*l  [the  density  function  of  what  we  now  call  Laplace’s  first 
distribution]  and  finds  the  solution  x=p+(  l/m)ln[l  +( l/3)e“mp-(l/3)e“ma],  which  approaches  the  arith- 
metic mean  <2p+q)/3  as  m— »0  and  [see  Eisenhart  ( 1964']  the  median  as  m — »«;  for  0<m<*,  the  average 
found  by  Laplace’s  method  lies  between  the  arithmetic  mean  and  the  median.  Laplace  points  out  that  the 
value  of  x is  easily  found  if  m is  known,  but  observes  that  in  practice  m is  often  unknown.  He  devotes  the 
five  or  six  pages  of  section  V to  an  attempt  to  solve  the  problem  for  m unknown  by  weighting  the  solution 
for  each  value  of  m by  the  conditional  probability  (given  m)  that  the  true  value  falls  at  a distance  x from 
xt  and  then  integrating  from  m = 0 to  m = *. 

References:  Lagrange  (1774),  Bernoulli  (1778). 

Citations:  Laplace  (17811,  Trembley  (1804),  Todhunter  (1865),  Glaisher  (1872),  Merriman  (1877), 
Czuber  ( 1891a, b),  Pizzetti  (1892),  Czuber  ( 18991,  Keynes  (1911,  19211,  Wilson  (1923),  Bruen  (1938). 
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* Bernoulli,  Daniel  (1778).  Dijudicatio  maxime  probabilis  plurium  observationum  discrepantium  atque 
verisimillima  inductio  inde  formanda.  Acta  Academiae  Scientiorum  Petropolitanae  1 (1),  3-23 
(Memoirs).  [English  translation  by  C.  G.  Allen , Biometrika  48  (1961),  3-13]. 

Summary:  Addressing  himself  primarily  to  astronomers,  the  author  questions  the  practice  common  to 
astronomers  of  rejecting  completely  observations  judged  to  be  too  wide  of  the  truth,  but  assigning  equal 
weights  to  all  those  retained.  In  discussing  the  treatment  of  outliers,  he  does  not  condemn  the  rejection  of 
observations  in  every  case,  but  advocates  doing  it  only  if  an  accident  occurred  which  rendered  an 
observation  open  to  question,  not  simply  because  an  observation  made  with  care  differs  too  much  from 
other  similar  observations.  The  author  proposes  a semicircular  distribution  of  error,  and  discusses  the 
choice  of  diameter,  offering  the  opinion  that  a diameter  twice  the  distance  between  the  two  extreme 
observations  is  sufficient  for  three  or  four  observations,  while  for  more  observations  a diameter  greater 
by  half  than  the  distance  between  the  two  extreme  observations  suffices.  As  limiting  cases,  the  choice  of 
an  infinite  diameter  leads  to  taking  the  arithmetic  mean  as  the  average  of  the  observations,  while 
diminishing  the  diameter  as  much  as  possible  without  contradiction  leads  to  taking  the  midrange, 
which  he  says  he  has  found  to  be  less  often  wrong  than  he  thought  before  investigation.  Next  he  proposes 
what  has  come  to  be  known  as  the  method  of  maximum  likelihood  to  determine  the  average  of  a number 
of  observations.  For  two  observations  the  result,  obtained  by  solving  a cubic  equation,  is  equal  to  the 
arithmetic  mean.  For  three  observations,  x,ssx2*£x3,  it  is  necessary  to  solve  an  equation  of  the  fifth 
degree  containing  twenty  terms,  and  the  result  is  greater  than,  equal  to,  or  less  than  the  arithmetic 
mean  (x,  + x2+  x3)/3  according  as  the  median  x2  is  less  than,  equal  to,  or  greater  than  the  midrange  <x,+ 
x3)/2.  The  author  presents  arguments  designed  to  show  that  this  result  is  to  be  preferred  to  the 
arithmetic  mean.  He  admits,  however,  that  the  procedure  becomes  unwieldy  for  a larger  number  of 
observations. 

Citations:  Laplace  (1774),  Euler  (1778),  Laplace!  1781),  Bernoulli  (1785),  Trembley  ( 1804),  von  Zach 
( 1805),  Laplace!  1810),  Anonymous!  1821), Todhunter ( 1865), Glaisheri  1872),  Merriman ( 1877), Czuber 
(1891a),  Pizzetti  (1892),  Czuber  (1899,  1903),  Keynes  (1921). 

* Euler,  L.  (1778).  Observationes  in  praecedentem  dissertationem.  Acta  Academiae  Scientiorum  Pet- 
ropolitanae 1 (1),  24-33  (Memoirsl.  [English  translation  by  C.  G.  Allen,  Biometrika  48(1961),  13-18], 

Summary:  Instead  of  maximizing  the  product  of  the  probability  densities  of  the  errors  of  the  various 
observations,  as  Daniel  Bernoulli  (1778)  had  proposed  in  the  paper  commented  upon,  Euler  proposes 
maximizing  the  sum  of  their  fourth  powers.  He  advances  certain  arguments  for  the  use  of  his  criterion 
instead  of  Bernoulli’s,  among  these  being  (1)  that  it  avoids  the  difficulty  that  would  arise  in  the  use  of 
Bernoulli’s  criterion  if  one  of  the  observations  were  so  discrepant  that  it  should  be  almost  rejected,  so 
that  its  probability  density  would  be  almost  zero  and  (2)  that  it  leads  to  simpler  equations.  He  works  out 
two  examples  based  on  real  observations. 

Comments:  The  compiler  agrees  with  the  following  comments  by  earlier  writers:  "Euler  seems  to  have 
objected  to  the  wrong  part  of  Daniel  Bernoulli's  method;  the  particular  law  of  probability  is  really  the 
arbitrary  part,  the  principle  of  making  the  product  of  the  probabilities  a maximum  is  suggested  by  the 
Theory  of  Probability”.  [Todhunter  ( 1865),  p.  238].  "The  commentary  by  Euler  seems  to  me  of  less  value 
[than  Bernoulli’s  paper]”.  [Kendall  ( 1961 ),  p.  2],  Though  this  commentary  does  not  contain  anything  of 
great  significance  in  the  theory  of  errors  and  the  method  proposed  is  not  based  on  order  statistics,  it  is 
included  here  because  of  its  historical  interest. 

Reference:  Bernoulli  ( 1778). 

Citations:  Laplace  (1781),  von  Zach  (1805),  Laplace  (1810),  Todhunter  (1865),  Merriman  (1877), 
Czuber  (1891a). 


* Laplace,  P.  S.  1 1781 ).  Memoire  sur  les  probabilities.  Memoires  de  VAcademie  royale  des  Sciences  de  Paris 
Annee  1778,  227-332  (esp.  322-332).  [Reprinted  in  Oeuvres  Completes  de  Laplace,  Vol.  9,  pp.  383-485. 
Gauthier-Villars,  Paris,  1893]. 

Summary:  The  author  states  that  since  his  earlier  paper  [Laplace  ( 1774)]  on  the  determination  of  the 
average  of  several  observations,  three  illustrious  geometers,  Lagrange  ( 1774),  Daniel  Bernoulli  ( 1778), 
and  Euler  ( 1778),  have  considered  the  subject.  The  fact  that  their  principles  differ  from  his  has  led  him 
to  take  up  the  matter  again  and  to  present  his  results,  he  says,  so  as  to  leave  no  doubt  as  to  their 
exactitude.  He  begins  an  extension  (to  any  number  of  observations)  and  a generalization  (to  the  case  in 
which  each  observation  may  have  a different  law  of  facility  of  error)  of  the  theory  given  in  hisearlierpaper. 
Having  proceeded  as  far  as  the  curve  of  probability  [joint  probability  density  function]  y=f(x)-  f'(p-x)- 
f"( p ' — x ) . . . , where  x is  the  magnitude  of  the  error  of  the  smallest  observation,  the  second,  third,  . . . 
observations  exceeding  the  first  by  p,  p',  . . . , and  f,  f',  P,  . . . are  the  [symmetric]  probability  density 
functions  of  the  errors  of  the  respective  observations,  he  pauses  to  discuss  the  choice  of  an  average.  He 
states  that  one  can  make  infinitely  many  different  choices  according  as  one  imposes  various  criteria,  of 
which  he  enumerates  four:  ( 1 ) One  may  require  that  average  such  that  the  sum  of  the  positive  errors 
equal  the  sum  of  the  negative  errors;  ( 2 ) one  may  require  that  the  sum  of  the  positive  errors  multiplied  by 
their  respective  probabilities  equal  the  sum  of  the  negative  errors  multiplied  by  their  respective 
probabilities;  (3)  one  may  require  that  the  average  be  the  most  probable  true  value  (Daniel  Bernoulli’s 
criterion);  or  (4)  one  may  require  that  the  error  be  a minimum,  i.e.,  that  the  sum  of  the  products  of  the 
errors  (taken  without  regard  to  sign)  and  their  respective  probabilities  be  a minimum.  He  shows  that 
criterion  (4),  which  he  regards  as  the  fundamental  one,  is  equivalent  to  criterion  (2).  If  the  functions  fix), 
f'(x),  f"( x ) are  known,  determination  of  the  average  value  which  divides  equally  the  area  under  the 
curve  of  probability  is  a problem  of  pure  analysis,  but  when  these  functions  are  unknown  it  becomes  a 
problem  in  the  calculus  of  probabilities.  If  ± a,  ± a',  ± a”,  . . . are  the  limits  of  the  errors  of  the  first, 
second,  third,  . . . observations,  one  must  assume,  he  says,  fix)  =( l/2a )ln( a/x ),  f'(x)=( l/2a')ln(a'/x), 
f"(x)=(l/2a")  In  (a''/x),  ....  If  a=a'=a"=  . . . = x,  criterion  (4)  leads  to  choice  of  the  arithmetic  mean, 
and  thus  agrees  with  criterion  ( 1)  as  well  as  criterion  (2).  More  generally,  the  author  shows  that  it  leads 
to  the  arithmetic  mean  when  the  following  conditions  are  satisfied:  ( 1 ) The  law  of  facility  of  error  is  the 
same  for  all  the  observations;  (2)  positive  and  negative  errors  of  the  same  magnitude  are  equally 
probable;  and  (3)  errors  can  be  infinite,  but  the  probability  of  an  error  x tends  to  zero  as  |x|  — *■  x.  In  the  last 
section,  the  preceding  theory  is  applied  to  the  correction  of  instruments. 

References:  Lagrange  (1774),  Laplace  (1774),  D.  Bernoulli  (1778),  Euler  (1778). 

Citations:  Trembley  (1804),  Laplace  (1810,  1811a),  Todhunter  (1865),  Merriman  (1877),  Czuber 
(1891a),  Pizzetti  (1892),  Czuber  (1899),  Keynes  ( 1921),  Wilson  (1923). 

* Bernoulli,  Jean  III  (1785).  Milieu.  Encyclopedic  Methodique.  Second  edition  (1789),  entitled  Diction- 
naire  Encyclopedique  des  Mathematiques,  Vol.  II,  pp.  404-409.  Hotel  de  Thou,  Paris. 

Summary:  Merriman  (1877),  p.  159,  states  that  the  author  of  this  article  refers  to  the  methods  of 
Boscovich  (1757,  1760)  and  Lambert  (1765b),  and  gives  fuller  accounts  of  the  memoirs  of  Lagrange 
(1774)  and  Daniel  Bernoulli  (1778),  the  latter  differing  somewhat  from  the  published  memoir.  The 
discrepancy  is  apparently  accounted  for  by  the  fact  [see  Todhunter  (1865),  p.  442]  that  the  summary 
given  is  based  on  a preliminary  version  which  the  present  author  states  was  communicated  to  him  by  its 
author  in  1769.  In  this  version  [see  Todhunter  (1865),  p.  443],  a semicircular  distribution  of  error  is 
assumed  as  in  the  version  published  in  1778,  but  the  method  of  maximum  likelihood  is  not  employed. 
Instead,  the  following  iterative  procedure  is  used:  First  take  the  mean  of  all  the  observations  as  the 
center  of  the  semicircle  and  determine  the  center  of  gravity  of  the  area  corresponding  to  the  observa- 
tions; take  this  point  as  the  center  of  a new  semicircle,  and  repeat  the  operation  until  the  center  of 
gravity  and  the  center  of  the  semicircle  coincide.  With  regard  to  the  work  of  Boscovich,  the  author  also 
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refers  to  the  1770  French  translation  of  the  book  by  Maire  & Boscovich  (1755).  He  states  that  the 
translater  adds,  at  the  end  of  his  translation,  a very  interesting  note  in  which  he  applies  Boscovich’s 
solution  to  a table  of  measured  degrees  more  extensive  than  that  given  by  Boscovich. 
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References:  [Maire  &]  Boscovich  (1755)  [1770],  Boscovich  (1757,  1760),  Lambert  (1765b),  Lagrange 
(1774),  D.  Bernoulli  (1778). 

Citations:  von  Riese  (1830),  Todhunter  (1865),  Merriman  (1877),  Czuber  (1891a),  Pizzetti  (1892). 

* Laplace,  P.  S.  ( 1786).  Memoire  sur  la  figure  de  la  terre.  Memoires  de  UAcademie  royale  des  Sciences  de 
Paris  Annee  1783,  17-46.  [Reprinted  in  Oeuvres  Completes  de  Laplace,  Vol.  11,  pp.  3-32.  Gauthier- 
Villars,  Paris,  1895.  (JFM  26,  46)]. 

Summary:  Given  three  or  more  non-collinear  pairs  of  observations  of  two  variables,  x and  y,  the  author 
proposes  testing  the  adequacy  of  the  linear  relation  y=a+bx  by  first  determining  a and  b so  as  to 
minimize  the  maximum  absolute  deviation  from  the  fitted  straight  line,  then  deciding  subjectively 
whether  a deviation  of  this  magnitude  is  consistent  with  the  limits  of  the  errors  to  which  the  observa- 
tions are  susceptible.  He  gives  a procedure  for  determining  the  required  values  of  a and  b. 

Comments:  The  above  procedure  for  fitting  a straight  line  y =a+bx  by  minimizing  the  absolute  value 
of  the  largest  residual  (actually,  of  the  three  largest  residuals,  two  with  one  sign  and  one  with  the  other) 
is  optimal  if  the  residuals  have  a uniform  distribution.  As  a one-dimensional  analogue,  the  choice  of  an 
average  (the  midrange)  which  minimizes  the  absolute  value  of  the  largest  deviation  (actually,  of  the  two 
largest  deviations,  one  positive  and  one  negative)  is  optimal  for  a uniform  distribution  of  errors. 

Citations:  Laplace  (1793),  Todhunter  (1865,  1873),  Gore  (1889),  Bruen  (1938). 

* Laplace,  P.  S.  (1793).  Sur  quelques  points  du  systeme  du  monde.  Memoires  de  I'Academie  royale  des 
Sciences  de  Paris  Annee  1789,  1-87  (esp.  Sur  Jes  degres  mesures  des  meridiens,  et  sur  les  longeurs 
observees  du  pendule,  18-43).  [Reprinted  in  Oeuvres  Completes  de  Laplace,  Vol.  11,  pp.  477-558. 
Gauthier-Villars,  Paris,  1895.  (JFM  26,  46)]. 

Summary:  Commenting  on  efforts  to  determine  the  ellipticity  of  the  earth  by  fitting  a linear  relation 
y =a+bx  to  measurements  of  degrees  of  meridian,  the  author  states  that  the  resulting  ellipses  depart  too 
far  from  the  observations  to  be  admissible,  so  that  one  concludes  that  the  figure  of  the  earth  differs 
perceptibly  from  an  ellipsoid  of  revolution.  He  insists,  however,  that  before  abandoning  the  elliptic 
figure  entirely,  it  is  necessary  to  determine  the  one  such  that  the  largest  deviation  is  smaller  than  for 
any  other  elliptic  figure  and  see  whether  this  deviation  is  within  the  limits  of  the  errors  of  observation. 
He  refers  to  the  procedure  given  in  an  earlier  paper  [Laplace  ( 1786)]  for  solving  this  problem,  and  then 
goes  on  to  give  a procedure  which  he  says  is  much  simpler.  In  the  course  of  presenting  this  procedure,  he 
pauses  to  observe  that  when  the  absolute  value  of  the  largest  deviation  is  made  a minimum,  there  are 
actually  three  observations  whose  deviations,  two  with  one  sign  and  one  with  the  other,  have  this  same 
absolute  value.  After  applying  this  procedure  to  nine  measured  lengths  of  degrees  of  meridian,  he  offers 
another  method  of  treating  the  observations,  based  on  the  criteria  that  ( 1 > the  sum  of  deviations  should 
be  zero  and  ( 2)  the  sum  of  the  absolute  deviations  should  be  a minimum.  These  criteria  were  first  proposed 
by  Boscovich  (1757).  Laplace  develops  an  analytic  procedure  based  on  these  criteria,  while  the  procedure 
used  by  Boscovich  ( 1760)  was  geometric.  After  applying  this  method  to  the  nine  measured  lengths  to 
which  the  first  method  has  already  been  applied,  he  devotes  the  remainder  of  this  portion  of  the  memoir 
to  observations  on  the  lengths  of  the  seconds  pendulum,  to  which  he  applies  both  of  the  above  methods. 

References:  Maire  & Boscovich  (1755)  [1770  French  edition],  Laplace  (1786). 

Citations:  Todhunter  (1873),  Merriman  (1877),  Gore  1 18891,  Pizzetti  (1892),  Czuber  (1899),  Bruen 
(1938). 
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* Laplace,  P.  S.  (1799).  Traite  de  Mecanique  Celeste , Vol.  2.  J.  B.  M.  Duprat,  Paris  [Reprinted  as  Vol.  2 of 
Oeuvres  Completes  de  Laplace.  Gauthier-Villars,  Paris,  1878.]  Part  I,  Book  III,  ch.  v,  pp.  116-165  (esp. 
134-165);  English  translation,  with  notes  and  commentary,  by  Nathaniel  Bowditch.  Hilliard,  Gray, 
Little,  and  Wilkins,  Boston,  1832. 

Summary:  The  author  proposes  two  methods,  both  based  on  order  statistics,  for  determining  the 
straight  liney  = a + bx  which  best  fits  three  or  more  points  (x,  y)  whose  coordinates  are  pairs  of  related 
observations:  ( 1)  In  section  39,  pp.  134-143,  he  proposes  minimizing  the  maximum  residual,  and  seeing 
whether  this  deviation  is  within  the  limits  of  the  errors  of  observations;  (2)  In  section  40,  pp.  143-147,  he 
proposes  minimizing  the  sum  of  the  absolute  residuals  subject  to  the  restriction  that  the  sums  of  the 
positive  and  negative  residuals  shall  be  equal.  In  sections  41-43,  pp.  147- 165,  he  applies  these  methods  to 
the  problem  of  estimating  the  ellipticity  of  the  earth  from  a number  of  measurements  of  degrees  of 
meridian  and  observations  of  the  length  of  a pendulum  with  period  one  second. 

Comments:  The  first  of  the  above  methods,  which  was  previously  proposed  by  Laplace  ( 1786),  can  be 
shown  to  be  optimal  when  the  distribution  of  residuals  is  uniform;  its  one-dimensional  analogue,  which 
leads  to  the  use  of  the  midrange  as  the  average  of  a sample,  is  optimal  fora  uniform  distribution  of  errors. 
The  second  method  was  first  proposed  by  Boscovich  (1757).  A geometric  solution  of  the  equations  which 
it  yields  for  the  slope  b was  given  by  Boscovich  (1760)  and  an  algebraic  one  by  Laplace  ( 1793).  These 
solutions  are  based  on  order  statistics,  even  though  the  arithmetic  mean,  which  is  the  average  required 
by  the  restriction  that  the  sums  of  the  positive  and  negative  residuals  shall  be  equal,  is  not. 

Reference:  Maire  and  Boscovich  (1755)  [1770], 

Citations:  Prony  (1804),  Puissant  (1805),  Delambre  (1806-10),  von  Lindenau  (1806),  Gauss  (1809), 
Laplace  ( 1812),  Mathieu  ( 1813-14),  van  Beeck  Calkoen  ( 1816),  Adrain  ( 1818),  von  Riese  ( 1830),  Cauchy 
( 1831),  Poncelet  ( 1835),  Quetelet  ( 1835),  Hagen  (1837),  De  Morgan  ( 1847),  von  Andrae  ( 1860),  Boudin 
(1865),  Todhunter  (1865),  Zachariae  (1871),  Todhunter  (1873),  Merriman  (1877),  Bruns  (1882), 
Edgeworth  (1886a,  1887b),  Lehmann-Filhes  (1887),  Gore  (1889),  Estienne  (1890),  Czuber  (1891b), 
Mansion  (1906),  Edgeworth  (1911),  de  la  Vallee  Poussin  (1911),  Mansion  (1913),  Dodd  (1922), 
Edgeworth  (1923),  Whittaker  & Robinson  )1924),  Friedrich  (1937),  Bruen  (1938). 

* Prony,  R.  ( 1804).  Recherches  Physico-Mathematiques  sur  la  Theorie  des  Eaux  Courantes.  L’lmprimerie 
Imperiale,  Paris  (esp.  pp.  xvii-xxxii). 

Summary:  The  author  gives  a geometric  interpretation  of  the  two  methods  of  Laplace  (1799),  sections 
39  and  40,  for  determining  the  coefficients  a and  b in  the  equation  v = a + bx  of  the  line  of  best  fit  to  a 
number  of  points  (x,  y).  Laplace’s  first  method  is  based  on  the  criterion  that  the  largest  deviation  of  any 
point  from  the  line  shall  be  a minimum  and  his  second  on  the  criterion  that  the  sum  of  the  absolute 
deviations  shall  be  a minimum,  subject  to  the  restriction  that  the  sums  of  the  positive  and  negative 
deviations  shall  be  equal  in  magnitude.  Prony’s  geometric  version  of  Laplace’s  first  method  dem- 
onstrates that,  as  previously  pointed  out  by  Laplace  ( 1793),  there  are  three  points  which  deviate  from 
the  fitted  line  by  the  maximum  amount,  two  in  one  direction  and  one  in  the  other.  His  geometric  solution 
by  Laplace’s  second  method  is  essentially  that  of  Boscovich  (1760),  whom  he  does  not  mention.  He  gives 
three  examples  of  the  application  of  the  two  methods  to  actual  data  and  compares  the  results  with  those 
obtained  by  a third  method  (his  own)  based  on  the  idea  that  the  deviation  to  be  expected  should  be 
proportional  to  the  independent  variable  x,  or  at  least  approximately  so. 

Reference:  Laplace  ( 1799). 

Citations:  Hagen  (1837),  Boudin  (1865),  Merriman  (1877),  Mansion  (1913). 
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Trembley,  Jean  (1804).  Observations  sur  la  methode  de  prendre  les  milieux  entre  les  observations. 
Memoires  de  I’Academie  Royale  des  Sciences  el  Belles  Lettres  de  Berlin,  Classe  de  Mathematique  Annee 
1801,  29-58. 


Summary:  After  brief  mention  of  the  work  of  Lambert,  Laplace,  and  Bernoulli  on  the  most  advantage- 
ous method  of  taking  averages  of  observations,  the  author  turns  to  the  work  of  Lagrange  ( 1774)  on  the 
same  problem.  He  states  that  his  purpose  is  to  use  combinatorial  theory  to  obtain  the  same  results  which 
Lagrange  obtained  by  the  use  of  integral  calculus.  He  succeeds  in  using  combinatorial  theory  to  obtain 
results  for  discrete  error  distributions  which  Lagrange  found  with  the  aid  of  differential  calculus  and 
Simpson  ( 1756,  1757)  by  series  expansions.  He  does  not  treat  the  case  of  continuous  error  distributions, 
which  is  the  only  one  for  which  Lagrange  employed  integral  calculus. 

Note:  The  author  did  not  cite  specific  works  of  Lambert,  Laplace,  and  Bernoulli;  those  listed  below  [see 
References]  are  the  ones  which  he  must  have  had  in  mind. 

Comment:  The  compiler  agrees  with  the  statement  by  Todhunter  ( 1865 ),  p.  428;  "Tremblev's  memoir 
appears  to  be  of  no  value  whatever.” 

References:  Lambert  (1760,  1765a, b),  Lagrange  (1774),  Laplace  (1774),  Bernoulli  (1778),  Laplace 
(1781). 

Citations:  Todhunter  ( 1865),  Merriman  (1877),  Czuber  ( 1891a).  Pizzetti  ( 1892 1,  Czuber  ( 1899),  Keynes 
(1921). 

* Legendre,  A.  M.  (1805).  Nouvelles  Methodes  pour  la  Determination  des  Orbites  des  Cometes.  Courcier, 
Paris,  (esp.  Appendice  sur  la  methode  des  moindres  quarres,  72-80 1.  [Second  edition,  with  supplement, 
1806].  For  English  translation  of  pp.  72-75  by  Henry  A.  Ruger  and  Helen  M.  Walker,  see  Smith  ( 1929), 
pp.  576-579. 

Summary:  This  publication  is  noteworthy  because  it  is  apparently  the  first  making  use  of  the  method 
of  least  squares,  so  named  here  by  Legendre,  though  Gauss  ( 1809)  claims  to  have  employed  the  method 
as  early  as  1795.  The  author  starts  with  the  linear  form  E =a  +bx  +cy  + . . .,  where  a,b,c.  . . . are  known 
coefficients  which  vary  from  one  equation  to  another  and  x.y,  . . . are  unknowns  which  must  be 
determined  by  the  condition  that  the  value  of  E reduces,  for  each  equation,  to  zero  or  a very  small 
number.  He  derives  the  normal  equations  without  the  explicit  use  of  calculus  bv  multiplying  the  linear 
form  in  the  unknowns  by  the  coefficient  of  each  of  the  unknowns  and  summing  overall  the  observations, 
then  setting  the  sums  equal  to  zero.  If  the  results,  when  substituted  in  the  normal  equations,  produce  one 
or  more  errorsjudged  too  large  to  be  admissible,  he  recommends  rejecting  the  equations  which  produced 
them,  and  determining  the  unknowns  from  the  remaining  equations. 

Comments:  The  method  of  least  squares  is  not  based  on  order  statistics,  but  since  several  of  its 
competitors  are,  this  and  other  early  works  on  the  subject,  notably  those  of  Adrain,  Gauss,  and  Laplace, 
will  be  included  for  comparative  purposes.  It  has  been  stated  by  de  la  Vallee  Poussin  ( 1 9 1 1 > that 
Legendre,  in  this  appendix,  posed  the  problem  of  minimizing  the  maximum  absolute  error,  but  stated 
that  he  did  not  know  an  easy  method  of  solving  it,  and  proposed  to  substitute  for  it  the  method  of  least 
squares.  This  statement  apparently  rests  on  the  flimsy  evidence  contained  in  the  statement  by  Legendre 
(p.  72)  that  ".  . . it  is  necessary  above  all  to  proceed  so  that  the  extreme  errors,  without  regard  to  their 
signs,  should  be  included  within  the  narrowest  possible  limits."  This  statement  by  de  la  Vallee  Poussin 
is  all  the  more  dubious  in  view  of  the  fact  that  Legendre  does  not  again  mention  the  idea  of  minimizing 
the  maximum  error  and  of  the  claim  for  the  superiority  of  the  method  ofleast  squares  which  he  makes  in 
the  next  paragraph:  "Of  all  the  principles  which  one  can  propose  for  this  object.  I think  that  none  is  more 
general,  more  exact,  or  easier  to  apply  than  the  one  which  we  have  used  in  the  preceding  research,  which 
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consists  in  making  the  sum  of  the  squares  of  the  errors  a minimum.  By  this  means,  a sort  of  equilibrium 
among  the  errors  is  established  which,  preventing  the  extremes  from  prevailing,  is  most  proper  to  make 
known  the  state  of  the  system  nearest  to  the  truth.” 


Citations:  Puissant  (1805),  Delambre  (1806-10),  von  Lindenau  (1806),  Gauss  (1809),  Laplace  (181  la, 
1812),  Legendre  (1814),  Anonymous  (1821),  Gauss  (1823),  Ivory  (1825),  Muncke  (1825),  von  Riese 
(1830),  Hagen  (1837),  Gerling  (1843),  De  Morgan  (1847),  Herschel  (1850),  von  Andrae  (1860), 
Chauvenet  (1863),  Glaisher ( 1872),  Jevons  (1874),  Merriman  (1877),  Czuber  (1891a, b),  Pizzetti 
( 1892),  Czuber  ( 1899,  1903),  Mansion  (1906),  Goedseels  (1909),  de  la  Vallee  Poussin  (1911),  Keynes 
(1921),  Whittaker  & Robinson  (1924),  Smith  (1929),  Bruen  (1938),  Boldrini  (1942). 

* Puissant,  Louis  ( 1805).  Traite  de  Geodesie,  ou  Exposition  des  Methodes  astronomiques  et  trigonomet- 
riques,  applicable  soit  a la  Mesure  de  la  Terre,  soit  a la  Confection  des  Canevas  des  Cartes  et  des  Plans, 
Volumes  1 and  2.  Courcier,  Paris.  Second  edition,  1819;  third  edition,  1842.  Review,  Monatliche 
Correspondenz  zur  Beforderung  der  Erd-  und  Himmels-Kunde  16  (1807),  443-473. 

I 

Summary:  Most  of  the  material  in  this  two- volume  treatise  on  geodesy  is  irrelevant  to  a study  of  order 
statistics;  only  the  relevant  parts  will  be  summarized.  The  author  (Vol.  2,  pp.  245-246  of  the  second 
edition)  gives  a theoretical  discussion  of  the  method  of  least  squares,  followed  (pp.  246-249)  by  an 
application  of  this  method  to  the  determination  of  the  ellipticity  of  the  earth  from  measures  of  degrees  of 
meridian.  He  also  mentions  the  method  of  conditional  equations  [method  of  averages]  proposed  by 
Mayer  and  the  [Boscovich]  method  (preferred,  he  says,  by  Delambre)  which  gives  "the  least  errors  of 
latitude,  half  positive,  half  negative”.  He  also  (Vol.  2,  pp.  337-343  of  the  second  edition)  applies  the 
method  of  least  squares  to  the  determination  of  the  ellipticity  of  the  earth  from  the  lengths  of  seconds 
pendulums,  and  compares  the  results  with  those  obtained  by  Mathieu  by  minimizing  the  maximum 
discrepancy  between  observed  and  fitted  values,  as  proposed  by  Laplace  (1799). 

Comments:  The  compiler  has  seen  only  the  second  edition,  but  the  German  review  confirms  that  the 
material  on  the  method  of  least  squares  was  included  in  the  first  edition,  published  in  the  same  year  as 
Legendre’s  original  work  on  the  subject.  The  statement  that  Laplace  (1812)  later  confirmed  the  exac- 
titude of  this  method  was,  of  course,  added  in  the  second  edition;  it  is  noteworthy  that  the  author 
nevertheless  elected  to  retain  the  material  on  the  rival  methods,  two  of  which  are  based  on  order 
statistics. 

References:  Laplace  ( 1799),  Legendre  ( 1805),  {Delambre  ( 1806-10),  Laplace  ( 1812),  Delambre  ( 1813)}. 
Citations:  Glaisher  (1872),  Todhunter  (1873),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892). 

* S van  berg,  Jons  (editor)  ( 1805) . Exposition  des  Operations  Faites  en  Lapponie , pour  la  Determination  d’un 
Arc  du  Meridien,  en  1801 , 1802  et  1803 ; par  Messieurs  Ofverbom,  Svanberg,  Holmquist  et  Palander. 
L'Academie  des  Sciences,  Stockholm. 

Summary:  Little  of  this  book,  which  describes  the  measurement  of  a meridian  arc  in  Lapland  by  the 
editor  and  three  colleagues,  is  relevant  to  a study  of  order  statistics.  Two  notable  exceptions  are  found  in 
the  editor's  preliminary  discourse,  where  he  compares  the  results  obtained  by  applying  the  methods 
presented  by  Laplace  [( 1799),  Livre  III,  Nos.  39  et  40]  to  the  determination  of  the  earth’s  ellipticity  from 
fifteen  measurements  of  the  lengths  of  seconds  pendulums  and  of  degrees  of  meridian  by  various 
observers  at  different  latitudes,  apparently  those  given  by  Laplace  [( 1799),  Livre  III,  No.  41],  though  he 
does  not  mention  the  source  of  either  the  methods  or  the  data.  On  page  viii  he  states:  "The  ellipticity 
which  makes  the  largest  of  these  errors  [in  the  lengths  of  seconds  pendulums]  a minimum  is  = 1/322.48 
[(?>:  the  last  digit  is  blurred  in  the  compiler’s  copy]  and  the  most  likely  ellipticity  (ihat  is  to  say,  that 
which  makes  the  sum  of  the  positive  errors  equal  to  the  sum  ofthe  negative  errors,  and  the  sum  of  all  the 
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errors  taken  positively  a minimum)  is  = 1/336.78  . . . On  pp.  xiii-xiv  he  states:  . . in  whatever 
manner  one  combines  the  different  degrees  [of  meridian]  that  have  been  measured,  it  is  impossible 
(always  attributing  to  the  earth  the  figure  of  an  ellipsoid  of  revolution)  to  avoid  an  error  of  at  least  189.4 
m.  in  the  measurements  of  Pennsylvania,  of  the  Cape  of  Good  Hope,  and  of  Lapland  [an  earlier  ( 1736) 
measurement];  also,  the  resulting  ellipticity  is  = 1/277.  . . . One  regards  as  the  most  likely  ellipticity 
that  which  makes  the  sum  of  the  positive  errors  equal  to  the  sum  of  the  negative  errors  and  the  sum  of  all 
the  errors  taken  positively  a minimum,  which  gives  1/312  for  the  value  of  the  ellipticity  and  336.2  m.  for 
that  of  the  error  corresponding  to  the  degree  of  Lapland;  this  error  appears  much  too  large  to  be 
admitted,  having  passed  the  limit  of  those  to  which  it  seems  that  the  observations  should  be  susceptible, 
so  that  one  finally  begins  to  suspect  that  the  earth  cannot  very  well  be  an  ellipsoid,  or  even  some  other 
solid  of  revolution.”  [Compiler’s  free  translation]. 

Citations:  Laplace  (1812)  [1818],  Todhunter  (1865,  1873),  Gore  (1889). 

* von  Zach,  Franz  Xaver  (1805).  Versuch  einer  auf  Erfahrung  gegrundeten  Bestimmung  terrestrischer 
Refractionen.  Monatliche  Correspondenz  zur  Befbrderung  der  Erd-  und  Himmels-Kunde  11,  389-415, 
485-504. 

Summary:  In  the  second  part  of  this  paper,  the  author  discusses  the  question  of  estimating  the  factor 
m,  by  which  terrestrial  refraction  must  be  multiplied  to  correct  for  a unit  increase  in  barometric 
pressure,  from  numerous  observations  (subject  to  error)  on  the  two  variables.  He  expresses  the  opinion 
that  little  reliance  can  be  placed  on  the  arithmetic  mean  when,  as  for  the  data  in  question,  it  does  not 
stand  equally  far  from  the  extremes.  He  reviews  the  writings  of  Lambert  (1765b),  Daniel  Bernoulli 
(1778),  and  Euler  (1778),  which  have  not,  he  thinks,  been  used  as  much  as  they  should  have  been.  He 
credits  Lambert  with  being  the  first,  so  far  as  he  is  aware,  to  point  out  that  the  arithmetic  mean  will  yield 
the  true  value  only  when  all  observations  are  equally  reliable,  a situation  which  von  Zach  believes 
seldom  or  perhaps  never  exists  for  geodetic  and  astronomical  observations.  He  also  mentions  Lambert’s 
solution  of  the  problem  of  finding  the  straight  line  from  which  a given  set  of  points  deviate  as  little  as 
possible.  However,  he  expresses  a preference  for  the  modification  due  to  Euler  (1778)  of  the  procedure 
proposed  by  Daniel  Bernoulli  (1778).  [It  will  be  recalled  that  both  of  these  formulations  assume  a 
semicircular  distribution  of  error  with  center  at  the  true  value  ( which  is,  of  course,  unknown),  but  that 
they  differ  as  to  the  method  of  estimating  the  true  value.  Both  depend  to  some  extent  on  the  choice  of  the 
diameter  of  the  semicircle,  an  infinite  diameter  leading  to  the  arithmetic  mean  and  a diameter  equal  to 
the  distance  between  the  two  extreme  observations  to  the  midrange.  A diameter  smaller  than  the 
distance  between  the  two  extremes  requires  discarding  one  or  more  extreme  observations.]  The  author 
considers  the  last  possibility,  but  rejects  it  on  the  ground  that  the  discarded  observation! s)  may  be  the 
best  one( s)  or  the  one( s)  required  to  correct  the  others.  He  takes  a diameter  equal  to  twice  the  difference 
between  the  extreme  observations,  and  proceeds  to  apply  Euler’s  method  to  the  data  on  terrestrial 
refraction  and  barometric  pressure  summarized  in  the  first  part  of  the  paper,  which  contains  nothing 
else  of  interest,  except  brief  mention  of  the  work  of  Euler,  Mayer,  Boscovich,  and  Lambert. 

References:  Euler  (1749),  Mayer  (1750),  Boscovich  (1757?),  Lambert  (1765b),  D.  Bernoulli  (1778), 
Euler  (1778). 

Citation:  Merriman  ( 1877). 


* Delambre,  J.  B.  (editor)  ( 1806-10).  Base  du  Systerne  Metrique  Decimal,  ou  Mesure  de  I'Arc  du  Meridien 
Compris  entre  les  Paralleles  de  Dunkerque  et  Barcelone,  Executee  en  1 792  et  Anttees  Suivantes.  par  Mm. 
Mechain  et  Delambre.  Baudouin,  Paris.  Vol.  1,  1806;  Vol.  2,  1807;  Vol.  3,  1810. 

Summary:  In  these  three  volumes  the  editor  reports  on  a vast  undertaking,  carried  out  under  the 
auspices  of  the  Academie  des  Sciences  with  the  support  of  the  French  government,  to  establish  the  base 
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of  the  metric  system  ( 1 meter  = one  ten-millionth  of  the  distance  from  the  Equator  to  the  North  Pole)  by 
measuring  the  meridian  arc  between  the  parallels  of  Dunkerque  and  Barcelona  (over  9°).  Besides 
Delambre  and  Mechain,  who  were  charged  with  the  primary  responsibility,  many  other  eminent  French 
scientists,  including  Lagrange,  Laplace,  Legendre  and  Prony,  played  important  roles,  as  did  several  less 
well-known  scientists  from  other  countries.  The  undertaking,  like  others  of  its  type  [see,  for  example, 
Maire  & Boscovich  (1755)],  was  complicated  by  the  fact  that  the  length  of  a degree  of  meridian  is  not 
constant,  but  increases  as  the  latitude  increases,  because  of  the  flattening  of  the  earth  at  the  poles.  This 
important  scientific  investigation  established  the  length  of  the  meter,  the  basic  unit  of  distance  in  the 
metric  system  now  in  use  throughout  the  world  (unfortunately  not  in  the  United  States,  except  in 
scientific  circles).  Our  interest  in  it,  however,  will  be  restricted  to  matters  directly  or  indirectly  related 
to  the  use  of  order  statistics,  especially  the  treatment  of  outlying  observations  and  the  solution  of  n 
inconsistent  equations  in  m unknowns  (n>m),  where  the  inconsistencies  are  due  to  errors  in  the 
observations,  so  as  to  minimize  some  function  of  the  errors.  On  page  117  of  the  first  volume,  the  editor 
places  himself  squarely  on  the  side  of  those  who  never  suppress  an  observation  or  assign  it  a smaller 
weight  simply  because  it  deviates  from  other  observations  of  the  same  kind.  On  pages  92  and  1 10  of  the 
third  volume,  he  compares  values  of  the  earth’s  eccentricity  calculated  from  the  observations  of 
Delambre  and  Mechain  by  Laplace  ( 1799),  by  Legendre  ( 1805),  and  by  himself.  Laplace  [by  minimizing 
the  maximum  deviation]  obtained  the  value  1/150;  Legendre  [by  the  method  of  least  squares],  1/148;  and 
the  editor  [by  an  unspecified  method,  probably  that  of  Delambre  ( 1813)],  1/139.  However,  by  combining 
the  observations  of  Delambre  and  Mechain  with  those  made  by  Bouguer  in  Peru  about  60  years  earlier, 
the  task  force  obtained  the  value  1/334,  which  agrees  much  better  with  results  obtained  from  measure- 
ments of  the  length  of  a pendulum  of  known  period  and  with  those  predicted  by  the  theory  of  nutation 
and  precession  (see  pages  432  and  620-621  of  the  third  volume).  This  latter  value  was  used  in  determin- 
ing the  length  of  the  standard  meter. 

References:  Laplace  (1799),  Legendre  (1805). 

Citations:  Puissant  (1805)  (1819),  Delambre  (1813),  Fourier  (1824c),  Stampfer  (1839),  Todhunter 
(1873),  Gore  (1889). 

* von  Lindenau,  Bernhard  August  ( 1806).  Ober  den  Gebrauch  der  Gradmessungen  zur  Bestimmungder 
Gestalt  derErde.  Moncitliche  Correspondenz  zur  Beforderung  der  Erd-  und Himmels-Kunde  14, 1 13-158. 

Summary:  The  author  states  Laplace’s  (1799)  analytic  form  of  the  method  of  Boscovich  ( 1760),  as  well 
as  Legendre’s  (1805)  method  of  least  squares,  and  applies  both  in  the  determination  of  the  elliptic 
meridian.  He  does  not  comment  as  to  the  relative  merits  of  the  two  methods.  He  reports  that,  in  at  least 
one  instance,  they  yield  very  nearly  the  same  results. 

References:  [Maire  &]  Boscovich  (1755)  [1770],  Boscovich  (1760),  Laplace  (1799),  Legendre  (1805). 
Citations:  Merriman  ( 1877),  Gore  < 1889),  Pizzetti  1 1892). 

* Adrain,  Robert  ( 1808).  Research  concerning  the  probabilities  of  the  errors  which  happen  in  making 
observations.  Analyst  (Philadelphia)  1,  93-109;  reprinted  (in  part)  in  American  Journal  of  Science  1 
(1871),  412-414. 

Summary:  The  author  develops  the  method  of  least  squares  and  uses  it  to  solve  the  following  problems: 

( 1 ) Supposing  a,b,c,d,  ...  to  be  the  observed  measures  of  any  quantity  x,  the  most  probable  value  of  x is 
required  [Ans.  the  arithmetic  mean  of  the  observations];  (2)  Given  the  observed  positions  of  a point  in 
space,  to  find  the  most  probable  position  of  the  point  [Ans.  the  center  of  gravity  of  the  observed  positions]; 
(3)  To  correct  the  dead  reckoning  at  sea,  by  an  observation  of  the  latitude  [the  answer  differs  from  all 
rules  previously  used,  which  he  hopes  will  be  abandoned];  (4)  To  correct  a survey.  The  author  mentions 


that  he  has  also  used  the  same  principle  to  determine  the  most  probable  value  of  the  earth’s  ellipticity. 
[These  last  results  were  not  published  until  ten  years  later.] 

Comments:  While  the  method  of  least  squares  had  been  published  by  Legendre  ( 1805),  we  have  here  a 
report  of  the  independent  discovery  of  this  method  by  Adrain,  who  was  apparently  unaware  of 
Legendre’s  work  and  could  hardly  have  known  of  that  of  Gauss,  who,  though  he  had  used  this  method 
since  1795,  did  not  publish  it  until  1809. 

Citations:  Adrain  (1818),  Glaisher  (1872),  Merriman  (1877),  Czuber  (1891a),  Pizzetti  (1892),  Czuber 
(1899,  1903),  Keynes  (1921),  Goodrich  (1927). 

v Gauss,  Carolo  Friderico  [Carl  Friedrich]  (1809).  Theoria  Motus  Corporum  Coelestium  in  Sectionibus 
Conicis  Solem  Ambientium.  Frid.  Perthes  et  I.H.  Besser,  Hamburgi  [Reprinted  in  Werke,  Band  VII, 
Koniglichen  Gesellschaft  der  Wissenschaften,  Gottingen,  pp.  1-280.  (JFM  37,  12-14)];  German  sum- 
mary, Gottingische  Gelehrte  Anzeigen , 1809,  Junius  17  [Reprinted  1874  in  Werke , Band  VI,  pp.  53-60]; 
English  translation  of  paragraphs  175-186  by  Hale  F.  Trotter  in  Technical  Report  No.  5,  Statistical 
Techniques  Research  Group,  Princeton  University,  1957,  pp.  127-147. 

Summary:  The  author  deduces  the  normal  (Gaussian)  law  of  error  from  the  postulate  that  when  any 
number  of  equally  good  direct  observations  of  an  unknown  magnitude  x are  given,  the  most  probable 
value  is  their  arithmetic  mean.  He  proceeds  to  discuss  direct  measurements  of  a single  quantity  and 
indirect  observations;  this  discussion  includes  a consideration  of  the  case  in  which  the  observations  are 
assigned  different  weights.  Gauss  shows  that  the  method  of  least  squares,  used  by  him  since  1795,  but 
named  by  Legendre  ( 1805),  follows  as  a consequence  of  the  Gaussian  law  of  error.  If  one  does  not  assume 
this  law,  he  might  minimize  the  sum  of  the  2n,h  powers  of  the  errors  for  n = 1,2,3,  . . .,  but  the  author 
points  out  that  minimizing  the  sum  of  squares  (n  = l)  is  simplest.  Letting  n — > * is  equivalent  to 
minimizing,  as  proposed  by  Laplace,  the  maximum  errors  (one  positive  and  one  negative,  equal  in 
magnitude).  Gauss  also  mentions  Laplace’s  other  principle,  first  proposed  by  Boscovich,  of  making  the 
sum  of  the  absolute  values  of  the  deviations  a minimum. 

Comments:  Gauss  was  apparently  unaware  that  Boscovich  proposed  to  minimize  the  sum  of  the 
absolute  values  of  the  deviations  subject  to  the  restriction  that  the  sums  of  the  positive  and  negative 
deviations  shall  be  equal,  since  he  speaks  of  this  restriction  as  one  added  by  Laplace.  He  does  not 
mention  the  fact,  though  he  may  have  been  aware  of  it,  that  this  restriction  results  in  minimizing  the 
sum  of  the  absolute  deviations  from  the  arithmetic  mean  instead  of  from  the  median.  The  same  is  true  of 
the  fact  that  minimizing  the  sum  of  the  2nth  powers  for  n — » x results  in  the  choice  of  the  midrange  as  an 
average  instead  of  the  arithmetic  mean. 

References:  Boscovich  (1757?),  Laplace  (1799),  Legendre  (1805). 

Citations:  Laplace  ( 1810,  1811a,  1812),  Gauss  ( 1816),  Anonymous  ( 1821 ),  Gauss  ( 1823),  Ivory  ( 1825), 
Muncke  (1825),  Hauber  (1830,  1830-32),  von  Riese  ( 1830l.Encke  (1832-34),  Hagen  ( 1837),' Ceding 
( 1843),  Ellis  ( 1844),  De  Morgan  ( 1847),  Herschel  ( 1850),  Petzval  ( 1857),  von  Andrae  ( 1860),  Chauvenet 
(1863),  Zachariae  (1871),  Glaisher  (1872),  Jevons  (1874),  Laurent  (1875),  Merriman  (1877),  Bruns 
(1882),  Schreiber  (1882),  Merriman  (1884),  Lehmann-Filhes  (1887),  Bertrand  (1888a),  Faye  (1888), 
Czuber  ( 1890),  Estienne  ( 1890),  Czuber  ( 1891a, b),  Pizzetti  ( 1892),  Fechner  ( 1897),  Czuber  ( 1899,  1903), 
Mansion  ( 1906),  Goedseels  ( 1909),  Keynes  (1911),  Mansion  ( 1913),  Brunt  ( 1917),  Keynes  ( 1921 ).  Whit- 
taker & Robinsion  ( 1924),  Coolidge  ( 19251,  Estienne  ( 1926-27),  Goodrich  (1927).  Smith  1 1929),  von  Mises 
( 1931 ),  Bartlett  1 1933),  Friedrich  ( 1937 1,  Bruen  ( 1938),  Boldrini  ( 1942),  Deming  1 1943).  Cramer  ( 1946). 
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* Laplace,  P.  S.  (1810).  Memoire  sur  les  approximations  des  formules  qui  sont  fonctions  de  tres-grands 
nombres,  et  sur  leur  application  aux  probabilites.  Memoires  de  la  Classe  des  Sciences  Mathematiqu.es  et 
Physiques  de  I’lnstitut  de  France  Annee  1809,  353-415;  supplement,  559-565.  [Reprinted  in  Oeuvres 
Completes  de  Laplace,  Vol.  12,  pp.  301-353.  Gauthier-Villars,  Paris,  1898.  (JFM  29,  7-8)]. 

Summary:  The  author  shows,  in  article  VI  (pp.  382-389),  that  if  random  samples  of  size  n are  drawn 
from  a distribution  with  mean  p (the  abscissa  of  the  center  of  gravity  of  the  area  under  the  probability 
[density]  curve)  and  known  dispersion,  then  the  distribution  of  sample  means  has  mean  pand  dispersion 
l/\/n  times  that  of  the  parent  distribution;  moreover,  under  very  general  conditions  [which  Laplace  does 
not  state  explicitly]  on  the  parent  distribution,  the  distribution  of  sample  means  tends  to  normality  as 
the  sample  size  n increases.  In  the  supplement,  he  shows  that  when  the  law  of  error  is  the  normal  law,  his 
own  "most  advantageous  method”  [Laplace  (1781)],  the  method  of  maximum  likelihood  first  used  by 
Bernoulli  (1778)  and  afterward  by  Euler  [see  note  below]  and  Gauss  (1809),  and  the  method  of  least 
squares  [which  he  introduces  without  referring  either  to  Legendre  ( 1805)  or  to  Gauss  < 1809)],  are  all 
equivalent  and  lead  to  the  choice  of  the  arithmetic  mean  as  the  average  of  a number  of  observations. 

Comments:  Eisenhart  (1964)  has  pointed  out  (pp.  30-31)  that  the  results  given  in  article  VI  greatly 
strengthened  the  justification  given  by  Gauss  ( 1809),  who  based  his  argument  on  the  postulate  that  the 
arithmetic  mean  is  the  best  average  of  a number  of  observations,  for  the  use  of  the  method  of  least 
squares,  especially  when  dealing  with  a large  number  of  observations. 

Note:  It  is  not  clear  what  paper  by  Euler  Laplace  had  in  mind.  The  only  paper  by  Euler  on  this  subject 
that  has  come  to  the  attention  of  the  compiler  is  the  one  [Euler  (1778)]  immediately  following  that  of 
Bernoulli,  commenting  adversely  on  it  and  proposing  the  maximization  of  the  sum  of  the  fourth  powers 
of  the  probabilities  [densities]  instead  of  the  product  of  the  probabilities  [densities]. 

References:  Bernoulli  (1778),  Euler  (1778?),  Laplace  (1781),  Gauss  (1809). 

Citations:  Laplace  (1811a),  von  Riese  (1830),  Todhunter  (1865),  Merriman  (1877),  Pizzetti  (1892), 
Czuber  (1899),  Keynes  (1921). 

* Laplace,  P.  S.  (1811a).  Memoire  sur  les  integrates  definies,  et  leur  application  aux  probabilites,  et 
specialment  a la  recherche  du  milieu  qu’il  faut  choisir  entre  les  resultats  des  observations.  Memoires  de 
la  Classe  des  Sciences  Mathematiques  et  Physiques  de  I’lnstitut  de  France  Annee  1810,  279-347. 
[Reprinted  in  Oeuvres  Completes  de  Laplace,  Vol.  12,  pp.  357-412.  Gauthier-Villars,  Paris,  1898.  (JFM 
29,  7-8)].  [Review  by  J.B.J.  Delambre,  Bulletin  de  la  Societe  Philomathique  de  Paris  2 ( 1811),  262-266: 
English  translation.  Philosophical  Magazine  (1)  39  (1812),  240-244], 

Summary:  In  articles  VI  and  VII  (pp.  317-334),  the  author  considers  the  problem  of  choosing  the 
average  to  take  of  n observations  in  order  to  correct  an  element  already  known  approximately.  He  finds 
that  the  normal  (Gaussian)  law  of  error  is  the  only  one  of  the  form  f(x)  = K e-*1*2',  where  g(xz)  is 
continuous,  for  which  the  arithmetic  mean  of  the  n observations  is  the  "most  advantageous”  in  the  sense 
of  Laplace  (1781).  However,  because  of  the  rudimentary  form  of  the  central  limit  theorem  given  by 
Laplace  ( 1810),  choice  of  the  arithmetic  mean  is  advantageous  when  the  number  of  observations  is  large 
or  when  one  is  taking  the  average  of  results  each  based  on  a large  number  of  observations,  and  hence  in 
these  cases  one  may  use  the  method  of  least  square  j,  which  Gauss  (1809)  developed  from  the  postulate 
that  the  arithmetic  mean  is  the  best  average  of  a number  of  observations.  In  article  VII  (pp.  334-347)  he 
extends  these  results  to  the  case  of  correcting  two  unknown  elements  [regression  coefficients].  His 
analysis  is  already  quite  laborious  for  this  case,  but  he  indicates  that  the  results  hold  for  any  number  of 
unknown  elements  whatever. 

Comments:  In  his  review.  Delambre  gives  a brief  summary  of  this  work  and  relates  it  to  the  earlier 
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work  of  Laplace  ( 1799)  based  on  the  Boscovich  criterion  and  to  that  of  Legendre  1 1805)  and  Gauss  ( 1809) 
on  the  method  of  least  squares. 

References:  Laplace  (1781),  Legendre  (1805),  Gauss  (1809),  Laplace  (1810). 


Citations:  von  Riese  ( 1830),  Todhunter  ( 1865),  Merriman  ( 1877),  Gore  ( 1889),  Pizzetti  ( 1892),  Czuber 
(1899),  Keynes  (1921),  Eddington  (1933). 

* Laplace,  P.  S.  ( 1811b).  Du  milieu  qu’il  faut  choisir  entre  les  resultats  d’un  grand  nombre  des  observa- 
tions. Connaissance  des  Terns  Annee  1813,  213-223;  German  translation,  Monatliche  Correspondenz 
zur  Beforderung  der  Erd-  und  Himmels-Kunde  25  (1812),  105-120.  [See  also  Oeuvres  Completes  de 
Laplace,  Vol.  12,  401-412.  Gauthier-Villars,  Paris,  1898;  Vol.  13,  p.  78.  Gauthier-Villars,  Paris,  1904. 
iJFM  36,  10-11)]. 

Note:  The  compiler  had  difficulty  in  obtaining  the  original  French  version  of  this  paper.  The  German 
translation  and  the  comments  ofTodhunter  ( 1865)  indicate  that  it  is  simply  a reprint  of  article  VIII  (pp. 
334-347)  of  the  author’s  earlier  paper  [Laplace  ( 181  la)],  of  which  a summary  has  already  been  given  and 
need  not  be  repeated  here.  This  indication  is  confirmed  on  p.  78  of  the  Oeuvres,  Vol.  13,  and  by  a reading 
of  the  belatedly  received  original  French  version. 

Citations:  Muncke  (1825),  Todhunter  (1865),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892). 

* Laplace,  P.  S.  ( 1812).  Theorie  Analytique  des  Probabilitcs.  Courcier,  Paris.  Book  II,  ch.  iv,  pp.  304-348; 
second  supplement  (Application  du  calcul  des  probabilites  aux  operations  geodesiques),  1818.  [Third 
edition  ( 1820),  containing  three  supplements,  reprinted  1886,  together  with  a fourth  supplement  added 
in  1825,  as  Oeuvres  Completes  de  Laplace,  Vol.  7.  Gauthier-Villars,  Paris.  Book  II,  ch.  iv,  pp.  309-354; 
second  supplement,  pp.  531-580].  For  English  translation  of  pp.  304-327  by  Julian  L.C.A.  Gys,  see  Smith 
(1929),  pp.  588-604. 

Summary:  A large  part  of  the  material  in  Book  II,  ch.  iv,  which  is  entitled  "Of  the  probability  of  errors 
of  the  mean  results  of  a large  number  of  observations,  and  of  the  most  advantageous  mean  results,” 
appeared  previously  in  memoirs  by  the  author.  Articles  18  and  19  (pp.  304-312)  are  not  relevant  to  our 
purposes.  Articles  20  and  21  (pp.  312-329),  which  deal  respectively  with  the  correction  of  one  and  two 
elements,  already  known  approximately,  by  the  aggregate  of  a large  number  of  observations,  and  which 
contain  Laplace’s  "proof”  of  the  method  of  least  squares,  follow  closely  the  treatment  of  Laplace 
( 181  la,b).  Article  22  (pp.  329-333),  which  deals  with  the  case  in  which  the  facility  of  positive  errors  is  not 
the  same  as  that  of  negative  ones  [the  distribution  of  errors  is  not  symmetric]  follows  Laplace  ( 1810). 
Article  23  (pp.  333-343),  unlike  the  preceding  ones,  deals  with  the  case  in  which  the  observations  have 
already  been  made.  The  idea  of  the  "most  advantageous”  average  as  the  abscissa  corresponding  to  the 
ordinate  which  divides  equally  the  area  under  the  [joint]  probability  [density]  curve  [likelihood  curve]  of 
the  observations  goes  back  to  two  of  Laplace’s  earliest  memoirs  [Laplace  ( 1774,  1781)],  which  contain 
solutions  of  the  problem  of  finding  such  an  average  for  three  observations  and  for  any  number  of 
observations,  respectively.  The  results  given  on  pp.  333-335  and  pp.  340-343  are  those  of  the  supplement 
of  Laplace  ( 1810),  while  the  intervening  pages  contain  a more  straightforward  proof  than  that  given  by 
Laplace  1 181  la)  of  the  fact  that  the  normal  law  of  error  is  the  only  one  of  the  form  f(x)  = Ke-wx2’  for  which 
the  arithmetic  mean  is  most  advantageous.  In  article  24  (pp.  343-348),  the  author  mentions  various 
other  methods  of  averaging  observations,  including  the  one  proposed  by  Cotes  (1722)  and  applied  by 
Euler  ( 1 7 49 » and  Mayer  (1750)  and  the  one  based  on  minimizing  the  sum  of  the  2n'h  powers  of  the 
deviations,  which  for  n — ► * is  equivalent  to  minimizing  the  maximum  deviation,  as  proposed  by  Laplace 
( 1786,  1 799 ).  He  concludes  that  the  best  choice  of  method  depends  on  the  law  of  error  when  the  number  of 
observations  is  small, but  that  the  method  of  least  squares  proposed  by  Legendre  ( 1805)  and  Gauss  ( 1809i 
is  best  whenever  the  number  of  observations  is  large.  [The  latter  conclusion  is  unwarranted;  see 
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Dirichlet  (1836).]  In  the  second  supplement,  Laplace  examines  the  method  proposed  by  Boscovich  (1757, 
1760)  [see  also  Laplace  (1793,  1799)]  based  on  minimizing  the  sum  of  the  absolute  values  of  the 
deviations,  to  which  he  gives  the  name  "method  of  situation.”  For  an  odd  number  of  observations  on  a 
single  variable,  this  method  leads  to  the  median  as  the  best  average,  while  his  own  "most  advantageous 
method”  leads  to  the  arithmetic  mean.  By  finding  the  respective  probabilities  that  the  two  averages  are 
in  error  by  a given  amount,  he  determines  a condition  (on  the  law  of  error)  under  which  the  median  is 
preferable  to  the  arithmetic  mean  and,  for  a given  law  of  error,  explores  the  possibility  of  finding  a 
weighted  average  of  the  two  which  is  more  precise  than  either. 

References:  Cotes  (1722),  Euler  (1749),  Mayer  (1750),  Laplace  (1799),  Legendre  (1805),  Svanberg 
(1805),  Gauss  (1809). 

Citations:  Puissant  ( 1805)  [1819],  Legendre  (1814),  Gauss  (1816,  1823),  Ivory  (1825),  Muncke  (1825), 
Hauber  (1830,  1830-32),  von  Riese  (1830),  Encke  (1832-34),  Quetelet  (1835),  Dirichlet  (1836),  Ellis 
(1844),  De  Morgan  (1847),  Herschel  (1850),  von  Andrae  (1860),  Airy  (1861),  Chauvenet  (1863), 
Todhunter  (1865),  Zachariae  (1871),  Glaisher  (1872),  Fechner  (1874),  Jevons  (1874),  Laurent  (1875), 
Merriman  (1877),  Edgeworth  (1883b,  1885,  1886a,b,  1887b, c,d,e,  1887-90,  1888),  Gore  (1889),  Pizzetti 
( 1889),  Czuber  (1891a),  Pizzetti  (1892),  Czuber  (1899,  1903),  Kapteyn  (1903),  Edgeworth  (1905),  Char- 
lier  ( 1906),  Mansion  ( 1906),  Charlier  ( 1910),  Edgeworth  (1911),  Keynes  (1911),  Gini  (1912),  Edgeworth 
(1913),  Mansion  (1913),  Contarino  ( 1914),  Julin  ( 1921),  Keynes  (1921),  Dodd  (1922),  Edgeworth  (1923), 
Rietz  (1924),  Whittaker  & Robinson  (1924),  Bowley  (1928),  Smith  (1929),  Craig  (1932a),  Gumbel 
(1936c),  Thompson  (1936),  Bruen  (1938),  Gini  (1939),  Simon  (1941),  Boldrini  (1942),  Cramer  (1946), 
Kendall  ( 1946). 

* Delambre,  J.  B.  (1813).  Abrege  d’Astronomie,  ou  Lecons  £lementaires  d’Astronomie  Theorique  et 
Pratique.  Courcier,  Paris. 

Summary:  Lesson  XXIII  (pp.  581-623)  deals  with  the  size  and  the  figure  of  the  earth.  The  author 
returns  to  the  question  [see  Delambre  (1806-10)]  of  determining  the  eccentricity  of  the  earth  from 
inconsistent  observations  on  the  lengths  of  meridian  arcs.  On  page  608,  he  advocates  a method,  which  is 
probably  the  one  he  used  in  the  earlier  work,  in  the  following  words:  "It  seems  that  one  should  seek 
neither  the  least  sum  of  errors  nor  the  least  sum  of  squares,  but  the  least  errors,  half  negative,  half 
positive.”  (Compiler’s  translation).  On  pp.  607-608,  he  applies  this  method  to  the  determination  of  the 
earth’s  eccentricity  from  the  Delambre-Mechain  observations. 

Comments:  Since  the  least  sum  of  absolute  deviations  is  achieved  when  the  deviations  are  taken  from 
the  median,  in  which  case  half  the  deviations  are  positive  and  half  negative,  it  appears  that  the  author, 
perhaps  without  realizing  it,  is  advocating  the  Boscovich-Laplace  method  without  the  restriction  that 
the  sums  of  the  positive  and  negative  deviations  be  equal  in  magnitude,  which  requires  that  deviations 
be  taken  from  the  arithmetic  mean  rather  than  the  median. 

Reference:  Delambre  ( 1806-10). 

Citations:  Puissant  (1805)  [1819],  Gore  (1889). 

* Mathieu,  Claude  Louis  ( 1813-14).  Sur  les  experiences  du  pendule,  faites  par  les  navigateurs  espagnols, 
en  differens  points  du  globe.  Connaissance  des  Terns  Annee  1816,  314-332. 

Summary:  The  author  uses  16  measurements  made  by  a Spanish  expedition,  composed  of  two  frigates, 
at  various  points  on  the  globe,  on  the  length  of  a seconds  pendulum,  to  compute,  by  the  method  of  least 
squares,  the  eccentricity  of  the  earth.  He  obtains  the  values  1/323.2,  1/311.5  and  1/323.3  from  the  9 
points  in  the  northern  hemisphere,  the  7 points  in  the  southern  hemisphere,  and  all  16  points,  respec- 
tively. He  also  computes  the  eccentricity  from  15  similar  observations  given  by  Laplace  (1799),  from 
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which  Laplace  found  the  values  1/321.5  and  1/335.8  by  minimizing  respectively  the  maximum  error  and 
the  sum  of  the  absolute  values  of  the  errors  (subject  to  the  restriction  that  the  sums  of  positive  and 
negative  errors  be  equal  in  magnitude).  Mathieu  finds  1/323.3  by  the  former  method  and  1/319.0  by  the 
method  of  least  squares.  The  maximum  residual  of  0.132  millimeter  (well  within  the  limits  of  error  to 
which  measurements  of  the  length  of  the  pendulum  are  susceptible)  in  the  former  case  is  attained  at 
three  points  (the  Equator  and  Lapland  with  negative  signs  and  the  Cape  of  Good  Hope  with  positive 
sign)  as  required  by  theory.  For  the  method  of  least  squares,  the  maximum  residual  is  +0.174  mm.  at  the 
Cape  of  Good  Hope.  The  author  remarks  that  there  is  a very  small  difference  between  the  eccentricities 
obtained  by  the  two  methods. 

Reference:  Laplace  ( 1799). 

Citation:  Gore  (1889). 

* Legendre,  A.  M.  ( 1814).  Methode  des  moindres  quarres,  pour  trouver  le  milieu  le  plus  probable  entre  les 
resultats  de  differentes  observations.  Memoires  de  la  Classe  des  Sciences  Mathematiqu.es  et  Physiques  de 
I’lnstitut  de  France  Annee  1810  (2),  149-154. 

Summary:  All  of  this  paper  except  the  first  and  last  sentences  is  quoted  from  pages  72-75  of  the 
author’s  earlier  work  [Legendre  (1805)].  In  the  first  sentence  he  sets  the  stage  by  stating  that  Laplace 
(1812?)  has  found  by  considerations  based  on  the  calculus  of  probabilities  that  the  method  of  least 
squares  should  be  used  in  preference  to  all  others  to  find  the  most  exact  average  value  of  one  or  of  several 
unknown  elements  among  all  those  which  are  given  by  different  observations.  In  the  last  sentence  he 
calls  attention  to  the  application,  in  his  own  earlier  work,  of  this  method  to  the  determination  of  the 
length  of  the  45th  degree  of  meridian  and  of  the  amount  of  flattening  of  the  earth. 

Comments:  In  his  first  sentence,  the  author  overstated  the  generality  of  what  Laplace  had  proved 
about  the  method  of  least  squares,  as  Laplace  himself  and  many  later  writers  have  done.  For  a 
clarification,  see  Dirichlet  (1836). 

References:  Legendre  (1805),  Laplace  (1812?). 

Citations:  Muncke  (1825),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892),  Czuber  (1899),  Keynes 
(1921). 

* van  Beeck  Calkoen,  J.  F.  (1816).  Over  de  Theorie  der  Gemiddelde  Waardij  uit  een  Zeker  Aantal 
Grootheden  of  Afzonderlijke  Waarnemingen.  Verhandelingen  der  K.  Nederlandsch  Instituut  van 
Wetenschappen  2,  1-19. 

Summary:  This  paper  deals  with  the  average  value  of  a certain  number  of  quantities  or  of  separate 
observations.  For  several  observations  of  a single  quantity,  the  author  advocates  the  use  of  the  arithme- 
tic mean,  from  which  the  sums  of  the  positive  and  negative  deviations  are  numerically  equal.  If  one  of 
the  observations  differs  from  the  mean  by  an  amount  greater  than  the  assumed  limit  of  error,  that 
observation  is  discarded,  and  the  arithmetic  mean  of  the  remaining  ones  is  taken.  For  observations  on 
two  related  quantities,  the  author  proposes  two  methods  of  determining  the  best  fitting  straight  line. 
The  first,  which  he  attributes  to  Lambert  [( 1765b)],  involves  dividing  the  points  representing  the  pairs  of 
observed  (x,y>  values  into  two  groups  (as  nearly  as  possible  equal  in  number),  one  containing  the  points 
with  the  smallest  abscissa  and  the  other  those  with  the  largest  abscissa,  and  joining  the  centers  of 
gravity  of  the  two  sets  of  points.  The  other  is  based  on  the  use  of  the  Boscovich  criteria,  which  the  author 
attributes  to  Laplace  ( 1799).  It  will  be  recalled  that  these  involve  minimizing  the  sum  of  the  absolute 
deviations  subject  to  the  condition  that  the  sums  of  the  positive  and  negative  deviations  be  numerically 
equal,  which  requires  ordering  the  slopes  of  the  lines  joining  the  observed  points  to  their  centroid  (x,v). 


By  taking  x2  or  \/x  rather  than  x as  the  independent  variable,  the  author  obtains  curvilinear  regression 
equations  of  the  forms  y=a+0x2  and  v =a+/3v  x as  well  as  the  linear  regression  equation  of  the  form 
y=a+/3x.  He  advocates  using  that  power  of  x which  gives  the  best  fit  in  the  sense  that  the  sum  of  the 
absolute  deviations  of  the  observed  points  from  the  fitted  curve  is  smallest,  subject  to  the  condition  that 
the  algebraic  sum  be  zero. 

Comments:  It  is  interesting  to  note  that  the  author  makes  no  mention  of  the  method  of  least  squares, 
although  the  work  of  Legendre  1 1805),  Gauss  ( 1809),  and  Laplace  ( 1812)  was  already  widely  known  at 
the  time  this  paper  was  published. 

References:  Lambert  [(1765b)],  Laplace  (1799). 

Citations:  Merriman  (1877),  Pizzetti  (1892). 

* Gauss,  Carl  Friedrich  (1816).  Bestimmung  der  Genauigkeit  der  Beobachtungen.  Zeitschrift  fur  As- 
tronomie  und  verwandte  Wissenschaften  1,  185-196.  [Reprinted  1880  in  Werke , Band  IV,  Koniglichen 
Gesellschaft  der  Wissenschaften,  Gottingen,  pp.  109-117;  English  translation  by  Hale  F.  Trotter 
in  Technical  Report  No.  5,  Statistical  Techniques  Research  Group,  Princeton  University,  1957, 
pp.  156-167], 

Summary:  The  author  points  out  that  it  is  not  necessary  to  know  the  precision  h [=  I/oa/2]  of  the 
observations  in  order  to  apply  the  method  of  least  squares,  and  that  the  relation  of  the  precision  of  the 
results  to  the  precision  of  the  observations  is  independent  of  h,  but  that  the  value  of  h is  itself  interesting 
and  instructive.  He  then  proceeds  to  give  various  methods  of  determining  h,  including  methods  based  on 
the  n,h  root  of  the  sum  of  the  nth  powers  of  the  absolute  errors  (deviations  from  the  true  value)  for 
n =1,2, 3, 4, 5, 6,  and  an  alternate  method  based  on  the  median  M of  the  absolute  values  of  the  errors. 
Gauss  shows  that  the  method  based  on  n=2  gives  the  greatest  precision,  at  least  for  samples  from  a 
normal  population,  100  observations  for  n=2  yielding  the  same  precision  as  114  for  n = l,  109  for  n=3, 
133  for  n=4,  178  for  n = 5,  251  for  n=6,  or  249  [actually  272 — see  comments  below]  for  the  alternate 
method  based  on  M,  but  notes  that  the  last  method  and  the  one  based  on  n = l are  arithmetically  more 
convenient. 

Comments:  Although  he  gave  the  correct  mathematical  expression  for  the  probable  error  of  the 
median  absolute  error  M,  Gauss  made  a mistake  in  calculating  the  value  of  the  numerical  coefficient. 
Several  later  authors,  including  Hauber  (1830),  Encke  (1832-34),  and  Jordan  (1869),  have  given  the 
correct  value,  but  it  is  interesting  to  note  that  the  first  two,  writing  during  the  lifetime  of  Gauss,  did  so 
without  mentioning  his  mistake,  which  remains  uncorrected  in  his  collected  works. 

References:  Gauss  (1809),  Laplace  (1812). 

Citations:  Gauss  ( 1823),  Muncke  ( 1825),  Hauber  ( 1830),  Encke  ( 1832-34),  Gerling  ( 1843),  Chauvenet 
( 1863),  Jordan  ( 1869),  von  Andrae  ( 1872),  Helmert  ( 1872,  1875b),  Mees(  1875),  Helmert  ( 1876b),  Mees 
( 1876),  Merriman  ( 1877),  Lehman-Filhes  ( 1887),  Gore  ( 1889),  Czuber  ( 1891a),  Pizzetti  ( 1892),  Czuber 
(1899,  1903),  Whittaker  & Robinson  (1924),  Miinzner  (1934),  Cramer  (1946) 

* Adrain,  Robert  ( 1818).  Investigation  of  the  figure  of  the  earth,  and  of  the  gravity  in  different  latitudes. 
Transactions  of  the  American  Philosophical  Society  (New  Series)  1,  119-135. 

Summary:  The  author  calculates  the  earth's  el  lipticity  bv  the  method  of  least  squares  from  data  on  the 
lengths  of  pendulums  vibrating  seconds  at  different  latitudes  given  by  Laplace  ( 1799).  He  compares  the 
results  not  only  with  those  obtained  by  Laplace,  based  on  the  criteria  of  Boscovich  (1760),  but  also  with 
the  results  obtained  by  that  method  after  correcting  two  errors  made  by  Laplace.  He  finds  that  most  of 
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the  discrepancy  between  Laplace’s  results  and  his  own  is  due  to  those  errors.  The  corrected  results  of 
applying  the  Boscovich-Laplace  method,  based  on  minimizing  the  sum  of  the  absolute  values  of  the 
residuals  subject  to  the  restriction  that  the  algebraic  sum  of  the  residuals  shall  be  zero,  differ  by  less 
than  V'\  from  those  obtained  by  the  method  of  least  squares. 

References:  Boscovich  (1760),  Laplace  (1799),  Adrain  (1808). 

Citations:  Glaisher  ( 1872),  Todhunter  ( 1878),  Merriman  ( 1877),  Gore  ( 1889),  Pizzetti  1 1892). 

* Anonymous  (1821).  Dissertation  sur  la  recherche  du  milieu  le  plus  probable,  entre  les  resultats  de 
plusieurs  observations  ou  experiences.  Annates  de  Matheruatiques  Pures  et  Appliquees  12,  181-204. 

Summary:  The  author,  a subscriber  writing  from  Lyon,  gives  a discussion,  which  is  as  much 
phi'osophical  as  mathematical,  of  the  problem  of  finding  the  best  average  of  a number  of  observations. 
He  distinguishes  between  two  cases,  one  in  which  the  observations  are  all  made  on  the  same  identical 
object  and  thus  differ  only  because  of  errors  of  observation  and  the  other  in  which  observations  are  made 
on  a quantity  which  is  itself  variable.  He  traces  the  history  of  the  problem  from  the  time  when  the 
arithmetic  mean  was  used  without  question,  through  the  period  in  which  students  of  the  theory  of 
probability  (among  whom  he  mentions  Boscovich,  Pernoulli,  Lambert  and  Lagrange)  questioned  its  use. 
to  the  time  when  wide  acceptance  of  the  method  ofleast  squares  developed  bv  Legendre  ( 1 805 1 and  Gauss 
( 1809)  led  to  the  belief  that  the  arithmetic  mean  is  indeed  the  most  probable  value.  He  pleads  for  further 
examination  of  th°  question,  raising  objections  to  the  use  of  the  arithmetic  mean  when  the  observations 
are  not  closely  bunched,  especially  if  they  are  so  asymmetric  that  there  are  many  more  on  one  side  of  the 
arithmetic  mean  than  on  the  other,  or  when  there  is  reason  to  believe  that  they  are  not  all  equally 
reliable.  He  mentions  a number  of  other  possibie  averages,  including  several  based  on  order  statistics, 
such  as  the  median,  the  midrange,  and  the  arithmetic  mean  of  those  remaining  after  discarding  the  (one 
or  more)  largest  and  smallest  observations.  He  concludes  that  the  problem  of  the  best  average  depends 
on  the  law  of  facility  of  error  and  hence  has  no  general  solution.  Nevertheless,  at  the  end  of  the  paper  he 
proposes  an  iterative  procedure  which  starts  from  the  arithmetic  mean  (or  some  other  reasonable  value), 
then  takes  the  reciprocals  of  the  residuals  (or  their  squares)  as  weights  of  the  correspqnding  observa- 
tions and  thus  obtains  a second  approximation,  which  gives  new  residuals,  after  which  the  process  is 
repeated,  and  so  on.  The  editor  (J.  D.  Gergonne)  appends  a note  in  which  he  points  out  that  this  iterative 
procedure  converges  to  one  of  the  observed  values,  as  one  can  quite  easily  verify  [except  for  the  case  of  an 
even  number  of  symmetrically  placed  observations]. 

Comments:  Czuber  ( 1891a,  1899i  attributes  the  authorship  of  this  paper  to  G.  < Jons?)  Svanberg. 

References:  Boscovich  < 1 7 60? *,  Lambert  (1760,  1765b),  Lagrange  (1774),  1).  Bernoulli  (17781, 
Legendre  1 1805),  Gauss  1 1809). 

Citations:  Merriman  (1877),  Wright  (1884),  Czuber  1 1891a,  1899i.  Wellisch  ( 1909 ). 

' Fourier,  J.  B.  J.  1 18231.  Solution  d’une  question  particuliere  au  calcul  des  inegalites.  premier  extrait. 
Histoire  de  V Academic  des  Sciences  pour  1823,  p.  xxix.  Reprinted  in  Oeucres  de  Fourier  ied.  Gaston 
Darhouxi.  Vol.  2,  pp.  321-324.  Gauthier- Villars,  Paris,  1890. 

Summary:  The  author  discusses  the  solution  of  a system  of  inequalities.  Regardless  of  the  relation 
between  the  number  of  unknowns  and  the  number  of  inequalities,  such  systems  do  not,  in  general,  have 
a unique  solution,  and  the  problem  is  to  find  all  possible  values  of  the  unknowns  which  satisfy  the 
inequalities.  Without  specifying  the  procedure,  the  author  asserts  that  one  of  the  applications  of  his 
theory  is  to  find,  given  a set  of  observational  equations,  the  values  of  the  unknowns  such  that  the  largest 
error,  taken  without  regard  to  sign,  shall  be  the  least  possible,  or  such  that  the  average  error  ii.e..  the 


sum  of  the  errors  taken  without  regard  to  sign,  divided  by  their  number),  shall  be  the  least  possible. 
Citations:  Fourier  ( 1824b,  1826b). 


* Gauss,  Carolo  Friderico  [Carl  Friedrich]  ( 1823).  Theoria  combinationis  observationum  erroribus 
minimis  obnoxiae.  Comrnentationes  Societatis  Regiae  Scientiarum  Gottingensis  Recentiores  5;  German 
summary,  Gottingische  Gelehrte  Anzeigen  ( 1821 1,  321-327  ipars  prior)  and  ( 1823),  313-318  (pars  post- 
erior). [Reprinted  1880  in  Werke,  Band  IV,  Koniglichen  Gesellschaft  der  Wissenschaften,  Gottingen,  pp. 
3-53,  95-104;  English  translation  by  Hale  F.  Trotter  in  Technical  Report  No.  5,  Statistical  Techniques 
Research  Group,  Princeton  University,  1957,  pp.  1-82]. 

Summary:  The  author  compares  his  earlier  formulation  of  the  method  of  least  squares  [Gauss  < 1309)] 
with  that  of  Laplace  ( 1812),  and  concludes  that  neither  is  entirely  satisfactory.  The  former  is  based  on 
the  assumption  that  the  errors  of  observation  follow  a normal  (Gaussian)  distribution,  which  follows 
from  his  postulate  that  the  best  average  of  the  observations  is  their  arithmetic  mean.  Laplace  showed, 
under  very  general  conditions  which  he  did  not  state  explicitly,  that,  when  the  number  of  observations  is 
sufficiently  large,  the  distribution  of  their  arithmetic  mean  tends  to  a normal  distribution  with  mean 
equal  to  the  population  mean.  Hence  the  method  of  least  squares  yields  a result  which  is  consistent,  but 
not  asymptotically  most  advantageous,  as  Laplace  in  effect  claimed.  That  left  a gap,  which  the  author 
now  proposes  to  fill,  for  the  case  of  a small  or  moderate  number  of  observations  whose  errors  are  not 
normally  distributed.  Gauss  begins  by  comparing  the  situation  to  a game  in  which  there  is  no  gain  to 
hope  for,  but  a loss  to  fear,  the  problem  being  how  to  minimize  the  loss,  which  is  assumed  to  be  the  same 
for  positive  and  negative  errors  of  equal  magnitude.  This  assumption  can  be  met  by  choosing  a loss 
function  proportional  to  the  sum  of  the  absolute  values  of  the  errors,  as  Laplace  did,  or  to  the  sum  of  their 
n,h  powers,  n being  a positive  even  integer.  In  the  German  summary,  but  not  in  the  Latin  text,  Gauss 
points  out,  as  Laplace  had  already  done,  that  the  larger  the  exponent  n becomes,  the  nearer  one  comes  to 
the  situation  where  the  most  extreme  errors  alone  serve  as  a measure  of  precision.  Gauss  chooses  n=2, 
which  besides  being  the  simplest  of  its  type  also  possesses  certain  other  desirable  properties  [see  Gauss 
1 1816)],  and  on  the  basis  of  this  choice  he  justifies  the  use  of  the  method  of  least  squares,  whatever  the 
number  of  observations  and  whatever  the  distribution  of  their  errors. 

Comments:  Gauss’  second  exposition  seems  to  the  compiler  to  be  no  more  satisfactory  than  his  first.  In 
each  case  he  starts  from  a postulate,  plausible  but  not  universally  valid,  which  leads  inexorably  to  the 
foregone  conclusion.  Nevertheless,  his  argument  apparently  convinced  his  contemporaries,  since  the 
literature  of  the  next  few  decades  includes  many  writings  on  least  squares  but  only  a few  on  rival 
methods.  This  bibliography  will  include  most  of  the  latter  but  only  a few  of  the  former. 

References:  Legendre  ( 1805),  Gauss  < 1809).  Laplace  ( 1812).  Gauss  < 1816). 

Citations:  Muncke  ( 1825),  Hauber  1 1830,  1830-32),  von  Riese  1 1830),  Encke  ( 1832-34),  Hagen  ( 1837), 
Gerling  ( 1843*.  Ellis  ( 1844 1.  von  Andrae  ' 1 860).  Chauvenet  1 1863 ),  Jordan  < 1869),  Zachariae  ( 1871 ),  von 
Andrae  (1872).  Glaisher  (1872).  Jordan  il872>,  Fechner  (1874),  Merriman  (1877),  Schreiber  ( 1 882 ). 
Edgeworth  (1883b,  1886a),  Newcomb  (1886),  Lehmann-Filhes  (1887),  Gore  (1889),  Pizzetti  (1892), 
Fechner  1 1897 1,  Czuher  ' 1899.  1903 1.  Mansion  ' 1906),  Goedseels  ( 1909),  Edgeworth  1 191 1 ),  Contarino 
1 1 9 1 4 ),  Brunt  '1917),  Keynes  < 1 92 1 ).  Whittaker  & Robinson  (1924).  Estienne  (1926-27),  von  Mises 
( 1931 ),  Snedecor  1 1937).  Fleming  1943),  Cramer  ' 1946). 

* Cauchy,  Augustin-Louis  < 1 824 > . Sur  le  systeme  des  valeurs  qu'il  faut  attribuer  a deux  elements 
determines  par  un  grand  nombre  d'observations.  pour  que  la  plus  grande  de  toutes  les  erreurs,  abstrac- 
tion faite  du  signe.  de  vienne  un  minimum.  Hu  lift  in  de  In  Son  fir  Philomathique  de  Puri s i,3>  11, 92-99. 

Summary:  Given  a large  number  of  observations  of  two  variables,  x and  v (points  in  the  plane),  the 
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author  seeks  to  determine  the  values  of  two  elements  (coefficients  in  the  linear  regression  equation) 
such  that  the  absolute  value  of  the  largest  residual  is  a minimum.  He  accomplishes  this  minimization  by 
means  of  an  iterative  scheme.  He  shows  that  a line  in  the  plane  may  be  such  that  one,  two,  or  three  of  the 
given  points  deviate  from  it  by  the  maximum  amount,  but  that  for  the  line  which  is  the  unique  solution 
of  the  problem  there  are  three  such  points  with  the  maximum  residual,  two  residuals  of  one  sign  and  one 
of  the  other.  He  proves  four  theorems  concei  ning  the  possible  system  of  values  of  the  elements,  and  gives 
a geometric  interpretation  of  each  in  terms  of  the  number  of  faces,  edges,  and  vertices  of  a convex 
polyhedron. 

Note:  This  is  a condensation  of  a memoir  presented  to  the  Institut  in  1814;  the  entire  memoir  was 
published  later  [see  Cauchy  (1831)]. 

Citation:  Merriman  (1877). 

* Fourier,  J.  B.  J.  (1824a).  Regie  usuelle  pour  la  recherche  des  resultats  moyens  d’un  grand  nombre 
d’observations.  Bulletin  des  Sciences  Mcithematiques , Astronomiques , Physiques  et  Chimiques  2,  88-90. 

Summary:  After  defining  a measure  of  precision  of  a large  number  of  measurements  of  the  same 
quantity  which  is  equal  to  V 2 times  their  standard  deviation  ( the  square  root  of  the  difference  between 
their  mean  square  and  the  square  of  their  mean,  divided  by  half  their  number),  the  author  writes 
(pp.  88-89):  "This  square  root  gives  the  exact  measure  of  precision  sought.  Bv  multiplying  it  bv  a 
constant  number  g,  one  finds  the  mean  error  [probable  error],  and  by  multiplying  this  same  square  root 
by  another  constant  number  h,  one  finds  the  upper  limit  of  the  error.  One  should  in  practice  regard  as 
entirely  impossible  that  the  error  of  the  mean  result  should  surpass  or  even  attain  its  upper  limit;  the 
chances  are  more  than  50,000  to  1 that  this  does  not  happen.  . . . The  number  h is  equal  to  3,  and  the 
number  g is  approximately  1/2  (its  value  is  0.477)  . . . .” 

Comments:  The  author  seems  to  have  confused  the  probable  error  and  the  upper  limit  (which  would  be 
exceeded  less  than  1 time  in  50,000)  of  the  mean  with  those  of  the  individual  observations:  what  he  says 
of  the  former  is  actually  true  of  the  latter.  Nevertheless,  this  early  attempt  to  determine  the  maximum 
error  is  noteworthy,  preceding  by  more  than  half  a century  the  next  serious  attempts  by  Jordan  and  by 
Helmert. 

Citations:  Merriman  ( 1877),  Czuber  (1891a),  Pizzetti  ( 1892),  Czuber  ( 1899).  von  Bortkiewicz  1 1922b i. 

* Fourier,  J.  B.  J.  1 1824b>.  Solution  d’une  question  particuliere  au  calcul  des  inegalites.  second  extrait. 
Histoire  de  I'Academie  des  Sciences  pour  1824,  pp.  xlvii.  Reprinted  in  Oeuvres  de  Fourier  led.  Gaston 
Darbouxi,  Vol.  2,  pp.  325-328.  Gauthier-Villars,  Paris,  1890. 

Summary:  The  author  observes  at  the  outset  ( Oeuvres , p.  325):  "Consider  linear  functions  of  several 
unknowns  x,  y,  z, . . .;  the  numerical  coefficients  which  enter  into  the  functions  are  known  quantities.  If 
the  number  of  functions  is  not  greater  than  that  of  the  unknowns,  one  can  find  for  x,  v,  z, . . .a  system  of 
numerical  values  such  that  the  simultaneous  substitution  of  these  values  in  the  functions  gives  a zero 
result  for  each.  But  one  can  not,  in  general,  satisfy  this  condition  when  the  number  of  the  functions 
exceeds  that  of  the  unknowns."  (Compiler’s  translation).  He  asserts  again,  as  in  his  earlier  memoir 
[Fourier!  1823)],  that,  by  the  analysis  of  inequalities,  whatever  be  the  number  of  unknowns,  one  can  find 
either  the  set  of  values  of  the  unknowns  which  makes  the  largest  error  (deviation  from  zeroi  as  small  as 
possible  or  the  set  which  makes  the  average  error  (deviation  from  zeroi  as  small  as  possible.  He  gives  the 
following  geometric  solution  of  the  first  problem  < Oeuvres , pp.  325-326):  "The  following  construction 
represents  clearly  the  method  which  must  be  followed  in  order  to  arrive  without  unnecessary  calculat  ion 
at  the  values  of  x,  y,  z, . . . which  give  the  largest  deviation  its  smallest  value.  Although  this  construction 
is  fitted  to  the  case  of  two  variables,  it  suffices  to  make  well  known  the  general  procedure,  x and  y are,  in 
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the  horizontal  plane,  the  coordinates  of  any  point  whatever.  The  vertical  coordinate  z measures  the 
value  of  the  function;  each  inequality  is  represented  by  a plane  whose  position  is  given.  In  the  question 
under  consideration,  the  number  of  these  planes  is  double  the  number  of  functions,  because  it  is 
necessary  to  attribute  to  each  value  the  sign  + and  the  sign  -.  One  considers  only  the  parts  of  the  planes 
which  are  situated  above  the  horizontal  xy  plane;  and  these  upper  parts  of  the  planes  are  extended 
indefinitely.  It  is  principally  necessary  to  remark  that  the  system  of  all  these  planes  forms  a vessel  . . . 
[or]  polyhedron  of  which  the  convexity  is  turned  toward  the  horizontal  plane.  The  lowest  point  of  the 
vessel  or  polyhedron  has  for  coordinates  X,  Y,  Z which  are  the  object  of  the  question;  i.e.  Z is  the  least 
possible  value  of  the  largest  deviation  and  X and  Y are  the  proper  values  to  give  this  minimum,  taken 
without  regard  to  sign.  In  order  to  reach  quickly  the  lowest  point  of  the  vessel,  one  erects  a vertical 
ordinate  at  any  point  whatever  of  the  horizontal  plane,  e.g.  the  origin  of  x and  y,  up  to  its  intersection 
with  the  highest  plane.  . . . Let  m,  be  this  point  of  intersection  situated  on  the  extreme  plane.  One 
descends  on  this  same  plane  from  the  point  m,  to  a point  m2  on  an  edge  of  the  polyhedron,  and,  following 
this  edge,  one  then  descends  from  the  point  m2  to  the  vertex  common  to  three  extreme  planes.  From  the 
point  m:l,  one  continues  to  descend  along  a second  edge  to  a new  vertex  m4;  and  one  continues  the 
application  of  the  same  procedure,  following  always  that  one  of  the  two  edges  which  leads  to  a lower 
vertex.  One  thus  arrives  very  soon  at  the  lowest  point  of  the  polyhedron.  Now  this  construction 
represents  exactly  the  series  of  numerical  operations  which  the  analytic  rule  prescribes;  it  makes  very 
sensible  the  course  of  the  method,  which  consists  of  passing  successively  from  one  extreme  to  another, 
and  diminishing  more  and  more  the  value  of  the  largest  deviation.”  (Compiler's  translation.) 

Comments:  The  author  lover  a century  before  George  Dantzig)  formulates  the  problem  as  one  in  linear 
programming:  minimize  an  objective  function  (the  largest  deviation)  subject  to  constraints  in  the  form  of 
linear  inequalities.  His  method  of  solution  has,  for  obvious  reasons,  become  known  as  Fourier’s  method 
of  descents. 

Reference:  Fourier  ( 1823). 

Citations:  Fourier  1 1826b,  1831). 

Fourier,  Joseph  [J.  B.  J.)  1 1824c).  filoge  de  Delambre.  Me  moires  de  I'Aeademie  des  Sciences  (Paris)  4. 
cciv-ccxxiv;  translation  bv  C.  A.  Alexander, Smithsonian  Institution  Annual  Report  ( 1864).  pp.  125-134. 
Washington,  I).  C. 

Summary:  This  memoir  does  not  contain  anything  directly  relevant  to  our  study,  but  it  does  contain 
useful  background  information.  Of  particular  interest  is  the  following  statement  (p.  130)  concerning  the 
analysis  of  the  data  on  the  Dunkerque-Barcelona  meridian  arc:  "The  results  obtained  were  calculated 
according  to  different  methods,  several  of  which  were  proposed  by  Delambre.  A remarkable  theorem  of 
Legendre's  was  also  employed  in  these  calculations  and  evinced  its  peculiar  adaptation  to  the  uses  of 
geodetic  mensuration."  Apparently  the  references  are  to  the  work  of  Legendre  ( 1805)  on  the  method  of 
least  squares,  to  t he  proposal  by  Delambre  ( 1813 ) of  the  Boscovich- Laplace  method  minus  the  restriction 
that  the  sums  of  the  absolute  values  of  the  positive  and  negative  deviations  be  equal,  and  perhaps  to 
other  methods  proposed  by  Delambre. 

Reference:  Delambre  i 1806-10). 

Ivorv.  James  i lM25r  On  the  method  of  the  least  squares.  Philosophical  Magazine  65.  1-10,  81-88, 

161  16M 

Summary:  This  paper  is  divided  into  three  parts.  In  the  first  part,  the  author  gives  two  demonstrations 
of  t he  method  of  least  squares,  neither  of  which  is  based  on  the  theory  of  probability,  which  he  considers 
irrelevant  In  the  second  part,  he  discusses  the  probability  of  errors,  failing  to  recognize  that  the 
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probability  of  any  definite  error  for  a continuous  distribution  must  be  an  infinitesimal,  and  making  no 
distinction  between  true  errors  and  residuals.  In  the  third  part,  he  attempts  to  show  that  the  method  of 
least  squares  cannot  give  the  most  advantageous  or  probable  results  unless  the  law  of  facility  of  error  is 
the  normal  law  <j>(x)  = c e-"2*2.  On  page  165,  he  makes  the  following  statement  concerning  the 
demonstration  of  Laplace  1 18121,  Book  II,  ch.  iv.  Art.  20:  ",  . . whatever  merit  it  may  have  in  other 
respects,  (it]  is  neither  more  nor  less  general  than  the  other  solutions  of  the  problem." 

Comments:  Later  authors  have  regarded  Ivory’s  demonstrations  as  unsatisfactory,  and  the  compiler 
shares  this  opinion.  Glaisher  1 1872)  analyzed  Ivory’s  criticism  of  Laplace,  which  he  regarded  as  a result 
of  Ivory’s  failure  to  understand  the  demonstration  of  Laplace.  It  appears  to  the  compiler  that  Glaisher 
was  guilty  of  the  same  fault.  In  modern  terminology,  what  Laplace  actually  proved  in  the  article  cited  bv 
Ivory  [see  also  Laplace  ( 1810,  1811a)]  is  that  the  method  of  least  squares  is  asymptotically  advantageous 
[good]  for  any  error  distribution  which  is  well  enough  behaved  so  that  its  mean  is  asymptotically 
normally  distributed.  He  claimed  to  have  shown  that  it  is  most  advantageous  [best]  for  a very  large 
number  of  observations  from  any  such  error  distribution,  but  this  conclusion  is  unwarranted — see 
Dirichlet  (1836)  for  a clarification. 

References:  Cotes  (1722),  Legendre  (1805),  Gauss  (1809),  Laplace  (1812). 

Citations:  Ellis  ( 1844),  Glaisher  ( 1872),  Merriman  ( 1877 ),  Gore  ( 1889),  Pizzetti  ( 1892),  Czuber  ( 1899). 

* Muncke.  Georg  Wilhelm  (1825).  Beobachtung.  Physikalisch.es  Worlerbuch  led.  Johann  Samuel 
Traugott  Gehleri,  Second  edition.  Vol.  I,  pp.  884-912. 

Summary:  The  author  discusses  the  use  of  observations  subject  to  error  in  determining  the  best  value 
of  a single  quantity  or  the  best  relation  between  two  or  more  quantities.  As  the  best  average  of  a number 
of  observations  on  a single  quantity,  he  advocates  taking  the  arithmetic  mean  of  the  observations 
remaining  after  discarding  those  which  deviate  farthest  from  the  mean  of  all  the  observations,  as 
suggested  by  Lambert  ( 1765b)  and  practiced  by  Gauss  ( 1809),  when  the  deviations  are  greater  than  the 
limits  of  the  error  which  one  may  commit  in  the  observations.  He  points  out  that  the  practice  of  taking 
the  arithmetic  mean  is  nothing  but  a simple  application  of  the  method  of  least  squares,  which  he 
advocates  for  the  determination  of  the  best  relation  between  two  or  more  quantities  when  the  number  of 
observations  exceeds  the  number  of  unknown  constants  to  be  determined.  He  gives  an  exposition  of  the 
method  of  least  squares  which  follows  that  of  Gauss  (1823),  though  he  also  mentions  the  work  of 
Legendre  ( 1805,  1814)  and  Laplace  (1811b,  1812),  as  well  as  the  earlier  w .of  Gauss ( 1809).  In  addition, 
he  refers  to  the  work  of  Lagrange  1 1774)  on  the  advantage  of  taking  averages  and  to  that  of  Gauss  ( 1816) 
on  the  precision  of  observations. 

References:  Lambert  1 1765bi,  Lagrange!  1774),  Legendre!  1805), Gauss!  1 809 ),  Laplace)  1811b,  1812), 
Legendre  ( 1814).  Gauss  ( 1816,  1823). 

Citations:  von  Riese  ( 1830),  CJuetelet  ( 1846),  Merriman  ( 1877),  Wellisch  1 1909). 

* Fourier,  J.  B.  J.  1 1826a).  Memoire  sur  les  resultats  moyens  deduits  d’un  grand  nombre  d'observations. 
Recherches  Statistiques  sur  hi  Ville  de  Paris  el  sur  le  Oepartement  de  la  Seine  3.  ix-xxx.  Reprinted  in 
Oeuvres  de  Fourier  led.  Gaston  Darboux),  Vol.  2,  pp.  525-545.  Gauthier-Villars,  Paris,  1890. 

Summary:  "As  for  the  general  conclusion,  one  can  express  it  thus:  when  one  has  found  a mean  result  A. 
by  adding  a large  number  m of  particular  values  and  dividing  the  sum  of  these  values  by  their  number  m. 
it  remains  to  evaluate  the  degree  of  approximation.  It  is  necessary  for  that  to  square  each  of  the 
particular  values;  form  the  mean  value  of  these  squares  by  dividing  their  sum  by  their  number,  which  is 
m;  one  subtracts  from  this  mean  value  of  the  squares  the  square  A-  of  the  mean  result:  one  divides  twice 
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the  difference  by  the  number  m,  and  one  extracts  the  square  root  of  the  quotient;  thus  one  finds  a 
quantity  g which  serves  to  measure  the  degree  of  approximation:  the  precision  is  in  inverse  ratio  to  the 
number  g.  The  error  of  the  result  will  be  positive  or  negative;  but  one  should  regard  it  as  certain  in 
practice  that  the  absolute  value  of  this  error  is  less  than  three  times  g.  One  also  finds  this  same  quantity 
g by  dividing  by  m the  square  root  of  twice  the  sum  of  the  squares  of  the  differences  between  the  mean 
result  and  each  of  the  particular  values.”  (Compiler’s  translation  of  author's  summary,  page  xxviii).  The 
author  also  considers  the  probable  error  (erreur  moyenne),  which  he  defines  as  the  value  such  that 
among  the  absolute  values  of  the  observed  errors,  half  fall  above  and  half  below  it.  Assuming  a normal 
distribution  of  the  errors,  he  states  that  the  probable  error  is  0.47708g,  where  g is  defined  as  above. 

Comments:  The  author's  g is  equal  to  \/2  times  the  standard  deviation.  This  definition  conforms  with  the 
nineteenth-century  practice  of  using  the  modulus  c =<rV 2 instead  of  the  standard  deviation  cr. 

Citations:  Fourier  (1829),  Pizzetti  (1892). 

* Fourier,  J.  B.  J.  ( 1826b).  Solution  d'une  question  particuliere  du  calcul  des  inegalites.  Nouveau  Bulletin 
des  Sciences  par  la  Societe  Philomathique  de  Paris  (3)  13,  99-100.  Reprinted  in  Oeuvres  de  Fourier  (ed. 
Gaston  Darboux),  Vol.  2,  pp.  317-319;  note  by  editor,  320-321;  premier  extrait  [Fourier  ( 1823)],  321-324; 
second  extrait  [Fourier  (1824b)],  325-328.  Gauthier-Villars,  Paris,  1890. 

Summary:  The  author  considers  the  problem  of  dividing  a line  segment  of  unit  length  into  three  parts 
such  that  the  length  of  the  longest  does  not  exceed  ( 1 +r)  times  the  length  of  the  shortest.  He  gives  a 
geometric  construction  which  determines  an  irregular  hexagon  such  that  if  one  chooses  any  point  p of  its 
area  and  drops  a perpendicular  to  the  given  segment  mm',  meeting  it  at  point  a,  and  then  describes  an 
arc  of  radius  ap  with  center  a,  meeting  mm'  at  point  p'  on  the  opposite  side  of  a from  m,  then  the 
segments  mo,  ap'  and  p'm'  satisfy  the  conditions  of  the  problem.  For  r=0,  the  hexagon  reduces  to  a 
single  point;  as  r— »x,  the  hexagon  tends  to  an  isosceles  right  triangle  with  legs  of  length  1 (and  hence 
with  area  1/2).  If  one  divides  the  given  line  segment  at  random  into  three  parts,  the  probability  that  they 
will  satisfy  the  conditions  of  the  problem  is  given  by  the  ratio  of  the  area  of  the  hexagon  for  the  given 
value  of  r to  that  of  the  triangle.  In  the  Oeuvres,  the  editor  ( Darboux)  appends  a note  giving  an  analytic 
solution  equivalent  to  the  author’s  geometric  solution  and  two  related  papers  bv  the  author  [Fourier 
(1823,  1824b)]. 

References:  Fourier  ( 1823,  1824b). 

* Fourier,  J.  B.  J.  (1829).  Second  memoire  sur  les  resultats  moyens,  et  sur  les  erreurs  des  mesures. 
Recherches  Statistiques  sur  la  Ville  de  Paris  et  sur  le  Departement  de  la  Seine  4,  ix-xliv.  Reprinted  in 
Oeuvres  de  Fourier  (ed.  Gaston  Darboux),  Vol.  2,  pp.  549-590.  Gauthier-Villars,  Paris,  1890. 

Summary:  The  author  extends  the  results  of  his  earlier  memoir  [Fourier  ( 1826a)]  on  maximum  errors 
and  probable  errors  to  the  case  of  quantities  which  are  not  directly  measurable,  but  are  known  functions 
of  measurable  quantities. 

Reference:  Fourier  ( 1826a). 

* Hauber,  C.  Fr.  ( 1830).  Uber  die  Bestimmung  der  Genauigkeit  der  Beobachtungen.  Zeitschrift  fiir  Physik 
und  Mathematik  7,  286-314. 

Summary:  The  author  extends  the  work  of  Gauss  ( 1816,  18231  on  the  estimation  of  the  precision  of 
observations  to  the  case  of  s observations  arising  from  populations  having  (possibly)  different  disper- 
sions. The  situation  in  which  all  come  from  the  same  population  is  included  as  a special  case.  He 
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considers  estimators  based  on  the  square  root  of  the  mean  of  the  squares  of  the  errors,  the  mean  absolute 
error,  and  the  median  absolute  error.  He  compares  the  precision  of  these  estimators  when  the  law  of 
facility  of  error  is  the  normal  (Gaussian*  law.  The  mathematical  expressions  which  he  obtains  agree 
with  those  given  by  Gauss  ( 1816),  as  do  the  numerical  results  for  the  root-mean-square  error  and  the 
mean  absolute  error.  For  the  probable  error  of  the  median  absolute  error  M he  gives  0.78671w  vs 
(where  w is  the  true  value  of  M),  which  he  approximates  by  0.7867 lM/\/s,  without  mentioning  that 
Gauss  (1816)  incorrectly  calculated  the  numerical  coefficient  (for  which  he  gave  the  correct  mathemati- 
cal expression \ jr/8  e',!,  where  p = . 4769363)  to  be  0.7520974.  [Hauber’s  value  is  correct  to  within  a unit 
in  the  fifth  decimal  place.]  Hauber  states  as  an  advantage  of  the  median  absolute  error  that  it  is 
independent  of  the  law  of  facility  of  error. 

Comments:  The  advantage  claimed  by  Hauber  for  the  median  absolute  error  is  actually  enjoyed  by 
that  estimator  in  the  sense  that  it  is  unbiased  for  any  law  of  facility  of  error.  As  for  most  so-called 
"distribution-free”  estimators,  however,  its  precision  and  its  efficiency  relative  to  other  estimators  do 
depend  on  the  law  of  facility  of  error. 

References:  Gauss  (1809),  Laplace  (1812),  Gauss  (1816,  1823). 

Citations:  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892),  Czuber  (1899). 

* Hauber,  C(arl)  Fr(iedrich)  (1830-32).  Theorie  der  mittleren  Werthe.  Zeitxchrift  fur  Phvsik  und 
Mathematik  8,  25-56,  147-179,  295-316,  443-455;  9,  302-322;  10,  425-457. 

Summary:  In  the  first  three  of  the  six  parts  of  this  article,  the  author  discusses  arithmetic  means,  both 
population  means  (expected  values)  and  sample  means,  along  with  the  root-mean-square  error  and  its 
probable  error,  and  various  applications.  In  the  fourth,  he  deals  with  cases  in  which  values  of  the 
quantities  of  interest  are  not  given  bv  the  observations,  but  functions  of  these  quantities.  In  the  fifth  and 
sixth  parts,  he  deals  with  methods  of  solving  the  set  of  observational  equations,  greater  in  number  than 
the  number  ofquantities  to  be  determined.  He  gives  three  methods:  < 1 ) the  method  of  averages,  which  he 
attributes  to  Tobias  Mayer;  (2)  the  method  of  least  squares;  and  (3)  a hybrid  method  in  which  the  number 
of  equations  is  reduced  to  a manageable  number  (still  greater  than  the  number  of  quantities  to  be 
determined)  by  combining  subsets  of  them  as  in  the  method  of  averages,  and  the  resulting  equations  are 
then  solved  by  the  method  of  least  squares. 

Comments:  None  of  the  three  methods  discussed  is  based  on  order  statistics,  but  this  article  is 
summarized  to  facilitate  comparison  of  these  methods  with  alternatives  to  the  method  of  least  squares 
other  than  the  method  of  averages,  most  of  which  are  based  on  order  statistics. 


References:  Mayer  [(1750)],  Gauss  (1809),  Laplace  (1812),  Gauss  (1823) 

Citations:  Merriman  (1877),  Gore  (1889),  Pizzetti  (18921,  Czuber  ( 1899 1 . 

von  Riese,  C.  (1830).  1.  Theoria  Combinationis  observationum  erroribus  minimis  obnoxiae,  auctore 
Carolo  Friderico  Gauss.  . . . Gottingae  1823.  II.  Supplementum  theoriae  combinationis  observationum 
erroribus  minimis  obnoxiae,  auct.  C.  F.  Gauss  etc.  Gottingae  1828.  [Eine  Recension).  Jahrbucher  fur 
Wixsenschaftliche  Kritik  1.  269-284. 

Summary:  The  author  summarizes  the  results  of  the  paper  by  Gauss  (1823).  which  contains  Gauss’ 
second  "proof”  of  the  method  of  least  squares,  and  the  1828  supplement  thereto.  He  mentions  the  earlier 
"proof”  by  Gauss  1 1809)  based  on  the  postulate,  which  the  author  attributes  to  Cotes  ( 1722?),  that  the 
arithmetic  mean  is  the  best  average  of  a number  of  equally  precise  observations.  He  also  refers  to  the 
work  of  Legendre  1 1 805 ) and  Laplace  1 1810,  181  la.  1812)  on  the  method  of  least  squares  and  to  that  of 
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Laplace  (1812)  on  the  rival  method  based  on  minimizing  the  sum  of  the  absolute  errors,  as  well  as  the 
earlier  work  of  Boscovich  ( 1757?)  on  the  latter  method  and  the  articles  of  J.  Bernoulli  1 1785)  on  various 
averages  and  of  Muncke  (1825)  on  the  method  of  least  squares. 

References:  Cotes  (1722?),  Boscovich  (1757?),  J.  Bernoulli  ( 1 785 ),  Laplace  ( 1 799 1,  Legendre  (1805), 
Gauss  (1809),  Laplace  (1810,  1811a,  1812),  Gauss  (1823),  Muncke  ( 1 825 ». 

Citation:  Merriman  (1877). 

* Cauchy,  A.  L.  ( 1831 ).  Memoiresur  le  systemede  valeursqu'il  faut  attribuer  a divers  elemens  determines 
par  un  grand  nombre  d’observations,  pour  que  la  plus  grande  de  toute  les  erreurs,  abstraction  faite  du 
signe,  soit  un  minimum  .Journal  de  I’Ecole  Polytechnique  13(20),  175-221.  [Lith.  MS,  1814],  [Reprinted 
in  Oeuvres  d' Augustin  Cauchy,  Series  2,  Vol.  1,  pp.  358-403.  Gauthier- Villars,  Paris,  1905.  ( JFM  36,12)]. 

Summary:  The  problem  considered  is  that  of  minimizing  the  absolute  value  of  the  largest  residual.  The 
author  starts  by  observing  that  Boscovich  [( 1760?)]  solved  the  problem  for  the  case  in  which  only  one 
element  must  be  considered,  and  that  Laplace  [( 1799)]  solved  it  for  the  case  of  two  elements.  [See  also 
Laplace  ( 1786,  1793,  1812).]  He  then  proceeds  to  generalize  the  theory  in  two  directions,  considering  the 
case  in  which  the  function  of  the  elements  which  represents  the  errors  is  a power  series  and  the  number 
of  elements  exceeds  two.  He  shows  that  the  number  of  residuals  whose  absolute  value  is  equal  to  the 
maximum  always  exceeds  by  at  least  one  the  number  of  variable  elements. 

Note:  This  paper  bears  a notation,  immediately  under  the  title,  to  the  effect  that  it  was  presented  to  the 
first  class  of  the  Institute  28  February  1814.  There  is  evidence  that  the  lithographed  manuscript  was 
widely  circulated  priorto  publication.  See  Cauchy  ( 1824)  fora  condensation  covering  the  special  case  of  a 
linear  function  of  two  elements. 

References:  Boscovich  (1760?),  Laplace  (1799). 

Citations:  Merriman  (1877),  Pizzetti  (1892),  Wolffing  (1899),  Keynes  (1921). 

* Fourier,  J.  B.  J.  ( 1831 ).  Analyse  des  Equations  Determinees,  Premiere  Partie.  Didot  Freres.  Paris. 

Summary:  Section  21  (pp.  81-84),  apparently  the  only  part  of  this  book  relevant  to  our  study,  is 
essentially  a reprint  of  the  portions  of  two  of  the  author's  papers  [Fourier  ( 1823, 1824b)]  dealing  with  the 
problems  of  fitting  a linear  equation  in  n variables  to  a set  of  m observed  points)  m > n)  so  as  to  minimize 
( 1)  the  maximum  absolute  deviation  or  (2>  the  average  absolute  deviation.  The  author  gives,  for  the  case 
n =2,  a geometric  solution  of  the  first  problem  which  is  equivalent  to  the  analytic  solution  of  a system  of 
inequalities.  The  latter  can  easily  be  extended  to  larger  values  of  n.  He  states  that  the  second  problem 
can  be  solved  in  an  analogous  manner. 

Reference:  Fourier  ( 1 824b  >. 

Citation:  Poncelet  ( 1835). 

* Encke,  J.  F.  ( 1832-34).  Ober  die  Methode  der  kleinsten  Quadrate.  Berliner  Astronnmisches  Jahrhuch 
1834,  249-312;  1835,  253-320;  1836,  253-308.  Reprinted  in  Encke's  Astronomische  Abhandlungen 
(Berlin,  1866),  Vol.  1,  Nos.  12,  13,  14;  also  as  Vol.  2 of  Gesam incite  Xlathematische  Ahhandlungen  led. 
Gravelius)  (Ferd.  Dummler’s  Verlag,  Berlin,  1888i.  (JFM  20,  1 242 ». 

Summary:  The  first  of  the  three  parts  contains  the  proof  of  the  method  of  least  squares  bv  Gauss  ( 1809), 
an  attempt  by  Encke  to  demonstrate  that  the  arithmetic  mean  is  necessarily  the  best  average  of  a 
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number  of  observations,  a discussion  of  weights  and  probable  errors,  and  two  tables  of  the  probability 
integral  (2/\^77■>J'e_,2  dt.  The  second  part  contains  Gauss’  algorithm  for  the  solution  of  normal  equations, 
his  method  of  determining  weights,  etc.  The  third  deals  with  conditioned  observations.  The  only  portion 
which  is  directly  relevant  to  a study  of  order  statistics  is  found  on  pages  294-299  of  the  first  part,  where 
the  author  gives  a proof,  which  he  attributes  to  his  colleague  Dirichlet,  of  the  expression  for  the  probable 
error  of  the  median  absolute  deviation,  which  Gauss  ( 1816)  had  given  without  proof.  He  also  gives  the 
value  of  the  numerical  coefficient  in  this  expression  as  0.786716  [correct  to  six  decimal  places],  as 
compared  with  the  values  0.78671  [Hauber  ( 1830)]  and  0.7520974  [Gauss  ( 1816)],  neither  of  which  he 
mentions,  as  well  as  a numerical  example  of  application  of  this  method  to  actual  data. 

References:  Gauss  (1809),  Laplace  (1812?),  Gauss  (1816,  1823). 

Citations:  Gerling  1 1843),  Ellis  1 1844),  De  Morgan  ( 1847),  Chauvenet  ( 1863),  Glaisher  1 1872).  Peirce 
(1873),  Fechner  (1874),  Jevons  (1874),  Jordan  ( 1877a, b),  Merriman  (1877),  Czuber  (1891a).  Pizzetti 
( 18921,  Fechner  ( 1897 ),  Czuber  ( 1899),  Contarino  (1914),  Keynes  (1921),  Whittaker  & Robinson  1 1924). 

Poncelet,  J.  V.  ( 1 835 ).  Sur  la  valeur  approchee  lineaire  et  rationnelle  des  radicaux  de  la  forme 
\i a-  +b2),  V(a2-b2)etc.  Journal  fiir  die  Reine  und  Angewandte  Mathematik  13,  277-291. 


Summary:  The  author  considers  the  problem  of  approximating  the  radicals  \ a2+b2  and  \ a2-b2, 
between  certain  limits  on  k=a/b,  by  linear  expressions  of  the  form  aa+/3b.  He  defines  the  best  approxi- 
mation to  be  the  one  for  which  the  maximum  error  is  a minimum,  noting  (p.  282)  that  Laplace  ( 1799)  and 
Fourier  ( 1831 ) used  an  analogous  definition  of  the  best  fit  of  a linear  function  to  a finite  set  of  points. 

Comments:  The  problem  considered  by  the  author  is  not  directly  relevant  to  our  study,  but  it  is 
interesting  to  see  how  it  relates  to  the  relevant  work  of  Laplace  and  Fourier.  Later  we  shall  see  how  the 
idea  proposed  here  by  Poncelet  was  used  bv  Chebvshev  in  developing  his  method  of  fitting  a polynomial 
or  other  approximation  to  a continuous  function  over  an  interval.  Approximating  to  a finite  set  of  points 
may  be  thought  of  as  a special  case  involving  minimization  of  the  largest  of  a finite  rather  than  an 
infinite  set  of  errors  or  deviations. 

References:  Laplace  ( 1 799 ),  Fourier  (1831). 

Citation:  Tchebvchef  ( 1854). 

* Quetelet,  Ad.  ( 1835 ).  Surl’Homme  et  sur  Ic  Developpement  de  ses  Facultes.ou  Essai  de  Physique  Soeiale 
(2  volumes).  Bachelier,  Paris.  [English  translation,  A Treatise  on  Man  and  the  Development  of  his 
Faculties,  William  and  Robert  Chambers,  Edinburgh,  1842;  reprinted  1968  by  Burt  Franklin,  New  York], 
Second  edition.  Physique  Soeiale  ou  Essai  sur  le  Developpement  des  Facultes  de  f Homme,  Muquardt, 
Bruxelles;  J.-B.  Bailliere  et  Fils,  Paris;  Jacques  Issakoff.  St.  Petersbourg.  1869. 

Summary:  In  Book  2,  Chapters  I and  II,  the  author  gives  the  extreme  values  (maximum  and  minimum) 
of  the  height  and  weight  of  groups  of  individuals;  in  one  case  (page  58  of  the  1842  English  translation),  he 
gives  the  midrange,  though  he  does  not  use  that  term.  Having  tabulated  the  length  of  a child  at  birth  as 
from  0.487  metres!  mini  mum)  to  0.541  metres  ( maximum),  he  states,  "The  medium  length  of  the  child  at 
birth  would  then  be  0.514  metres."  A French  translation  of  the  essay  by  Herschel  ( 1 850 ) on  a later 
volume  by  Quetelet  ( 1846)  is  included  as  an  introduction  to  the  second  edition.  In  this  essay,  as  we  shall 
see.  Herschel  discusses  the  use  oft  he  median  as  a measure  of  central  tendency.  Quetelet  himself,  on  page 
58  of  Volume  2 of  the  second  edition,  uses  the  interquartile  distance  (or  the  quart  ile  deviation,  which  is 
half  the  interquartile  distance)  as  a measure  of  dispersion  (probable  error). 

References:  Laplace  1 1799,  1812),  [Quetelet  1 1846i,  De  Morgan  1 1847).  Herschel  1 1850)}. 
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Citations:  Quetelet  (1846),  Herschel  (1850),  Venn  (1866),  Edgeworth  (1885),  Fechner  (1897),  Bowley 
(1901),  Edgeworth  (1911),  Gini  (1917),  Niceforo  (1919),  Julin  ( 1921 ),  Jordan  ( 1927 ),  Boldrini  ( 1942). 


* Dirichlet,  Peter  Gustav  Lejeune  ( 1836).  Ober  die  Frage,  in  wiefern  die  Methode  der  kleinsten  Quadrate 
bei  sehr  zahlreichen  Beobachtungen  unter  alien  linearen  Verbindungen  der  Bedingungsgleichen  als 
das  vortheilhafteste  Mittel  zur  Bestimmung  unbekannter  Elemente  zu  betrachten  sei  (extract). 
Abhandlungen  der  Akademie  der  Wissenschaften  (Berlin)  33,  67-68.  Reprinted  in  Lejeune  Dirichlet’s 
Werke , Vol.  I,  pp.  281-282  (extract);  Vol.  II,  pp.  347-351  (complete.)  G.  Reimer,  Berlin,  1889  and  1897; 
reprinted  by  Chelsea  Publishing  Co.,  New  York,  1969. 

Summary:  The  author  quotes  from  Laplace  (1812),  p.  348,  to  the  effect  that  the  best  method  of 
correcting  one  or  more  elements  on  the  basis  of  linear  observational  equations  greater  in  number  than 
the  elements  depends,  for  a small  number  of  observations,  upon  the  underlying  law  of  error,  but  that  this 
dependence  disappears  when  the  number  of  observations  is  very  large,  in  which  case  the  method  of  least 
squares  is  to  be  preferred  to  all  others.  The  author  points  out  that  Laplace’s  conclusion  concerning  the 
superiority  of  the  method  of  least  squares  for  very  large  numbers  of  observations  is  not  only  unwar- 
ranted by  the  evidence  presented  by  Laplace  but  is  actually  incorrect.  In  the  case  of  a single  element,  for 
example,  Laplace’s  conclusion  does  not  follow  from  the  fact  that  the  arithmetic  mean  tends  in  probabil- 
ity to  the  true  value  as  the  number  of  observations  increases,  since  the  same  is  true  of  other  measures  of 
central  tendency,  e.g.  the  median.  Whatever  the  sample  size,  the  author  points  out,  the  question  of 
whether  or  not  the  arithmetic  mean  is  superior  to  the  median  depends  upon  the  ratio  of  two  constants 
[their  standard  errors],  one  of  which  [the  standard  error  of  the  arithmetic  mean]  depends  on  an  integral 
over  the  whole  range  of  the  error  curve,  while  the  other  [the  standard  error  of  the  median]  depends  only 
on  the  maximum  ordinate  of  the  curve. 

References:  Lagrange  (1774),  Laplace  (1812). 

* Cauchy,  Augustin  (1837).  Memoire  sur  l'interpolation.  (Lithographed  manuscript,  1835).  Journal  de 
Mathematiques  Pares  et  Appliquees  (1)2,  193-205;  English  translation:  On  a new  formula  for  solving 
the  problem  of  interpolation  in  a manner  applicable  to  physical  investigations.  Philosophical  Magazine  (3) 
8 (1836),  459-468. 


Summary:  The  author  states  the  problem  as  followslpp.  460-461  of  English  translation): "...  1 suppose 
that  a function  of  x represented  by  y is  developed  in  a converging  series  arranged  according  to  the 
ascending  or  descending  powers  of  x,  or  according  to  the  sines  and  cosines  of  an  arc  x,  or,  more  generally, 
according  to  other  functions  of  x which  I shall  represent  bv  d>(xl  = u,  x ) =v,  ij,(x)=w;  so  that  we  have  ( 1 ) y 
= au+bv+cw  + ...  wherea.b.c  . . . are  constant  coefficients.  Now  the  question  is,  1st,  how  many  terms 
of  the  second  member  of  the  equation  ( 1 ) are  to  be  employed,  in  order  that  the  difference  between  it  and 
the  exact  value  may  be  very  small,  and  capable  of  being  compared  with  the  errors  to  which  the 
observations  are  liable;  2ndly,  to  deter  mine  in  numbers  the  coefficients  oft  he  terms  retained,  or,  in  other 
words,  to  find  the  approximate  value  just  mentioned."  The  data  consist  of  n values  ofv  represented  by  y, 

(i  = l n)  and  the  corresponding  values  of  x,  land  hence  of  u^v^w,,  . . .1  related  by  n equations  (2) 

y,=au,  +bv,  +cw,  + . . . . The  author  proposes  successive  approximations  based  on  neglecting  all  but  one, 
two  . . . terms  on  the  right-hand  side  of  equations  (2),  the  process  continuing  until  the  residuals  are 
comparable  with  the  inevitable  errors  of  observation. 

Comments:  This  paper  is  included  here,  even  though  the  method  proposed  is  not  based  on  order 
statistics,  because  the  method  is  one  of  the  alternatives,  along  with  several  which  are  based  on  order 
statistics,  to  the  method  of  least  squares. 

Citations:  Merriman  ( 1877),  Pizzetti  ( 1892),  Czuber  ( 1899),  Goedseels  ( 1909i,  Bruen  ( 1938). 
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* Hagen,  G.  (1837).  Grundziige  der  Wahrscheinlichkeitsrechnung.  Ernst  & Korn,  Berlin.  [Third  edition, 
1882.  (JFM  14,  153-155)]. 

Summary:  In  Chapter  II  (pp.  28-46)  of  the  third  edition,  the  author  give  i demonstration  of  the  normal 
law  of  error  based  on  the  assumption  that  the  error  in  an  observation  i alts  from  the  composition  of  a 
large  number  of  small  elementary  errors.  In  Chapter  III  (pp.  47-72)  of  the  third  edition,  he  advocates  the 
use  of  the  method  of  least  squares  [Legendre  ( 1 805 ),  Gauss  (1809,  1823)],  which  he  explains  in  considera- 
ble detail.  He  does  mention,  however,  the  use bv  Prony  ( 1804),  before  the  method  of  least  squares  was 
known,  of  the  method  of  Laplace  ( 1799)  based  on  the  criteria  of  Boscovich,  as  well  as  the  work  of  Lambert 
( 1765b).  Of  special  interest  is  his  strong  opinion  concerning  the  treatment  of  outlying  observations:  "The 
deception  that  one  commits  through  the  suppression  of  measurements  is  just  as  inexcusable  as  if  he  were 
to  falsify  or  invent  measurements. — If  one  is  persuaded,  during  the  measurement,  of  great  uncertainty 
of  individual  measurements,  one  may  leave  these  unconsidered;  one  may  not  do  this  simply  because  he 
later  notices  that  they  deviate  considerably  from  the  remaining  ones  (this  is  identical  with  assuming  an 
infinitesimally  small  weight).”  [First  edition,  as  quoted  by  Wellisch  ( 1909),  p.  151,  and  translated  by  the 
compiler].  During  the  next  45  years,  the  author  did  not  change  his  mind  on  this  point,  though  he  did 
soften  his  language  somewhat,  as  can  be  seen  by  the  following  translation  of  his  remarks  on  the  same 
subject  from  the  third  edition  ( 1882),  pp.  70-71;  "The  exact  determination  of . . . the  weights  of  individual 
observations  is  unquestionably  very  difficult  and  requires  in  any  case  great  care  and  complete  lack  of 
prejudice.  One  must  especially  beware  of  inferring  from  the  agreement  of  several  observations  among 
themselves  that  they  are  especially  sharp  or  on  the  other  hand  of  denying  any  value  or  of  assigning  no 
weight  at  all  to  those  which  show  large  deviations.  In  this  case  one  would  in  no  way  present  the  most 
probable  result,  but  only  one  which  agrees  with  those  observations  which  happen  to  agree  with  each 
other.  With  the  heterogeneous  behavior  of  errors,  it  can  easily  happen  that  exactly  those  measurements 
which  deviate  most  strongly  from  the  others  really  contribute  to  the  correction  of  the  result.  One  must 
therefore  follow  absolutely  the  principle  that  no  measurement  or  observation  may  be  disregarded  if  one 
did  not  already  notice,  when  it  was  made,  that  it  was  not  right  or  at  least  very  doubtful.” 

Note:  The  compiler  has  seen  only  the  third  edition,  and  has  therefore  had  to  rely  on  other  authors, 
especially  Wellisch  (1909),  for  information  about  the  contents  of  the  first  edition. 

References:  Lambert  ( 1765b ),  Laplace  (1799),  Prony  (1804),  Legendre  (1805),  Gauss  (1809,  1823). 

Citations:  (juetelet  (1846),  Merriman  (1877,  1884),  Gore  (1889),  Pizzetti  (1892),  Blumcke  (1897), 
Czuber  1 1899).  Kozak  ( 1907),  Vogeler  ( 1907),  Kozak  ( 1908-10).  Wellisch  ( 1909).  Charlier  ( 1910),  Man- 
sion 1 1913),  Contarino  (1914),  Keynes  ( 1921 ),  Coolidge  ( 1925),  Goodrich  ( 1927),  Bond  ( 1935). 

* Bessel,  F.  W.;  Baever,  J.  J.  ( 1838).  Gradmessu ng  in  Ostpreussen  und  ihre  Verbindung  mit  Preussischen 
und  Russischen  Dreiecksketten . Berlin.  [Reprinted  in  part  in  Abhandlungen  von  Friedrich  Wilhelm 
Bessel  (edited  by  Rudolf  Engelmanni,  Vol.  3,  pp.  62-138.  Wilhelm  Engelmann,  Leipzig,  1876. 
(JFM  8,  737)]. 

Summary:  In  this  account  of  a geodetic  survey  in  East  Prussia,  the  authors  make  the  following 
comment  with  regard  to  the  treatment  of  outlying  observations:  "We  have  adopted  and  followed  without 
exception  the  rule  of  regarding  the  making  of  an  observation  as  recognition  of  sufficiently  favorable 
external  conditions;  i.e.  we  have  allowed  every  observation  made,  and  indeed  all  with  equal  weights,  to 
contribute  to  the  result,  without  allowing  the  possible  coincidence  of  unfavorable  conditions  with  the 
large  deviation  of  an  observation  to  be  considered  as  a ground  for  its  rejection.  We  have  believed  that 
only  through  strict  observance  of  this  rule  could  we  remove  arbitrariness  from  our  results.” 
[Abhandlungen,  Vol.  3,  p.  88,  as  translated  by  the  compiler]. 

Comments:  The  authors  joined  Hagen  ( 1837)  in  taking  a firm  stand  against  the  rejection  of  outlying 
observations,  which  had  been  advocated  and  practiced  by  such  earlier  authors  as  Boscovich  (1755, 1757), 
Lambert  (1760,  1765b).  and  Legendre  (1805). 
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References:  {von  Andrae  < 1869),  Jordan  1 1869)}. 


Citations:  Chauvenet  1 1 863 *,  Zachariae  ( 1871 ).  Jordan  ( 18721,  Merriman  1 1877 1,  Gore  1 1889i.  Pizzetti 
1 1892),  Czuber  ( 1899),  Wellisch  ( 1909),  Rider  ( 1933 ). 

* Dove,  Heinrich  Wilhelm  (1838).  Ober  die  geographische  Verbreitung  gleichartiger  Wit- 
terungserscheinungen.  Erste  Abhandlung.  Uber  die  nicht  periodischen  Anderungen  der  Temperatur- 
vertheilung  auf  der  Oberflache  der  Erde.  Abhandlungen  der  Konigliche  Akademie  der  Wissensehaften 
i Berlin  ) 35,  285-415  (Physikalische  Abhandlungen). 

Summary:  No  attempt  will  be  made  to  summarize  the  entire  article.  The  only  relevant  part  occurs  on 
page  351,  where  the  author,  in  discussing  the  variability  of  the  mean  monthly  temperatures  for  a given 
month  over  a period  of  years,  points  out  that  a single  unusually  severe  winter  or  a very  hot  summer  can 
possibly  double  the  extreme  deviation  from  the  average  temperature  for  the  month  found  from  data  fora 
long  series  of  preceding  years.  Therefore  a true  quantitative  comparison  must  not  only  consider  the 
absolute  extremes  but  must  span  all  of  them  and  hence  must  necessarily  extend  over  a very  long  series 
of  years. 

Citation:  Fechner  1 1897). 

* Stampfer,  S.  11839).  Ueber  das  Verhaltniss  der  Wiener  Klafter  zum  Meter.  Jahrbiicher  des  K.  K. 
Polytechnisches  Institutes  (Vienna)  20,  145-176. 

Summary:  The  author  gives  the  following  results  of  nine  determinations,  bv  various  methods,  of  the 
ratio  of  the  lengths  of  the  Vienna  fathom  and  the  meter:  1.896614,  1.896666.  1.896663,  1.896647, 
1.896562,  1.896522,  1.896677,  1.896680,  1.896658.  He  notes  that  the  two  smallest  of  these  results. 
1.896522  and  1.896562,  were  both  obtained  by  comparisons  with  the  French  standard  half  toise.  and  he 
therefore  rejects  these  two  values  on  the  grounds  that  the  large  deviations  of  these  values  from  the  others 
appear  to  point  to  a constant  error  in  the  standard  half  toise.  He  notes  that  the  remaining  seven  values 
agree  well  and  give  the  mean  value  of  one  Vienna  fathom  as  1.8966580  meters,  with  the  probable  error 
±0.000006  meter.  But  he  is  still  not  satisfied  with  this  result,  and  proceeds  to  discard  also  the  smallest  of 
the  remaining  values,  1.896614,  apparently  for  no  other  reason  than  its  discrepancy  from  the  six 
remaining  ones,  from  which  he  obtains  his  final  mean  value,  1.8966657.  with  probable  error 
±0.0000037. 

Reference:  Delambre  ( 1806-10). 

Citations:  Gore  (18891,  Wellisch  (1913). 

* Cournot,  A.  A.  < 1843).  Exposition  de  la  Theorie  des  Chances  et  des  Probability.  Librairie  de  L.  Hachette. 
Paris.  German  translation  by  H.  Schnuse,  Braunschweig,  1849. 

Summary:  Chapter  IX  ipp.  181-208)  deals  with  statistics  in  general  and  the  experimental  determina- 
tion of  chances.  In  Section  1 14  (pp.  197-199)  the  author  distinguishes  between  the  probability  that  the 
proportion  of  male  births  in  one  of  the  86  departments  of  France  chosen  at  random  will  differ  by  more 
than  5 from  the  proportion  for  France  as  a whole  and  the  corresponding  probability  for  the  department 
chosen  because  its  proportion  deviates  most  from  that  of  France  as  a whole.  The  same  distinction,  he 
says,  does  not  apply  if  the  statistician  chooses  in  advance,  before  seeing  the  data,  a particular  depart- 
ment (say,  the  department  of  the  Seine)  because  he  has  reason  to  believe  that  it  is  subject  to  exceptional 
conditions  which  can  have  a very  palpable  influence  on  the  chance  of  male  births.  But,  he  inquires,  does 
the  same  principle  apply  if  one  chooses  the  department  of  the  Corse,  or  the  department  of  the  Noil  h.  or 
any  one  of  several  others  which  seem  a priori  to  be  subject  to  exceptional  conditions?  Evidently,  he  says. 


38 


4 


there  enters  into  this  estimation  an  element  which  is  variable  and  resistant  to  mathematical  determina- 
tion. Chapter  X ipp.  209-224)  deals  with  the  experimental  determination  of  mean  values  and  the 
formation  of  probability  tables.  In  section  122  < pp.  210-213 ),  the  author  raises  the  question  as  to  whether 
other  averages  may  be  better  than  the  arithmetic  mean  for  certain  types  of  data  (e.g.,  economic  time 
series)  in  which  perturbations  may  lead  to  extreme  values  which  have  an  undue  influence  on  the 
arithmetic  mean.  He  suggests  the  possible  use  of  the  median  or  a discard  average,  e.g.,  the  average  of  the 
middle  10  of  14  observations  arranged  in  order  of  magnitude  tor  the  middle  1000  of  1400).  In  Chapter  XI 
ipp.  225-260).  which  is  devoted  to  means  among  measurements  and  observations,  the  author  discusses 
weighted  means  and  the  method  of  least  squares.  Without  giving  any  specif.c  references,  he  alludes  to 
the  work  of  Cotes  1 1722?)  on  the  former  and  that  of  Legendre  < 1805?),  Gauss  1 1809?),  and  Laplace  ( 18 12? ) 
on  the  latter. 

Comments:  The  question  raised  by  the  author  in  section  114  will  be  encountered  again  much  later  in 
connection  with  the  rejection  of  outlying  observations  and  with  tests  of  significance  in  harmonic 
analysis  and  in  multiple  comparisons. 

Citations:  Lexis  1 1 875 ),  Edgeworth  1 1887a),  Gore  ( 1889 ) , Pizzetti  < 1892 ),  Czuber  il899i,  Edgeworth 
1 19131,  Niceforo  ( 1919),  Keynes  ( 1921 ),  Jordan  1 1927). 

* Gerling,  Christian  Ludwig  1 1843).  Die  Ausgleichungs-Rechnungen  der  Practischen  Geometric,  oder  die 
Xlethode  der  Kleinsten  Quadrate  nut  ihren  Anwendungen  fur  Geoddtische  Aufgaben.  Friedrich  und 
Andreas  Perthes,  Hamburg  und  Gotha. 

Summary:  This  book  gives  an  excellent  treatment  of  the  method  of  least  squares,  but  its  interest  to  us 
lies  mainly  in  the  author's  pronouncements  concerning  the  treatment  of  outliers. Wellisch  ' 1909), p.  151, 
quotes  the  author  as  saying  ip.  68):  "Every  observation  that  does  not  have  definite  recorded  ground  for 
suspicion  against  it  I have  to  regard  as  a witness  for  the  truth,  and  I may  no  more  disregard  his  testimony 
because  it  deviates  from  that  of  the  others  than  I may  twist  the  witness  until  he  says  what  I would  want 
to  have  said.”  [Compiler’s  translation].  In  the  next  paragraph,  however,  Gerling  says:  "But  if  we  make 
the  rule  only  to  be  very  cautious  in  discarding  or  reducing  weight  and  to  suppress  doubt  rather  than 
follow  it  when  we  can  still  think  that  one  of  the  rarer  unknown  error  sources  has  acted  by  chance  in  an 
isolated  case,  still  there  remain  observations  which  we  must  discard  after  the  fact,  because  we  hold  it  to 
be  more  probable  that  a gross  blunder  has  occurred  than  that  an  unavoidable  error  can  produce  such  a 
large  deviation"  [Compiler's  translation].  In  those  rare  instances  in  which  such  drastic  action  is 
necessary.  Gerling  opines  (p.  67)  that  it  is  better  to  discard  an  observation  entirely  than  merely  to  reduce 
its  weight. 

References:  Legendre  (1805),  Gauss  (1809,  1816.  1823),  Encke  (1832-34). 

Citations:  Jordan  ( 1869).  Merriman  1 1877 ).  Gore  1 1889).  Pizzetti  ( 1892),  Czuber  1 1899).  Kozak  ( 1907, 
1908-10),  Wellisch  (1909).  Whittaker  & Robinson  < 1 924 ). 

Ellis.  R.  L.  1 1844 ).  On  the  method  of  least  squares.  T ransactions  of  the  Cambridge  Philosophical  Society 
8,  204-219.  [Summary,  Proceedings  of  the  Cambridge  Philosophical  Society  1(1),  5-6]. 

Summary:  The  author  examines  in  detail  the  demonstrations  of  the  method  of  least  squares  by  Gauss 
1 1809),  Laplace  1 1812).  Gauss  ( 1823),  and  Ivory  1 1825).  He  concludes  that  Laplace's  objection  to  Gauss' 
first  demonstration  based  on  the  postulate  that  the  arithmetic  mean  is  the  best  average  to  take  of  a 
number  of  observat  ions  is  justified.  He  regards  Laplace's  demonstration  and  Gauss'  second  as  somewhat 
more  satisfactory,  but  endeavors  to  show  that  none  of  the  three  tends  to  prove  that  the  results  of  the 
method  of  least  squares  are  the  most  probable  of  all  possible  results.  He  finds  Ivory's  demonstrations, 
which  are  not  based  on  the  theory  of  probabilities,  not  at  all  conclusive. 
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References:  Gauss  (1809),  Laplace  (1812),  Gauss  (1823),  Ivory  (1825),  Encke  (1832-34). 


Citations:  Glaisher ( 1872),  Merriman ( 1877),  Edgeworth  ( 1886a), e ( 1889), Czuber ( 1891a),  Pizzetti 
(1892),  Czuber  (1899),  Keynes  (1921). 

* Quetelet,  A.  (1846).  Lettres  a S.  A.  R.  le  Due  Regnant  de  Saxe-Cobourg  et  Gotha,  sur  la  Theorie  des 
Probability,  Appliquee  aux  Sciences  Morales  et  Politiques.  Hayez,  Bruxelles.  [English  translation  by  O. 
G.  Downes,  London,  1849]. 

Summary:  "These  letters  . . . contain  ...  a valuable  popular  exposition  of  the  theory  of  means  and  of 
the  laws  of  error.”  [Merriman  1 1877),  p.  190].  Of  particular  interest  is  the  material  on  the  interquartile 
distance,  which  the  author  ( page  122 ) advocates  as  a measure  of  the  probable  error.  On  subsequent  pages 
he  uses  this  method  of  estimating  the  probable  error  of  the  right  ascension  of  the  North  Star  ip.  132) 
[repeated  measurements  of  the  same  quantity]  and  of  the  chest  measures  of  Scottish  soldiers  (p.  136) 
[measurements  of  related  quantities]. 

References:  Muncke  (1825),  Quetelet  (1835),  Hagen  (1837). 

Citations:  Quetelet  ( 1835)  [1869],  Herschel  ( 1850 ).  Gal  ton  ( 1869>,  Glaisher  ( 1872),  Jevons  ( 1874 1,  Lexis 
(1875),  Merriman  (1877),  Edgeworth  (1883a,  1885,  1886a),  Czuber  (1891a),  Pizzetti  (1892),  Fechner 
(1897),  Czuber  (1899),  Sheppard  ( 1899a),  Bowley  (1901),  Kaptevn  ( 1903),  Edgeworth  (1911),  Niceforo 
(1919),  Julin  (1921),  Keynes  (1921),  von  Bortkiewicz  ( 1922b i,  Rietz  (1924),  Boldrini  (1942). 

* De  Morgan,  Augustus  (1847).  Theory  of  probabilities.  Encyclopaedia  of  Pure  Mathematics  t Encyc- 
lopaedia Metropolitana) , Part  II,  pp.  393-490. 

Summary:  This  article  contains  an  extensive  treatment  (pp.  440-456)  of  the  theory  of  errors  and  the 
method  of  least  squares  which  consists  largely  of  a translation  of  and  comments  on  the  treatment  of 
Laplace  1 1812).  In  cases  in  which  the  relative  precision  of  the  observations  is  in  doubt,  the  author  (page 
456)  proposes  an  iterative  procedure:  "Assuming  the  weights  as  nearly  as  they  can  be  found,  ascertain 
the  most  probable  result,  from  which  find  the  weights  of  the  equations.  If  these  agree  with  the  assumed 
weights,  the  process  is  finished;  if  not,  repeat  the  process  with  the  new  weights,  and  so  on.  until  a result  is 
obtained  for  which  the  assumed  and  deduced  weights  of  the  equations  are  sufficiently  near  to  equality. 
On  the  same  page,  he  alludes  to,  but  does  not  explain,  Laplace's  "method  of  situation  . 

Comments:  This  article  is  only  marginally  relevant  to  a study  of  order  statistics,  but  the  above 
quotation  is  of  interest  because,  as  we  shall  see,  Glaisher  (1872.  1873)  used  it  as  the  basis  for 
an  alternative  to  the  rejection  of  anomalous  observations  suggested,  but  not  worked  out  in  detail,  by 
De  Morgan. 

References:  Laplace  ( 1799),  Legendre  ( 1805).  Gauss  ( 18091.  Laplace  ( 1812),  Encke  ( 1832-34). 

Citations:  Quetelet  ( 1835)  [18691,  Herschel  ( 1850).  Glaisher  ( 1872.  1873),  Jevons  ( 1874),  Merriman  ( 1877), 
Edgeworth  ( 1883a, b),  Doolittle  (1884),  Wright  (1884),  Edgeworth  (1886a.  1887a),  Czuber  (1891a), 
Pizzetti  (1892),  Czuber  1 1899),  Sheppard  (1899a),  Saunder  ( 190.3),  Wellisch  (1909).  Edgeworth  ( 191 1, 
1913),  Keynes  ( 1 92 1 ),  Ogrodnikoff  (19281,  Lidstone  (1930). 

* Herschel,  Sir  John  F.  W.i  1850).  [Review  of  Quetelet’s  1846  work  on  Probabilities].  Edinburgh  Review  92 
( 185),  1-30;  reprinted  in  Herschel'sEssavs  from  the  Edinburgh  and  Quarterly  Reviews  ( Longman.  Brown 
and  Co.,  London,  1857),  pp.  365-465.  [French  translation  included  (as  introduction)  in  Quetelet.  Ad. 
(1869),  Physique  Sociale  ou  Essai  sur  le  Developpement  des  Facultes  de  l' Horn  me,  Vol.  1 (C.  Muquardt, 
Bruxelles;  J.  B.  Bailliere  et  Fils,  Paris;  Jacques  IssakofT.  St.  Petersbourg)]. 


Summary:  This  paper  contains  a demonstration  of  the  method  of  least  squares,  similar  to  that  given  by 
Adrain  (1808),  which  is  based  on  the  assumption  that  the  components  of  error  in  two  orthogonal 
directions  are  independent.  Of  greater  interest  in  the  present  study  are  the  following  comments  (page 
15)  on  Quetelet’s  work:  "We  are  . . . left  at  a loss  to  decide  by  what  numerical  process  his  mean  results, 
where  stated,  have  been  arrived  at  in  some  of  the  examples  set  down.  For  instance,  in  that  of  the  [chest 
measures  of  the]  Scotch  soldiers,  where  all  the  groups  are  regular  and  all  stated,  we  find  it  merely 
mentioned  incidentally  that  the  mean  is  'a  little  more  than  40  inches’  [Quetelet  (1846),  page  136], 
whereas  the  really  most  probable  mean  is  39.830,  while  that  which  the  course  of  the  figures  in  the 
tabulated  working  of  the  example  would  appear  to  indicate  as  resulting  from  an  equipartition  of  the 
numbers  of  cases  in  excess  and  defect  is  39.525.  Again,  in  the  example  of  the  [French]  conscripts,  where 
the  extreme  groups  are  massed  undistinguishably,  the  rule  of  equipartition,  according  to  its  simplest 
and  most  obvious  application  to  the  tabulated  figures,  would  place  the  mean  [height]  at  63.939  inches, 
whereas  we  find  it  indicated,  rather  than  stated,  as  follows:  'If  it  be  observed  that  the  mean  height  is 
about  63.947  inches’  [ibid.,  402].  The  difference,  it  is  true,  is  trifling  in  itself,  but  becomes  of  consequence 
when  the  object  is  from  the  figures  set  down  to  discover  by  what  process  they  were  obtained.” 

Note:  The  review  was  originally  published  anonymously,  and  it  was  not  until  publication  of  the  Essays 
in  1857  that  its  authorship  became  known,  not  only  to  the  public,  but  to  Quetelet  himself  (see  footnote  on 
page  1 of  the  French  translation  cited  above). 

Comments:  The  "rule  of  equipartition”  is,  of  course,  a rule  for  determining  the  sample  median,  though 
Herschel  did  not  call  the  result  by  that  name.  Incidentally,  his  arithmetic  was  faulty.  The  correct  values 
of  the  medians  of  the  two  sets  of  data  given  bv  Quetelet  ( 1846),  pages  400  and  401,  are  39.816  inches  and 
63.618  inches,  respectively. 

References:  Legendre  1 1805),  Gauss 1 1809),  Laplace!  1812),  Quetelet  ( 1835, 1846),  De  Morgan  ( 1847 ). 

Citations:  Quetelet  (1835)  [1869],  Venn  (1866),  Glaisher  (1872),  Jevons  ( 1874 >,  Merriman  ( 1877), 
Edgeworth  ( 1886a),  Czuber  ) 1891ai,  Pizzetti  ( 1892),  Czuber  ( 1899),  Edgeworth  ( 191 1 ),  Keynes  1 1921 ). 

* Peirce,  Benjamin  ( 1852 1.  Criterion  for  the  rejection  of  doubtful  observations.  Astronomical  Journal  2, 
161-163. 

Summary:  The  author  proposes  a criterion  for  the  rejection  of  outlying  observations.  The  criterion  is  an 
iterative  one  in  the  sense  that  it  is  not  to  be  used  to  reject  N observations  unless  it  has  already  rejected 
N-l.  The  underlying  principle  is  that  "the  proposed  observations  should  be  rejected  when  the  probability 
of  the  system  of  errors  obtained  by  retaining  them  is  less  than  that  of  the  system  of  errors  obtained  by 
their  rejection  multiplied  bv  the  probability  of  making  so  many,  and  no  more,  abnormal  observations” 
[page  161  ].  The  author  cautions:  "In  determining  the  probability  of  the  two  systems  of  errors,  it  must  be 
carefully  observed  that,  because  observations  are  rejected  in  the  second  system,  the  corresponding 
observations  of  the  first  system  must  be  regarded,  not  as  being  limited  to  their  actual  values,  but  only  as 
surpassing  the  limits  of  rejection.”  Let  n=  the  total  number  of  observations;  N = the  number  rejected: 
n’  = n -N  = the  number  retained;  <r=  the  standard  deviation  of  all  the  observations;  cr’  = the  standard 
deviation  of  the  retained  observations;  y = the  probability  (assumed  unknown)  that  a disturbing 
influence  was  in  operation,  causing  an  error  large  enough  for  the  observation  to  be  rejected;  and  kit  = the 
rejection  limit  (deviation  from  the  arithmetic  mean).  The  value  of  k for  the  rejection  of  N observations 
(the  N-l  deviating  farthest  from  the  mean  already  having  been  rejected)  is  found  by  solving  the 
equation  < rr'/er )n ”[R<  «i]n  = TN.  where  TN  = ys<  1 -v)n'  = NN  n'n  nn  [since  y = N'n,  1 -y  = n'  n],  R(k) 
= e 'K'  11 -ifri/f  i,  where  i/i)  «•)  = 2J*(r</>(  x )dx  and  c/>ix)  =e  ~,T'  <r\  2 7r.  Peirce  gives  an  approximate  solution 
and  tables  found  by  iteration,  and  works  out  two  examples  of  the  use  of  his  criterion. 
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Comments:  The  notation  used  in  the  above  summary  is  that  of  Rider  (1933),  who  states  (page  8): 

"Peirce’s  criterion  has  been  discussed,  and  its  merits  and  demerits  debated  by  a number  of  writers,  but 
the  real  objection  to  it  seems  to  have  been  pointed  out  by  Stewart  [( 1920a)  j.”  We  shall  consider  the  vari- 
ous contributions  to  this  discussion,  as  well  as  other  criteria  that  have  been  proposed,  in  their  proper 
chronological  order. 

Citations:  Gould  ( 1855),  Airy  ( 1856),  Winlock  ( 1856),  Chauvenet  ( 1863),  Stone  (1868),  Glaisher  < 1872, 

1873),  Peirce  (1873),  Merriman  (1877),  Peirce  (1878),  Schott  (1878),  Edgeworth  (1883b),  Doolittle 
(1884),  Merriman  (1884),  Wright  (1884),  Edgeworth  (1886a),  Newcomb  (1886),  Edgeworth  (1887a), 
Lehmann-Filhes  (1887),  Czuber  (1891a),  Pizzetti  (1892),  Czuber  (1899),  Saunder  (1903),  Wellisch 
(1909),  Brunt  (1917),  Stewart  (1920a),  Archibald  (1925),  Coolidge  (1925),  OgronikofT  (1928),  Rider 
(1933). 

* Tchebychef,  P.  L.  [Chebyshev,  P.  L.  ].  Theorie  des  mecanismes  connus  sous  le  nom  de  parallelogrammes. 

Me  moires  P resen  tes  a V Academie  Imperiale  des  Sciences  de  St.  Petersbourg  par  Divers  Savants  7,  539- 
568.  Reprinted  in  Oeuvres  de  P.  L.  Tchbeychef  (ed.  A.  Markoff  & N.  Sonin),  Vol.  I ( 1899),  pp.  1 1 1-143.  Im- 
primerie  de  l’Academie  Imperiale  des  Sciences,  St.  Petersbourg. 

Summary:  The  author  observes  that  if  one  wants  the  best  polynomial  approximation  (of  a given  de- 
gree) to  a continuous  function  fix)  in  the  neighborhood  of  x=a,  one  should  use  the  sum  of  the  appropriate 
terms  in  the  Taylor  series  expansion  in  powers  of  x -a, but  that  if  one  wishes  to  find  the  best  such  approx- 
imation in  the  interval  (a-h,  a + h>,  one  should  prefer  another  polynomial,  whose  maximum  deviation 
from  fix)  in  the  given  interval  is  less  than  for  any  other  polynomial  of  the  same  degree,  as  proposed  by 
Poncelet  1 1835).  If  U is  a polynomial  of  degree  n with  [n  + 1]  arbitrary  coefficients  (including  the  constant 
term],  and  if  one  chooses  these  coefficients  so  that  the  difference  f(xl-U,  from  x=a-h  to  x=a  + h,  re- 
mains within  these  limits  the  closest  to  0,  he  shows  that  the  difference  f(x)-U  has  the  property  that,  i 

among  the  largest  and  smallest  values  of  the  difference  f(x)-U  between  the  limits  x =a  -h  and  x =a  -t-h, 
one  finds  the  same  numerical  value  at  least  n+2  times.  He  gives  a method  of  finding  the  abscissas  of  the 
n +2  points  where  the  absolute  error  should  take  its  maximum  value,  which  serves  as  the  basis  for  his 
theory  of  approximation. 

Comments:  The  property  that  the  maximum  absolute  deviation  occurs  at  least  n+2  times  when  one 
fits  a polynomial  of  degree  n so  as  to  minimize  the  magnitude  of  that  deviation  was,  in  the  special  case  of 
fitting  to  a finite  set  of  points,  known  already  to  Laplace.  However,  the  analogy  ends  there.  For  reasons 
that  should  be  obvious,  the  author’s  method  of  finding  the  abscissas  of  the  points  where  the  absolute 
error  should  take  its  maximum  value  and  the  theory  of  approximation  based  upon  it  are  not  applicable  to 
the  case  of  a finite  set  of  points. 

Reference:  Poncelet  ( 1835). 

Citation:  Kirchberger  1 1903). 

' Gould,  B.  A.,  Jr.  1 1855).  On  Peirce’s  criterion  for  the  rejection  of  doubtful  observations,  with  tables  for 
facilitating  its  application.  Astronomical  Journal  4,  81-87.  [Also  published,  under  a different  title,  in 
Report  of  the  U.  S.  Coast  Survey  for  1854,  pp.  131-138]. 

Summary:  Gould  gives  tables  which  are  more  extensive  than  those  of  Peirce  ( 1852)  and  include  two 
more  significant  figures.  He  reworks  the  two  examples  of  Peirce,  and  in  one  case  concludes  that  only  one 
observation  should  be  rejected,  whereas  Peirce  had  rejected  two.  [However,  Rider  1 1933)  has  pointed  out 
(page  7 ) that  neither  result  is  trustworthy,  since  Gould  uses  Peirce's  incorrect  value  for  the  standard  de- 
viation.) 

Reference:  Peirce  ( 1852). 
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Citations:  Airy  (1856),  Winlock  (1856),  Chauvenet  (1863),  Jevons  (1874),  Merriman  (1877),  Peirce 
(1878),  Doolittle  (1884),  Wright  (1884),  Gore  (1889),  Czuber  (1891a),  Pizzetti  (1892i,  Czuber  < 18991, 
Saunder  (1903),  Wellisch  (1909),  Brunt  (1917),  Archibald  (1925),  Rider  (1933). 

* Lloyd,  Humphrey  1 1855).  On  the  mean  results  of  observations.  Transactions  of  the  Royal  Irish  Academy 
22,  61-73;  abstract,  Proceedings  of  the  Royal  Irish  Academy  4,  180-183. 

Summary:  Most  of  this  paper,  devoted  to  the  determination  of  mean  daily  values  of  magnetical  and 
meteorological  elements  from  two,  three,  or  more  observations  equally  spaced  in  time,  is  irrelevant  to  a 
study  of  order  statistics.  The  following  passage  ( abstract,  pp.  182-183)  is,  however,  of  interest:  "In  choos- 
ing the  particular  hours  for  a continuous  system  of  observations,  we  should  select  those  which  corre- 
spond nearly  to  the  maxima  and  minima  of  the  observed  elements,  so  as  to  obtain  also  the  daily  range. 
This  condition  is  fulfilled,  in  the  case  of  the  magnetic  declination,  very  nearly,  by  the  hours  6 A.M.,  2 
P.M.,  10  P.M.;  and  if  we  add  the  intermediate  hours  10  A.M.,  6 P.M.,  we  shall  have,  nearly,  the  principal 
maxima  and  minima  of  the  other  magnetical  elements,  the  maximum  of  temperature,  and  the  two  max- 
ima of  pressure.  The  author  accordingly  proposes,  as  the  best  hours  of  observation  in  a limited  system,  6 
A.M.,  10,  2 P.M.,  6,  10.” 

Citations:  Merriman  (1877),  Pizzetti  (1892). 

* Airy,  G.  B.  ( 1856).  Letter  from  Professor  Airy,  Astronomer  Royal,  to  the  Edit  or.  Astronomical  Journal  4, 
137-138. 

Summary:  After  a study  of  the  papers  of  Peirce  ( 1852)  and  Gould  ( 1855)  on  Peirce’s  criterion,  the  au- 
thor writes  (page  137):  "In  an  attempt  to  master  these,  I have  been  compelled  to  consider  the  subject  from 
its  first  principles.  And  I have,  not  without  surprise  to  myself,  been  led  to  think,  that  the  whole  theory  is 
defective  in  its  foundation,  and  illusory  in  its  results;  that  no  rule  for  the  exclusion  of  observations  can  be 
obtained  by  any  process  founded  purely  upon  a consideration  of  the  discordance  of  those  observations: 
and  that  the  only  rule  (imperfect  as  it  may  be)  by  which  such  exclusion  can  be  justified,  must  be  based 
upon  considerations  of  a totally  different  kind.  . . . In  seeking  for  truth  or  accuracy  in  a matter  of  chance, 
we  are  bound  to  take  all  the  evidence  that  we  can  find;  every  individual  observation  contributes  its  evi- 
dence; and  if  we  have  no  a priori  reason  for  preferring  one  observation  to  another  while  we  are  yet  in  the 
dark  as  to  the  result,  and  no  cogent  reason  for  supposing  that  unusual  causes  of  error  must  have  inter- 
vened in  special  observations,  we  are  bound  to  admit  all  on  the  same  terms,  as  giving  equally  valid  evi- 
dence. It  appears  to  me  that,  in  the  whole  process  to  which  I am  alluding,  there  is  a fault  of  reasoning  of  a 
vital  character;  namely,  the  assumption  that  we  can  apply  the  reasoning  of  antecedent  probability  to  the 
discussion  of  observations  which  are  recorded  as  having  been  actually  made.  In  ordinary  life,  instances 
perpetually  occur  . . . which,  considered  beforehand,  are  in  the  highest  degree  improbable,  but  which,  as 
matters  of  history,  are  absolutely  certain.”  He  summarizes  his  conclusions  as  follows  (page  138):  ”1.  The 
mathematical  theory  of  probabilities  fails  in  all  questions  applying  to  errors  of  extreme  magnitude.  2. 
No  consideration  of  the  magnitude  of  residual  errors  per  se  will  justify  us  in  rejecting  a result.  3.  We  are 
justified  in  rejecting  a result  only  when,  from  the  best  estimate  that  we  can  form  of  the  extent  of  action  of 
the  various  causes  which  can  produce  error,  we  find  that  the  combination  of  those  causes  of  error  cannot 
possibly  produce  the  discordance  in  question:  — 4.  And  when  we  perceive  that  other  causes  may  have 
intervened,  whose  nature  is  such  that  they  cannot  be  recognized  as  occurring  in  the  ordinary  series  of 
observations.” 

References:  Peirce  1 1852),  Gould  ( 1855). 

Citations:  Winlock  (1856),  Chauvenet  (1863),  Stone  (1868),  Merriman  (1877),  Edgeworth  (1883b), 
Doolittle  (1884).  Wright  (1884),  Edgeworth  (1886a,  1887a'),  Czuber  (1891a),  Pizzetti  (1892),  Czuber 
( 1899),  Wellisch  ( 1909i.  Brunt  • 1917),  Archibald  ( 1925),  Coolidge  ( 1925).  Irwin  < 1925hi.  Rider  < 1933). 
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::  Winlock,  Joseph  (1856).  On  Professor  Airy’s  objections  to  Peirce’s  criterion.  Astronomical  Journal  4, 
145-147. 


Summary:  The  author  answers  Airy’s  criticisms  of  Peirce’s  criterion.  He  strongly  refutes  Airy’s  con- 
tention that  we  cannot  "apply  the  reasoning  of  antecedent  probability  to  the  discussion  of  observations 
which  are  recorded  as  having  been  actually  made.”  [Airy  ( 18561,  p.  137 1.  On  this  point  Winlock  writes 
(page  145):  "If  this  could  be  urged  as  an  objection  of  a vital  character  against  the  criterion,  it  would  prove 
equally  fatal  to  any  theory  of  combination  of  discordant  observations.  The  Professor  certainly  accepts 
the  Method  of  Least  Squares;  but,  in  using  that,  is  he  not  applying  a 'theory  of  antecedent  probability’  to 
a set  of  observations  for  the  purpose  of  obtaining  a result  which  he  receives  as  the  most  probable,  al- 
though it  may  be  at  variance  with  the  evidence  of  each  and  every  one  of  the  observations  which  are  re- 
corded as  having  been  actually  made?  Why  should  there  be,  a priori,  any  greater  objection  to  approach- 
ing a series  of  observations  with  a theory  of  antecedent  probability  for  the  purpose  of  detecting  abnor- 
mality in  some  of  them,  than  for  the  purpose  of  ascertaining  any  other  peculiarity  or  property  that  they 
may  possess,  whose  existence  or  magnitude  has  to  be  received  or  rejected  bv  us  on  an  estimate  of  the 
probabilities  for  or  against  it?”  In  answer  to  Airy’s  objection  that  the  criterion  fails  [by  rejecting  a good 
observation]  in  a particular  case,  Winlock  states  (page  146):  "He  seems  to  hold  the  opinion  that  it  isjust 
as  injurious  to  reject  a good  observation  as  it  is  to  retain  a bad  one.  provided  the  latter  is  within  the  limit 
of  the  greatest  possible  chance  error. . . . But  we  are  not  required  to  use  the  same  care  to  avoid  the  rejec- 
tion of  a good  observation  (that  is,  one  affected  only  by  ordinary  causes  of  error)  as  the  retention  of  a bad 
one.  When  we  reject  a good  observation,  we  do  not  necessarily  introduce  error,  we  simply  decline  to  use 
all  the  evidence  we  have,  and  our  conclusions  are  of  proportionally  less  value:  but  retaining  one  which  is 
abnormal  vitiates  the  result."  Winlock  sums  up  the  case  in  favor  of  Peirce’s  criterion  as  follows  (page 
147):  "Regarding  the  probability  of  an  error  as  a function  of  its  magnitude,  we  are  enabled  to  find  the 
probability  of  any  system  of  residual  errors,  and  by  the  comparison  of  the  systems  of  errors  before  and  < 

after  rejection  in  accordance  with  the  rule  of  the  criterion,  we  can  decide,  within  safe  limits,  whether  the 
probability  of  our  final  result  is  lessened  by  retaining  the  doubtful  observations.” 

References:  Peirce  (1852),  Gould  (1855),  Airv  (1856). 

Citations:  Chauvenet  ( 1863),  Merriman  ( 1877),  Doolittle  ( 1884).  Wright  1 1884),  Czuber  ( 1891a).  Piz- 
zetti  ( 1892),  Czuber  ( 1899),  Wellisch  ( 1909),  Archibald  1 1925),  Coolidge  1 1925),  Rider  ( 1933). 

* Petzval,  Joseph  ( 1857).  Fortsetzung  des  Berichtes  fiber  optische  Untersuchungen.  Sitzungsberichte  der 
Mathematisch-Naturwissenschaftliehe  Klasse,  Konigliche  Akademie  der  Wissenschaften , Vienna  24. 

129-144. 

Summary:  The  author  holds  that  the  method  of  least  squares  is  not  applicable  in  optics,  because  of  fail- 
ure of  the  underlying  assumptions  that  positive  and  negative  errors  of  equal  magnitude  are  equally 
probable  and  that  all  observations  are  made  under  equally  favorable  conditions  by  equally  skilled  ob- 
servers with  equally  good  instruments.  He  questions  especially  the  second  of  these  assumptions.  He 
proposes  instead  what  he  calls  "the  method  of  numerically  equal  maxima  and  minima"  in  which  the 
maximum  of  the  absolute  values  of  the  residuals  is  minimized.  He  points  out  that  this  is  equivalent  to 
minimizing  the  sum  of  the  2m  powers  of  the  residuals,  where  m is  an  integer  which  tends  to  infinity  as  a 
limit.  He  proposes  to  devote  a substantial  part  of  the  third  volume  of  his  three  volume  treatise  on  optics 
to  this  method. 

Comments:  Minimization  of  the  maximum  absolute  residual  had  been  proposed  previously  by  Euler 
( 1749),  Lambert  ( 1765a),  Laplace  1 1 786,  1793,  1799,  181 2 ).  and  Gauss  ( 1809).  The  equivalence  of  this 
minimization  to  that  of  the  sum  of  the  2m  powers  of  the  residuals  ( m an  integer  tending  to  infinity  i had 
been  pointed  out,  not  only  by  Gauss  ( 1809)  as  mentioned  by  the  author,  but  also  by  Laplace  ( 1 799, 1812). 
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Reference:  Gauss  (1809). 


Citations:  Merriman  (1877),  Pizzetti  (1892). 

* von  Andrae,  C.  G.  (1860).  Udvidelse  afen  af  Laplace  i Mecanique  Celeste  angivet  Methode  for  Bestem- 
melsen  af  en  unbekjendt  Stprrelse  ved  givne  umiddelbare  Iagttagelser.  Oversigt  af  Kgl.  Danske 
Videnskabernes  Selskabs  over  . . . Forhandlingen  (Copenhagen)  1860,  198-225. 

Summary:  The  author  studies  the  problem  of  choosing  one,  two,  three, ...  of  a series  of  n equally  reli- 
able observations  to  be  used  instead  of  all  n observations  in  determining  the  most  advantageous  value  of 
the  measured  quantity.  In  choosing  a single  observation,  he  uses  the  principle  [Laplace  ( 1799),  Livre  III, 
No.  40]  of  minimizing  the  sum  of  the  absolute  values  of  the  errors.  Hence  he  chooses  the  median,  which 
he  defines,  for  a sample  of  size  n,  as  the  mth  ordered  observation,  where  m = n/2.  By  analogy,  if  s observa- 
tions are  to  be  used,  he  chooses  the  mith  ordered  observations  (i  = 1,2,  . . .,  s),  where  m^  ni/(s  + l). 

Comments:  The  author  does  well  to  drop  the  Boscovich  condition  that  the  sums  of  positive  and  negative 
errors  be  equal  in  magnitude.  His  definition  of  the  median,  while  asymptotically  correct,  is  unsatisfac- 
tory for  small  or  even  moderate  samples.  We  shall  see  later  that  analogy  is  a poor  guide  in  choosing  s ob- 
servations (s>l),  and  that  the  optimum  choice  depends  upon  the  underlying  distribution. 

References:  Laplace  (1799),  Legendre  (1805),  Gauss  (1809),  Laplace  il812i  [1818],  Gauss  (1823). 

Citations:  Zachariae  (1871),  Pizzetti  (1892),  Czuber  (1899). 

* Airy,  George  Biddell  (1861).  On  the  Algebraical  and  Numerical  Theory  of  Errors  of  Observations  and  the 
Combination  of  Observations.  Macmillan  and  Co.,  Cambridge  and  London. 

Summary:  The  author  ( page  25 ) makes  the  following  remarks  concerning  the  treat  ment  of  outlying  ob- 
servations: "In  collecting  the  results  of  a number  of  observations,  it  will  frequently  be  found  that,  while 
the  results  of  the  greater  number  of  observations  are  very  accordant,  the  result  of  some  one  single  obser- 
vation gives  an  error,  or  a discordance,  of  large  magnitude.  There  is,  under  these  circumstances,  a strong 
temptation  to  erase  the  discordant  observation,  as  having  been  manifestly  affected  by  some  extraordi- 
nary cause  of  error.  Yet  a consideration  of  the  law  of  Frequency  of  Error  ...  or  a consideration  of  the  for- 
mation of  a complex  error  by  the  addition  of  numerous  simple  errors  . . . will  show  that  such  large  errors 
may  fairly  occur;  and  if  so,  they  must  be  retained.  We  may  perhaps  think  that  where  a cause  of  unfair 
error  may  exist  (as  in  omission  of  clamping  a zenith-distance-circle),  and  where  we  know  by  certain  evi- 
dence that  in  some  instances  that  unfair  cause  has  actually  come  into  play,  there  is  sufficient  reason  to 
presume  that  it  has  come  into  play  in  an  instance  before  us.  Such  an  explanation,  however,  can  only  be 
admitted  with  the  utmost  caution."  The  author  gives  a discussion  of  the  method  of  least  squares,  which 
he  calls  "the  method  of  minimum  squares":  he  does  not  mention  any  of  its  competitors. 

Reference:  Laplace  1 1812). 

Citations:  Todhunter  (1865),  Venn  (1866),  Jevons  (1874),  Merriman  (1877),  Edgeworth  (1887b, 
di.  Gore  ( 1889),  Pizzetti  ( 1892),  Czuber  ( 1899),  Edgeworth  ( 191 1,  1923). 

Chauvenet,  William  ( 1863).  A Manual  of  Spherical  and  Practical  Astronomy , Volume  2.  J.  B.  Lippi  ncott 
& Co.,  Philadelphia,  (esp.  Appendix,  pp.  469-566,  and  Tables  IX  and  X,  pp.  593-599,  reprinted  1868  as 
A Treatise  on  the  Method  of  Least  Squares). 

Summary:  Sections  1-56  of  the  Appendix  (pages  469-558)  and  Table  IX  (pages  593-595)  are  concerned 


45 


with  the  method  of  least  squaresper.se.  Sections  57-60  (pages  558-566  > deal  with  Peirce’s  criterion  for  the 
rejection  of  doubtful  observations  and  with  Chauvenet’s  own  criterion  for  the  rejection  of  a single  obser- 
vation. The  latter  is  based  on  the  principle  that,  since  the  number  of  errors  numerically  greater  than  kct 
that  may  be  expected  to  occur  in  n observations  is  ‘2n/j  J>(ti  dt  = n i/d  «■),  where  <t> (t)  = e~l’2l\/2ir , an  ob- 
servation deviating  from  the  mean  by  an  amount  greater  than  kct  should  be  rejected  if  the  quantity  n 
< JiIkI  exceeds  1/2,  since  such  an  error  "will  have  a greater  probability  against  it  than  for  it”  (page  565 >. 
After  correcting  an  error  in  the  standard  deviation  calculated  by  Peirce  ( 1852)  and  assumed  correct  by 
Gould  1 1855),  the  author  applies  Peirce’s  criterion  and  a modification  involving  two  successive  applica- 
tions of  his  own  criterion  to  data  on  the  vertical  semidiameter  of  Venus  (15  observations!  previously 
analyzed  by  Peirce  and  Gould.  Both  lead  to  the  conclusion  that  two  observations  should  be  rejected. 
Table  X (pages  596-599)  is  a table  (adapted  from  Gould’s)  for  Peirce’s  criterion.  The  author  states  (page 
565)  that  he  has  prepared  a table  for  his  own  criterion  "which  agrees  so  nearly  with  Table  X that,  for 
practical  purposes,  it  may  be  regarded  as  identical  with  that  table.” 

Comments:  Rider  ( 1933),  page  8,  has  pointed  out  that  Chauvenet’s  argument  is  wrong,  since  n i^k)  is 
not  a probability  but  a frequency.  He  goes  on  to  say  (pages  8-9):  "In  essence  his  [Chauvenet's]  criterion 
rejects  errors  numerically  greater  than  kct  where  k is  such  that  only  half  an  error  is  to  be  expected  great- 
er than  this  limit.  It  is  tantamount  to  assuming  that  a mistake  is  as  likely  as  not  to  occur  in  n observa- 
tions. that  is,  that  a mistake  occurs,  on  the  average,  once  in  2n  observations,  where  n is  the  number  of  ob- 
servations in  the  set  under  consideration.” 

References:  Legendre  ( 1805),  Gauss  ( 1809),  Laplace  (1812),  Gauss  (1816,  1823),  Encke  ( 1832-341,  Bes- 
sel & Baeyer  (1838),  Peirce  (1852),  Gould  (1855),  Airv  (1856),  Winlock  (1856). 

Citations:  Stone  ( 1868),  Glaisher  ( 1872,  1873),  Peirce  ( 1873),  Stone  < 1873b),  Jevons  ( 1874),  Merriman 
(1877),  Chaplin  (1880,  1882),  Doolittle  il884>,  Merriman  (1884),  Wright  (1884),  Edgeworth 
i 1887a. b.d.e),  Lehmann-Filhes  (1887),  Gore  (1889>.  Czuber  (1891a).  Pizzetti  (1892).  Vallier 
1 1894), Czuber  1 1899i.  Sheppard  ( 1899bi,  Rowley  ( 1901 ).  Saunder  < 1903).  Wellisch  ( 1909i,  Fisher  ( 1912), 
Contarino  (1914),  Wralker  ( 1914),  Becker  ( 1917),  Brunt  (1917),  Stewart  ( 1920a),  Edgeworth  ( 1923),  Rietz 
1 1924),  Archibald  ( 1925),  Coolidge  ( 1925),  Irwin  < 1925b).  Ogrodnikoff  ( 1928).  Scarborough  (1930).  Pear- 
son ( 1931 ),  Jeffreys  ( 1932a),  Rider  ( 1933),  von  Eberhard  ( 1938),  Jeffreys  ( 1939),  Smirnoff  1 1941 ). 

* I)e  Morgan,  Augustus  (1864).  On  the  theory  of  errors  of  observation.  Transactions  of  the  Cambridge 
Philosophical  Society  10  (2),  409-427. 

Summary:  Glaisher  ( 1872>  writes  ip.  90):  "Perhaps  the  most  important  contribution  that  has  been  made  to 
the  theory  of  the  arithmetic  mean  is  contained  in  a paper  by  lie  Morgan  |i  1864i|.  It  is  there  pointed  out  |p. 
4 1 6 1 that  the  mean  value  of  all  the  given  values  is  also  the  mean  supposition  of  all  possible  suppositions  as 
to  the  mode  of  obtaining  value.  The  investigation  is  too  long  to  reproduce,  but  the  result  may 

be  stated  thus.  If  <f>(x,.x2 xn)  is  the  most  probable  result  of  the  discordant  observations,  x,,x.,, . . . , x„ 

then  <f>(x„  x.,, . . . xnt  = (x,  + x2  + . . . + x„t  n + Q X + R I *,«)  + S i,  *•’  + T X e'j  e,  + U S.  «i  «k  + . . . . the 
t’s  being  small  quantities,  and  Q,  R,  S . . . dependent  on  J>;  'hence  ©(x,  x2, ....  xn)  is  Xx'n  augmented  bv 
terms  of  which  we  have  no  knowledge  whatever,  either  as  to  sign  or  value,  and  no  means  of  getting  any: 
we  are  therefore  wholly  without  reason  for  supposing  that  the  value  of  </>ix,, . . . ) lies  on  one  side  of  the  av- 
erage [arithmetic  mean  ] rat  her  than  the  other,  and  must  take  this  average  as  the  most  probable  value  a 
priori’  [p.  417 ]."  The  author  continues,  however,  with  the  following  statement  not  quoted  by  Glaisher: 
"The  average,  then,  is  the  most  probable  result  so  long  as  we  know  nothing  of  the  law  of  facility  of  error: 
but  this  is  only  so  long  as  the  observations  are  either  not  made,  or  not  disclosed.  So  soon  as  we  see  the  sec- 
ond observation,  we  have  some  information  about  the  law  of  error:  not  much,  but  some." 

Citations:  Glaisher  (1872),  Jevons  il874),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892), 
Czuber ( 1H99) 
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* Boudin,  E.J.  ( 1865).  Lecons  deCcilcul  des  Probabilites.  Hoste  et  Cie.  ( Maison  additions et  d'impressionsi, 
Gand.  Reprinted  1874,  1886,  1889.  Revised  edition,  with  notes  and  additions  bv  Paul  Mansion, 
Gauthier- Villars  et  Cie.,  Paris,  1916;  review,  Bulletin  des  Sciences  Mathematiques  (2>  43 
(1919),  129-133. 

Summary:  This  book  is  divided  into  two  parts,  the  first  part  dealing  with  the  theory  of  probability  and 
the  second  with  applications,  including  the  theory  of  errors.  The  author  presents  both  the  method  of 
minimum  approximation  i minimizing  the  maximum  deviation)  and  the  method  of  situation  i minimiz- 
ing the  sum  of  the  absolute  deviations  subject  to  the  restriction  that  the  algebraic  sum  of  the  deviations 
be  zero)  [Laplace  1 1799)].  Boudin  follows  the  geometric  exposition  of  Pronv  1 1804).  In  the  1916  edition. 
Mansion  adds  a comparison  of  the  method  of  least  squares  with  the  above  methods  of  Laplace,  a discus- 
sion of  what  he  calls  the  surest  method  (reducing  all  the  given  equations  to  the  form  x=a),  and  a 
supplementary  chapter  on  the  purely  algebraic  theory  of  least  squares.  He  states  that  the  method  of 
minimum  approximation  should  most  often  be  rejected  because  it  leads  to  the  use  of  only  those  observa- 
tions which  one  has  the  greatest  reason  to  believe  inexact. 

Note:  The  compiler  has  been  unable  to  obtain  a copy  of  any  edition  of  this  book,  so  in  writing  the  above 
summary  he  has  relied  on  information  given  in  the  1919  review  of  the  1916  edition  and  in  papers  by 
Mansion  (1913)  and  Alliaume  (1927a). 

References:  Laplace  ( 1799),  Pronv  (1804). 

Citations:  Mansion  (1913),  Julin  (1921),  Alliaume  (1927a). 

* Todhunter,  Isaac  ( 1865).  A History  of  the  Mathematical  Theory  of  Probability  from  the  Time  of  Pascal  to 
that  of  Laplace.  Macmillan  and  Co.,  London.  [Reprinted  1949  by  Chelsea  Publishing  Co.,  New  York]. 

Summary:  This  is  simply  what  the  name  implies — a history — and  does  not  contain  any  original  con- 
tributions, though  the  author's  treatment  is  often  more  understandable  than  the  original  sources.  In- 
cluded are  summaries  of  the  work  of  Nicolas  Bernoulli  (1709)  on  the  expected  value  of  the  largest  of  n ob- 
servations which  are  uniformly  distributed  with  known  range  and  of  various  writers  on  the  theory  of  er- 
rors, including  Simpson  (1757),  Lagrange  ( 17741,  Daniel  Bernoulli  (1778),  Euler  ( 1778),  Jean  Bernoulli 
(1785),  Trembley  ( 1804),  and  Svanberg  ( 1805),  as  well  as  numerous  writings  of  Laplace  (1774.  1781 , 
1786,  1799,  1810,  181  la, b,  1812).  The  last  four  of  these  deal  primarily  with  the  method  of  least  squares, 
but  it  is  clear  from  Todhunter's  pages  588  and  612  that  Laplace  never  entirely  abandoned  some  of  his 
earlier  methods  based  on  order  statistics  in  favor  of  the  method  of  least  squares. 

Comments:  The  compiler  has  found  this  book  to  be  of  great  value  in  preparation  of  the  present  work.  In 
several  cases  he  first  became  aware  of  the  existence  of  relevant  publications  through  reading  it.  and  in 
one  or  two  cases  ( in  which  the  compiler  has  been  unable  to  obtain  copies  of  the  original  sources),  it  has 
served  as  the  chief  source  of  information  concerning  their  contents. 

References:  N.  Bernoulli  1 1709),  Euler  ( 1749).  Mayer  1 1750).  Simpson  ( 1757 ),  Lagrange  ( 1774),  La- 
place ( 1 774 1,  D.  Bernoulli  (1778),  Euler  (1778),  Laplace  ( 1781 ),  J.  Bernoulli  ■ 1785).  Laplace  (1786,  1799'. 
Trembley  (1804),  Svanberg  (1805),  Laplace  (1810,  181  la. b,  1812),  Airy  1I86I1. 

Citations:  Venn  (1866),  Glaisher  (1872),  Todhunter  (1873),  Jevons  (1874),  Merriman  (1877). 
Edgeworth  (1885,  1886a,  1887a,e),  Pizzetti  (1892).  Czuber  (1899).  Bowlev  (1901),  Edgeworth  (1905. 
1911).  Brunt  (1917).  Keynes  1 1921 1,  Rietz  ( 1924).  Thompson  (1936),  Boldrini  (1942).  Kendall  (1946). 

Clifford.  W.  K.  1 1866).  Solution  to  problem  1878.  Educational  Times  6.  83-87.  [Reprinted  1882  in  Clif- 
ford's Mathematical  Papers  (edited  by  Robert  Tucker).  Macmillan  and  Co..  London,  pp  601-607]. 
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Summary:  Problem  1878,  which  was  proposed  in  the  January  1866  issue  of  Educational  Times,  is  the 
following:  "A  line  of  length  a is  broken  up  into  n pieces  at  random;  prove  that  (1)  the  chance  that  they 
cannot  be  made  into  a polygon  of  n sides  is  n 2'~";  and  (2)  the  chance,  that  the  sum  of  the  squares  on  them 
does  not  exceed  a2/(n-l),  is 


Tin) 

P{I  (n  + 1)} 
2 


1 

n 1/2 


>> 


Clifford’s  solution,  given  in  the  November  1866  issue,  does  not  admit  a brief  summarization. 


Comments:  This  problem  is  relevant  to  a study  of  order  statistics  because  the  lengths  of  the  n segments 
are  the  successive  differences  of  (n  + 1)  numbers  [0,  the  order  statistics  of  a sample  of  size  (n  — 1)  from 
R(  0,a),  and  a],  where  R(0,a ) represents  a uniform  or  rectangular  distribution  between  the  limits  0 and  a. 

Citation:  Moran  (1947). 


* Venn,  John  ( 1866).  The  Logic  of  Chance.  Macmillan  and  Co.,  London-New  York.  Second  edition  1876; 
third  edition,  1888;  reprinted  1962,  Chelsea  Publishing  Co.,  New  York. 

Summary:  The  first  edition  apparently  contains  nothing  directly  relevant  to  our  subject.  Chapters  on 
the  laws  of  error  (Ch.  II)  and  on  the  method  of  least  squares  were  added  in  the  second  edition,  but  the 
latter  was  dropped  in  the  third  edition.  Chapters  XVIII  and  XIX,  added  in  the  third  edition,  deal  with 
averages.  Concerning  laws  of  error,  the  author  writes  (pp.  xix-xx):  "Is  there  necessarily  but  one  such  law, 
applicable  to  widely  distinct  classes  of  things?  This  cannot  be  proved  directly  by  statistics,  which  in 
certain  cases  show  actual  asymmetry;  nor  deductively;  nor  by  the  Method  of  Least  Squares.”  In  two 
sections  (pp.  33-35)  added  in  the  third  edition,  he  notes  that  at  the  time  of  the  first  edition  writers  on  the 
subject  of  statistics  were  still  heavily  influenced  by  Quetelet,  who  apparently  believed  the  normal  law  of 
error  to  be  universal,  but  cites  the  work  of  Fechner,  Galton,  and  Edgeworth  to  show  that  many 
distributions  found  in  nature  are  not  even  symmetric,  much  less  normal.  On  page  41  he  states:  "The 
Method  of  Least  Squares  is  usually  applied,  no  doubt,  to  the  most  familiar  form  of  the  Law  of  Error, 
namely  the  exponential  [normal]  form  ....  But  other  forms  of  laws  of  error  may  exist,  and,  if  they  did,  the 
method  in  question  might  equally  well  be  applied  to  them.  I am  not  asserting  that  it  would  necessarily  be 
the  best  method  in  every  case,  but  it  would  be  a possible  one;  indeed  we  may  go  further  and  say,  as  will  be 
shown  in  a future  chapter  [apparently  Chapter  XIII  of  the  second  edition,  which  is  not  found  in  the  third 
edition],  that  it  would  be  a good  method  in  almost  every  case.”  In  Chapter  XVIII  (pp.  435-464)  the  author 
discusses  the  arithmetic,  geometric  and  harmonic  means,  the  median  and  the  mode,  and  the  conditions 
under  which  each  should  be  used.  He  states  that,  for  most  ordinary  purposes,  the  arithmetic  mean  is  the 
simplest  and  best,  but  he  mentions  the  following  advantages  of  the  median:  ( 1)  in  most  cases  it  is  the 
simplest  average  to  calculate;  (2)  the  probable  error  is  a by-product  in  calculating  it;  and  (3)  it  is 
disturbed  very  little  by  a few  exceptional  and  extreme  values.  He  also  discusses  various  measures  of 
dispersion,  including  the  mean  error  (average  deviation),  median  error  (probable  error  or  quartile 
deviation),  and  the  root-mean-square  error.  Chapter  XIX  (pp.  465-503),  which  deals  with  the  theory  of 
the  average  as  a means  of  approximation  to  the  truth,  appears  to  contain  little  or  nothing  that  is  relevant 
to  our  study. 


Note:  Unless  otherwise  stated,  all  references  in  the  above  summary  to  specific  chapters  and  pages  are  to 
those  in  the  third  edition,  which  is  the  only  one  the  compiler  has  seen.  Some  information  about  the 
contents  of  earlier  editions  has  been  gleaned  from  their  prefaces,  which  are  reprinted  in  the  third  edition. 


References:  Quetelet  ( 1835)  [1869],  Herschel  ( 1850)  [1857],  Airy  ( 1861 ),  Todhunter  ( 1865),  {Fechner 
(1874),  Galton  (1875),  Merriman  ( 1877),  Galton  et  al.  ( 1881 ).  Merriman  ( 1884),  Edgeworth  ( 1885, 1886a, 
1887-90)}. 
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Citations:  Jevons  (1874),  Edgeworth  (1887-90),  Venn  (1891),  Pizzetti  (1892),  Czuber  (1899), 
Edgeworth  (1911,  1913),  Julin  (1921),  Keynes  (1921),  Rietz  (1924),  Bowley  (1928),  Bartlett  (1933), 
Kendall  (1943.  1946). 

* Whitworth,  W.  A.  ( 1867 ).  Choice  and  Chance.  Cambridge  University  Press,  London.  Second  edition, 
1870;  third  edition,  1878;  fourth  edition,  1887.  Fifth  edition,  Deighton  Bell  and  Co.,  Cambridge,  1901 
(reprinted  by  G.  E.  Stechert  & Co.,  New  York,  1934). 

Summary:  The  author  (pp.  200-201  of  the  fifth  edition)  states  and  proves  the  following  proposition  [LI]: 
"If  an  event  happen  at  random  on  an  average  once  in  time  t,  the  chance  of  its  not  happening  in  a given 
period  r is  e~T,t.  [Proof:]  Divide  each  unit  of  time  into  an  indefinitely  large  number  n of  small  instants. 
Then  in  the  periods  t,  r,  there  will  be  nt,  nr  respectively  of  such  instants.  By  making  n large  enough  we 
may  make  the  instants  so  short  that  the  event  may  be  said  to  happen  at  one  such  instant.  Since  it 
happens  on  an  average  once  in  nt  instants,  the  chance  of  its  happening  at  any  particular  instant  is  1/nt, 
and  the  chance  of  its  not  happening  in  the  given  period  of  nr  instants  is  ( 1 — 1/nt  )nr  = [( 1 -1  nt  )nt]r But 
when  n is  indefinitely  large,  ( 1 — 1/nt )nl  ultimately  = 1/e.  Therefore  the  required  chance  is  (l/e)rt,  or 
e_T  t.  Q.E.D.  Example.  If  an  earthquake  happens  on  an  average  once  a year,  the  chance  that  in  a given 
year  there  should  not  be  an  earthquake  is  1/e.”  The  following  exercises  are  given  on  page  331  and  their 
answers  on  page  342:  "666.  A line  of  length  c is  divided  into  n segments  by  n -1  random  points.  Find  the 
chance  that  no  segment  is  less  than  a given  length  a,  where  c>na.  (Say  c-na  = ma.)  [Answer:  mn_l  h- 
( m + n(n  '.]  667.  In  the  last  question  find  the  chance  that  r of  the  segments  shall  be  less  than  a and  n-r 
greater  than  a.  [Answer:  {mn~'-C[  (m  + l)n  l+  Ct  (m+2inl-  &c.±(m+r)n_l}/±(m  + n)n“'.]”  Hints  as  to 
the  solution  of  the  exercises  are  given  by  Whitworth  (1897). 

Comments:  The  intervals  between  occurrences  in  a Poisson  process  considered  in  Proposition  LI  are 
seen  to  follow  a one-parameter  negative  exponential  distribution,  a fact  which  will  prove  useful  later. 
The  questions  in  exercises  666  and  667  fall  into  a class  dealing  with  the  random  division  of  an  interval, 
and  have  obvious  interpretations  in  terms  of  the  order  statistics  of  samples  from  a uniform  (rectangular) 
distribution. 

Citations:  Jevons  ( 1874),  Whitworth  1 1897 ),  Bowley  ( 1901 ),  Edgeworth  (1911),  Keynes  1 1921 ),  Morant 
(1921),  Neyman  & Pearson  (1928),  Scarborough  (1930),  Pearson  & Pearson  (1932).  Greenwood  1 1 946). 
Kendall  ( 1946). 

* Stone,  E.  J.  ( 1868).  On  the  rejection  of  discordant  observations.  Monthly  Notices  of  the  Royal  Astronomi- 
cal Society  28,  165-168. 

Summary:  Stone  defines  what  he  calls  the  moil  a I us  of  carelessness . m,  which,  for  a given  observer  and  a 
given  class  of  observations,  expresses  the  average  number  of  observations  which  that  person  makes  with 
one  mistake.  If  * is  the  value  such  that  i|/( «)  = 1 m, where  <!/(*)  = 2/j  t/>(  t >dt  and  </>(  t ) =e  '-\  27r,thenall 
deviations  greater  in  absolute  value  than  Kir  are  more  likely  to  have  arisen  from  mistakes  than  from 
ordinary  errors,  and  the  corresponding  observations  are  to  be  discarded. 

Comments:  Stone's  criterion  with  m = 2n.  where  n is  the  number  of  observations,  is  equivalent  to 
Chauvenet's.  Rider  (1933),  page  9,  gives  a table  of  rejection  limits,  according  to  Stone's  criterion,  and 
remarks  that  they  "can  also,  of  course,  be  interpreted  as  giving  the  rejection  limit  when  an  observation  is 
to  be  discarded  if  the  probability  of  the  corresponding  error  is  less  than  1/m,  without  reference  to  Stone's 
hypothesis  that  the  observer  makes,  on  the  average,  one  mistake  in  m observations.”  As  Rider  points  out 
(page  10,  Stone's  criterion  is  subject  to  the  objection  that  if  one  takes  m = 10(),  all  observations  that 
deviate  from  the  mean  by  more  than  2.58<r  will  be  discarded,  but  if  one  makes  200  observations,  one 
observation  would  be  expected  to  deviate  bv  more  than  2.8  lir.  and  such  an  observation  would  be  rejected. 

References:  Peirce  ( 1852).  Airy  ( 1856),  Chauvenet  1 1863). 
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Citations:  Glaisher  1 1873 ),  Stone  (1873b,  1874),  Merriman  (1877),  Doolittle  (1884),  Wright  ( 1 884 ), 
Edgeworth  (1887a),  Czuber  ( 1891a ),  Pizzetti  ( 1892 ),  Vallier  (1894),  Czuber  ( 1899 ),  Archibald  ( 1 925 ), 
Coolidge  ( 1925),  Ogrodnikoff  ( 1928),  Rider  ( 1933). 

* von  Andrae.C.  G.  ( 1869).  Schreiben  ...  an  den  Herausgeber.  ( Danish  i.Astronomische  Naehrichten  74, 
283-284. 

Summary:  With  regard  to  the  use  of  the  m(m-l)/2  differences  of  m observations  instead  of  the 
observations  themselves  to  estimate  the  probable  error,  as  proposed  by  Jordan  ( 1869),  the  author  raises 
the  objection  that  the  differences  are  not  independent  of  each  other.  Therefore,  he  contends,  the  entire 
development  is  incorrect  [see,  however,  the  paper  bv  Jordan  (1872)],  the  only  exception  being  the 
expression  for  the  probable  error  (but  not  the  expression  for  its  probable  uncertainty)  for  n=2.  This 
expression  is  identical  with  the  expression  based  on  the  observations  themselves,  since  the  mean  of  the 
squares  of  the  differences  is  twice  the  mean  of  the  squares  of  the  deviations  of  the  observations  from  their 
arithmetic  mean. 

Reference:  Jordan  ( 1869). 

Citations:  Bessel  & Baeyer  ( 1838)  [1876],  von  Andrae  ( 1872).  Jordan  ( 1872 1,  Merriman  ( 1877 1,  Czuber 
( 1891a),  Pizzetti  ( 1892),  Czuber  ( 1899,  1903),  Wellisch  ( 1909),  Gini  ( 1912),  Tucker  ( 1927 ),  de  Finetti 
(1931a),  Gini  (1939). 

* Galton,  Francis  ( 1869).  Hereditary  Genius.  Publisher  unknown,  London  (?).  Second  American  edition, 
D.  Appleton  and  Company,  New  York,  1887. 

Summary:  The  author  shows  how  to  use  the  median  and  any  other  quantile  in  fitting  a theoretical 
normal  distribution  to  observed  data.  On  pp.  27-28  he  writes:  "Suppose  a million  . . . men  to  stand  in 
turns,  with  their  backs  against  a vertical  board  of  sufficient  height,  and  their  heights  to  be  dotted  off 
upon  it.  . . The  line  of  average  height  [the  median]  is  that  which  divides  the  dots  into  two  equal  parts. 

. . . Next  let  a hundred  dots  be  counted  from  above  downwards,  and  let  a line  be  drawn  below  them  [a 
quantile], . . . Using  the  data  afforded  by  these  two  lines  [or  any  two  quantiles],  it  is  possible,  by  the  help 
of  the  [normal]  law  of  deviation  from  the  average,  to  reproduce,  with  extraordinary  closeness,  the  entire 
system  of  dots  on  the  board."  Subsequently,  he  discusses  at  some  length  data  given  by  Quetelet  ( 1846)  on 
the  chest  measures  of  5,738  Scotch  soldiers  and  the  heights  of  100,000  French  conscripts,  in  addition  to 
an  example  of  his  own  dealing  with  marks  made  on  the  entrance  examination  by  candidates  for 
admission  to  the  Royal  Military  College  at  Sandhurst. 

Note:  The  compiler  has  seen  only  the  second  American  edition,  but  this  presumably  does  not  differ 
materially  from  the  original  British  edition. 

Reference:  (Juetelet  1 1846). 

Citations:  Jevons  (1874),  Galton  (1875,  1889),  Gini  (1909,  1936),  Davis  (1941). 

Jordan,  W.  ( 1869).  Ueber  die  Bestimmung  der  Genauigkeit  mehrfach  wiederholter  Beobachtungen 
einer  Unbekannten.  Astrnnamische  Naehrichten  74.  209-226.  (JFM  2,  841-842). 

Summary:  The  author  reviews  the  work  of  Gauss  ( 1816),  who  explored  the  use  of  the  n"1  root  of  the 
mean  value  of  the  n'h  powers  of  the  absolute  values  of  the  deviations  from  the  true  value  as  a measure  of 
the  precision  of  repeated  observations  of  the  same  quantity,  concluding  that  n =2  gives  the  best  results, 
at  least  for  the  normal  (Gaussian)  distribution.  He  notes  that  Gauss  ( 1823)  pointed  out  that  if  the  true 
value  of  the  observed  quantity  is  unknowm,  and  is  replaced  bv  a least-squares  estimate,  the  resulting 
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measure  of  precision  will  be  too  small,  and  must  be  multiplied  by  the  correction  factor  Vm/lm-pi,  where 
m is  the  sample  size  and  p is  the  number  of  parameters  estimated  [p  = l if  only  the  true  mean  is  estimated 
l by  the  arithmetic  mean  of  the  m observations!].  The  author  extends  Gauss’  table  of  factors  for 
computing  the  probable  error  and  its  probable  uncertainty  from  the  nlh  root  of  the  mean  of  the  nlh  powers 
of  the  absolute  values  of  deviations  from  the  true  value  up  through  n = 10  and  corrects  Gauss’  factors  for 
the  median,  which  he  shows  to  give  a slightly  less  (rather  than  more)  precise  estimate  than  the  other 
method  with  n =6.  The  author  then  proposes  the  use  of  the  m(  m-1  >/2  differences  of  the  m sample  values 
instead  of  the  sample  values  themselves,  pointing  out  that  the  probable  error  of  a difference  is  \/2  times 
that  of  a single  observation.  He  adapts  the  formulas  used  with  his  table  of  factors  to  the  computation  of 
the  probable  error  from  the  nlh  root  of  the  mean  of  the  n'h  powers  of  the  absolute  values  of  the  differences 
[n  = l(  1 ) 10]  and  from  the  median  of  the  differences,  and  professes  to  show  that  the  probable  uncertainties 
of  these  probable  errors  are  substantially  less  than  for  those  obtained  from  the  individual  observations 
[see,  however,  the  paper  by  von  Andrae  (1869)]. 

"•  r 

References:  Gauss  (1816,  1823),  Gerling  (1843). 

Citations:  Bessel  & Baeyer  ( 1838 ) [1876],  von  Andrae  ( 1869,  1872),  Jordan  ( 1872),  Helmert  ( 1876a), 
Merriman  ( 1877),  Gore  ( 1889),  Czuber  ( 1891a).  Pizzetti  ( 1892),  Czuber  ( 1899),  Gini  ( 1912).  Weinberg 
( 1916),  Bartels  ( 1928),  von  Bortkiewicz  ( 1931 ),  de  Finetti  1 1931a),  Miinzner  1 1934),  Gini  1 1939). 


* Zachariae,  Georg  Carl  Christian  ( 1871 1.  De  Mindste  Kvadraters  Methode.  Boghandler  v.  Schdnemanns 
Forlag,  Nyborg.  Second  edition,  Copenhagen,  1887. 

Summary:  This  book,  as  the  title  implies,  deals  primarily  with  the  method  of  least  squares,  of  which 
the  author  gives  an  excellent  textbook  treatment.  In  Section  31  (pp.  95-101)  he  gives  two  examples.  In 
the  first  of  these  he  follows  the  suggestion  of  von  Andrae  (1860),  based  on  the  work  of  Laplace  (1799), 
concerning  the  use  of  the  median.  For  a grouped  frequency  distribution,  he  interpolates  between  class 
boundaries  to  find  the  median  and  the  two  quartiles,  corresponding  to  cumulative  frequencies  equal  to 
1/2,  1/4,  and  3/4  of  the  total  frequency  ( 1000).  He  takes  half  the  difference  between  the  two  quartiles  (the 
quartile  deviation  or  semi-interquartile  range)  as  an  estimate  of  the  probable  error. 

References:  Laplace  ( 1799),  Gauss  ( 1809),  Laplace  ( 1812), Gauss  < 1823),  Bessel  & Baeyer  ( 1838),  von 
Andrae  ( 1860). 

Citations:  Helmert  (1877b),  Merriman  (1877),  Gore  (1889),  Pizzetti  (18921,  Czuber  (1899). 

* von  Andrae,  C.  G.  ( 1872).  Ueber  die  Bestimmung  des  wahrscheinlichen  Fehlers  durch  die  gegebenen 
Differenzen  von  m gleich  genauen  Beobachtungen  einer  Unbekannten.  Astronomische  Nachrichten  79, 
257-272.  ( JFM  4,  577-578). 

Summary:  After  reviewing  the  two  papers  by  Jordan  ( 1869.  1872)  and  his  own  earlier  paper  on  the 
subject  [von  Andrae  1 1 869 ) ],  the  author  reiterates  that  the  problem  of  estimating  the  probable  error  from 
the  nlh  root  of  the  mean  of  the  absolute  values  of  the  n,h  powers  of  the  m(m-l ) 2 differences  of  m 
observations  has  already  been  solved  for  the  case  n=2  and  that  the  results  are  identical  with  those 
obtained  from  the  square  root  of  the  mean  of  the  squares  of  the  deviations  of  the  observations  from  their 
arithmetic  mean.  He  then  turns  to  the  solution  of  the  problem  for  n = 1,  and  obtains  expressions  for  the 
estimate  of  the  probable  error  and  for  its  probable  uncertainty.  In  the  development  of  these  expressions, 
he  arranges  the  m observations  in  order  of  their  magnitude,  starting  with  the  smallest,  denoting  the 
ordered  observations  bv  a,.  a2,  ....  am.  and  the  corresponding  deviations  from  the  true  value  bv  A,,  A2, 
....  A„,.  also  arranged  in  the  order  of  their  algebraic  size.  The  mi  m - 1 )/ 2 positive  differences  can  then  be 
represented  in  the  form  of  a triangular  table: 
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a2-  a, 

a3-  a,  a3  - a2 

a4  — a i a^  — a2  a^  — a3 

a5  — a | a5  — a2  a3  — a3  a5  — a4 

am  — ai  am  ~ a2  am~  a:i  am—  a4  • • • am  — am-l 

The  sum  [d]  of  the  differences  is  then  [d]  = (m-l)(am  - a,l+(m-3)(am  - a2>  +(m-5)(am-a:t)+  • ■ • , or  after 
introduction  of  the  true  errors,  [d]=(m-l)(  Am-AI)+<m-3)(Am-A2)+(m-5)(  Am-A:t)+  . ■ - , where  the 
two  series  for  m odd  ( =2n  + 1 ) end  with  the  term  2(an+2— an)  or  2(  An+2— A„),  respectively,  but  for  m even 
(=2n),  with(an„,-an)  or  (An+1-An>,  respectively. 

References:  Gauss  (1316,  18231,  von  Andrae  (1869),  Jordan  (1869,  1872). 

Citations:  Helmert  (1876a),  Merriman  (1877),  Gore  (1889),  Czuber  (1891a),  Pizzetti  (1892),  Czuber 
( 1899),  Gini  (1912),  Tucker  ( 1927),  de  Finetti  (1931a),  Gini  ( 1939). 


* Glaisher,  J.  W.  L.  (1872).  On  the  law  of  facility  of  errors  of  observations,  and  on  the  method  of  least 
squares.  Memoirs  of  the  Royal  Astronomical  Society  39,  75-124;  abstract.  Monthly  Notices  of  the  Royal 
Astronomical  Society  32,  241-242.  (JFM  4,  92-94). 

Summary:  This  paper  is  devoted  primarily  to  a history  of  the  method  of  least  squares,  including  an 
account  and  a critical  evaluation  of  the  contributions  of  Legendre,  Adrain,  Gauss,  Laplace,  Ivory,  Ellis, 
De  Morgan  and  others.  The  author  also  proposes  (pp.  103-104)  an  alternative  to  the  rejection  of 
anomalous  observations,  concerning  which  he  writes  (pp.  120-121):  "The  method  described  on  pp. 
103-104,  of  returning  to  the  observations  again  after  Finding  the  most  probable  result  by  the  rule  of  least 
squares,  and  assigning  weights,  the  process  being  repeated  as  often  as  necessary,  distinctly  appears  to  be 
the  proper  and  philosophical  method  of  treating  observations;  and,  as  a consequence,  Professor  Peirce’s 
[(1852)]  criterion  for  the  rejection  of  doubtful  observations  seems  to  me  to  be  destitute  of  scientific 
precision.  If  an  observation  has  been  made  as  carefully  as  the  rest,  it  ought  on  no  account  to  be  rejected 
entirely.  It  may  be,  and  no  doubt  is,  true  that  in  many  cases  it  is  better  to  reject  it  than  to  retain  it, giving 
it  an  equal  weight  with  the  best  observation,  but  the  true  principle  is  to  weight  the  observation  as  the 
method  itself  indicates,  when  an  abnormal  observation  would  receive  a very  small  weight.  It  appears 
quite  evident  that  under  no  circumstances  have  we  a right  to  say  an  observation  has  no  weight,  though  it 
may  be  better  to  give  it  none  than  to  give  it  as  much  as  the  best.  The  fact  of  such  a criterion  having  been 
proposed  is  a strong  argument  in  favour  of  the  necessity  of  the  completion  of  the  method  of  least  squares 
as  indicated;  attention  to  this  necessity  was  First  insisted  on  bv  De  Morgan  [( 1847),  p.  456].”  Last,  but  not 
least,  the  author  proves  (pp.  121-122)  that  if  errors  are  distributed  according  to  Laplace's  First  law  [f(xt  = 

( m/2)e~mx  ],  the  median  of  the  observations  is  the  most  probable  true  value.  He  does  this  by  showing  that 
the  probability  (density)  of  the  true  value  x is  proportional  to  exp  [-mithe  sum  of  the  absolute  values  of 
the  deviations  of  the  observations  from  xi]  and  that  that  sum  is  a minimum  when  taken  about  the 
median  [the  middle  one  of  an  odd  number  of  observations  or  any  value  between  the  middle  two  of  an  even 
number  of  observations]. 

References:  Simpson  ( 1757),  Lambert  ( 1760),  Lagrange  ( 1774),  Laplace  ( 1774),  D.  Bernoulli  ( 1778), 
Legendre  ( 1805),  Puissant  ( 1805),  Adrain  ( 1808),  Gauss  ( 1809),  Laplace  ( 1812),  Adrain  ( 1818),  Gauss 
• 1823),  Ivory  1 1825),  Encke  ( 1832-34),  Ellis  ( 1844),  Quetelet.  ( 1846),  De  Morgan  ( 1847),  Herschel  ( 1850), 
Peirce  (1852),  Chauvenet  (1863),  De  Morgan  (1864).  Todhunter  ( 1865 ). 

Citations:  Glaisher  < 1873),  Peirce  ( 1873),  Jevons  ( 1874),  Merriman  ( 1877).  Wilson  ( 1877).  Edgeworth 
( 1883a.b),  Wright  ( 1884),  Edgeworth  ( 1885,  1886a,  1887a, b,e).  Gore  ( 1889),  Czuber  ( 1891a, b),  Pizzetti 
( 1892),  Czuber)  1899).  Edgeworth  ( 1905,  1911).  Brunt  (1917),  Keynes < 1921 1,  Rietzi  19241,  Bruen  ( 1938). 
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* Helmert,  F.  R.  (1872).  Die  Ausgleichungsrechnung  nach  der  Methode  der  kleinsten  Quadrate  mit 
Anwendung  auf  die  Geoddsie  und  die  Theorie  der  Messinstrumente . B.  G.  Teubner,  Leipzig- Berlin.  ( JFM 
5,  593-594);  second  edition,  1907.  (JFM  37,  276-277);  third  edition  (with  supplement  by  H.  Hohenner), 
1924;  English  translation,  USAF  Aeronautical  Chart  and  Information  Center,  St.  Louis,  1958. 

Summary:  The  first  edition  of  this  book  on  the  adjustment  computation  by  the  method  of  least  squares 
contains  (pp.  21-26)  a proof,  following  that  of  Gauss  ( 1816),  that  the  probable  error  can  be  determined 
more  precisely  from  the  mean  of  the  squares  of  the  errors  of  a number  of  observations  than  from  the 
mean  of  the  absolute  values  of  the  errors.  The  author  does  not  consider  in  detail  the  use  of  higher  powers, 
mentioning  them  only  in  passing.  In  later  editions,  a section  is  added  on  the  exclusion  of  individual 
observations  and  the  maximum  error,  in  which  the  author  states:  "If  in  the  course  of  an  adjustment,  it 
becomes  apparent  that  an  observation  requires  correction  \ which  by  many  times  exceeds  the  mean 
error  g,  then  the  question  arises  whether  or  not  an  exclusion  is  warranted  so  that  results  could  be 
obtained  which  approach  the  actual  picture  closer  than  without  exclusion.  In  order  to  establish  a 
criterion,  a number  of  more  or  less  involved  probability  considerations  have  been  analyzed.  . . . Accord- 
ing to  the  stipulations  of  the  Gauss’  law  of  errors,  with  20  observations,  one  observation  will  have  an 
error  >2g  [where  g is  the  standard  deviation  (<x  in  modern  notation)];  with  400  observations,  one  will 
have  an  error  >3g;  with  16,000  observations,  one  will  have  an  error  >4/z;  with  2 -106  observations,  one 
will  have  an  error  >5g.  Thus  the  anticipated  maximum  error  with  10  observations  equals  about  2g , 
with  200  observations  equals  about  3g,  with  8000  observations  equals  about  4g,  with  1106  observations 
equals  about  5g.  . . . Using  [this]  as  a criterion,  we  can  establish  whether  a stronger  deviation  of 
observation  should  be  rejected.”  [pp.  364-365  of  third  edition  (pp.  480-482  of  English  translation)]. 

References:  Gauss  (1816),  [Helmert  (1877b),  Jordan  (1877b)  [1904],  Newcomb  (1886),  Czuber 
(1891a)}. 

Citations:  Helmert  ( 1875b),  Mees  ( 1875),  Helmert  ( 1876b),  Mees  ( 1876),  Helmert  ( 1877b),  Merriman 
( 1877),  Gore(  1889),  Pizzetti  ( 1892),  Czuber  ( 1899,  1903),  Kozak  1 1907),  Vogeler  ( 1907),  Kozak  ( 1908-10), 
Brunt  ( 1917).  Bartels  ( 1928),  von  Mises  ( 1931 ),  Friedrich  ( 1937),  Arley  & Buch  ( 1940),  Gaede  (1942). 

* Jordan,  W.  (1872).  Ueber  die  Bestimmung  des  mittleren  Fehlers  durch  Wiederholung  der  Beobach- 
tungen.  Astronomische  Nachriehten  79,  219-222.  (JFM  4,  577). 

Summary:  In  reply  to  the  objection  raised  by  von  Andrae  ( 1869)  to  the  method  proposed  in  his  earlier 
paper  [Jordan  ( 1869)],  the  author  admits  that  the  fact  that  the  m(m-l)/2  differences  of  m observations 
are  not  independent  of  each  other  invalidates  his  expressions  for  the  probable  uncertainties  of  his 
estimates  of  probable  error.  He  insists,  however,  that  the  expressions  for  the  estimates  themselves  are 
correct,  so  that  all  that  is  necessary  is  to  correct  the  expressions  for  the  probable  uncertainties,  taking 
due  account  of  the  fact  that  the  differences  are  not  independent  of  each  other.  He  endeavors  to  solve  this 
problem  by  analogy  to  that  of  the  measurement  of  the  length  of  a straight  line  PAP'  by  measuring  the 
two  segments  PA  and  AP'. 

References:  Gauss  (1823),  Bessel  & Baeyer  (1838),  von  Andrae  (1869),  Jordan  (1869). 

Citations:  von  Andrae  (1872),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892),  Czuber  (1899),  Gini 
1 1912),  de  Finetti  ( 1931a),  Gini  ( 1939). 

* Glaisher,  J.  W.  L.  (1873).  On  the  rejection  of  discordant  observations.  Monthly  Notices  of  the  Royal 
Astronomical  Society  33,  391-402.  (JFM  5,  121). 

Summary:  The  author  elaborates  on  the  alternative  to  the  rejection  of  discordant  observations,  based 
on  a suggestion  of  De  Morgan  [( 1847 ),  p.  456],  which  he  proposed  in  an  earlier  paper  [Glaisher  ( 1872),  pp. 
103-104],  He  states  the  problem  as  follows  > p.391 1:  "Given  a number  of  direct  observations  of  the  same 
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quantity,  determine  the  most  probable  value  of  that  quantity.”  He  assumes  that  the  observations 
x,(i  =1, . . . ,n)  are  normally  distributed,  with  law  of  facility  of  error  ( h/v^r*e‘ hi*2,  and  assumes  initially 
that  the  precision  constant  h is  the  same  for  all  observations.  This  leads  to  the  arithmetic  mean  a of  the 
observations  as  the  most  probable  true  value.  Then  he  finds  the  probability  p,=  e nh2”‘ra|2  that  x,  is  the 
true  value  (relative  to  the  probability  that  a is  the  true  value,  which  probability  he  takes  as  unity),  and 
takes  p2  as  the  weight  of  x,,  which  results  in  the  weighted  mean  b =£"=l  p2  x,/^1=l  p2  as  a second 
approximation  to  the  true  value.  Then,  as  before,  he  obtains  new  weights  pj2,  which  lead  to  a third 
approximation  c to  the  true  value.  He  continues  the  process  until  successive  sets  of  weights  (and  hence 
successive  approximations  to  the  true  value)  agree  to  within  some  (unspecified)  tolerance.  He  also 
examines  the  criterion  proposed  by  Stone  (1868)  for  the  rejection  of  outliers,  and  criticizes  it  on  two 
grounds:  (1)  Any  rejection  criterion  based  on  the  supposition  of  the  validity  of  the  arithmetic  mean  is 
inconsistent;  (2)  Even  among  such  criteria  Stone’s  is  not  the  most  desirable  one  and  is  impractical 
because  of  the  practical  impossibility  of  determining  the  value  of  n,  it  being  assumed  that  the  observer 
makes  one  mistake  in  n observations. 

Comments:  Rider  [(1933),  p.  15]  has  pointed  out  that  Glaisher’s  proof  is  based  upon  a questionable 
application  of  Bayes’  theorem  [what  Glaisher  calls  the  probability  of  x,  is  actually  the  ratio  of  the 
probability  density  at  x,  to  the  maximum  probability  density  at  a.  given  that  a is  the  true  value].  Rider 
also  writes  [( 1933),  p.  16]:  "It  may  be  argued  that  Glaisher’s  method  may  never  lead  to  a limit,  or  that  the 
limit  may  be  reached  very  slowly  and  tediously.”  On  this  point,  Glaisher’s  method  has  the  advantage 
that  it  does  not  always  converge  to  one  of  the  observations,  as  does  a somewhat  similar  method  proposed 
half  a century  earlier  [Anonymous  (1821)]  which  uses  the  reciprocals  of  the  residuals  (or  of  their 
squares)  as  weights. 

References:  De  Morgan  (1847),  Peirce  (1852),  Chauvenet  (1863),  Stone  (1868),  Glaisher  (1872). 

Citations:  Stone  (1873b),  Glaisher  (1874),  Stone  (1874),  Merriman  (1877),  Edgeworth  (1883a), 
Doolittle  ( 1884),  Wright  ( 1884),  Edgeworth  ( 1886a),  Gore)  1889),  Czuber  ( 1891a),  Pizzetti  ( 1892),  Czuber 
( 1899),  Saunder  ( 1903),  Wellisch  ( 1909),  Keynes  ( 1921 ),  Archibald  ( 1925),  Coolidge  ( 1925),  Ogrodnikoff 
(1928),  Rider  (1933). 

* Halphen,  G.  ( 1873).  Sur  un  probleme  de  probabilites.  Bulletin  de  la  Societe  Mathematique  de  France  1, 
221-224. 

Summary:  The  author  generalizes  the  result  of  Lemoine  ( 1873)  for  the  special  case  n=3  by  showing 
that  if  a straight  line  is  divided  at  random  into  n segments,  the  probability  that  a closed  n-gon  can  be 
formed  from  the  segments  is  l-n/2"-1.  He  gives  two  proofs,  of  which  the  simpler  is  as  follows:  Let  a be  the 
length  of  the  straight  line,  which  may,  without  loss  of  generality,  be  taken  as  the  interval  (O.a).  Let  B,. 

B2, . . . , Bn  | be  the  breaking  points,  0<B,<a,  i = 1,2 n-1.  The  required  probability  is  the  probability 

that  the  length  of  the  longest  of  the  n segments  is  less  than  a/2.  The  probability  that  the  first  segment  is 

greater  than  a/2  in  length  is  the  probability  that  B,,  B2 Bn  , are  all  greater  than  a 2,  which  is  1 2" 

since  the  n - 1 breaking  points  are  independent  and  the  probability  that  any  one  of  them  exceeds  a 2 is 

1/2.  The  probability  that  the  2nd,  3rd n,h  segment  is  greater  than  a/2  in  length  is  also  1 2n  '.  Hence 

the  probability  that  one  of  the  n segments  is  greater  than  a/2  in  length  (n  mutually  exclusive  events, 
each  with  probability  1 /2n_  1 ) is  n/2"  ',  and  the  required  probability  is  1 -n/2"  '.  The  second  proof  makes 
use  of  integral  calculus. 

Reference:  Lemoine  ( 1873). 

Citations:  van  den  Berg  1 1891 ),  Wolffing  ( 1899),  Mantel  1 1915). 

* Lemoine,  E.  ( 1873).  Sur  une  question  de  probabilites.  Bulletin  de  la  Societe  Mathematique  de  France  1, 
39-40. 


54 


Summary:  The  author  states  and  solves  analytically  the  following  problem:  "A  rod  is  broken  inio  three 
pieces;  what  is  the  probability  that,  with  these  three  pieces,  one  can  form  a triangle?”  His  solution  is  as 
follows:  "Let  us  divide  the  rod  into  2m  equal  parts,  and  suppose  that  the  three  parts  contain  respectively 
x,  y and  z of  these  parts;  we  will  have  (l)x+y+z  = 2m.  In  order  for  the  triangle  to  be  possible,  it  is 
necessary  that  one  have  x=sy+z,  yssx+z,  z«x+y.  Eliminating  z with  the  aid  of  equation  (1),  these 
inequalities  become  xsm.ysm,  x+ysm.  We  seek  the  number  of  favorable  cases:  x=0  allows  for  v the 

value  m;  x = l allows  for  y the  values  m,  m — 1;.  . . ; x=m  allows  for  y the  values  m,  m-1,  m-2 0. 

There  are  thus  in  all  1 + 2 + 3 + . . . +(m  + 1)  = (m  + 1)  (m  + 2)/2  favorable  cases.  We  seek  the  number  of 
possible  cases:  x=0  allows  for  y the  values  2m,  2m  -1, ...  ,2,1,0;  x = l allows  for  y the  values  2m  -1, . . . 
,2,1,0; . . . ; x=2m  allows  for  y the  value  0.  There  are  thus  in  all  1 +2+3+  . . +(2m  + l )=(2m  + 1 )(2m+2)/2 
possible  cases.  The  ratioof  the  number  of  favorable  cases  to  the  number  of  possible  cases  is  ( m + 1 )(m  +2)/ 
(2m  + l)(2m+2)  = (m+2l/2(2m  + l),  which,  for  m==c,  gives  1/4.  Thus,  the  probability  sought  is  1/4.” 
[Compiler’s  translation]. 

Comments:  The  probability  sought  is  equivalent  to  the  probability  that  the  length  of  the  longest  piece 
is  less  than  (12,  where  ( is  the  length  of  the  rod.  Hence  the  problem  can  be  restated  in  terms  of  order 
statistics. 


Citations:  Halphen  ( 1873),  Lalanne  ( 1879),  van  den  Berg  ( 1891 ),  Wolffing  ( 1899),  Keynes  ( 1921 ). 

* Peirce,  C.  S.  ( 1873).  On  the  theory  of  errors  of  observations.  Report  of  the  Superintendent  of  the  United 
Staten  Coast  Survey  (for  the  year  ending  November  1,  1870),  Appendix  No.  21,  pp.  200-224  and  Plate  No. 

27.  U.  S.  Government  Printing  Office,  Washington. 

' 1 

Summary:  The  author  begins  (p.  200)  with  the  statement:  "The  object  of  this  paper  is  to  give  a general 
account  of  the  theory  of  errors  of  observations,  with  the  design  of  showing  w'hat  the  limitations  to  the 
applicability  of  the  method  of  least  squares  are,  and  what  course  is  to  be  pursued  when  that  method 
fails.”  He  shows  that  the  method  of  least  squares,  with  equal  weights  for  all  observations,  is  valid  only 
when  the  precision  constant  h(  = l/<rV2,  where  <r  is  the  standard  deviation)  is  the  same  for  all  the 
observations:  otherwise  the  weights  assigned  to  the  observations  must  be  proportional  to  the  squares  of 
their  respective  precision  constants.  But  since  the  true  precision  constants  are  almost  always  unknown, 
the  weights  must  be  estimated  from  the  observations  themselves;  however,  the  author  points  out  ip.  210) 
that  "it  must  never  be  forgotten  that  h is  a statistical  quantity;  not  one  which  belongs  to  a single 
observation,  but  one  which  belongs  to  an  infinite  series  of  observations”.  Since  the  method  of  least 
squares  also  depends  on  the  errors  of  observation  being  normally  distributed,  the  author  reports  the 
results  of  an  experiment  performed  to  test  the  validity  of  this  assumption.  In  this  experiment  the  time 
required  for  a previously  untrained  observer  to  respond  to  a signal  bv  pressing  a telegraph  key  was 
measured  ( in  thousandths  of  a second)  about  500  times  each  day  for  24  days.  The  author  concludes  that 
the  response  times  on  a given  day  are  approximately  normally  distributed,  though  there  is  evidence  of 
an  increase  in  precision  from  day  to  day,  especially  at  the  outset  (learning  effect).  On  the  question  of 
treatment  of  outlying  observations,  the  author  writes  (p.  210):  "It  is  entirely  in  accordance  with  the 
method  of  least  squares  to  reject  discordant  observations,  and  this  has  always  been  done,  even  by  those 
who  object  to  an  exact  criterion  for  determining  what  observations  should  be  rejected.  For  example,  Mr. 

Glaisher  says  that  no  observation  should  be  rejected  excepting  obvious  mistakes,  thereby  admitting  that 
it  is  proper  sometimes  to  reject  observations,  and  nobody  is  more  opposed  to  the  rejection  of  observations 
than  he.  But  no  line  of  demarkation  can  be  drawn  between  mistakes  which  are  obvious  and  mistakes 
which  are  not  obvious.  In  some  cases  it  may  be  obvious  that  53  has  been  written  by  the  recorder  instead  of 
35.  In  other  cases  it  may  be  doubtful  whether  it  ought  to  be  called  an  obvious  mistake  or  whether  there 
may  be  some  doubt  hanging  over  it,  and  there  is  every  grade  of  probability,  from  the  greatest  to  the  least: 
and  when  we  examine  into  the  facts  of  observation,  and  do  not  attempt  to  make  our  way  through  a 
vacuous  space  of  pure  theory,  it  will  be  found  that  the  occasional  rejection  of  observations  is  justified 
from  every  point  of  view ; and  if  observations  are  to  be  rejected,  exact  criteria  are  necessary  to  determine 
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upon  principles  of  probabilities  in  what  cases  they  should  be  rejected.  The  criterion  of  Professor  Peirce 
Ifather  of  the  author]  is  the  only  one  which  conforms  rigidly  to  those  principles.  . . .” 

References:  Encke  ( 1832-341,  B.  Peirce  1 1852 1,  Chauvenet  1 1863),  Glaisher  ( 1872?). 


Citations:  Gore  ( 1889),  Pizzetti  1 1892),  Czuber  ( 1899),  Wilson  & Hilferty  ( 1929). 

* Stone,  E.  J.  ( 1873a).  On  the  most  probable  result  which  can  be  derived  from  a number  of  direct  determi- 
nations of  assumed  equal  value.  Monthly  Notices  of  the  Royal  Astronomical  Society  33,  570-572.  ( JFM  5, 
122 — listing  only). 

Summary:  The  author  assumes  as  an  axiom  that  since  all  the  direct  measures  are  by  assumption  of 
equal  value,  or  equally  good,  the  most  probable  value  which  can  be  adopted  is  that  to  which  each  indi- 
vidual measure  contributes  equally.  He  states  that  this  condition  of  equal  contribution  of  the  indepen- 
dent measures  to  the  most  probable  result  appears  to  him  necessary  and  sufficient.  Let  u = x2, . . ., 

xn>  be  the  value  adopted  as  the  most  probable.  The  author  uses  partial  differential  coefficients  to  prove 
that  u must  be  a function  of  the  arithmetic  mean.  When  there  are  only  two  independent  measures,  x,  and 
x.,,  the  most  probable  result  is  known  to  be  ( x , +x2)/2  since  there  is  no  reason  why  we  should  adopt  a value 
nearer  to  x,  than  to  x._,  (or  vice  versa).  The  author  uses  mathematical  induction  to  show  that  if  it  is  true 
that  the  arithmetic  mean  is  the  most  probable  result  for  n observations,  it  is  true  also  for  n + 1 . and  since 
it  is  true  for  n =2,  it  must  be  true  in  general.  He  closes  with  the  following  statements  ip.  572):  "That  is,  the 
most  probable  result  which  can  be  deduced  from  the  n independent  direct  measures  x,  x .,  . . . xn  is  the 
arithmetic  mean  provided  ice  assume  that  each  of  these  measures  is  equally  probable.  If  we  give  up  or 
change  that  assumption  then  the  proposition  is  no  longer  necessarily  true.  The  [normal  ] law  of  frequency 
can  of  course  be  at  once  deduced  from  the  above  result." 

Comments:  This  paper  is  not  directly  relevant  to  a study  of  order  statistics,  but  it  is  included  here  be- 
cause of  its  bearing  on  the  choice  of  averages  and  the  treatment  of  outlying  observations. 

Citations:  Glaisher  (1874),  Merriman  (1877),  Gore  (1889),  Czuber  (1891a).  Pizzetti  (1892),  Czuber 
1 1899),  Contarino  ( 1914). 

Stone,  E.  J.  i 1873b).  On  the  rejection  of  discordant  observations.  Monthly  Notices  of  the  Royal  Astronomi- 
cal Society  34,  9-15.  (JFM  5,  122). 

Summary:  The  author  examines  in  detail  the  objections  raised  by  Glaisher  < 1873)  to  the  author's  criter- 
ion [Stone  1 1868i]  for  the  rejection  of  discordant  observations,  and  maintains  that  the  criterion  is  valid. 
He  suggests  that  Glaisher’ s alternative  is  not  really  an  alternative  at  all.  since  his  own  criterion  is  to  be 
used  to  reject  mistakes  and  Glaisher’ s alternative  supposes  that  obvious  mistakes  have  already  been  re- 
jected. With  regard  to  Glaisher’s objection  that  the  value  of  n,  such  that  the  observer  may  be  expected  to 
make  one  mistake  in  n observations,  is  in  practice  impossible  to  determine,  he  points  out  that  his  criter- 
ion is  relatively  insensitive  [robust,  as  modern  statisticians  would  say]  to  moderately  large  variations  in 
n.  Turning  to  Glaisher’s  development  of  his  alternative,  the  author  states  that  he  regards  it  as 
mathematically  unsound.  Even  if  Glaisher’s  assumptions  are  granted.  Stone  insists  that,  since  the  mea- 
sure of  precision  h is  assumed  to  vary  from  observation  to  observation,  the  expression  to  be  maximized 
is  not  (h  \ 7r)"e  hT*.  •"'*  •'*»  l||!l(da)n,  which  assumes  h,  = h._,  = . . . hn  = h,  but  u = n n2hlh.J  . . . 

h„e  |hi  '■  1 ' ll'  v •' 1 [( da )".  in  which  the  h’s  are  regarded  as  variables.  He  shows  that  this  leads  to  the 
conclusion  that  the  most  probable  true  value  a may  be  determined  by  solving  the  equation  1 ix,  -a)  + 
1 (x,.  - a)  + . . . + 1 ( x„  :i)  0.  which,  according  to  Stone,  will  always  have  one  real  root  which  will  make 

u an  absolute  maximum. 
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References:  Chauvenet  ( 1863),  Stone  ( 1868),  Glaisher  < 1873). 


Citations:  Glaisher  1 1874),  Stone  (1874),  Merriman  (1877),  Wright  ( 1884),  Edgeworth  1 1887a),  Pizzetti 
(1892),  Czuber  (1899),  Wellisch  (1909),  Archibald  (1925),  Coolidge  (1925),  Rider  (1933). 

* Todhunter.  Isaac  ( 1873).  A History  of  the  Mathematical  Theories  of  Attraction  and  the  Figure  of  the  Earth , 
from  the  Tune  of  Seaton  to  that  of  Laplace,  Volumes  I and  II.  Macmillan  and  Company.  London.  | Reprinted 
in  two  volumes  bound  as  one  by  Dover  Publications.  Inc..  New  York,  1962],  (JFM  5,  52 — listing  only). 
[Review,  Bulletin  des  Sciences  Mcithematiques  et  Astronomiques  6 1 1874),  276-285.  JFM  6.  4 1 -42 1 1. 

Summary:  This  history  includes  accounts  of  several  investigations  in  which  methods  based  on  order 
statistics  are  used  to  find  the  equation  y = a+bx  of  the  best-fitting  straight  line  involved  in  determina- 
tion of  the  el  1 ipticitv  of  the  earth  from  measurements  of  degrees  of  meridian  and  lengths  of  a seconds 
pendulum  at  widely  separated  points  on  the  earth's  surface.  Foremost  among  these  are  the  works  of  Bos- 
covich  (1755.  1757,  1760),  the  first  in  collaboration  with  Maire  and  the  last  appended  to  Boscovich's 
commentary  on  Stay’s  Latin  poetry,  and  of  Laplace  ( 1786,  1793),  repeated  by  Laplace  (1799).  Part  I.  Book 
III.  ch.  v.  Secs.  39-40.  Todhunter  dismisses  the  paper  by  Boscovich  ( 1757 ) as  simply  an  abstract  of  part 
five  of  the  book  by  Maire  and  Boscovich  ( 1755)  and  the  method  based  on  the  two  criteria  proposed  in  the 
paper,  but  not  in  the  book,  as  "a  curious  method  of  treating  discordant  observations,  so  as  to  obtain  the 
best  result  from  them.”  i Vol.  1,  p.  321  >.  He  is  more  complimentary  on  pp.  331-332,  where  he  discusses  the 
corresponding  portion  of  the  supplementary  notes  of  Boscovich  (1760):  "Boscovich  here  explains  a 
method  of  his  own  invention  for  combining  discordant  observations  so  as  to  evolve  an  advantageous  re- 
sult. . . . Boscovich's  exposition  of  his  method  takes  a geometrical  form:  it  is  simple,  clear,  and  instruc- 
tive.” He  continues  (p.  332):  "Boscovich  exemplifies  his  method  by  applying  it  to  the  five  arcs  he  had 
adopted  ....  In  the  French  translation  [1770]  of  Boscovich's  former  treatise  [Maire  & Boscovich  (1755)], 
besides  this  example  another  is  given,  which  involves  nine  measured  arcs. . . . The  map.  notes,  and  index 
render  the  translation  more  useful  than  the  original.”  The  method  of  Laplace  (1786)  and  Laplace  ( 1 799 ), 
Sec.  39  is  based  on  minimizing  the  maximum  error,  while  that  of  Laplace  ( 1793)  and  Laplace  ( 1799),  Sec. 
40  is  essentially  Boscovich's,  with  the  gecrmetric  method  of  minimizing  the  sum  of  absolute  deviations, 
subject  to  the  restriction  that  the  sums  of  the  positive  and  negative  deviations  be  equal,  replaced  by  an 
analytic  one.  Todhunter  writes  (Vol.  2.  p.  62):  "The  method  of  treating  discordant  observations  which  is 
explained  in  Sec.  39  [of  Laplace  ( 1 7 99 > | does  not  appear  to  have  found  much  favour:"  and  ip.  206 1 "I  pre- 
sume that  neither  of  the  two  methods  which  Laplace  discusses  would  now  be  practically  used  in  such  cal- 
culations, but  the  method  of  least  squares."  Also  included  is  an  account  of  the  work  of  Adrain  1 1818 1. 
comparing  the  results  obtained  by  the  method  of  least  squares,  which  he  apparently  discovered  indepen- 
dently of  Legendre  and  Gauss  [see  Adrain  1 1808 1],  with  those  obtained  by  the  method  used  first  by  Bos- 
covich and  later  hy  Laplace. 

References:  Maire  & Boscovich  1 1755i.  Boscovich  1 1757,  1760),  Laplace  ( 1786,  1793.  1 799 ».  Puissant 
1 1805 ),  Svanberg  1 1805).  Delambre  ' 1806-10),  Adrain  1 1818).  Todhunter  ( 1865). 

Citation:  Gore  (1889). 

Fechner.  Gustav  Theodor  1 1874).  Ueber  den  Ausgangswerth  der  kleinsten  Abweichungssurame.  dessen 
Bestimmung.  Verwendung  und  Veraligemeinerung.  Abhandlungen  der  Kiinigliche  Sdchsische 
(Icsc/lschaft  der  Wissenschaftcn  zu  Leipzig  18  | Math . Phys.  Classe  11].  1-76.  (JFM  9,  780 — listing  only); 
extract.  Annalen  der  Physik  und  Chemie  Jubelband,  66-81 . i JFM  6.  729). 

Summary:  In  Section  1 . Fechner  shows  that,  while  the  sum  of  squares  of  deviations  is  a minimum  when 
taken  from  the  "arit  hmetische  Mitt  el  worth"  (arithmetic  mean  ( A.  the  sum  of  the  absolute  deviations  is  a 
minimum  when  taken  from  the  ”Centralwerth"i  median ' C.  In  Section  2 he  explores  the  interest  that  at- 
taches to  knowledge  of  C as  well  as  A:  in  Section  3.  methods  of  estimating  C and  various  relations 
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between  C and  A.  In  Section  4 he  derives  formulae  for  variation  of  the  sum  of  deviations  depending  on  a 
shift  of  the  starting  point  and  the  resulting  evidence  for  the  potential  quality  of  the  median.  In  Section  5, 
he  deals  in  general  with  "Potenzmittelwerthe”  (power  means),  which  he  defines  as  values  such  that  the 
sums  of  powers  of  deviations  are  minimal  when  taken  from  them.  In  Section  6 he  makes  some  observa- 
tions on  the  validity  of  the  principle  of  the  arithmetic  mean.  In  Section  7 he  considers  the  probability  law 
of  the  deviations  relative  to  various  power  means  under  the  assumption  of  validity  of  their  principles.  In 
Section  8 he  gives  confirmation  of  the  Gaussian  law  of  error  as  applied  to  monthly  variation  of  tempera- 
ture and  an  empirical  comparison  of  the  precision  of  the  three  lowest  power  means.  In  Section  9 he 
explores  the  use  of  other  types  of  means,  which  he  calls  combination  means.  Let  a,  b,  c,  and  d be  four  ob- 
servations.  He  considers  the  following  combination  means:  M,  = ‘v'(a+b+c+d)/4  = arithmetic  mean; 
M2  = 2V(ab  +ac  +ad  -i-bc  +bd  +cd)/6;  M:t  = 3v  (abc+abd  +acd+bcd)/4;  and  M4  = 4\/ abed  = geometric 
mean.  He  says  he  knows  of  no  application  for  this  type  of  mean,  other  than  the  arithmetic  and  geometric 
means. 

Comments:  Coolidge  ( 1925),  p.  113,  cites  this  paper  as  the  source  of  the  theorem  that  the  sum  of  the  ab- 
solute deviations  is  a minimum  when  taken  from  the  median.  Fechner  was  not,  however,  the  first  to 
prove  this  fact  [see  Glaisher  (1872)],  but  Fechner  apparently  did  not  know  of  Glaisher’s  proof,  since  he 
states  (p.  4):  "It  is  not  known  to  me  whether  this  question  has  already  been  proposed,  since  undoubtedly 
until  now  little  interest  has  attached  to  it”  [Compiler’s  translation].  The  basic  idea  underlying  the  proof 
goes  back  to  Laplace  (1812 — second  supplement,  1818);  see  also  von  Andrae  (I860). 

References:  Laplace  (1812),  Gauss  (1823),  Encke  (1832-34). 

Citations:  Venn  ( 1866)  [1888],  Helmert  ( 1876a),  Merriman  1 1877),  Edgeworth  ( 1886a,  1887a,d).  Gore 
( 1889),  Czuber  ( 1891a),  Pizzetti  ( 1892),  Czuber  ( 1899),  Keynes  (1911),  Julin  (1921 ),  Goldhizer  ( 1923), 
Rietz  (1924),  Coolidge  (1925),  Bruen  (1938). 

* Glaisher,  J.  W.  L.  ( 1874).  Note  on  a paper  by  Mr.  Stone,  "On  the  rejection  of  discordant  observations." 
Monthly  Notices  of  the  Royal  Astronomical  Society  34,  251.  (JFM  6.  144-145). 

Summary:  In  this  brief  note,  the  author  refers  to  a paper  containing  his  opinions,  which  he  charac- 
terizes as  "necessarily  somewhat  personal”,  concerning  the  remarks  of  Stone  ( 1873b),  which  he  has  de- 
cided to  withdraw  and  "let  the  matter  rest . . . without  further  comment”,  having  stated  what  his  belief  is 
in  his  earlier  paper  [Glaisher  ( 1873)].  He  asks  the  reader  "not  to  assume  that  I hold,  because  I offer  no  re- 
ply, all  the  opinions  attributed  to  me  by  Mr.  Stone  . . .’’and  states  ”1  never  held  that  the  h of  every  obser- 
vation wasa  priori  equally  likely  to  have  any  value  from  0 to  *,  as  I took  the  usual  result  [all  values  of  h 
equal]  as  a first  approximation."  He  concludes  by  asking  anyone  wishing  to  form  an  opinion  on  the  sub- 
ject in  question  to  read  also  another  paper  by  Stone  < 1873a). 

References:  Glaisher  ( 1873),  Stone  < 1873a, b). 

Citations:  Stone  1 1874),  Merriman  ( 1877 ),  Archibald  ( 1925),  Coolidge  ( 1925).  Rider  ( 1933). 

* Jevons,  W.  Stanley  ( 1874).  The  Principles  of  Science.  Macmillan  and  Co.,  London-New  York.  Second  edi- 
tion. 1877;  other  editions,  1887,  1924,  1958. 

Summary:  Chapter  XVI  tpp.  357-373  ofthe  second  edition)  deals  with  the  method  of  means  and  Chap- 
ter XVII  ipp.  374-398)  with  the  law  of  error.  In  the  former,  the  author  notes  that  Boethius  stated  ten 
kinds  of  means  or  averages  and  Jordanus  added  an  eleventh,  but  he  discusses  only  three  of  them  i arith- 
metic. geometric,  and  harmonic  means).  He  notes  that  Quetelet  ( 1846)  distinguished  between  means  of 
observations  of  a quantity  which  is  itself  constant,  but  subject  to  variable  measurement  error,  and  of  a 
quantity  which  is  itself  variable,  and  that  Herschel  ( 1850)  pointed  out  the  importance  of  this  distinction. 
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In  Chapter  XVII  the  author  gives  demonstrations  of  the  normal  law  of  error  by  Gauss,  by  Herschel,  and 
by  Laplace  and  Quetelet.  He  states  that  there  is  no  justification  for  believing  that  the  errors  committed 
in  all  classes  of  observations  should  follow  the  same  law,  but  does  not  suggest  any  other.  He  also  discus- 
ses in  some  detail  the  method  of  least  squares  and  the  rejection  of  outlying  observations.  He  takes  a posi- 
tion against  arbitrary  exclusion  of  discrepant  observations,  in  the  following  words  <p.  393):  "The  mere 
fact  of  divergence  ought  not  to  be  taken  as  conclusive  against  a result,  and  the  exertion  of  arbitrary 
choice  would  open  the  way  to  the  fatal  influence  of  bias. . . . The  apparently  divergent  number  may  prove 
in  time  to  be  the  true  one. ...  To  neglect  a divergent  result  is  to  neglect  the  possible  clue  to  a great  discov- 
ery.” 

References:  Cotes  ( 1722),  Legendre  (1805),  Gauss  (1809),  Laplace  (1812),  Encke  (1832-34),  Quetelet 
( 1846)  [1849],  De Morgan  ( 1847 ),  Herschel  1 1850'  [1857],  Gould  (1855),  Airy  ( 1861  >,  Chauvenet  1 1863). 
DeMorgan  (1864),  Todhunter  ( 1865), Venn  ( 1866)  {[1876]}.  Whitworth  (1867),  Galton  (1869i.  Glaisher 
(1872). 

Citations:  Pizzetti  (1892),  Czuber  (1899),  Secrist  (1917),  Julin  (1921),  Keynes  < 1 92 1 1,  Rietz  (1924), 
Shewhart  ( 1931 ). 

* Stone,  E.  J.  ( 1874).  Note  on  a discussion  relating  to  the  rejection  of  discordant  observations.  Monthly 
Notices  of  the  Royal  Astronomical  Society  35,  107-108.  (JFM  6,  145 1. 

Summary:  The  author  asks  anyone  interested  in  the  discussion  to  read,  in  order  of  publication,  his  orig- 
inal paper  [Stone  < 1868)],  the  "animadversions”  upon  it  in  the  paper  bv  Glaisher  ( 1873),  and  his  reply 
[Stone  ( 1873b)].  In  reply  to  the  statement  by  Glaisher  ( 1874)  that  ”1  never  held  that  the  h of  every  obser- 
vation wasa  priori  equally  likely  to  have  any  value  from  0 to  as  I took  the  usual  result  as  a first  approx- 
imation”, the  author  quotes  three  extracts  from  the  earlier  paper  by  Glaisher  (1873)  to  show  that  he  has 
not  misrepresented  Glaisher’s  position.  He  closes  with  the  following  statements  (p.  108):  "It  is  true  that 
Mr.  Glaisher  attempted  to  solve  the  question  by  successive  approximations,  but  if  the  process  had  been 
properly  conducted,  the  results  obtained  must  have  finally  tended,  without  limit,  to  those  obtained  by 
any  correct  direct  process.  I cannot,  therefore,  see  the  force  of  the  remark,  that  the  arithmetical  mean 
was  taken  as  a first  approximation.  It  might  shorten  or  lengthen  the  work  according  as  the  arithmetical 
mean  was,  or  was  not,  a close  approximation  to  the  final  result.  More  than  this  it  could  not  do.  At  least 
such  is  my  opinion,  and  will,  I venture  to  believe,  be  the  opinion  of  mathematicians  generally." 

Comments:  This  is  the  last  paper  in  an  exchange  between  Stone  and  Glaisher  which,  at  least  in  its  later 
stages,  seems  to  have  generated  more  heat  than  light. 

References:  Stone  ( 18681,  Glaisher  ( 1873),  Stone  ( 1873b).  Glaisher  ( 1874). 

Citations:  Merriman  1 1 877 ),  Pizzetti  (1892),  Czuber  (1899).  Archibald  (1925).  Coolidge  (1925),  Rider 
( 1933). 

* Galton,  Francis  ( 1875).  Statistics  by  intercomparison,  with  remarks  on  the  law  of  frequency  of  error. 
Philosophical  Magazine  (4)  49.  33-46. 

Summary:  The  author  proposes  the  use  of  the  median  as  a measure  of  central  tendency  and  of  the  dif- 
ference between  the  median  and  one  of  the  quartiles,  or  the  average  distance  between  the  median  and 
the  two  quartiles.  as  a measure  of  dispersion  (probable  error).  He  proposes  that  the  median  and  the  quar- 
tiles be  determined  by  intercomparison  of  objects  or  physical  attributes  without  actually  measuring 
each.  For  example,  if  one  wishes  to  determine  the  median  and  the  quartiles  of  the  heights  of  a group  of 
men.  it  suffices  to  line  them  up  in  order  of  height  and  count  1 4.  1 2.  and  3 4 of  the  total  frequency  down 
the  line,  then  measure  the  heights  of  only  the  three  individuals  occupying  the  median  and  quartile  posi- 
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tions.  The  remainder  of  the  paper  deals  with  the  composition  of  errors  from  a number  of  sources  with  ef- 
fects of  varying  magnitude,  and  is  not  relevant  to  a study  of  order  statistics. 

Reference:  Galton  1 1869 1. 

Citations:  Venn  ( 1866 1 [1888 J,  Merriman  < 1877 >,  Edgeworth  (1885,  1886a,  1887a, di,  Pizzetti  (1892), 
Edgeworth  (1911),  Gini  ( 1912),  Julin  ( 192 1 »,  Rietz  ( 1924),  Gini  & Galvani  ( 1929),  Gini  ( 1939),  Gumbel 
(1943c). 

* Helmert,  F.  R.  1 1875ai.  Ueber  die  Formeln  fiirden  Durchschnittsfehler.  Astronomixche  Nachrichten  85, 
353-366.  (JFM  7,  113). 

Summary:  This  paper  is  concerned  primarily  with  the  calculation  of  the  probable  error,  the  mean  (ab- 
solute) deviation,  and  the  standard  deviation  in  the  conventional  manner  (from  deviations  from  the 
mean),  and  only  incidentally  from  differences  among  the  observations  themselves.  The  last  section, 
however,  deals  with  an  apparent  paradox  concerning  the  mean  deviation  and  the  standard  deviation, 
calculated  in  the  latter  way  from  a sample  of  size  n,  which  are  equal  for  n=2  but  not  otherwise,  the 
standard  deviation  being  more  than  25r/i  larger  than  the  mean  deviation  for  sufficiently  large  samples 
[from  a Gaussian  distribution!. 

Citations:  Helmert  ( 1876a),  Merriman  ( 1877 ),  Gore  < 1889),  Pizzetti  ( 1892),  Czuber  ( 1899). 

* Helmert.  F.  R.  ( 1875b).  Ueber  die  Berechnungdes  wahrscheinlichen  Fehlers  auseiner  endlichen  Anzahl 
wahrer  Beobachtungsfehler.  Zeitschrift  fur  Mathemcitik  und  Physik  20,  300-303.  (JFM  7.  113). 

Summary:  The  author  rejects  the  objections  of  Mees  1 1875)  to  the  validity  of  the  proof  [Gauss  ( 1816, 
Helmert  ( 1872)].  based  on  the  criterion  of  minimizing  the  mean  square  deviation,  that  the  probable  error 
of  n observations  can  be  determined  more  accurately  from  the  mean  of  the  squares  of  the  errors  than  from 
the  mean  of  the  absolute  values  of  the  m'h  powers  of  the  errors,  where  m is  an  integer  not  equal  to  2.  He 
points  out  an  error  in  Mees'  study  based  on  the  criterion  of  minimizing  the  mean  cube  of  the  absolute  de- 
viation. 

References:  Gauss  ( 1816),  Helmert  ( 1872),  Mees  ( 1875). 

Citations:  Helmert  < 1876b).  Mees  (1876),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892),  Kendall 
( 1946). 

Laurent,  H.  1 1875 1.  Sur  la  methode  des  moindres  carres.  Journal de  Mathematiques  Pureset  Appliquees 
(3)  1,  75-80.  (JFM  7,  112). 

Summary:  The  author  compares  two  approaches  to  justification  of  the  method  of  least  squares.  He 
states  that  Laplace  and  his  students  justified  its  use,  for  large  numbers  of  observations,  whatever  the  law 
of  error,  provided  only  that  the  probability  of  an  error  of  magnitude  e tends  to  zero  as  e ->  whereas 
Gauss  and  the  Germans  assumed  a priori  that  the  law  of  error  is  ( h \ 7r*e~h*«' and  justified  this  bv  assum- 
ing that  the  arithmetic  mean  of  several  inexact  measurements  is  the  most  probable  value  of  the  quantity 
measured.  Laurent  says  that  one  can  never  justify  such  a hvpothesisa  priori ; on  the  contrary,  one  ought 
to  reject  it.  because  it  assigns  positive  probabilities  to  impossibly  large  errors.  "Who  is  the  astronomer", 
he  inquires,  "who  commits  an  error  of  361  degrees  in  measuring  an  angle?"  (p.  76).  The  author  examines 
444  measurements  of  an  angle  of  approximately  16°,  and  concludes  that  the  observations  cast  doubt  on 
the  exactness  of  the  Gaussian  law,  and  that  therefore  one  ought  to  reject  the  method  of  least  squares 
when  one  has  only  a small  number  of  observations. 
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Comments:  This  paper,  while  making  no  direct  mention  of  methods  based  on  order  statistics,  is  indi- 
rectly relevant  because  rejection  of  the  method  of  least  squares  implies  adoption  of  one  of  its  rivals,  sev- 
eral of  which  are  based  on  order  statistics. 


References:  [Gauss  (1809),  Laplace  (1812)]. 

Citations:  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892),  Czuber  (1899). 

* Lexis,  W.  (1875).  Einleitung  in  die  Theorie  der  Bevolkerungsstatistik . Karl  J.  Triibner,  Strassburg. 

Summary:  The  fifth  and  last  chapter  (pp.  93-124)  is  the  only  one  containing  anything  relevant  to  our 
study.  Consider  L persons  of  a given  age  alive  at  a particular  time.  Suppose  m of  them  die  within  one 
year,  so  that  L-m  are  still  alive  after  one  year.  Let  p = m/L  and  q = 1 -p  = ( L-ml/L.  The  author  shows 
that  for  L sufficiently  large  so  that  one  can  use  normal  tables,  the  ratio  m/L  differs  from  the  true  proba- 
bility R that  a person  of  the  given  age  will  die  within  one  year  bv  less  than  3\  2pq  L with  probability 
0.999978.  He  states  (p.  100):  "One  can  designate  the  positive  and  negative  deviations  admissible  with 
this  probability  as  the  'extreme’  deviations.”  He  also  gives  the  corresponding  expression 
3\  2pq/L+2p'q7L'  for  the  extreme  deviation  of  the  difference  of  two  such  observed  ratios  from  the  true 
difference,  and  gives  numerical  examples  of  the  use  of  both  expressions.  He  replaces  the  factor  3 in  both 
expressions  by  0.476963  to  obtain  the  probable  deviations. 

References:  Cournot  (1843)  [1849],  Quetelet  (1846). 

Citations:  Czuber  (1899),  Keynes  (1921),  von  Bortkiewicz  (1922b). 

* Mees,  R.  A.  (1875).  Ueber  die  Berechnung  des  wahrscheinlichen  Fehlers  einer  endlichen  Zahl  von 
Beobachtungen.  Zeitsehrift  fiir  Mathematik  und  Physik  20,  145-152.  (JFM  7.  112-113). 

Summary:  The  author  questions  the  validity  of  the  proof  advanced  by  Gauss  ( 1816)  and  several  later 
authors,  including  Helmert  ( 1872),  of  the  proposition  that  the  probable  error  of  a number  of  observations 
can  be  determined  more  precisely  from  the  mean  of  the  squares  of  the  errors  than  from  the  mean  of  the 
absolute  values  of  the  m,h  powers  of  the  errors,  where  m is  any  integer  different  from  2.  In  particular,  he 
asserts  that  it  is  begging  the  question  to  use  the  mean  square  deviation  as  a criterion,  and  claims  to  show 
that  if  one  uses  instead  the  mean  cube  of  the  absolute  deviation,  one  reaches  the  conclusion  that  the  re- 
sult is  more  precise  for  m = l (mean  of  the  absolute  first  powers  of  the  errors)  than  for  m = 2. 

Comments:  This  paper,  along  with  the  rejoinder  by  Helmert  (1875b)  and  the  reply  by  Mees  ( 1876), 
while  not  directly  relevant  to  a study  of  order  statistics,  is  included  because  of  its  bearing  on  the  use  of  the 
mean  deviation,  which  is  a minimum  [see  Glaisher  ( 1872)  and  Fechner  (1874)]  when  taken  from  the  me- 
dian rather  than  from  the  arithmetic  mean. 

References:  Gauss  (1816),  Helmert  (1872). 

Citations:  Helmert  (1875b,  1876b),  Mees  (1876),  Merriman  (1877),  Gore  (1889).  Pizzetti  (1892), 
Czuber  ( 1899). 

* Breger,  P.  ( 1876).  Memoire  sur  la  probability  d’atteindre  un  but  de  forme  quelconque.  Revue  Maritime  et 
Coloniale  (fourth  quarter,  volume  and  page  numbers  unknown);  partial  English  translation  by  C.  A. 
Stone,  U.  S.  Government  Printing  Office,  Washington,  1883. 

Summary:  Delauney  ( 1 888 ) states  that  the  author  proves  that  if  successive  errors  in  shooting  are 
grouped  two  by  two,  in  the  order  in  which  they  occur,  the  mean  of  the  larger  errors  in  each  pair  will  he  in  the 
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ratio  v^l  to  the  general  mean. This  theorem  is  also  stated  by  Bertrand  ( 1887a)  without  any  mention  of 
the  source. 

Note:  The  theorem  cited  by  Delauney  is  not  found  in  Stone’s  translation,  which  is  the  only  form  of  this 
memoir  the  compiler  has  seen. 

Citation:  Delauney  (1888). 

* Helmert,  F.  R.  ( 1876a).  Die  Genauigkeit  der  Formel  von  Peters  zur  Berechnung  des  wahrscheinlichen 
Fehlersdirecter  Beobachtungen  gleicher  Genauigkeit.  Astronomische  Nachrichten  88, 113-132.  ( JFM  8, 
114-115). 

Summary:  The  author  discusses  several  methods  of  calculating  the  probable  error  of  a number  of 
equally  precise  direct  observations.  He  simplifies  the  formula  given  in  his  earlier  paper  [Helmert 
( 1875a)]  and  compares  it  with  one  given  by  Fechner  ( 1874).  He  then  compares  these  two  formulas  based 
on  the  mean  absolute  deviation  of  the  observations  from  their  arithmetic  mean  with  one  developed  by 
Jordan  < 1869,  1872)  and  by  von  Andrae  ( 1869,  1872)  based  on  the  mean  absolute  difference  of  the  obser- 
vations from  each  other,  calculation  of  which  is  facilitated  [see  von  Andrae)  1872)]  by  ordering  the  obser- 
vations. 

References:  Jordan  ( 1869),  von  Andrae  ( 1872),  Fechner  ( 1874),  Helmert  ( 1875a). 

Citations:  Merriman  (1877),  Gore  (1889),  Czuber  (1891a),  Pizzetti  (1892),  Czuber  (1899,  1903i.  Wel- 
lisch  (1909),  Gini  (1912),  de  Finetti  (1931a),  Davies  & Pearson  (1934),  Gini  (1939).  Pearson  (1939), 
Simon  (1941),  Kendall  (1943,  1946),  Nair  (1947). 

* Helmert,  F.  R.  ( 1876b).  Ueber  die  Wahrscheinlichkeit  der  Potenzsummen  der  Beobachtungsfehler  und 
liber  einige  damit  im  Zusammenhange  stehende  Fragen.  Zeitschrift  fur  Mathematik  und  Phvsik  21, 
192-218.  (JFM  8,  113). 

Summary:  For  n errors  of  observation  from  (a)  a uniform  distribution  or  (b)  a normal  distribution,  the 
author  determines  the  probability  that  the  sum  of  the  absolute  values  of  their  m,h  powers  lies  in  an  inter- 
val (x,  x + Ax),  and  goes  on  to  apply  the  result  to  the  determination  of  the  precision  of  the  probable  error 
derived  from  the  sum  of  the  (absolute)  m,h  powers.  He  computes  numerical  results  for  small  values  of  m 
and  n and  gives  mathematical  expressions  for  large  values  of  the  sample  size  n.  At  the  end  he  adds  a re- 
mark on  the  answer  by  Mees(  1876)  to  his  rejoinder  [Helmert  < 1 875b )]  to  an  earlier  paper  by  Mees  (1875). 

References:  Gauss  1 1816),  Helmert  ( 1872,  1875b),  Mees  ( 1875,  1876). 

Citations:  Merriman  (1877),  Gore  (18891,  Pizzetti  (1892),  Czuber  (1899,  1903).  Gini  (1912),  Craig 
(1932a),  Miinzner  ( 1934),  Cramer  ( 1946i,  Kendall  (1946). 

* Mees,  R.  A.  1 1876).  Ueber  die  Berechnung  des  wahrscheinlichen  Fehlers  aus  einer  endlichen  Zahl  von 
Beobachtungen.  Zeitschrift  fur  Mathematik  und  Physik  21,  126-128.  (JFM  8.  113). 

Summary:  The  author  admits  the  error  in  his  earlier  paper  [Mees  (1875)]  pointed  out  by  Helmert 
i 1875b),  but  remains  unconvinced  that  the  proof  of  Gauss  ( 1816)  and  Helmert  ( 1872)  is  valid. 

References:  Gauss  1I8I61.  Helmert  (1872,  1875b).  Mees  (1875). 

Citations:  Helmert  1 1876b).  Gore  1 1889),  Pizzetti  < 1892i. 


62 


* Helmert,  F.  R.  < 1877a ).  Die  Bestimmungdes  Fehlergesetzes  aus  Beobachtungen  auf  graphischem  Wege. 
Zeitschrift  fiir  Vermessungswesen  6,  22-26. 

Summary:  This  paper  deals  with  graphical  estimation  of  the  error  law  from  observations.  The  author 
starts  with  51  triangulation  errors  and  plots  the  observed  frequency  (both  cumulative  and  non- 
cumulative).  He  estimates  the  standard  deviation  cr  of  the  population  as  the  root-mean-square  error  of 
the  observations,  and  plots  a normal  probability  density  function  and  a normal  cumulative  distribution 
with  this  value  of  a on  the  same  axes  as  the  observed  p.d.f.  and  c.d.f.,  respectively,  for  purposes  of  com- 
parison. The  abscissas  of  the  points  where  the  observed  c.d.f.  has  jumps,  each  of  magnitude  1/51,  are,  of 
course,  the  order  statistics  of  the  sample  of  51  observations. 

Citations:  Gore  ( 1889),  Czuber  1 1899). 

* Helmert.  F.  R.  1 1877b).  Ueber  den  Maximalfehler  einer  Beobachtung .Zeitschrift  fiir  Vermessungswesen 
6,  131-147. 

Summary:  The  author  disagrees  strongly  with  the  conclusions  reached  by  Jordan  ( 1877a i.  He  points  out 
that  the  new  law  proposed  by  Jordan  is  based  on  the  first  three  terms  of  a series  which  approximates  the 
Gaussian  law  more  and  more  closely  as  the  number  of  terms  n increases:  for  n = l,  M = 1.7321  m [uniform, 
d>(M)  / 0];  for  n=2,  M =2.2361  m [parabolic,  </>(M)  =0,  d>'(  Ml^O];  for  n=3,  M =2. 6457m  [<j>(Ml  = d>'(M)  = 0, 
d>"(  M)^  0];  for  n =4,  M =3. 000m  [J>(Mi  = <j>'(M)  = <j>”(M)=  0,  d>"'(M)^  0],  He  suggests  an  alternate  system 
based  on  the  composition  of  n independent  elementary  errors  each  uniformly  distributed  in  the  interval 
( -a,+a),  an  idea  which  he  attributes  to  Zachariae  (1871),  for  which  the  p.d.f.,  for  ns 2.  consists  of  n 
curves,  each  of  degree  n -1,  having  contact  of  order  n -2  with  each  other  and  with  the  axis  of  abscissas.  In 
this  system:  for  n = l,  M = 1.7321m;  for  n=2,  M =2. 2495m;  for  n=3,  M =3. 0000m;  for  n=4,  M =3.464 lm;  as 
n — * *,  M — * * rn,  and  the  curve  approaches  the  Gaussian  curve,  the  ratio  M/m  increasing  as  the  square 
root  of  n.  Last  but  not  least,  the  author  points  out  that  the  maximum  error  M to  be  expected  in  a series  of 
N observations  is  an  increasing  function  of  for  N = 100,  Jordan’s  assertion  that  M<3m  may  be  quite 
reasonable,  but  for  N = 100.000  it  is  ridiculous.  The  author  submits  that,  over  a wide  range  of  values  of  N, 
2m<M<5m,  and  as  a corollary  that  the  maximum  difference  of  a pair  of  independent  observations,  given 
N such  pairs,  lies  between  3m  and  7m  for  a wide  range  of  values  of  N. 

References:  Zachariae  1 1871 ),  Helmert  1 1872),  Jordan  ( 1877a). 

Citations:  Helmert  < 1872 ) [1907],  Jordan  et  al.  (1879),  Gore  (1889),  Czuber  1 1891a),  Pizzetti  (1892), 
Czuber  (1899),  Vogeler  (1907),  Wellisch  (1909),  von  Bortkiewicz  (1922b),  von  Eberhard  (1938). 

* Jordan,  W.  ( 1877a).  Ueber  den  Maximalfehler  einer  Beobachtung.  Zeitschrift  fiir  Vermessungswesen  6, 
35-40. 


Summary:  The  author  points  out  that  the  Gaussian  law  of  error  sets  no  upper  limit  on  the  magnitude  of 
the  error,  although  very  large  errors  have  very  small  probabilities  of  occurrence.  He  contends  that  an 
error  of  1°  in  the  measurement  of  an  angle  with  a good  theodolite  has.  without  any  question,  probability 
equal  to  zero,  and  not  a value  which  differs  from  zero.  He  proposes  another  law,  <f>(  A>  = A+BA2+CA\ 
excluding  terms  of  odd  degree  because  of  symmetry.  By  imposing  the  conditions  that  the  error  curve  be 
tangent  to  the  axis  of  abscissas  at  A=M  and  that  the  area  under  it  be  1,  i.e.  AiM)  = O.A'(M)  = 0. 
2J'1  d)i  A)dA=  1,  he  finds  A = 15  16M,  B = - 15/8M3,  and  C = 15/16M5.  For  this  error  law,  he  finds  the  mean 
(absolute)  error  to  be  t=0.3125M,  the  root-mean-square  error  to  be  m=0.37797M  [hence  M=2. 6457m], 
and  the  probable  error  to  be  r = 0.28108M.  He  compares  the  fit  of  this  new  law  and  the  Gaussian  law  (with 
M = xmi  to  470  astronomical  observations,  and  concludes  that  the  Gaussian  law  fits  better.  Neverthe- 
less, he  insists  that  3m  should  be  taken  as  the  upper  limit  of  error,  and  suggests  that  observed  errors 
greater  than  this  may  actually  be  gross  blunders  which  should  be  rejected. 
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Reference:  Encke  1 1832-34). 


Citations:  Helmert  (1877b),  Jordan  (1877b),  Czuber  (1891a,  1899),  Wellisch  (1909),  von  Bortkiewicz 
! 1922b). 

* Jordan,  W.  (1877b).  Handbuch  der  Vermessungskunde , Vol.  I.  Metzler,  Stuttgart.  (JFM  9,  771-773); 
third  edition,  1888.  (JFM  20,  1227-1228);  fourth  edition,  1895.  (JFM  25,  1832;  26,  1075-1076);  fifth  edi- 
tion, 1904.  (JFM  35,  948-949);  sixth  edition,  1910.  (JFM  41,  1008). 

Summary:  This  first  volume  of  the  author’s  handbook  of  surveying  deals  primarily  with  the  adjust- 
ment computation  by  the  method  of  least  squares.  The  author  repeats  his  conclusion  [Jordan  ( 1877a)] 
that  for  good  measurements  the  ratio  M/m  of  the  maximum  error  to  the  root-mean-square  error  hardly 
ever  reaches  the  value  3.  In  the  fourth  and  subsequent  editions,  the  author,  in  Section  146  (Theory  of  the 
Maximum  Error)  replaces  the  normal  law  and  the  algebraic  law  which  he  used  earlier  [Jordan  1 1877ai] 
by  the  algebraic  law 
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(1-6-  M2)"*1, 


where  M is  the  maximum  error.  This  approximation  to  the  error  law  is  supposed  to  improve  as  n in- 
creases. In  Section  147  (Computation  of  the  Maximum  Error),  he  estimates  the  maximum  error  M from 
the  data  m2/M2  = (3m4— t'4)/2y4,  where  m2  and  r4  are  the  sample  second  and  fourth  moments,  given  by 
m2=  £x2/(N  -1 ) and  v*  = N £x4/(  N-l)2,  where  the  x's  are  deviations  from  the  sample  mean.  If  3m4  - v*  is 
negative,  which  would  make  M imaginary,  he  takes  this  as  evidence  of  a gross  error.  The  conclusion  is 
essentially  that  reached  by  the  author  in  1877  and  stated  in  the  first  edition  and  his  paper  of  that  year 
[Jordan  ( 1877a)]:  "Our  few  experiments  of  this  sort  point  clearly  to  the  conclusion  that  the  ratio  M/m  for 
good  measurements  hardly  ever  reaches  the  value  3,  and  usually  lies  between  2 and  3."  [p.  574,  fourth 
edition  ( 1895),  compiler’s  translation]. 

References:  Encke  (1832-34),  Jordan  (1877a). 

Citations:  Helmert  (1872)  [1907],  Gore  1 1889 ),  Jordan  ( 1890),  Czuber  (1891a),  Pizzetti  ( 1892 1,  Bliimcke 
( 1897,  1898),  Czuber  ( 1899),  Bliimcke  ( 1901 ),  Mitscherlich  ( 1903),  Kozak  1 1907),  Vogeler  ( 1907),  Kozak 
(1908-10),  Brunt  (1917),  von  Bortkiewicz  (1922b). 

* Merriman,  Mansfield  ( 1877).  A list  of  writings  relating  to  the  method  of  least  squares,  with  historical 
and  critical  notes.  Transactions  of  the  Connecticut  Academy  of  Arts  and  Sciences  4 (1),  151-232. 
(JFM  9,  154). 

Summary:  This  is  a chronological  bibliography  containing  408  titles  (and  covering  the  period  1722- 
1876)  on  the  method  of  least  squares  and  the  theory  of  errors. 

Comments:  Since  the  author  includes  papers  on  rival  methods,  several  of  which  are  based  on  order 
statistics,  the  compiler  has  found  this  to  be  a most  useful  source  of  information. 

References:  Cotes  (1722),  Euler  (1749),  Mayer  (1750),  [Maire  &]  Boscovich  (1755),  Simpson  (1756, 
1757),  Boscovich  ( 1760),  Lambert  ( 1760,  1765b),  Lagrange  ( 1774),  Laplace  ( 1774),  D.  Bernoulli  ( 1778), 
Euler  ( 1778).  Laplace  ( 1781 1,  J.  Bernoulli  ( 1785),  Laplace  ( 1793.  1799),  Pronv  1 1804).  Trembley  ( 1804), 
Legendre  ( 1805),  Puissant  ( 1805),  von  Zach  ( 1805),  von  Lindenau  ( 1806),  Adrain  ( 1808).  Gauss  ( 1809), 
Laplace  1 1810,  181  la.b,  1812).  Legendre  ( 1814),  van  Beeck  Calkoen  (1816),  Gauss  ( 1816).  Adrain  ( 1818), 
Anonymous  ( 1821 ),  Gauss  1 1823),  Cauchy  ( 1824),  Fourier  1 1824a),  Ivory  ( 1825).  Muncke  ( 1825),  Hauber 
1 1830.  1830-32),  von  Riese  ( 1830),  Cauchy  1 1831  >,  Encke  ( 1832-34).  Cauchy  ( 1837 1.  Hagen  1 1837),  Bessel 
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& Baeyer  ( 1838),  Gerling  ( 1843 ),  Ellis  1 1844),  (juetelet  1 1846),  DeMorgan  ( 1847 ),  Herschel  ( 1850),  Peirce 
( 1852),  Gould  1 1855),  Lloyd  ( 1855),  Airy  1 1856),  Winlock  ( 1856),  Petzval  ( 1857 ),  Airy  ( 1861 ),  Chauvenet 
( 1863),  DeMorgan  ( 1864),  Todhunter  ( 1865),  Stone  ( 1868),  von  Andrae  ( 1869),  Jordan  ( 1869),  Zachariae 
G871),  von  Andrae  11872),  Glaisher  ( 1872),  Helmert  11872),  Jordan  (1872),  Glaisher  (1873),  Stone 
( 1873a, b),  Fechner  (1874),  Glaisher  (1874),  Stone  (1874),  Galton  (1875).  Helmert  ( 1875a, b).  Laurent 
( 18751,  Mees  ( 1875),  Helmert  ( 1876a, b). 

Citations:  Venn  (1866)  [1888],  Edgeworth  (1887b),  Gore  (1889),  Pizzetti  (1892),  Czuber  ( 1 899 ). 
Edgeworth  (1911),  Keynes  ( 1921  >. 

* Wilson,  J.  M.  ( 1877).  Note  on  a special  case  of  "the  most  probable  result"  of  a number  of  observations. 
Monthly  Notices  of  the  Royal  Astronomical  Society  38,  81-82.  (JFM  9,  156). 

Summary:  Suppose  that  the  weight  of  an  observation  varies  inversely  as  its  deviation  from  the  final 
result.  Arrange  the  observations  in  order  of  magnitude.  If  the  number  of  them  is  odd  the  middle  observa- 
tion must  be  taken  as  the  most  probable  result;  if  the  number  is  even,  any  number  between  the  two 
middle  observations  may  be  taken.  In  other  words,  the  most  probable  result  is  the  median  of  the  observa- 
tions. 

Reference:  Glaisher  ( 1872). 

Citations:  Edgeworth  (1887a),  Pizzetti  (1892). 

* Herschel.  Clemens  (1878).  The  gauging  of  streams.  Transactions  of  the  American  Society  of  Cicil 
Engineers  7,  236-242. 

Summary:  In  connection  with  a study  of  the  discharge  of  the  Merrimack  and  Connecticut  Rivers, 
among  others,  for  the  various  months  of  the  years  1871-1874,  the  author  proposes  the  use  of  what 
hydrologists  call  duration  curves  and  statisticians  call  cumulative  distribution  curves  or  ogives.  On  page 
238,  he  writes:  ”...  the  proper  way  to  arrange  the  months  of  the  year  for  the  purposes  of  hydraulic  en- 
gineering is  to  arrange  them,  not  by  their  names,  not  by  their  division  into  seasons,  but  by  this  very  qual- 
ity that  we  are  investigating,  their  wetness  and  dryness.  Let  us  call  the  driest  month  number  one;  the 
next  driest,  be  its  name  what  it  may,  number  two,  and  the  wettest  will  be  number  twelve.  In  that  way  w'e 
may  get  a diagram  which  will  convey  a great  deal  of  meaning  to  the  engineer. . . . The  diagram  indicates 
in  one  direction  'cubic  feet  per  second  per  square  mile’,  and  in  the  other  direction  the  relative  discharge  of 
the  different  months  in  each  year.  Each  year  occupies  twelve  of  the  horizontal  divisions,  'one'  being  the 
driest,  'two'  the  next  driest,  three'  the  next,  until  ’twelve'  is  the  wettest  month  of  the  year.  The  names  of 
the  months  are  given  at  each  plotted  point,  so  that  it  may  be  seen  how  the  wetness  and  dryness  is 
distributed  by  months  for  many  years."  He  states  that  this  method  was  first  suggested  to  him  by  Mr. 
Joseph  P.  Davis.  City  Engineer  of  Boston. 

Citation:  Foster  1 1934). 

* Peirce.  Benjamin  (1878).  On  Peirce's  criterion.  Proceedings  of  the  American  Academy  of  Arts  and 
Sciences  13  (N.  S.  5).  348-349. 

Summary:  In  this  paper,  in  the  form  of  a letter  to  C.  P.  Patterson,  Superintendent  of  the  U.  S.  Coast 
Survey,  Peirce  gives  a fuller  explanation  of  the  criterion  which  he  proposed  over  a quarter  of  a century 
earlier  [Peirce  1 1852)]:  "I  perceive  that  the  theory  of  my  criterion  has  been  frequently  misunderstood.  1 
presume  that  to  be  due  in  a great  degree  to  the  conciseness  of  the  argument  with  which  it  was  published: 
and  I propose  to  remedy  this  defect.  The  problem  which  I undertook  to  solve  was  the  following.  There 
being  given  certain  observations,  of  which  the  greater  portion  is  to  be  regarded  as  normal  and  subject 
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to  the  ordinary  law  of  error  adopted  in  the  method  of  least  squares,  while  a smaller  unknown  portion  is 
abnormal  and  subject  to  some  obscure  source  of  error,  to  ascertain  the  most  probable  hypothesis  as  to  the 
partition  of  the  observations  into  normal  and  abnormal.  The  principle  adopted  in  my  solution  of  the  prob- 
lem is  the  universally  recognized  doctrine  that  the  measure  of  the  probability  of  an  hypothesis  compared 
with  other  hypotheses  equally  probable  in  other  respects  is  the  probability  that  the  event  will  occur 
under  the  hypothesis,  and  that  the  most  probable  hypothesis  is  that  under  which  the  event  is  the  most 
probable.  This  is  the  literal  expression  of  the  mathematical  analysis  published  in  Gould’s  Astronomical 
Journal  for  1852. . . . The  evidence,  by  which  certain  observations  are  placed  in  the  doubtful  list  and  sub- 
jected to  scrutiny,  whether  they  should  be  rejected,  must  be  exclusively  the  magnitude  of  the  errors 
which  they  involve,  when  these  errors  are  computed  as  if  they  were  norma)  observations.”  [p.  348].  "That 
some  of  the  observations  which  are  not  rejected  may  be  abnormal,  notwithstanding  the  smallness  of 
their  errors,  must  be  admitted.  This  possibility  was  fully  recognized  in  the  geometrical  development 
which  was  given  in  the  Astronomical  Journal;  and  I am  not  aware  that  there  has  been  any  criticism  ad- 
verse to  the  mathematics  of  that  article.”  [p.  349], 

References:  Peirce  < 1852),  Gould  ( 1855),  Schott  ( 1878 ). 

Citations:  Archibald  (1925),  Rider  (1933). 

* Schott,  Charles  A.  ( 1878).  On  Peirce’s  criterion.  Proceedings  of  the  American  Academy  of  Arts  and  Sci- 
ences 13  (N.  S.  5).  350-351. 

Summary:  In  this  paper,  in  the  form  of  a letter  to  Carlile  P.  Patterson,  Superindendent  of  the  U.  S. 
Coast  Survey,  the  author  makes  the  following  comments  concerning  the  criterion  introduced  by  Peirce 
( 1852):  "Large  errors  may  arise  either  from  an  accumulation  of  a number  of  smaller  ones,  having  their 
origin  in  different  sources,  as  is  recognized  in  the  theory  of  combination  of  errors,  and  as  such  they  may 
be  regarded  as  normal  (even  if  quite  large),  provided  they  belong  to  a series  of  an  indefinitely  large 
number  of  observations.  Practically,  we  have  but  a few  observations  (most  frequently  less  than  one 
hundred),  and  while  certain  sources  of  error  may  combine  to  the  production  of  large  ones,  their  actual  ap- 
pearance in  a short  series  of  observations  must  injuriously  affect  the  most  probable  result  (say  the  mean) 
deducible  from  the  series.  Here  we  need  the  means  of  separation,  and  the  criterion  logically  performs 
this.  Or  large  errors  may  arise  from  bad  observations  (due  to  inattention  of  observer,  without  being 
aware  of  it),  from  the  presence  in  this  particular  case  of  an  unsuspected  constant  error,  or  even  from  an 
accidental  slip  (necessarily  not  altogether  outside  the  possibility  of  its  being  due  to  other  causes  admissi- 
ble!; all  such  large  errors  having  no  recognized  place  in  the  adopted  law  of  the  occurrence  of  error  must  be 
subject  to  rejection,  for  which  we  need  the  criterion.  . . . Having  used  the  criterion  for  the  last  twenty 
years  in  various  investigations,  I found  it  uniformly  gave  excellent  discrimination,  and  do  not  remember 
a single  case  where  it  came  in  conflict  with  proper  judgment  based  upon  experience.”  [p.  350]. 

Reference:  Peirce  ( 1852). 

Citations:  Peirce  (1878),  Doolittle  (1884),  Rider  (1933). 

Jordan,  W.  et  al.  (1879).  Bericht  der  Commission  fur  geometrische  Genauigkeitsbestimmungen. 
Zeitschrift  fur  Vermessungswesen  8,  352-374. 

Summary:  A commission  headed  by  Jordan  reports  on  its  investigation  of  two  questions;  ( 1 ) the  rela- 
tion of  the  maximum  error  to  the  standard  error,  the  average  error,  and  the  probable  error;  and  (2)  the 
error  of  measurement  in  relation  to  the  magnitude  being  measured.  The  second  question  is  not  relev- 
ant to  our  subject.  With  regard  to  the  first,  the  commission  reports  that  (for  a normal  distribution)  the 
standard  error  imittlerer  Fehler)  m is  equal  to  1.253  times  the  average  error  (durchschnittlicher 
Fehleri  or  1.483  times  the  probable  error  i wahrscheinlicher  Fehler).  but  that  no  such  exact  relation 
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can  be  given  between  the  maximum  error  (Maximalfehler)  or  limiting  error  (Grenzfehler)  M and  the 
others.  They  point  out  that  M exceeds  2.0m  46  times  in  1000,  2.5m  12  times  in  1000,  3.0m  3 times  in  1000, 
and  3.5m  1 time  in  1000.  They  take  as  a rule  of  thumb:  Limiting  error  (Grenzfehler)  = 3 times  standard 
error  (mittlerer  Fehleri.  For  the  standard  error  of  a difference  ( V2  times  the  standard  error  of  a single 
observation),  they  take:  Admissible  error  of  difference  (Zulassige  Messungsdifferenz)  = 4 times  stand- 
ard error  (mittlerer  Fehler). 

References:  Helmert  ( 1877b). 

Citation:  Vogeler  ( 1907). 

* Lalanne,  L.  (1879).  De  1 emploi  de  la  Geometrie  pour  resoudre  certains  questions  de  moyennes  et  de 
probability.  Journal  de  Mathematiques  Pures  et  Appliquees  (3)  5,  107-130.  ( JFM  11,  164-165);  abstract, 
Comptes  Rendus  de  I'Academie  des  Sciences  de  Paris  87  ( 1878),  355-358.  (JFM  10,  172). 

Summary:  The  author  uses  geometry  to  solve  the  following  problems:  ( 1 ) Among  the  infinite  number  of 
possible  triangles  of  which  the  sides  are  subject  only  to  the  condition  of  being  included  between  the  limits 
a and  b,  what  are  the  mean  values  of  the  three  sides,  previously  arranged  in  order  of  magnitude?  Solu- 
tion: Let  x,  y,  and  z be  the  lengths  of  the  three  sides  in  increasing  order  of  magnitude.  They  must  satisfy 
the  following  inequalities:  x?a,zsb,xsy,ysz,zsx+y.  The  first  four  of  these  relations,  if  one  retains  only 
the  equality  signs,  are  the  equations  of  four  planes  which  form  a tetrahedron.  The  inequalities  restrict 
the  point  (x,y,z)  to  the  interior  of  this  tetrahedron.  If  a>b/2,  the  plane  z=x+y  does  not  intersect  this  te- 
trahedron, and  hence  the  solution  is  given  by  the  coordinates  of  the  latter’s  center  of  gravity:  x,  = ( 1/4) 
(3a+b),  y,  = ( 1/2)  (a+b).  z,  = 1 4)  (a+3b).  If  a <b/2,  the  point  (x,y,z)  is  restricted  to  the  interior  of  the  pen- 
tahedron bounded  by  the  planes  x=a,  z=b,  x =y,  y =z,  and  z=x  +y,  and  the  solution  is  given  by  the  coordi- 
nates of  the  center  of  gravity  of  this  pentahedron,  x2  = |4(3a  + b)(b-a)3  — (6a  + b)( b-2a)3J/D,  y2  = 
[8(a+b)ib-a):)  - 2(2a -i-3b)(b  — 2a)3]/D,  z2=  |4(a+3b)(b-a)3  - 2 < 2 3 b ) ( b — - 2 a ) 3 ]/ D , where  D - 
16( b — a)3 — 8( b —2a ):*.  If  a=b/2,  both  solutions  reduce  to  x=5b/8,  y=3b/4,  z=7b/8.  (2)  A bar  (of  length  /)  is 
broken  into  three  pieces.  What  is  the  probability  that,  from  the  three  pieces,  a triangle  can  be  formed? 
Solution:  Let  x,  y , and  z be  the  lengths  of  the  three  pieces.  The  locus  of  points  which  satisfies  the  fundamental 
relation  x+y+z=/  is  a triangle  (in  the  first  octant|  of  which  the  vertices  are  situated  at  the  distance  / from 
the  origin  on  the  three  coordinate  axes.  But  in  order  for  the  triangle  to  be  possible,  it  is  necessary  that 
one  have  simultaneously  xsy+z,ysz+x,zsx+y.  The  three  planes  determined  by  the  equations  of  this 
group  are  respectively  perpendicular  to  each  of  the  three  coordinate  axes  at  a distance  from  the  origin 
equal  to  (12.  Their  intersections  with  the  triangle  x+y+z  = / determine  a new  triangle  whose  vertices 
are  the  midpoint's  of  the  sides  of  the  first  triangle.  Since  the  area  of  the  second  triangle  is  1/4  that  of  the 
first,  the  required  probability  is  1/4. 

Comments:  The  first  of  these  two  problems  is  obviously  a problem  in  order  statistics,  and  it  has  been 
pointed  out  in  the  comments  on  the  paper  by  Lemoine  ( 1873),  who  stated  the  second  problem  and  solved 
it  analytically,  that  the  latter  can  be  restated  in  terms  of  order  statistics. 

Reference:  Lemoine  ( 1873). 

Citations:  Czuber  ( 1899),  Wolffing  ( 1899). 

* Chaplin,  W.  S.  ( 1880).  The  relation  between  the  tensile  strengths  of  long  and  short  bars.  Van  Nostrand's 
Engineering  Magazine  23,  441-444. 

Summary:  The  author  begins  by  presenting  theoretical  arguments  and  experimental  data  to  show  that 
it  is  reasonable  to  believe  that  variations  in  the  strength  of  a material  will  follow  the  normal  (Gaussian) 
law.  He  then  states  that,  according  to  the  laws  of  probability,  if  the  probability  is  p that  the  tensile 
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strength  of  a bar  of  given  length  and  cross  section  exceeds  a certain  value,  the  probability  that  the 
strength  of  all  of  n bars  of  the  same  dimensions  exceeds  that  value  is  p".  Equivalently,  the  probability 
that  the  strength  of  the  weakest  of  the  n bars  (or  the  strength  of  a single  bar  of  the  same  cross  section  but 
n times  as  long*  exceeds  the  specified  value  is  p".  Hence  one  should  expect  a decrease  in  the  median  (or 
mean)  strength  of  a bar  with  an  increase  in  length.  The  author  uses  a table  of  areas  under  the  normal 
probability  curve  [Chauvenet  ( 1863)]  to  tabulate  the  expected  decrease  (in  terms  of  the  probable  error)  as 
a function  of  n,  the  factor  by  which  the  length  is  multiplied,  for  n = l(  1 >28.  He  also  presents  the  same  re- 
sults graphically. 

Reference:  Chauvenet  ( 1863 1. 

Citations:  Chaplin  (1882),  Slocum  & Hancock  < 1 906 ). 


* Breger,  P.  ( 1881).  Sur  les  differences  successives  des  observations.  Comptes  Rendus  de  I'Academie  des 
Sciences  (Paris)  93.  1119-1121. 

Summary:  Let  x,.  x2,  x:), . . .,  xn  be  the  successive  values  of  n observations  of  the  same  phenemenon  and 
let  e,.  e_„  e:„  . . . , e„  be  their  respective  errors.  The  mean  square  error  P-  and  the  mean  error  y are  defined 
by  I'2  = £(e2)/n  ar  d y = 2|e|/n.  The  author  defines  the  mean  square  successive  difference  D2  and  the  mean 
successive  differenced  by  D2  = E(x,-xi+1)2/n  and  d = I|Xi-xul|/nwhere,  by  definition,  x„.,=  x,.  He  shows 
that,  as  n increases,  the  ratios  D/Hforany  probability  law)  and  d/y(forthe  Gaussian  lawi,  both  converge 
to  V?,  the  former  more  rapidly  than  the  latter.  He  claims  that,  if  one  assumes  a Gaussian  distribution, 
methods  of  computing  the  precision  constant  h = 1/IV2  based  on  the  successive  differences  are  more 
exact  than  those  based  on  deviations  from  the  mean,  and  should  be  used  in  preference  to  them.  He  gives 
an  example  of  the  application  of  these  methods  to  ballistic  data. 

Note:  Successive  differences  are  differences  of  successive  observations  in  the  order  in  which  they  occur, 
not  in  order  of  magnitude,  and  hence  are  not  directly  relevant  to  a study  of  order  statistics.  This  paper  is 
included  because  later  authors,  including  Czuber  (1891a,  1899,  1903  [1914])  and  von  Bortkiewicz 
(1931),  have  confused  the  mean  successive  difference  with  the  mean  difference  discussed  bv  Jordan 
( 1869, 1872),  von  Andrae  ( 1869, 1872)  and  Hel inert  ( 1876a  i and  revived  by  Gini  ( 1912).  with  whose  name 
it  is  usually  associated. 

Citations:  Czuber  (1891a),  Pizzetti  (1892),  Czuber  (1899,  1903),  von  Bortkiewicz  (1931). 

Galton,  Francis  et  al.  ( 1881 ).  Report  of  the  Anthropometric  Committee.  Reports  of  the  British  Associa- 
tion for  the  Advancement  of  Science  51.  225-272. 

Summary:  "The  chairman  of  the  Committee,  Mr.  Francis  Galton,  contributes  to  the  Appendix  of  this 
Report  a paper  [pp.  245-260]  on  the  range  in  height,  weight,  and  strength  of  the  different  classes  at  every 
age.  He  measures  the  range,  not  between  the  maximum  and  minimum  values  recorded,  which  afford  no 
safe  basis  for  comparison,  but  through  an  extension  of  the  principle  by  which  the  so-called  'probable  er- 
ror’ is  ascertained.  Thus,  he  first  arranges  the  cases  in  the  order  of  their  magnitude,  then  he  cuts  off  a cer- 
tain fractional  portion  of  them  from  either  end  of  the  series,  and  measures  the  difference  between  the 
maximum  and  minimum  of  the  intermediate  group.  The  ranges  given  are  between  the  upper  and  lower 
tenths  [deciles]  and  between  the  upper  and  lower  fourths  [quartiles],  the  value  of  the  latter  range  being 
identical  with  twice  the  'probable  error'."  ip.  230).  Galton  points  out  (pp.  245-2461  that  the  range  of  a 
large  sample,  which  depends  to  a great  extent  upon  the  accident  of  including  or  not  including  one  or  two 
extreme  values,  is  much  less  trustworthy  than  the  interquartile  or  interdecile  range.  He  includes  a sec- 
tion on  the  calculation  of  deciles,  quartiles  and  medians  from  grouped  data. 

Citations:  Venn  (1866)  [1888],  Bowley  (19(H)  Goldhizer  (1923),  Julin  1 1933). 
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* Bruns,  Heinrich  (18821.  Ueber  eine  Minimumsaufgabe.  Mathematische  Annalen  20,  455-460. 

Summary:  The  author  notes  that  Schreiber  1 1882i,  prompted  by  a concrete  case,  treats  the  following 
problem:  In  a trigonometric  network  of  triangles  a series  of  excess  bearings  are  to  be  measured  in 
addition  to  the  necessary  and  sufficient  ones,  the  total  number  of  measurements  being  given,  so  that  a 
certain  piece,  e.g.  the  distance  between  two  points,  will  be  determined  from  the  measurements  with  the 
greatest  possible  weight.  Schreiber  shows  that  the  solution  of  this  problem  follows  from  the  determina- 
tion of  the  values  of  n variables  x^i  = 1.2 n;  n<p)  so  as  to  minimize  the  sum  of  the  absolute  values 

of  p linear  functions  La  = bu  + a(llx,  + . . . + a unxn(a  = 1 p).  The  author  points  out  that  the  problem 

itself  is  not  new,  having  been  previously  considered  by  Boscovich  < 1757?),  Laplace  ( 1 799?  I,  and  Gauss 
1 1809).  He  proceeds  to  give  a treatment  of  the  problem  from  a purely  mathematical  viewpoint. 

References:  Boscovich  ( 1757?),  Laplace  ( 1799?),  Gauss  ( 1809i,  Schreiber  1 1882). 

Citation:  Friedrich  ( 1937). 

* Chaplin,  W.  S.  (1882).  On  the  relative  tensile  strengths  of  long  and  short  bars.  Proceedings  of  the 
Engineers'  Club.  Philadelphia  3,  15-28. 

Summary:  The  author  presents,  in  somewhat  greater  detail,  much  the  same  material  as  in  his  earlier 
paper  [Chaplin  ( 1880)].  The  following  quotation  shows  the  dependence  of  his  results  on  the  "weakest 
link”  concept:  "A  bar  under  tensile  stress  yields  and  breaks  at  one  point;  it  is  more  or  less  extended  at  all 
points,  but  it  breaks  at  only  one,  and  it  is  the  strength  at  this  point  which  determines  the  strength  of  the 
bar  to  resist  tensile  stress.  Suppose  now  that  pieces  a,  a,.  a2,  etc.,  have  been  cut  from  a bar  A,  and  tested 
in  the  usual  way.  The  average  strength  of  the  pieces  a,  a,.  a2,  etc.,  will  necessarily  be  greater  than  the 
strength  of  the  weakest  piece;  or,  as  it  is  the  weakest  piece  which  determines  the  strength  of  A.  the 
average  tensile  strength  of  the  pieces  a,  a„  a2,  etc.  will  be  greater  than  the  strength  of  A.  Or  long  bars  are 
on  the  average  weaker  to  resist  tensile  stress  than  short  ones  of  the  same  material  and  cross-section .” 
[p.  19].  A quantitative  relation  between  the  average  strength  of  a bar  of  given  length  and  one  n times  as 
long  is  worked  out,  assuming  normality.  If  the  former  is  S,  the  latter  is  S - a p,  where  p = .6745<r=  ,6745s 
and  a=<t>_,[nv’l/2]/  .6745,  p being  the  probable  error.  <r  the  population  standard  deviation,  and  s the 
usual  estimate  of  <r  from  the  sample,  with  <t>( x ) = J*x  d>(x)dx  and  <6<xi  = e x‘2  \ 2n.  Values  of  a are 
tabulated  for  n = 1(  1 >30(5)60(  10U00( 50)200(  100 ) 1000. 

References:  Chauvenet  (1863),  Chaplin  (1880). 

Citation:  Slocum  & Hancock  (1906). 


* van  Pesch,  A.  J.  (1882).  Verschillende  oplossingen  (abstract).  Onderwerpen  behandeld  op  de 
wetenschappelijke  Wintervergaderingen  1880.  1 December.  Nieuw  Archief  voor  Wiskunde  9 (2),  190. 

Summary:  The  author  states  two  problems:  ( 1)  What  is  the  probability  that,  if  a homogeneous  bar  is 
broken  lat  random)  into  three  pieces,  a triangle  can  be  formed  with  the  pieces  as  sides?  (2)  If  the  bar  is 
broken  into  four  pieces,  what  is  the  probability  that  a triangle  can  be  formed  with  any  three  of  them  as 
sides?  He  gives  the  answers  as  1/4  and  4/27,  respectively. 

Comments:  The  first  problem  had  already  been  solved  bv  Lemoine  ( 1873).  The  author’s  answer  to  the 
second  is  incorrect;  the  correct  answer  is  1/15  [see  van  den  Berg  ( 1891)]. 
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* Schreiber,  O.  ( 1882 *.  Die  Anordnung  der  Winkelbeobachtungen  in  Gbttinger  Basisnetz.  Zeitschrift  fur 
Vermessungswesen  11,  129-161.  (JFM  14,  914-915). 


Summary:  The  author  observes  (p.  130)  that,  since  the  introduction  of  the  method  of  least  squares, 
geodesists  seem  to  have  taken  it  as  self  evident  that  it  is  most  advantageous  if  all  available  bearings 
(directions)  in  a base  network  are  observed.  He  raises  the  question  as  to  whether  it  would  be  more 
advantageous  to  observe  fewer  bearings  with  greater  precision,  and  the  related  question  as  to  whether 
angles  between  the  chosen  directions  should  all  be  measured  with  the  same  precision,  or  with  different 


precision,  and  in  the  latter  case  with  what  relative  precision.  He  proposes  the  following  problem  (p.  135): 
In  a network  of  triangles,  of  which  the  angles  are  already  known  approximately,  which  angles  must  be 
observed  and  how  often,  so  that,  for  a fixed  total  number  of  observations,  the  weight  (precision! 
of  the  most  plausible  value  of  a certain  function  of  the  angles  shall  be  as  great  as  possible?  He  shows  that 

this  problem  reduces  to  the  following:  L,,L2, . . . ,L„  are  all  linear  functions  of  p variables  x x„)  p<n) 

with  given  coefficients;  find  the  set  of  x’s  for  which  the  sum  of  the  absolute  values  of  the  L's  is  a 
minimum.  He  gives  several  numerical  examples,  with  data  taken  from  the  Gottingen  base  network  of 


1880,  of  the  application  of  this  theorem. 


References:  Gauss  ( 1809,  1823). 


Citations:  Bruns  (1882),  Jordan  (1888),  Gore  (1889),  Runge  (1890),  Friedrich  (1937). 

* Edgeworth,  F.  Y.  (1883a).  The  law  of  error.  Philosophical  Magazine  (5)  16,  300-309.  (JFM  15,  162). 

Summary:  The  author  questions  the  universal  and  indiscriminate  use  of  the  normal  (Gaussian)  law  of  error 
in  the  following  words:  "The  Law  of  Error  is  deducible  from  several  hypotheses,  of  which  the  most  important 
is  that  every  measurable  (physical  observation,  statistical  number,  &c.  i may  be  regarded  as  a function  of 
an  indefinite  number  of  elements,  each  element  being  subject  to  a determinate,  although  not 
in  general  the  same,  law  of  facility.  Starting  from  this  hypothesis,  I attempt,  first,  to  reach  the  usual 
conclusion  by  a path  which,  slightly  diverging  from  the  beaten  road,  may  afford  some  interesting  views; 
secondly,  to  show  that  the  exceptional  cases  in  which  that  conclusion  is  not  reached  are  more  important 
than  is  commonly  supposed.'  [pp.  300-301],  "I  submit,  in  the  absence  of  evidence  to  the  contrary,  that 
non-exponential  [non-Gaussian]  laws  . . . do  occur  in  ren/m  natura , that  the 'ancient  solitary  reign'  of  the 
exponential  [Gaussian]  law  of  error  should  come  to  an  end."  [pp.  305-306], 

Comments:  This  paper  is  indirectly  relevant  to  a study  of  order  statistics  because  an  end  to  the 
solitary  reign  of  the  Gaussian  distribution  signals  also  an  end  to  that  of  the  arithmetic  mean  and  the 
method  of  least  squares,  opening  the  door  for  substitutes  based  on  order  statistics. 

References:  Quetelet  ( 1846),  De  Morgan  (1847),  Glaisher  (1872,  1873).  Edgeworth  (1883b). 

Citations:  Edgeworth  (1883b),  Pizzetti  (1892),  Czuber  (1899),  Edgeworth  (1905),  Keynes  (1921), 
Bowley  ( 1928). 

* Edgeworth,  F.  Y.  ( 1883b).  The  method  of  least  squares  .Philosophical  Magazine  (5)  16,  360-375.  (JFM  15, 
162 — listing  only). 

Summary:  The  author  begins  with  a philosophical  discussion  of  the  difference  between  the  approaches 
of  Gauss  and  of  Laplace,  between  most  probable  results  and  most  advantageous  results,  and  between 
minimizing  mean  square  errors  and  mean  (absolute)  errors.  He  proceeds  to  the  question  of  how  to  treat 
outlying  observations,  in  regard  to  which  he  writes  ip.  370):  "Agreeably  to  the  distinction  clearly- 
exhibited  by  Mr.  Glaisher  [i  1872),  pp.  102-103],  the  method  of  least  squares  belongs  to  [one  or  the  other  of 
two  classes]  according  as  it  is,  or  is  not.  given  that  all  the  observations  have  the  same  weight.  The  latter 
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case  presents  the  much  vexed  question,  What  shall  be  done  with  considerable  outlying  errors?  Shall  the 
exceptional  observation  be  omitted  from  the  average,  as  Peirce  [( 1852)]  says?  Or  shall  it  count  for  one,  as 
Airy  |i  1856i]says?Or  shall  it  count  indeed,  but  not  count  for  one,  as  says  De  Morgan  |(  1847))?  Upon  the 
hypothesis  here  entertained  De  Morgan’s  view  is  undoubtedly  correct  in  theory,  though  in  practice  it 
may  not  differ  from  the  practice  of  Peirce.  The  approximative  method  isjustified  in  following  the  analogy 
of  the  exact  method:  which  would,  according  to  the  inverse  method  here  all  along  contemplated,  include 
all  the  data  among  the  premises,  though  it  may  be  that  the  conclusion,  which  is  a function  of  them  all,  is 
less  affected  bv  ithe  variation  or  omission  of)  some  of  them  than  others.”  The  author  proposes  the 
following  method  of  weighting  the  observations:  Let  P = h,h2 . . . exp  [ — h,-(x— x,)”  - h22ix  -x2)2-  . . . ]dh, 
dh,  ...  be  the  a posteriori  probability  of  the  given  observations  x,,x2,  . . . having  resulted  from  a 
particular  system  of  weights  h,2,  h22,  . . . and  a particular  mean  x;  then  determine  that  system  so  as  to 
make  P a maximum. 

Comments:  The  system  of  weights  proposed  by  Edgeworth  in  this  paper  is  the  same  as  that  proposed  by 
Stone  1 1878b'.  Edgeworth  acknowledges  Stone’s  priority,  of  which  he  was  unaware  at  the  time  he  wrote 
this  paper,  in  a later  one  [Edgeworth  1 1887a),  p.  373  (footnote)]. 

References:  Laplace  (1812),  Gauss  (1823?),  De  Morgan  (1847),  Peirce  (1852),  Airy  (1856).  Glaisher 
(1872),  Edgeworth  (1883a). 

Citations:  Edgeworth  < 1883a,  1886a,  1887a),  Gore  ( 1889),  Pizzetti  ( 1892 1,  Keynes  1 1921 ),  Rietz  ( 1924), 
Bowley  (1928),  Rider  (1933). 

* Doolittle.  M.  H.  ( 1884).  The  rejection  of  doubtful  observations  (abstract).  Bulletin  of  the  Philosophical 
Society  of  Washington  (Mathematical  Section)  6.  153-156.  (JFM  16,  184). 

Summary:  The  author  makes  the  following  comments:  "For  the  purposes  of  this  discussion  we  may 
divide  errors  into  two  grand  classes,  instructive  errors  and  uninstructive  errors.  The  latter  class  includes 
blunders  in  recording,  pointing  on  wrong  objects,  &c.  The  former  consists  of  errors  that  indicate  error  in 
other  observations.  ...  It  seems  very  clear  to  me  that  the  larger  an  instructive  error  is  the  more 
instructive  it  is,  and  the  more  important  is  it  that  the  observation  containing  it  should  not  be  rejected. . . . 
On  the  other  hand,  the  larger  an  uninstructive  error  is,  the  more  important  is  it  that  the  observation 
should  be  rejected.  Whenever  an  observation  is  intelligently  rejected,  there  is  a comparison  of  two 
antecedent  probabilities,  viz.:  that  of  the  occurrence  of  an  instructive  error  of  the  magnitude  involved 
and  that  of  the  occurrence  of  an  uninstructive  error  of  the  same  magnitude.  When  an  error  is  evidently  so 
large  that  it  cannot  possibly  belong  to  the  instructive  class,  the  antecedent  probability  of  such  an 
instructive  error  is  0:  the  antecedent  probability  of  an  uninstructive  error  is  always  greater  than  0;  and 
the  observation  should  certainly  be  rejected.  But  since  the  theory  of  least  squares  allows  no  limit 
whatever  to  the  possible  magnitude  of  instructive  errors  such  rejection  involves  the  admission  that  the 
method  of  least  squares  is  not  applicable  to  the  case.  When  an  observation  involves  a merely  suspicious 
error,  which  is  neither  so  large  that  instructiveness  is  impossible  nor  so  small  as  to  pass  without 
question,  it  would  seem  reasonable  that  the  observation  should  be  weighted  according  to  the  relative 
magnitude  of  the  two  antecedent  probabilities  which  I have  mentioned;  but  this  can  never  be  determined 
with  any  approach  to  mathematical  precision.  ...  In  practical  problems  the  antecedent  probability  of 
blunders  and  other  uninstructive  errors  is  never  known,  and  it  is  only  matter  of  exceedingly  vague 
conjecture. . . . It  is  well  known  that  the  method  of  least  squares  gives  very  untrustworthy  information  in 
regard  to  the  antecedent  probability  of  large  instructive  errors.  In  regard  to  the  other  antecedent 
probability  required  for  an  intelligent  solution  of  the  problem,  it  gives  no  information  whatever.  So  far  as 
I can  understand  Prof.  Peirce's  method  of  arriving  at  a criterion,  he  takes  two  probabilities,  both 
functions  of  probabilities  of  instructive  error,  and  balances  them  against  each  other.  This  procedure 
reminds  me  of  what  sometimes  happens  in  war.  when  two  detachments  of  the  same  army  meet  in  the 
dark  and  fire  into  each  other,  each  supposing  the  other  to  belong  to  the  common  enemy.  Prof.  Peirce  also 
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seems  to  me  to  violate  the  fundamental  principle  of  the  science  of  probabilities,  that  probabilities  must 
be  independent  in  order  that  their  product  shall  equal  concurrent  probability.  If  a computer  resorts  to  the 
criterion  when  he  feels  that  his  own  judgment  is  worthless,  and  only  then,  the  criterion  is  harmless;  since 
it  is  of  no  importance  whether  a decision  is  made  by  a worthless  judgment  or  a worthless  criterion.”  [pp. 
152- 155 1.  Several  persons  participated  in  the  discussion  that  followed  presentation  of  this  paper, 
including  Mr.  Asaph  Hall,  who  summarized  briefly  the  literature  on  the  subject. 

References:  DeMorgan  ( 1847),  Peirce  1 1852),  Gould  ( 1855),  Airy  ( 1856),  Winlock  ( 1856),  Chauvenet 
(1863),  Stone  (1868),  Glaisher  (1873),  Schott  (1878). 

Citations:  Gore  tl889),  Pizzetti  (1892). 

* Merriman,  Mansfield  1 1884).  A Text-Book  on  the  Method  of  Leant  Squares.  John  VVilev  & Sons,  New 
York.  [Review,  Nature  30,  334.  (JFM  16,  182)].  Sixth  edition,  1893;  seventh  edition,  1897.  (JFM  28, 
212 — listing  only);  Spanish  translation  by  Babin,  Buenos  Aires,  1889.  (JFM  21,  218). 

Summary:  Articles  130-132  (pp.  166-169  of  the  sixth  edition)  deal  with  the  rejection  of  doubtful 
observations,  and  Art.  130  advocates  the  use  of  Chauvenet's  criterion:  "Let  n be  the  number  of  direct 
observations,  and  also  the  number  of  errors.  Let  r denote  the  probable  error  of  a single  observation  as 
found  from  the  n residuals  ....  Let  x be  the  limiting  error,  and  let  x/r  be  called  t.  Let  P be  the  value  of  the 
integral  in  Table  II  [Values  of  the  Probability  Integral  for  Argument  x/r]  corresponding  to  t.  Then 
P=(2n  - 1 )/2n  and  x =tr  is  the  criterion  for  rejection  of  the  largest  residual.  To  prove  this,  consider  that 
the  quantities  in  Table  II  need  only  be  multiplied  by  the  total  number  of  errors  to  show  the  actual 
distribution;  so  that  nP  indicates  the  number  of  errors  less  than  x,  and  n-nP  indicates  the  number 
greater  than  x,  and  any  error  greater  than  this  x would  be  larger  than  allowed  bv  the  theoretical 
distribution.  Hence  the  value  of  x corresponding  to  this  value  of  P is  the  limiting  value,  which  indicates 
whether  the  greatest  residual  in  a series  may  be  rejected  or  not.”  The  necessary  table  [Table  VII — For 
Applying  Chauvenet's  Criterion]  is  given  on  p.  198.  An  example  of  the  use  of  this  criterion  is  given  in  Art. 
131  i pp.  167-168).  In  Art.  132  ( pp.  168-169)  the  author  discusses  two  other  criteria — Peirce’s  and  a new 
one  based  on  Hagen's  deduction  of  the  law  of  probability  of  error:  "In  Art.  26  the  maximum  error  is 
expressed  by  mAx,  and  the  quantity  mAx:  is  replaced  by  1 2h'-\  It  is  hence  easy  ...  to  find  raAx  =4.4  r2/dx, 
where  dx  is  the  constant  interval  between  successive  values  of  the  errors."  [p.  168],  Merriman  states 
ip.  169>:  In  general,  it  should  be  borne  in  mind  that  the  rejection  of  measurements  for  the  single  reason 
of  discordance  with  others  is  not  usually  justifiable  unless  that  discordance  is  considerably  more  than 
indicated  by  the  criterions.  A mistake  is  to  be  rejected,  and  an  observation  giving  a residual  greater  than 
4r  or  5r  is  to  be  regarded  with  suspicion,  and  be  certainly  rejected  if  the  notebook  shows  anything 
unfavorable  in  the  circumstances  under  which  it  was  taken." 

References:  Gauss  1 1809).  Hagen  1 1837),  Peirce  ( 1852),  Chauvenet ' 1863 1. 

Citations:  Venn  (1866)  [1888],  Edgeworth  (1886a.  1887a,b,e,t  Gore  (1889),  Wolffing  (1899),  Bowley 
( 1901 1,  Tolley  1 1916),  Niceforo  ( 1919),  Campbell  • 1920).  Hall  ( 1921  >. Keynes  ( 1921 1.  Edgeworth  ( 1923), 
Foster  ( 19241,  Rietz  ( 1924). 

van  Pesch,  A.  J.  ( 1884 ).  i Abstract — no  title).  Onderwerpen  behandeld  op  de  VVetenschappelijke  W’inter- 
vergaderingen  20  Februari  1884.  Nieuiv  Archief  voor  Wish  unde  11  1 1 ),  48. 

Summary:  The  author  solves  algebraically,  analytically,  and  by  integration  the  problem  stated  and 
solved  in  his  earlier  abstract  [van  Pesch  (1882']:  A bar  is  broken  into  three  pieces:  determine  the 
probability  that  with  the  pieces  as  sides  a triangle  can  be  formed.  More  generally,  what  is  the  probability 
that  with  n pieces,  into  which  a bar  is  broken,  a polygon  can  he  formed?  The  author  states  that  a number 
of  complicated  integrations  would  he  required  for  the  solution.  He  claims  to  have  bypassed  the  difficul- 
ties by  a trick,  but  the  result  is  not  stated  in  the  abstract. 
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Comments:  The  problem  of  n pieces  had  already  been  solved  by  Halphen  1 1873);  fora  further  generali- 
zation, see  van  den  Berg  ( 1891 ). 

Citation:  van  den  Berg  1 1891 ). 

* Wright.  Thomas  Wallace  ( 1 884  > . A Treatise  on  the  Adjustment  of  Observations,  with  Applications  to 
Geodetic  Work  and  other  Measures  of  Precision . D.  van  Nostrand,  New  York;  second  edition  (with  the 
cooperation  of  John  Fillmore  Hayford),  1906.  iJFM  37.  272,  960 1. 

Summary:  The  author  discusses  the  problem  raised  by  the  presence  of  outliers  in  astronomical  and 
other  observations.  After  reviewing  the  criteria  of  Peirce  (proved  by  Gouldi,  Chauvenet,  and  Stone,  the 
author  states  (p.  135  of  first  edition):  "The  least  objectionable  criterion  based  on  mathematical  principles 
may,  I think,  be  developed  from  the  principle  laid  down  in  Art.  30.  where  the  maximum  error  was 
estimated  at  about  five  times  the  p.e.or  three  times  the  m.s.e.  If,  therefore,  an  observation  differs  from 
the  general  run  of  the  series  bv  more  than  this  amount  it  should  at  least  be  bracketed  and  attention  be 
called  to  it.”  For  computers  who  are  also  competent  observers,  however,  Wright  recommends  a subjective 
approach  based  on  knowledge  of  the  sources  of  variation  encountered  or  likely  to  be  encountered  in 
observations  of  the  type  under  consideration,  rather  than  strictly  adhering  to  a criterion  based  on 
mathematical  principles,  which  is  the  best  that  a computer  who  is  not  an  observer  can  do.  He  also 
considers  weighted  arithmetic  means,  including  those  based  on  the  suggestion  of  De  Morgan,  and 
medians,  as  we  see  from  the  following  passage  (pp.  136-137):  "We  may  . . . consider  whether,  when 
discrepant  observations  occur  we  may  not  get  a more  satisfactory  result  by  ignoring  the  arithmetic  mean 
altogether.  Suppose,  for  example,  that  we  had  three  observed  values,  100,  60.  61,  and  that  we  had  no 
means  of  getting  any  further  observations.  These  values  would  seem  to  show  that  the  true  value  was 
likely  to  be  nearer  60  than  100.  Just  how  much  nearer  is  the  question.  To  reject  the  observation  100  would 
be  without  reason,  and  to  take  the  arithmetic  mean  of  all  three  would  ignore  the  evidence  afforded  by  the 
observations  themselves.  ...  A plausible  result  has  been  given  (Arts.  11.  15)  as  that  observed  value 
which  has  as  many  observed  values  greater  than  as  it  has  less  than  it.  Thus  in  the  preceding  example  a 
good  value  to  choose  would  be  61.”  In  the  second  edition,  Wright  and  Hayford  restate  Wright's  rejection 
rule  in  slightly  modified  form  (p.  90):  "Reject  each  observation  for  which  the  residual  exceeds  five  times 
the  probable  error  of  a single  observation.  Examine  each  observation  for  which  the  residual  exceeds  3- 1 2 
times  the  probable  error  of  a single  observation,  and  reject  it  if  any  of  the  conditions  under  which  the 
observation  was  made  were  such  as  to  produce  any  lack  of  confidence." 

References:  Anonymous  ( 1821 ).  De  Morgan  1 1847).  Peirce  ( 1852),  Gould  1 1855),  Airv  ( 1856).  Winlock 
( 1856),  Chauvenet  ( 1863),  Stone  1 1868).  Glaisher  1 1872,  18731.  Stone  ( 1873b). 

Citations:  Gore  11889),  Pizzetti  (1892),  Brunt  il917>,  Secrist  (1917),  Julin  il921).  Reilly.  Rae  & 
Wheeler  1 1925),  Rider  1 1933). 

* Edgeworth,  F.  Y.(  1885).  Methodsof  statistics.  ■Journal  of  the  Royal  Statistical  Society  Jubilee.  181-217. 

Summary:  Among  other  subjects,  the  author  discusses  the  choice  of  measures  of  central  tendency  and 
of  variability.  He  insists  that,  while  the  arithmetic  mean  and  the  root -mean-square  deviation  from  it  are 
most  accurate  for  samples  from  a normal  population,  other  measures  i median  and  mean  absolute 
deviation  or  quartile  deviation)  are  more  convenient  and  are  little  less  accurate,  while  for  other 
populations  they  may  be  more  accurate  as  well  as  more  convenient.  With  regard  to  measures  of 
variability  he  writes  I pp.  188-189):  "...  When  the  observations  really  conform  to  a (normal]  probability- 
curve,  there  are  several  formulae  for  the  modulus  [c  cr\  2,  where  <r  is  the  standard  deviation  ] which  are 
little  inferior  to  the  above  [root-mean-square  error]  in  respect  of  accuracy,  and  two  of  them  which  are 
superior  in  respect  of  convenience.  If  we  call  the  preferential  method  the  method  of  mean  square  of 
errors,  one  of  the  rival  methods  might  be  called  the  method  of  mean  first  power:  theother  the  method  of 
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mean  zero  powers.  . . . [The  last]  method  is  that  described  by  Mr.  Galton  [<  1875 >]  . . .;  the  same  in 
principle  as  that  which  was  employed  by  Quetelet  [( 1835  [1869],  1846 )].  The  essence  of  this  method  is  to 
note  the  points  between  which  are  comprised  quarters  (eighths  or  other  fractions  i of  the  total  number  of 
observations,  and  then  to  equate  the  distances  thus  given  by  observation  to  the  corresponding  multiple 
of  the  modulus  as  assigned  by  theory.  For  example,  if  we  take  two  points  so  that  between  them  there 
occur  half  the  total  number  of  given  observations,  and  outside  each  of  them  a quarter  of  the  total  number, 
the  distance  between  these  two  points  ought  theoretically  to  be  equal — is  equatable — to  twice  the 
modulus  x 0.476.”  On  the  use  of  the  median  he  writes  (pp.  190-191 ):  "Still  under  the  heading  < >3 ) [the  case 
where  the  observations  do  not  themselves  fulfill  the  normal  law  of  error]  we  have  next  to  consider  other 
ways  of  dealing  with  our  m observations  besides  taking  their  arithmetical  mean.  The  most  important 
case  is  where  we  take  the  median,  as  it  has  been  called,  or  centra!  werth,  of  our  m observations:  that  is  the 
point  on  either  side  of  which  will  lie  m/2  observations.  If  we  form  this  kind  of  Mean  for  several  sets 
consisting  each  of  m observations,  the  means  so  formed  will  range  under  a probability-curve  whose 
fluctuation  [c-  = 2<r2]  is  a function  of  a datum  which  may  be  described  as  the  central  ordinate  of  the  curve 
from  which  the  m observations  are  taken.  The  sought  fluctuation  is  to  be  equated  to  the  reciprocal  of 
2my2,  where  y is  the  central  ordinate  of  the  said  curve  divided  by  its  area.” 

References:  Laplace  ( 1812 >,  Quetelet  (1835  [1869],  1846 1,  Todhunter  ( 1865),  Glaisher  ( 1872 »,  Galton 
(1875),  Edgeworth  1 1886a). 

Citations:  Venn  (1866)  [1888],  Edgeworth  (1886a,b.  1887e,  1887-90,  1898,  1905),  Yule  (1907), 
Edgeworth  ( 191 1,  1913),  Julin  ( 1921 ),  Keynes  ( 1921 ),  Rietz  ( 1924),  Bowley  < 1928). 

* Edgeworth.  F.  Y.  ( 1886a).  Observations  and  statistics:  An  essay  on  the  theory  of  errors  of  observation 
and  the  first  principles  of  statistics.  Transactions  of  the  Cambridge  Philosophical  Society  14(2),  138-169: 
abstract,  Proceedings  of  the  Cambridge  Philosophical  Society  5 (4i,  310-312. 

Summary:  The  author  begins  with  the  statement  (p.  139):  "The  object  of  this  paper  is  to  distinguish  and 
examine  the  different  cases  which  are  presented  by  the  problem:  What  is  the  best  Mean?”  He  makes 
passing  reference  to  the  use  of  the  quartile  deviation  by  Quetelet  ( 1846)  and  of  quartiles  and  deciles  by 
Galton  ( 1875i  in  estimating  the  probable  error,  and  to  the  method  of  situation  and  the  most  advantage- 
ous method  [see  Laplace  (1799,  1812)].  The  main  attention,  however,  is  given  to  the  question  stated 
above,  and  the  relative  advantages  of  arithmetic  mean,  median,  and  mode  are  explored  in  considerable 
detail,  with  less  attention  given  to  other  possible  means.  On  the  grounds  of  precision,  the  arithmetic 
mean  is  declared  to  be  superior  to  the  others  for  the  normal  law  and  others  near  it.  but  the  median  is 
better  "when  the  apex  of  the  curve  is  very  high  and  its  extremities  very  much  extended."  (p.  167).  "In 
respect  of  convenience,  [the  Mode]  has  a considerable  advantage  over  the  Arithmetical  Mean  and  a less 
marked  advantage  over  the  Median."  (p.  168). 

References:  Laplace  (1799,  1812).  Gauss  (1823),  Ellis  ( 1 844 1.  Quetelet  (1846).  De  Morgan  (1847), 
Herschel  ( 1850),  Peirce  ( 1852),  Airy  1 1856),  Todhunter  1 1865).  Glaisher  ( 1872.  1873),  Fechner  1 1874), 
Galton  (1875),  Edgeworth  (1883h),  Merriman  (1884).  Edgeworth  (1885). 

Citations:  Venn  ( 1866)  [1888],  Edgeworth  1 1885,  1886h.  1887a. b.d.f.  1887-90),  Venn  1 1891 ».  Pizzetti 
( 1892),  Edgeworth  ( 1898),  Bowley  ( 1901 1,  Yule  1 1907  >,  Edgeworth  (1911).  Keynes  1 1921 1,  Bowley  1 1928). 

* Edgeworth,  F.  Y.  (1886b).  Problems  in  probabilities.  Philosophical  Magazine  (5)  22.  371-384. 

Summary:  In  connection  with  the  study  of  problems  in  probabilities  encountered  in  banking,  the 
author  determines  the  laws  of  facility  of  error  for  the  median  and  the  quartiles  of  a sample  of  size  n from  a 
normal  population  with  modulus  c,  where  c = <r\  2.  <r  being  the  standard  deviation.  He  states  that  his 
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method  was  suggested  by  the  determination  of  Laplace  ( 1812 — second  supplement,  18 18 » of  the  error 
incurred  by  his  "method  of  situation."  He  finds  that  both  the  median  and  the  upper  (or  lower  i quartile  are 
approximately  normally  distributed,  with  moduli  k = \ tt  2n  c and  k = \ 7 t 1 .7n  c,  respectively.  The 
probable  error  is  the  difference  between  the  median  and  one  of  the  quartiles,  but  Edgeworth  points  out 
that  one  cannot  calculate  its  modulus-squared  by  adding  the  squares  of  the  moduli  of  median  and 
quartile,  since  the  median  and  the  quartiles  (also  the  octiles  and  the  deciles)  are  not  independent,  but 
positively  correlated.  He  takes  the  sum  of  the  two  moduli-squared  and  the  smaller  of  them  as  superior 
and  inferior  limits,  respectively,  on  the  modulus-squared  of  the  probable  error.  He  notes  that  the  error  in 
determining  the  probable  error  can  be  somewhat  reduced  if  one  uses  [half]  the  distance  between  the 
observed  quartiles  instead  of  the  distance  between  one  of  them  and  the  observed  median. 

References:  Laplace  (1812)  [1818  suppl.],  Edgeworth  (1885,  1886a). 

Citations:  Edgeworth  (1887e,  1887-90),  Keynes  (1921),  Bowley  (1928). 

* Newcomb,  Simon  1 1886).  A generalized  theory  of  the  combination  of  observations  so  as  to  obtain  the  best 
result.  American  Journal  of  Mathematics  8,  343-366.  (JFM  18,  183-185). 

Summary:  The  author  considers  the  problem  of  combining  a number  of  observations  of  the  same 
quantity  so  as  to  obtain  the  best  result.  He  raises  two  objections  to  the  criterion  for  rejection  of  doubtful 
observations  proposed  by  Peirce  ) 1852):  ( 1 ) It  disregards  any  a priori  knowledge  of  the  probable  error  of 
the  observations  and  seeks  to  determine  it  from  the  observations  themselves;  and  < 2)  It  does  not  take 
account  of  the  fact  that  the  a priori  probability  of  an  abnormal  observation  varies  from  one  observer  to 
another.  He  points  out  (page  344,  footnote)  two  previously  unnoticed  results  of  Peirce’s  criterion  when 
applied  to  three  or  four  observations:  "Of  a set  of  three  observations  none  are  ever  rejected  by  it,  no 
matter  how  much  one  may  deviate  from  the  other  two.  In  a set  of  four  observations,  if  three  agree  exactly, 
the  fourth  will  always  be  rejected  if  it  differs  ever  so  little  from  the  others.  More  generally,  if  no  one  of  the 
three  results  which  agree  best  among  themselves  differs  from  the  mean  of  the  three  by  more  than  «,  then 
a fourth,  which  differs  from  that  mean  by  more  than  4«,  will  be  rejected."  Newcomb  proposes  a new 
criterion  which  has  been  well  summarized  by  Rider  ( 1933),  pp.  18-19.  as  follows:  "Newcomb  . . . proposed 
as  a generalized  law  of  error  7 r 1 2(  p,h ,e  h|SxS  + p2h2e  h=;x''  + . . . + pmhme  hm'x!i,  in  which  the  h's  are  the 
different  values  of  the  measures  of  precision  and  p,  is  the  probability  that  an  observation  chosen  at 
random  has  the  precision  h,.  For  the  best  result  from  n observations  Newcomb  gives  X =(w,7j,  + w2r/2  + 

. . . + w,t),  ) 1 w,  + w2  + . . . + w, ),( ( =mni.  The  m"  rj’s  are  weighted  means  of  observed  quantities  X,,  X2, 

. . .,  Xn,  each  mean  being  obtained  by  making  a hypothesis  concerning  the  distribution  of  the  measures  of 

precision,  h,,  h2 hm,  among  the  n separate  observations.  Since  each  observation  may,  independently 

of  all  the  others,  have  any  one  of  the  m measures  of  precision,  there  will  be  mn  such  hypotheses,  each 
leading  to  a different  mean,  r\.  The  final  value  . . . of  X is  the  mean  by  weights  of  the  different  hypotheses, 
the  weight  of  each  result  being  proportional  to  the  probability  of  the  hypothesis  upon  which  it  depends, 
which  is  represented  by  w.  Each  w is  the  product  of  two  factors,  one  of  which  is  proportional  to  the 
probability  of  the  combination,  while  the  other  is  the  probability  of  the  combination  of  errors  to  which 
the  hypothesis  leads.  Obviously,  with  even  a few  observations  the  method  is  exceedingly  cumbersome. 
Newcomb  gives  a modified  method  to  be  used  in  case  the  observations  are  numerous,  but  even  so.  the 
method  is  both  complicated  and  tedious." 

References:  Gauss  (1823),  Peirce  (1852). 

Citations:  Helmert  (1872)  [1907],  Edgeworth  ( 1887a.h,di.  Gore  < 1889).  Pizzetti  ( 1892),  Wellisch  1 1909). 
Edgeworth  (1911),  Newcomb  (1912).  Ogrodnikoff  ( 1928),  Rider  ( 1933),  Hulme  & Symms  ( 1939),  Jeffreys 
(1939). 
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* Bertrand,  J.  ( 1887a).  Theoreme  relatif  aux  erreurs  d’observation.  Comptes  Rendus  de  I'Academie  des 
Sciences  de  Paris  105,  1043-1044;  comments  by  H.  Faye,  1102.  (JFM  19,  210-21  li. 

Summary;  The  author  states  the  following  theorem:  "If  one  repeats  an  even  number  of  times  the 
measurement  of  a quantity,  associates  the  results  two  by  two  at  random,  and  distinguishes  in  each  group 
of  two  the  larger  and  the  smaller  of  the  accidental  errors,  the  ratio  of  the  sum  of  the  former  to  the  sum  of 
the  latter,  when  the  number  of  trials  increases,  converges  to  + 1 = 2.41.”(p.  1043).  He  does  not  state 
under  what  hypothesis  (presumably  normality ) concerning  the  underlying  error  distribution  this  result 
holds,  and  offers  no  proof  other  than  an  unconvincing  demonstration,  which  he  attributes  to  Broch,  that 
the  result  is  approximately  correct  for  five  series  of  observations  ranging  from  54  to  100  in  number  with 
the  ratio  in  question  ranging  from  2.28  to  2.49  and  averaging  2.39  for  the  combined  set  of  379 
observations.  In  a letter  to  the  author,  published  in  the  same  volume  (p.  1102),  Faye  makes  the  following 
comment:  "If  one  considers  all  the  combinations  of  errors  two  by  two,  the  ratios  of  the  sums  correspond- 
ing to  the  largest  and  smallest  of  these  errors  are  included  between  the  limits  1 and  3.915,  which 
themselves  have  infinitesimally  small  probability,  but  whose  mean  2.457  differs  little  from  the  number 
2.414  of  your  chance  drawing.” 

Citations;  Delauney  1 1888),  Czuber  < 1891a). 

* Bertrand,  J.  ( 1887b).  Sur  la  loi  des  erreurs  d'observation.  Comptes  Rendus  de  I'Academie  des  Sciences  de 
Pahs  105,  1147-1148.  (JFM  19,  212). 

Summary:  The  author  states  the  two  following  theorems  without  proof:  "I.  If  the  same  quantity  is 
measured  a large  number  of  times  and  if  one  groups  the  measurements  two  by  two  in  random  order  and 
chooses  in  each  group  the  larger  of  the  two  errors  committed,  the  ratio  of  the  mean  of  the  squares  of  these 
maximum  errors  to  the  mean  of  the  squares  of  all  the  errors  converges  to  the  value  1+2  7 r when  the 
number  of  trials  increases  indefinitely.  II.  If  one  groups  the  measurements  three  bv  three,  in  random 
order,  the  mean  of  the  squares  of  the  largest  errors  of  each  group  divided  by  the  mean  of  the  squares  of  all 
the  errors  has  as  its  probable  value  1 +2\  3 tt  and  approaches  arbitrarily  closely  to  this  value  when  the 
number  of  trials  increases." 

Citations:  Gore  ( 1889).  Czuber  (1891a). 

* Edgeworth,  F.  Y.  1 1887a ).  On  discordant  observations.  Philosophical  Magazine  ( 5 > 23,  364-375.  (JFM  19, 
214-215). 

Summary:  In  discussing  the  diversity  of  methods  for  the  treatment  of  discordant  observations,  the 
author  ip.  365)  makes  the  following  statement:  "Different  methods  are  adapted  to  different  hypotheses 
about  the  cause  of  a discordant  observation;  and  different  hypotheses  are  true,  or  appropriate,  according 
as  the  subject-matter,  orthe  degree  of  accuracy  required,  is  different.”  He  specifies  three  hypotheses  < pp. 
365-366),  leaving  it  to  the  reader  to  estimate  theira  priori  probability:  ( 1 ) "There  are  only  two  species  of 
erroneous  observations — errors  of  observations  proper,  and  mistakes.  The  frequency  of  the  former  is 
approximately  represented  by  the  curve  y=(h/V7r)e_h2x‘;  where  the  constant  h is  the  same  for  all  the 
observations.  But  the  mathematical  law  only  holds  for  a certain  range  of  error. . . . The  smallest  mistake 
is  greater  than  the  largest  error  of  observation  proper."  (2)  "The  type  of  error  is  still  the  [normal] 
probability  curve  with  unvarying  constant.  But  the  range  of  its  applicability  is  not  so  accurately  known 
beforehand.  We  cannot  at  sight  distinguish  errors  proper  from  mistakes."  (3)  "All  errors  are  of  the  type 
y=<h  \ ;r)e  h"'".  But  the  h is  not  the  same  for  different  observations.  Mistakes  may  be  regarded  as 
emanating  from  a source  of  errors  whose  h is  very  small.”  Next  he  divides  the  different  methods  of 
treating  discordant  observations  into  four  groups  (p.  367):  "I.  The  first  sort  of  method  [Airy  ( 1856)]  is 
based  upon  the  principle  that  the  calculus  of  probabilities  supplies  no  criterion  for  the  correction  of 
discordance.  All  that  we  can  do  is  to  reject  certain  huge  errors  by  common  sense  or  simple  induction.  . . . 
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II.  Or,  secondly  [Peirce  ( 18521,  Chauvenet  ( 1863),  Stone  < 1868),],  we  may  reject  observations  upon  the 
ground  that  they  are  proved  by  the  Calculus  of  Probability  to  belong  to  a much  worse  category  than  the 
observations  retained.  III.  Or,  thirdly  [De  Morgan  (1847),  Glaisher  (1872),  Stone  (1873b),  Edgeworth 
( 1883b),  Newcomb  ( 1886)],  we  may  retain  all  the  observations,  affecting  them  respectively  with  weights 
which  are  determined  by  a posteriori  probability.  IV.  In  a separate  category  may  be  placed  a method 
[Fechner  (1874),  Galton  ( 1875 >,  Wilson  ( 1877 )]  which  . . . reduces  the  effect  ...  of  discordant 
observations — the  method  which  consists  in  taking  the  Median  or 'Centralwerth'  of  the  observations.” 
He  states  that  the  first  method  is  well  adapted  to  the  first  hypothesis,  but  not  so  well  to  the  others;  the 
second  class  of  methods  [especially  the  method  of  Stone  (1868)]  are  specially  adapted  to  the  second 
hypothesis.  The  author  suggests,  however,  that  Stone's  criterion  be  modified  so  that  the  probability  is 
1-1  m that  in  m observations  not  a single  one  will  deviate  from  the  mean  by  more  than  kit  (the  rejection 
limit),  where  m is  Stone’s  modulus  of  carelessness.  He  traces  the  idea  behind  this  distinction  back  to 
Cournot  ( 1843).  He  raises  an  objection  to  the  methods  of  Peirce  and  Chauvenet.  Methods  of  the  third 
class,  he  says,  except  possibly  that  of  Newcomb,  are  not  well  adapted  to  the  first  two  hypotheses,  but  are 
quite  good  for  the  third  hypothesis,  for  which  they  are  avowedly  designed.  He  defers  discussion  of  the 
fourth  method  to  a later  paper. 

References:  Cournot  (1843),  De  Morgan  (1847?),  Peirce  (1852),  Airy  (1856),  Chauvenet  ( 1863 1. 
Todhunter  ( 1865),  Stone  ( 1868),  Glaisher  ( 1872),  Stone  ( 1873b),  Fechner  ( 1874 1,  Galton  ( 1875),  Wilson 
( 1877),  Edgeworth  ( 1883b),  Merriman  ( 1884),  Edgeworth  ( 1886a),  Newcomb  ( 1886),  Edgeworth  ( 1887ft. 

Citations:  Pizzetti  ( 1892),  Edgeworth  ( 1893),  Czuber  ( 1899),  Edgeworth  1 1911).  Keynes  ( 1921 ),  Bowley 
(1928),  Rider  (1933). 

* Edgeworth,  F.  Y.  ( 1887b).  On  observations  relating  to  several  quantities.  Hermathena  6 ( 1 3 1.  279-285. 

Summary:  Eisenhart  (1961),  page  208,  has  given  the  following  brief  summary  of  this  paper: 
"Edgeworth  . . . attributed  Boscovich’s  algorithm  to  Laplace.  Dropping  Boscovich's  Condition  (I)  [that 
the  sums  of  positive  and  negative  deviations  be  equal  in  magnitude],  he  devised  a 'double  median' 
method  for  finding  values  of  a and  b that  correspond  to  the  minimum  minimorum  of  the  sumij  |Vi  —a  -b 
xj  . . . Further  insight  into  Edgeworth’s  procedure  is  given  by  his  own  words  (pp.  279-282):  "It  is 
proposed  here  to  treat  those  difficulties  in  the  reduction  of  observations  which  are  peculiar  to  the  case  of 
plural  quaesita.  I have  elsewhere  [Edgeworth  ( 1886a,  1887f )]  considered  the  generic  problem  and  the 
simpler  species.  . . . Consider,  first,  the  simple  case  in  which  there  are  only  two  quaesita.  Let  the  given 
equations  be  of  the  form  a,x  + bly-w,  =0,a2x  + b>y-w2=0.  &c.,  where  w,,  w2,  &c.,  are  observations  subject 
to  equal  error.  According  to  the  usual  procedure  we  obtain  for  one  locus  (of  the  sought  point  xyi  the 
"normal  equation’  a,[a,x -t-b.y-w,]  - a2[a2x  + b2y  - w2]  + &c.  = 0:  which  may  be  thus  interpreted. 
Substitute  any  assigned  value  for  y in  the  original  equations.  Of  the  n values  for  x thus  presented,  the 
( weighted)  Arithmetical  Mean  is  given  by  substituting  the  assigned  value  for  v in  the  'normal'  equation. 
The  analogous  procedure  is  to  find  a locus  such  that  if  we  substitute  any  assigned  value  of  y in  the 
original  equations,  th  e Median  of  the  corresponding  n values  of  x may  be  given  by  the  locus.  The  series  of 
points,  which  in  the  case  of  the  Arithmetical  Mean  is  obtained  by  a single  stroke  of  analysis,  must,  in  the 
case  of  the  Median,  be  traced  one  by  one.  That  is,  we  must  substitute  in  the  given  equations  successive 
values  of  yie.g.  0,8,28,&c.),  find  the  Median  value  for  x corresponding  to  each  assigned  y,  and  plot  the 
series  of  points.  A second  Median  Curve  is  afforded  by  the  Medians  of  the  y components:  and  the 
intersection  of  these  Median  Curves  gives  the  Median  Point.  The  method  is  perfectly  general.  As  an 
illustration  we  may  take  the  case  of  two  quaesita,  x and  y,  the  equations  for  which  involve  only  one  of  the 
variables.  The  Mean  loci  are  in  this  case  lines  parallel  to  the  axes.  And  it  follows,  from  considerations 
which  I have  elsewhere  [Edgeworth  (1887d»]  put  together,  that  the  Median,  as  compared  with  the 
Arithmetical  Mean,  affords  a solution  nearly  as  good  when  the  typical  [normal]  probability-curve 
prevails,  and  better  when  the  observations  are  "discordant"  ' The  author  mentions  the  methods  proposed 
by  Laplace  1 1 799 1.  Secs.  39  and  40,  the  latter  of  which  he  calls  (page  280)  a "remarkable  hybrid  between 
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the  Method  of  Least  Squares  and  the  Method  of  Situation ,”  because  Boscovich's  Condition  (Ii  requires 
that  deviations  be  taken  from  the  arithmetic  mean  as  in  the  method  of  least  squares,  instead  of  from  the 
median,  as  in  Edgeworth’s  version  of  the  method  of  situation,  where  that  condition  has  been  dropped. 

References:  Laplace  ( 1799,  1812),  Airy  ( 1861 ),  Chauvenet  ( 1863),  Glaisher  ( 1872),  Merriman  1 1877, 
1884),  Edgeworth  ( 1886a),  Newcomb  ( 1886),  Edgeworth  ( 1887d,f). 

Citations:  Edgeworth  (1887c,  1887-90,  1888),  Bowley  (1928),  Bruen  (1938). 

* Edgeworth,  F.  Y.  (1887c).  A new  method  of  reducing  observations  relating  to  several  quantities. 
Philosophical  Magazine  (5 1 24,  222-223. 

Summary:  In  this  letter  to  the  editors,  the  author  calls  attention  to  his  method  [Edgeworth  ( 1 887b ) ] of 
reducing  observations  relating  to  several  quantities,  which  he  characterizes  as  a generalization  of  the 
method  of  situation  which  Laplace  ( 1812),  second  supplement,  has  applied  to  observations  relating  to  a 
single  quantity.  He  writes  as  follows:  "The  method  may  be  thus  described  in  the  case  of  two  variables,  x 
and  y.  Find  an  approximate  solution  by  some  rough  process  (such  as  simply  adding  together  several  of 
the  equations  so  as  to  form  two  independent  simultaneous  equations ).  Take  the  point  thus  determined  as 
a new  origin,  and  substitute  in  the  n (transformed)  equations  for  one  of  the  variables  x a series  of  values 
±8,  ±28,  &c.  Corresponding  to  each  of  these  substitutions  we  have  n equations  for  y . For  each  of  these 
systems  determine  the  Median  according  to  Laplace’s  Method  of  Situation . This  series  of  Medians  forms 
one  locus  for  the  sought  point.  A second  locus  is  found  by  transposing  x and  y in  the  directions  just  given. 
The  intersection  of  these  loci  is  the  required  point.  The  method  may  be  extended  to  any  number  of 
variables.  For  example,  in  the  case  of  the  four  variables,  x,y,z,w,  we  should  construct  one  table 
containing  the  Median  values  of  w corresponding  to  each  triplet  of  values  assigned  to  x,v.z;  and  three 
similar  tables  for  the  Median  values  of  x,y,z,  respectively.  The  system  of  values  for  x,y,z,w,  which  is 
identical  in  all  the  tables,  forms  the  required  solution.  The  advantages  claimed  for  the  new  method  are 
that,  while  in  the  typical  case  of  the  laws  of  facility  being  all  (normal]  Probability  Curves,  the 
generalized  Method  of  Situation  is  only  slightly  less  accurate,  and  considerably  less  laborious,  than  the 
Method  of  Least  Squares;  in  the  abnormal  case  of  Discordant  Observations  the  proposed  method  is 
not  only  more  convenient,  but  better.  It  is  much  to  be  wished  that  some  practical  astronomer  would  give 
this  method  a trial  by  employing  it  in  some  laborious  and  important  calculation."  ipp.  222-2231. 

References:  Laplace  1 1812),  Edgeworth  1 1887b). 

Citations:  Turner  (1887),  Edgeworth  (1888),  Pizzetti  (1892),  Edgeworth  (1893.  1923).  Whittaker  & 
Robinson  < 1924).  Bowley  ( 1928),  Bruen  ( 1938). 

* Edgeworth,  F.  Y.  (1887d).  The  choice  of  means.  Philosophical  Magazine  (5)  24,  268-271.  (JFM  19, 
215-216). 

Summary:  The  author,  who  has  attempted  elsewhere  [Edgeworth  (1886a,  1887f)]  to  answer  the 
general  question,  "What  is  the  best  Mean?,’’  considers  here  the  special  case  of  discordant  observations. 
He  writes  as  follows  (pp.  268-270):  "One  large  class  of  Discordant  Observations  belongs  to  the  category  of 
errors  whose  law  of  facility  is  a compound  of  different  [normal]  Probability-Curves.  . . . The  compound 
source  of  error  may  be  treated  as  belonging  to  the  category  of  curves  other  than  Probability-Curves.  This 
category  also  comprises  the  species  of  Discordant  Observations  other  than  that  above  defined.  What, 
then,  are  the  methods  proper  to  this  category?  They  are  two — the  Method  of  Least  Squares  and  the 
Method  of  Situation.  . . . We  can  apply  the  rules  primarily  appropriate  to  observations  obeying  the 
typical  Law  of  Error,  to  find  both  the  most  probable  and  the  most  advantageous  Mean. . . . The  Method  of 
Least  Squares  is  seen  to  be  our  best  course  when  we  have  thrown  overboard  a certain  portion  of  our 
data — a sort  of  sacrifice  which  has  often  to  be  made  by  those  who  sail  upon  the  stormy  seas  of  Probability. 
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But  ...  it  might  be  better,  instead  of  directing  our  exclusive  attention  to  the  Arithmetic  Mean  and  the 
correlated  characteristic  of  the  inverse  mean-square-of-error,  to  prescind  in  the  same  sense  some  other 
Mean,  and  in  particular  the  Median,  with  its  correlate  the  Greatest  Ordinate.  The  Median  of  any  cluster 
fluctuates  according  to  a Probability-Curve  whose  modulus  is  Vs/  V2  P,  P being  the  Greatest  Ordinate  of 
the  common  facility-curve.  The  criterion  whether  the  Median  or  Arithmetic  Mean  is  the  better  reduction 
is  presumably  the  character  of  the  correlated  Probability-Curve.  The  reduction  which  corresponds  to  the 
smaller  Modulus  is  presumably  the  better;  since  thus  we  obtain  a smaller  'probable'  error.and  what  is 
often  more  important,  a smaller  improbable , or,  as  Mr.  Merriman  proposes  to  call  it,  'huge'  error.  Which 
of  the  reductions  will  have  the  smaller  Modulus  will  depend  upon  the  character  of  our  facility-curve.  For 
[normal]  Probability-Curves,  and  presumably  functions  in  their  neighborhood,  it  is  shown  by  Laplace 
[( 1812,  Supplement  2]  that  the  Arithmetic  Mean  has  the  advantage.  But  for  curves  whose  head  reaches 
high,  while  their  extremities  stretch  out  far,  the  Median  has  the  advantage.  Now  the  grouping  of 
Discordant  Observations  is  apt  to  assume  this  form.  Accordingly  the  Median  is  proposed  as  me  Mean 
proper  to  this  class  of  observations.  If  we  have  been  deceived  by  the  appearance  of  Discordance  . . . and 
the  facility-curve  was  really  a normal  Probability-Curve,  yet  we  shall  have  lost  little  by  taking  the 
Median  instead  of  the  Arithmetic  Mean.  For  the  error  of  the  former  is  of  the  same  order  as  (only  1.3 
[times]  greater  thanl  the  error  of  the  latter.  And,  if  the  observations  are  really  discordant,  the  derange- 
ment due  to  the  larger  deviations  will  not  be  serious,  as  it  is  for  the  Arithmetic  Mean."  Three  numerical 
examples  are  given. 


References:  Laplace  (1812),  Airy  ( 1861 ),  Chauvenet  ( 1863),  Fechner  1 1874),  Galton  (1875),  Edgeworth 
(1886a),  Newcomb  (1886),  Edgeworth  ( 1887a, f). 

Citations:  Edgeworth  (1887b,  1887-90),  Pizzetti  (1892),  Edgeworth  (1893),  Yule  (1907),  Edgeworth 
(1911),  Bowley  (1928),  Rider  (1933). 

* Edgeworth,  F.  Y.  ( 1887e).  The  empirical  proof  of  the  law  of  error.  Philosophical  Magazine  (5)24. 330-342. 
(JFM  19,214). 

Summary:  Most  of  this  paper  is  not  directly  relevant  to  a study  of  order  statistics,  but  the  following 
portion  (pp.  332-333)  dealing  with  a test  of  symmetry  based  on  the  difference  between  the  arithmetic 
mean  and  the  median  is  relevant:  "It  is  a very  good  plan  ...  to  compare  the  mean-error  above  and  that 
below  the  apparent,  the  arithmetic,  mean.  The  significance  of  this  result  may  be  tested  by  the  formula 
which  Laplace  [(1812)]  has  given  for  the  error  of  the  sum  of  errors,  abstraction  faite  du  signe.  ...  It 
appears  that  the  mean  error  above  and  that  below  the  Arithmetic  Mean  can  only  be  different  when  the 
Arithmetic  Mean  and  the  Median  are  different.  Accordingly  an  equally  good  test  of  symmetry  may  be 
afforded  by  comparing  the  Arithmetic  Mean  and  the  Median  and  estimating  the  probability  of  the 
observed  difference  occurring  if  the  curve  were  really  symmetrical. . . . For  the  Modulus-squared,  which 
tests  the  difference  to  be  expected  between  these  Means,  we  have  (by  adding  the  squares  of  the  Modulus 
applicable  to  each  Mean  separately)  2Se2/n2  + n/2P2:  where  the  e’s  are  errors  measured  from  the 
Arithmetic  Mean,  P is  the  greatest  ordinate  (the  number  of  observations  per  unit  of  abscissa  at  the 
densest  part  of  the  given  group).”  The  author  gives  two  numerical  examples  of  the  use  of  this  test  of 
symmetry. 

Comments:  The  test  of  symmetry  based  on  the  difference  between  the  arithmetic  mean  and  the  median 
which  the  author  proposes  is  erroneous.  Since  the  arithmetic  mean  and  the  median  are  not  independent, 
but  positively  correlated,  the  variance  of  their  difference  is  not  the  sum  of  their  variances,  but  that 
sum  decreased  by  twice  their  covariance. 

References:  Laplace  1 1812),  Chauvenet  ( 1863),  Todhunter  ( 1865),  Glaisher  1 1872).  Merriman  ( 1884), 
Edgeworth  ( 1885,  1886b). 
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Citations:  Pizzetti  (1892),  Edgeworth  (1893),  Pearson  (1895),  Edgeworth  (1898),  Czuber  (1899), 
Keynes  ( 1921 ),  Bowley  ( 1928 1. 


* Edgeworth,  F.  Y.  ( 18870.  Met  retike:  or  the  Method  of  Measuring  Probability  and  Utility.  The  Temple  Co., 
London. 

Summary:  Edgeworth  ( 1887d>  mentions  (footnote,  p.  268)  corrections  to  an  earlier  paper  [Edgeworth 
( 1886a  i]  given  in  the  Appendix  to  this  book.  In  another  footnote  on  the  same  page,  he  refers  the  reader  to 
this  book  for  a fuller  statement  of  the  reasoning  behind  his  statement  that  the  Method  of  Least  Squares 
is  a good  method.  Edgeworth  (1888)  writes  (pp.  184-185,  footnote):  "The  Method  of  Least  Sum  is  . . . 
exactly  on  a par  with  the  Method  of  Least  Squares.  ...  No  doubt  the  use  Of  either  method  divorced  from 
the  law  of  facility  appropriate  to  it  [double  exponential  for  the  former,  normal  for  the  latter]  is  open  to 
logical  objections.  But  the  difficulties  are  not  greater  for  one  method  than  for  the  other.  The  present 
writer’s  explanation  of  the  philosophical  difficulty  common  to  both  methods  is  stated  in  the  Appendix  to 
a little  treatise  on  the  Art  of  Measurement,  entitled 'Metretike’.  . .”.  Bowley  ( 1928)  writes  (pp.  118-119): 
"The  measurement  of  belief  is  as  subtle  as  the  measurement  of  utility.  In  each  case  the  calculation  is 
inexact  and  the  criteria  used  are  arbitrary.  In  probability  it  is  often  necessary  at  some  stage  to  assume 
equal  frequency  of  chances,  in  the  treatment  of  utility  it  is  assumed  that  for  some  purposes  all  men  are 
equal:  many  analogies  of  this  kind  are  treated  in  Metretike,  and  it  is  shown  that  the  methods  of  solution 
are  analogous  in  the  two  sciences.  Further,  both  depend  on  unverified  assumptions,  the  one  that 
experience  is  the  standard  of  credibility,  the  other  that  utility  is  the  standard  of  good  conduct.  Both  tend 
to  result  in  non-numerical  mathematical  statements,  that  one  quantity  is  equal  to,  or  greater  or  less 
than,  another,  but  not  how  much  greater  or  less.  Again,  utility  governs  probability  in  such  questions  as. 
What  is  the  best  mean?,  where  the  detriment  of  error  is  considered.  There  is  close  analogy  in  both  the 
fundamental  ideas  and  in  the  mathematical  expression  between  the  maximising  of  probability  to  discover 
frequency  constants  and  the  maximising  of  utility  to  determine  equilibrium  in  economics." 

Note:  The  compiler  has  been  unable  to  obtain  a copy  of  this  book,  and  hence  has  had  to  rely  solely  on  the 
sources  cited  for  information  as  to  its  contents. 

Reference:  Edgeworth  1 1886a). 

Citations:  Edgeworth  ( 1887a, b,d,  1888),  Keynes  ( 1921 ).  Bowley  ( 1928). 

* Edgeworth,  F.  Y.  (secretary!  (1887-90).  Reports  of  the  Committee  appointed  for  the  purpose  of  inves- 
tigating the  best  methods  of  ascertaining  and  measuring  variation  in  the  value  of  the  monetary 
standard.  Reports  of  the  British  Association  for  the  Advancement  of  Science  57,  247-301;  58,  181-219:  59, 
133-164;  60.  485-488.  Italian  translation  by  Paolo  Conte.  Biblioteca  del!'  Economista  (5)  20  (1922), 
153-340. 

Summary:  One  of  the  issues  studied  by  the  Committee,  and  the  one  of  principal  interest  here,  is  the 
type  of  average  to  be  used  in  constructing  a price  index  for  all  items  of  national  consumption  and 
auxiliary  price  indexes  for  subgroups  thereof.  Almost  every  type  of  average,  weighted  or  unweighted, 
that  has  ever  been  proposed  is  considered  — arithmetic  mean,  median,  mode,  geometric  mean.  etc.  The 
secretary  i Edgeworth  I argues  strongly  for  the  use  of  the  median.  He  writestp.291  of  the  first  report):  "In 
view  of  the  evidence  adduced  in  the  last  section  that  price-variations  are  apt  to  be  grouped  asymmetri- 
cally, the  ’arithmetic’  species  of  mean  becomes  precarious  when  our  quaesitum  is  a quasi-objective  type. 
The  additional  complexities  which  have  been  introduced  in  this  section  make  against  the  geometric 
mean  which  was  above  recommended  a certain  hypothesis.  There  exists  another  species  of  mean  more 
adapted  to  the  rough  character  of  our  calculation,  the  Median;  that  is,  in  the  simpler  cases,  that  quantity 
which  has  as  many  of  the  given  observations  above  it  as  below  it.  but  a certain  analogue  of  this  operation, 
when  the  observations  have  different  weights.  The  required  formula  is  the  Weighted  Median,  the 


80 


operation  designated  by  Laplace  [1812,  Suppl.  2 (1818)],  as  the  'Method  of  Situation’ ” He  repeats 

some  of  the  arguments  in  favor  of  the  median  which  he  presented  in  earlier  papers  [Edgeworth  ( 1886b, 
1887d  >]  and  illustrates  by  an  example  the  determination  of  the  weighted  median.  Further  arguments  in 
favor  of  the  median  are  given  in  the  second  report  (pp.  206-209)  and  in  the  third  report  (pp.  156-161 ).  The 
use  of  the  quartiles  and  the  quartile  deviation  (semi-interquartile  range)  is  mentioned  in  a footnote  on 
p.  203  of  the  second  report.  The  quartiles  of  a sample  of  39  prices  are  taken  (correctly)  as  the  tenth  and 
thirtieth  order  statistics  of  the  sample  and  the  quartile  deviation  as  half  their  difference. 

References:  Laplace  ( 1812)  [1818],  Venn  ( 1866)  [1888],  Edgeworth  ( 1885,  1886a, b,  1887b, d). 

Citations:  Venn  ( 1866)  [1888],  Rietz  ( 1924),  Bowley  ( 1928). 

* Lehmann-Filhes,  R.  (1887).  Ueber  Abnorme  Fehlervertheilung  und  Verwerfung  Zweifelhafter 
Beobachtungen.  Astronomische  Nachrichten  117  (2792),  121-132.  (JFM  19,  1200-1201). 

Summary:  The  author  begins  with  the  statement  that  often  more  large  errors  occur  than  one  would 
expect  according  to  the  Gaussian  law  of  error,  and  astronomers  discard  observations  with  abnormally 
large  errors.  In  this  connection  he  mentions  the  criteria  of  Peirce  (1852)  and  Chauvenet  (1863).  The 
author  is  led  by  several  examples  to  an  attempt  to  explain  this  phenomenon  on  the  basis  of  a measure  of 
precision  h varying  from  observation  to  observation.  He  assumes  that  all  the  values  of  h are  distributed 
about  a mean  h„  in  such  a manner  that  the  probability  that  h lies  between  h and  h+dh  is  given  by  t|/(h)dh 
= (k/\  7r)e  k!'h"h|||J  dh,  which  reduces  to  the  Gaussian  law  of  error  only  when  k = oc  [not  when  k=0,  as 
stated  incorrectly  by  Dziobek  in  the  review  cited  above].  With  the  aid  of  these  considerations  he  is  able  to 
obtain  better  agreement  between  theoretical  and  observed  values,  as  he  shows  in  an  example. 

References:  Laplace  ( 1799),  Gauss  ( 1809.  1816,  1823),  Peirce  (1852),  Chauvenet  (1863). 

Citation:  Wellisch  ( 1909). 

* Turner,  H.  H.  (1887).  On  Mr.  Edgeworth’s  method  of  reducing  observations  relating  to  several  quan- 
tities. Philosophical  Magazine  (5)  24,  466-470.  (JFM  19.  216-217). 

Summary:  The  author  states:  "Edgeworth  [( 1887c)]  invites  attention  to  a method  of  reducing  observa- 
tions relating  to  several  quantities,  which  he  has  suggested  as  a substitute  for  the  ordinary  process  of  the 
'Method  of  Least  Squares'.  I have  applied  this  method  to  an  example  for  a particular  case  of  two 
variables,  and  venture  to  offer  the  following  remarks  and  suggestions  for  consideration.  [Here  follows  a 
quotation  from  Edgeworth's  paper  cited  above.]  Some  of  the  labour  of  this  process,  and  sometimes  the 
preliminary  search  for  an  approximate  solution,  may  be  avoided  by  the  use  of  a graphical  method  [which 
the  author  describes].  ...  In  the  method  of  least  squares  the  normal  equations  have  a unique  solution: 
but  the  intersection  of  two  broken  lines  may  be  a series  of  points,  and  the  two  median  loci  may  also  have  a 
common  portion.  The  solution  then  becomes  to  some  extent  indeterminate.  ...  It  is  possible  that  the 
number  and  distribution  of  these  points  of  intersection  afford  real  information  as  to  the  value  and 
accordance  of  the  observations.  But,  in  practice,  a single  solution,  although  its  singularity  may  be 
somewhat  fictitious,  is  preferable  to  a variety;  and  unless  some  additional  criterion  for  extracting  a 
single  solution  from  the  median  loci  can  be  obtained,  it  is  *o  be  feared  that  we  have  here  a somewhat 
serious  objection  to  this  method  on  the  score  of  convenience.  . . . Mr.  Edgeworth  claims  as  advantages  for 
the  new  method  that  1 1 ) It  is  considerably  less  laborious  than  the  Method  of  Least  Squares.  (2)  In  the  case 
of  Discordant  Observations  it  is  theoretically  better.  So  far  as  my  slight  experience  entitles  me  to  express 
an  opinion  on  these  points,  I should  say  that  ( 1 ) is  very  doubtful.  In  trying  a new  method  much  time  is 
liable  to  be  wasted;  but  there  would.  1 imagine,  never  be  quite  the  same  straightforwardness  about  the 
new  method  which  makes  the  method  of  least  squares  so  easy,  although  somewhat  long.  (2)  is  somewhat 
counterbalanced  by  the  failure  to  give  a unique  solution."  ipp.  466-470). 
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Reference:  Edgeworth  ( 1887c). 

Citations:  Edgeworth  (1888),  Pizzetti  (1892),  Edgeworth  (1923),  Bruen  (1938). 

* Bertrand,  J.  ( 1888a).  Sur  la  loi  de  probability  des  erreurs  d’observation.  Comptes  Rendus  de  V Academie 
des  Sciences  de  Paris  106,  153-156.  (JFM  20,  219-220). 

Summary:  The  Gaussian  law  of  probability  is  the  only  one  for  which,  among  several  observations  made 
under  the  same  conditions,  the  mean  value  is  the  most  probable.  Given  any  other  law  for  the  probability 
of  errors,  it  is  possible  to  specify  the  combination  of  a series  of  measurements  which  will  give  the  most 
probable  value.  The  converse  is  not  true;  given  a combination  of  observations,  in  most  cases  there  is  no 
probability  law  for  which  that  combination  gives  the  most  probable  value.  For  example,  there  is  no 
probability  law  for  which  the  geometric  mean  or  the  harmonic  mean  of  a number  of  observations  is  the 
most  probable  value.  After  pointing  out  that  the  foregoing  statements  are  true  only  a priori,  the  author 
continues  (pp.  155-156):  "Everything  changes  in  the  presence  of  known  results.  When,  for  example,  all 
the  observations  are  concordant  except  one  which  deviates  notably  from  the  others,  nobody  would  think 
of  advising  the  adoption  of  the  arithmetic  mean  or  of  replacing  it  by  any  other  general  rule.  Theory 
demonstrates  that,  for  a large  number  of  observations,  such  anomalies  should  be  attributed,  with 
probability  equivalent  to  certainty,  to  influences  which  change  the  conditions  of  the  problem.”  (Com- 
piler’s translation). 

Reference:  Gauss  ( 1809?). 

Citations:  Gore  ( 1889),  Czuber  ( 1891a),  Pizzetti  ( 1892),  Wolffing  ( 1899). 

* Bertrand,  J.  (1888b).  Sur  la  combinaison  des  mesures  d’une  meme  grandeur.  Comptes  Rendus  de 
V Academie  des  Sciences  de  Paris  106,  701-704.  (JFM  20,  222-223). 

Summary:  The  author  begins  <p.701 ):  "When  one  has  made  many  measurements  of  the  same  quantity, 
. . . all  . . . meriting  equal  confidence,  the  universal  rule  is  to  take  the  mean.  One  may  remark,  however, 
that  after  the  measurements  have  been  made  and  the  mean  and  the  probable  error  have  been  calculated, 
. . . [the  measurements]  have  ceased  to  merit  the  same  confidence;  those  which  deviate  most  from  the 
mean  are  regarded,  with  reason,  almost  with  certainty,  as  less  good  than  the  others:  it  seems  natural  to 
discard  them.  The  question  is  very  delicate  and  observers  are  permitted  such  a suppression  only  after 
having  recognized  a probable  intrinsic  cause  of  the  inferiority  of  the  suspected  measure  ....  The 
consequence  of  this  scruple  is  to  permit  very  rarely  the  later  suppression  of  measurements  at  first 
accepted:  how  can  one  discover  after  the  event  causes  of  error  which  have  escaped  attention  when  they 
were  before  the  eyes?”  (Compiler’s  translation).  The  author  proposes  computing  the  mean  and  the 
constant  k [=  l/«-\  2],  calculating  the  error  X such  that  the  probability  of  an  error  smaller  than  X is  p 
(arbitrarily  chosen),  then  discarding  all  observations  differing  from  the  mean  by  more  than  X,  and 
starting  over.  This  results  in  multiplying  the  probable  value  of  the  square  of  the  error  bv  a factor  which  is 
a function  of  t = kx.  This  factor,  which  is  zero  for  t=0  and  one  for  t=*,  is  tabulated  by  tne  author  for 
t 0. 1(0.1  (0.8.  He  warns  that  in  applying  this  method,  the  number  of  observations  not  discarded  must  be 
large. 

Citations:  Gore  1 1889),  Czuber  ( 1891a),  Pizzetti  ( 1892),  Wolffing  ( 1899),  Wellisch  ( 1909). 

h<  rtrand.  J lKHHci.  Sur  la  valeur  probable  des  erreurs  les  plus  petites  dans  une  serie  d'observations. 

, >t>  Hernias  </r  /'Academie  des  Sciences  de  Paris  106,  786-788.  (JFM  20,  223). 

l(  k 1 <r  \ 2)  is  the  characteristic  constant  [of  a normal  distribution],  the  probability  of 
« ■•••ri  / and  / • d/  is  i k \ jri  exp  i -k2z2)dz,  and  the  probable  value  of  the  smallest  error  in  n 
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observations  is  given  by  (2k/v  tt)  fo  ze  kJz'dz(l-  O)  kz)|n  where  0(t)=(2/Vjr)  fi  e",2dt.  When  n is  large, 
the  probable  value  of  the  smallest  error  approaches  1 < n + 1 ik,  that  of  the  second  smallest  2/(  n + 1 ik,  that 
of  the  third  smallest  3/(n  + 1 >k  . . . . 

Citations:  Czuber  ( 1891a),  Pizzetti  (1892),  Wolffing  ( 1899 1. 

* Delauney,  C.  (1888).  Sur  un  theoreme  relatif  aux  ecarts  du  tir.  Comptes  Rendus  de  I'Academie  des 
Sciences  (Paris)  106,  515. 

Summary:  The  author  calls  attention  to  a theorem  concerning  shooting  errors  stated  by  Breger  ( 1876). 
If  one  groups  two  by  two,  in  the  order  in  which  they  occur,  the  successive  errors,  the  mean  of  the  larger 
errors  in  each  pair  will  be  in  the  ratio  V5:  1 to  the  general  mean.  The  author  obtained  for  33  series  the 
numerical  value  1.41  for  this  ratio.  Breger  showed  that  the  accepted  law  of  probability  assigns,  for  a 
large  number  of  trials,  a ratio  equal  to  V2.  This  theorem  is  one  of  those  stated  by  Bertrand  ( 1887a). 

References:  Breger  (1876),  Bertrand  (1887a). 

Citation:  Czuber  (1891a). 

* Edgeworth,  F.  Y.  (1888).  On  a new  method  of  reducing  observations  relating  to  several  quantities. 
Philosophical  Magazine  (5)  25,  184-191.  (JFM  20,  219). 

Summary:  The  author  begins  with  a restatement  of  the  method  he  proposed  a year  earlier  [Edgeworth 
( 1887b, c )]:  "A  substitute  for  the  Method  of  Least  Squares  has  been  proposed  by  me,  based  upon  the 
following  principle.  The  data  being  of  the  form  a,x  + b,y  . . . -v,  = 0;  a2x  + b2y  . . . — v2=  0,  &c.,  (where 
v,,v2,  &c.  are  observations  of  equal  worth),  a solution  is  obtainable  by  taking  x,y  . . . such  that  the  sum  of 
the  residuals  (the  left-hand  members  of  the  above  written  equations),  each  residual  taken  positively, 
should  be  a minimum.”  (p.  184).  In  a footnote  he  writes  (pp.  184-185):  "This  rule  is  derivable  from  the 
hypothesis  that  the  law  of  error,  the  facility-curve  under  which  the  observations  range,  is  of  the  form 
y =(h/2)e~hx,  x taken  positively  in  both  directions  [Laplace’s  first  law  of  error;  see  Laplace  ( 1774)].  But  the 
use  of  the  rule  does  not  commit  us  to  the  assumption  of  the  hypothesis.  The  Method  of  Least  Sum  is  in  this 
respect  exactly  on  a par  with  the  Method  of  Least  Squares.  The  rule  of  the  latter  Method  is — Determine  x 
and  y so  that  the  sum  of  the  squares  of  the  residuals  may  be  the  least  possible.  This  rule  is  derivable  from, 
and  specially  correlated  with,  the  hypothesis  that  the  law  of  facility  is  the  [normal]  Probability-curve. 
But  it  is  thought  legitimate  by  Laplace  and  other  eminent  authorities  to  employ  the  rule  even  where  the 
hypothesis  is  not  assumed.  No  doubt  the  use  of  either  method  divorced  from  the  law  of  facility  appropriate  to 
it  is  open  to  logical  objections.  But  the  difficulties  are  not  greater  for  one  method  than  for  the 
other.”  The  author  continues  (pp.  185-1861:  "The  point  thus  designated  must  be  on  each  of  two,  or  more, 
loci  analogous  to  the  Normal  equations  of  the  ordinary  method.  Accordingly  the  intersection  of  the 
‘Median  loci’  was  at  first  proposed  by  me  as  the  solution  Rut  Mr.  Turner  [i  1887)]  has  shown  that  these 
loci  are  apt  to  have  in  common,  not  only  several  points,  but  even  lines  and  spaces.  ...  In  this  event 
common  sense  teaches  that  we  should  adopt  the  middle  of  the  indeterminate  tract  as  the  best  point;  and 
this  presumption  is  confirmed  by  a formal  calculation  of  utility  such  as  Laplace  [( 1812)],  in  the  simplest 
case  of  a single  unknown  quantity,  has  employed  to  discover  the  ‘most  advantageous  point.'  ” Having 
thus  disposed  of  one  of  Turner’s  criticisms,  Edgeworth  endeavors  (somewhat  less  successfully,  it  seems  to 
the  compiler)  to  answer  the  other,  namely  that  the  new  method  is  not  less  laborious  than  the  method  of 
least  squares,  as  Edgeworth  ( 1887b, c)  had  asserted. 

Comments:  Eisenhart  ( 1961)  has  pointed  out  (p.  208)  that  the  method  proposed  bv  Edgeworth  in  this 
paper  results  from  dropping  Boscovich's  Condition  I [see  Boscovich  ( 1757,  1760)]. 

References:  Laplace  ( 1812),  Edgeworth  ( 1887b,c,f),  Turner  ( 1887). 
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Citations:  Pizzetti  (1892),  Czuber  (1899),  Edgeworth  (1911,  1923),  Whittaker  & Robinson  (1924), 
Bowley  (1928),  Rhodes  (1930),  Bruen  (1938). 


* Faye,  H.  E.  (1888).  Sur  certains  points  de  la  theorie  des  erreurs  accidentelles.  Comptes  Rendus  de 
l Academic  des  Sciences  de  Paris  106,  783-786.  (JFM  20,  223). 

Summary:  The  author  points  out  that  the  greatest  discrepancy  from  the  mean  cf  a set  of  observations  is 
nut  likely  to  be  counterbalanced  by  a discrepancy  of  nearly  the  same  magnitude  but  of  opposite  sign,  and 
hence  unless  the  number  of  observations  in  the  set  is  very  large  it  is  likely  to  have  an  undue  influence  on 
the  arithmetic  mean,  so  that  the  arithmetic  mean  of  all  the  observations  is  not  the  most  probable  value. 
Given  the  forty  observations  2.28,  2.48,  2.64,  2.66,  2.75,  2.81, 2.95,  2.98,  3.11,  3.22,  3.26,  3.27,  3.28,  3.43, 
3.68,  3.76,  3.78,  3.78,  3.91,  3.95,  3.98,  4.08,  4.10,  4.15,  4.18,  4.21,  4.43,  4.43,  4.45,  4.49,  4.51,  4.59,  4.65, 
4.76,  4.84,  5.08,  5.21,  5.23,  5.48,  6.35,  he  computes  the  arithmetic  means  of  the  largest  and  smallest 
observations,  the  second  largest  and  second  smallest,  and  so  on  (the  midrange  and  the  quasi-midranges). 
The  former  has  the  value  4.315  and  the  latter  range  from  3.815  to  3.995.  He  attributes  this  discrepancy  to 
the  fact  that  the  largest  deviation  from  the  arithmetic  mean,  6.35  - 3.93  = 2.42,  is  not  matched  by  a 
comparable  deviation  in  the  opposite  direction.  He  therefore  recommends  rejecting  the  largest  observa- 
tion, which  changes  the  arithmetic  mean  from  3.93  to  3.87,  a value  which  he  considers  to  be  more 
probable.  In  general,  however,  he  holds  that  observations  should  be  rejected  only  if  they  are  considered 
doubtful  at  the  time  they  are  made  or  at  least  before  any  computations  have  been  made.  Otherwise  the 
calculator  can  too  easily  make  the  results  agree  with  his  preconceived  and  sometimes  erroneous  opinion. 

Reference:  Gauss  (1809). 

Citations:  Czuber  (1891a,  1899),  Wellisch  (1909),  Rider  (1933). 

* Galton,  Francis  ( 1888 ).  Co-relations  and  their  measurement,  chiefly  from  anthropometric  data.  Proceed- 
ings of  the  Royal  Society  of  London  45,  135-145. 

Summary:  This  paper,  as  the  title  indicates,  deals  primarily  with  the  measurement  of  correlation. 
Incidentally,  however,  it  deals  with  the  median  as  a measure  of  central  tendency  and  the  quartile 
deviation  as  a measure  of  variability.  The  author  writes  (p.  137):  "After  marshalling  the  measures  of 
each  limb  in  the  order  of  their  magnitudes,  I noted  the  measures  in  each  series  that  occupied  respectively 
the  positions  of  the  first,  second,  and  third  quarterly  divisions.  Calling  these  measures  in  any  one  series, 
Qi,  Mi  and  Q3. 1 take  M,  which  is  the  median  or  middlemost  value,  as  that  whence  the  deviations  are  to  be 
measured,  and  j {Q.,  - Q,}  = Q,  as  the  probable  error  of  any  single  measure  in  the  series.  This  is 
practically  the  same  as  saying  that  one-half  of  the  deviations  fall  within  the  distance  of  ± Q from  the 
mean  value,  because  the  series  run  with  fair  symmetry.” 

Citations:  Edgeworth  (1893),  Keynes  1 1921),  Rietz  tl924),  Snedecor  (1937). 

Jordan,  W.  (1888).  Ueber  giinstigste  Gewichtsvertheilung.  Zeitschrift  fiir  Vermessungswesen  17,  641- 
649.  (JFM  20,  1232). 

Summary:  The  author  makes  an  unsuccessful  attempt  to  prove,  in  a different  way,  the  theorem  proved 
by  Schreiber  (1882). 

Reference:  Schreiber  ( 1882). 

Citations:  Runge  (1890),  Friedrich  (1937). 
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Bertrand,  J.  ( 1889).  Calcul  des  Probabilities.  Gauthier-Villars  et  Fils,  Paris.  ( JFM  21,  198-199). 


Summary:  In  this  book  the  author  repeats  and  elaborates  on  several  relevant  results  contained  in  some 
of  his  earlier  papers.  In  Articles  156  and  157,  he  shows  that  the  probable  magnitude  of  the  larger  of  two 
errors  of  observation  from  a normal  population  is  V2  times  the  probable  error  of  a single  observation, 
and  hence  that  the  probable  magnitude  of  the  smaller  of  the  two  errors  of  observation  is  < 2 - V2 1 times 
that  of  a single  observation.  Thus  the  ratio  of  the  probable  larger  error  to  the  probable  smaller  error  is  1 
+ V2,  as  stated  without  proof  by  the  author  in  an  earlier  paper  [Bertrand  ( 1887a)].  In  Articles  158  and 
159,  he  proves  the  following  result,  which  he  had  given  without  proof  in  another  paper  [Bertrand 
( 1887b )]:  If  observations  from  a normal  population  are  divided  at  random  into  groups  of  two  or  three,  the 
ratio  of  the  probable  value  of  the  square  of  the  largest  error  to  the  probable  value  of  the  square  of  the 
error  of  a single  observation  is  1 + 2 hr  or  1 + 2y/3hr,  respectively.  In  Article  166,  the  author  inquires 
whether  it  is  permissible  to  discard  measurements  rendered  suspect  by  their  differences  from  the  mean. 
On  page  212  he  writes:  "It  is  incontestable  that,  if  one  is  certain  to  have  operated  in  the  same  manner  and 
with  the  same  care,  all  the  observations  have  the  same  right  to  exercise  their  influence  upon  the  mean 
adopted.  But  if  one  operates  always  in  the  same  way,  one  obtains  always  the  same  result.”  (Compiler’s 
translation).  Having  said  this,  he  proceeds  to  examine  the  consequences  of  discarding  measurements 
presumed  to  be  the  less  good  ones.  If  the  probability  of  an  error  z is  regarded  with  confidence  as  equal  to 
(k/  v'ir)  exp  [-k2z2]dz,  he  calculates  the  error  X such  that  the  probability  that  an  error  shall  be  less  than  X 
will  have  an  arbitrarily  chosen  value  p,  for  which  it  suffices  to  solve  the  equation  p=(2/\  n-i e~'‘dt  = 
0 ( kX),  where  0 is  the  error  function.  Having  thus  determined  X,  he  suppresses  among  the  n observations 
those  whose  difference  from  the  mean  is  greater  than  X,  as  proposed  in  an  earlier  paper  by  the  author 
[Bertrand  (1888b)].  In  Articles  167  and  168  he  repeats  a demonstration  given  in  an  earlier  paper 
[Bertrand  (1888c)]  that  for  normally  distributed  errors,  the  probable  magnitudes  approached  by  the 
smallest,  second  smallest,  third  smallest, ...  of  n errors  ( n large ) are  l/[( n + 1 )k],  2 /[( n + 1 )k],  3/[( n + 1 )k], 
. . .,  where  k = l/crVr2,  cr  being  the  population  standard  deviation.  In  Article  169,  he  points  out  that  the 
probable  magnitude  of  the  smallest  error  is  less  than  the  probable  error  of  the  mean,  which  is  of  the  order 
1/Vn. 

Citations:  Estienne  ( 1890),  Czuber  ( 1891a),  Pizzetti  ( 1892),  Czuber  ( 1899),  Kozak  ( 1908-10),  Goedseels 
( 1909),  Edgeworth  ( 1911),  Dodd  ( 1913),  Contarino  ( 1914),  Dodd  ( 1914),  Keynes  ( 1921).  von  Bortkiewicz 
(1922b),  Coolidge  (1925),  Ogrodnikoff  (1928),  Lidstone  (1930),  de  Finetti  < 1932 ).  Miinzner  (1934), 
Gumbel  ( 1935a),  Calichiopulo  (1937),  Frechet  ( 1941 ),  Boldrini  ( 1942),  Gumbel  1 1943c),  Kendall  ( 1946). 

Galton,  Francis  (1889).  Natural  Inheritance.  Macmillan  and  Co.,  London-New  York. 

Summary:  Chapters  IV  and  V contain  material  relevant  to  a study  of  order  statistics.  Chapter  IV  deals 
with  Schemes  of  Distribution  and  of  Frequency  and  Chapter  V with  Normal  Variability.  The  former 
contains  a discussion  of  properties  of  the  median  and  the  quartile  deviation  for  distributions  in  general, 
and  the  latter  gives  a similar  discussion  of  their  properties  for  samples  from  a normal  distribution.  Much 
is  also  said  about  (centesimal)  Grades  or  percentiles.  The  following  excerpts  are  of  special  interest:  "The 
median,  M,  has  three  properties.  The  first  follows  immediately  from  its  construction,  namely,  that  the 
chance  is  an  equal  one,  of  any  previously  unknown  measure  in  the  group  exceeding  or  falling  short  of  M. 
The  second  is,  that  the  most  probable  value  of  any  previously  unknown  measure  in  the  group  is  M.  . . . 
The  third  property  is  that  whenever  the  curve  of  the  Scheme  is  symmetrically  disposed  on  either  side  of 
M . . .,  then  M is  identical  with  the  ordinary  Arithmetic  Mean  or  Average."  (p.  41 ).  "As  the  M [median] 
measures  the  Average  Height  of  the  curved  boundary  of  a Scheme,  so  the  Q [quartile  deviation] 
measures  its  general  slope.  . . . Our  Q has  the  further  merit  of  being  practically  the  same  as  the  value 
which  mathematicians  call  the  ’Probable  Error’ . . . ."  (p.  53).  "If  we  know  the  value  of  M as  well  as  that  of 
Q [for  a Normal  Scheme  of  Measures]  we  know  the  entire  Scheme.  M expresses  the  mean  value  of  all  the 
objects  contained  in  the  group  and  (J  defines  their  variability.  ...  If  the  Measures  at  any  two  specified 
Grades  are  given,  the  whole  Scheme  of  Measures  is  thereby  determined.  Let  A.  B be  the  two  given 


Measures  of  which  A is  the  larger,  and  let  a,  b be  the  values  of  the  tabular  Deviations  [in  units  of  the 
Probable  Error]  for  the  same  Grades  ...  not  omitting  their  signs  ....  Then  the  Q of  the  Scheme  = 
lA-Bi  (a-b).  . . . M=A-aQ;  or  M=B-bQ.”  (pp.  61-62). 


Reference:  Galton  ( 1869). 

Citations:  Pearson  (1895),  Galton  (1896,  1899a),  Sheppard  (1899a>,  Bowley  (1901),  Galton  (1902), 
Kapteyn  ( 1903),  Gini  ( 1909),  Charlier  (1910),  Edgeworth  ( 1911 ),  Weinberg  (1916),  Gini  (1917),  Niceforo 
(1919),  Czuber  1 1921),  Julin  1 1921 ),  Rietz  ( 1924),  Whittaker  & Robinson  ( 1924),  Julin  ( 1933),  Snedecor 
(1937). 

* Gore,  James  Howard  (1889).  A bibliography  of  geodesy.  Report  of  the  U . S.  Coast  and  Geodetic  Survey  for 
1887 , Appendix  No.  16  (pp.  313-512).  Second  edition  ( 1903),  Report  of the  U.  S.  Coast  and  Geodetic  Survey 
for  1902,  Appendix  No.  8 (pp.  427-787).  IJ.  S.  Government  Printing  Office,  Washington. 

Summary:  The  author  gives  an  extensive  (200-page)  bibliography  of  geodesy,  which  includes  numer- 
ous publications  on  the  theory  of  errors  and  the  adjustment  of  observations,  especially  those  in  which  the 
theory  is  applied  to  the  determination  of  the  ellipticity  of  the  earth.  The  second  edition  is  even  more 
extensive  (361  pages). 

References:  Maire  & Boscovich  (1755)  [1770],  Boscovich  (1760),  Lalande  ( 1771 ),  Laplace  (1786,  1793), 
Laplace  (1799),  Puissant  (1805)  [1819],  Svanberg  (1805),  Delambre  (1806-10),  von  Lindenau  (1806), 
Laplace  ( 181  la, b,  1812),  Delambre  (1813),  Mathieu  (1813-14),  Legendre  (1814),  Gauss  (1816),  Adrain 
(1818),  Gauss  (1823),  Ivory  (1825),  Hauber  (1830,  1830-32),  Hagen  (1837)  [1882],  Bessel  & Baeyer 
( 1838),  Stampfer  ( 1839),  Cournot  ( 1843 ) [1849],  Gerling  ( 1843 ),  Ellis  ( 1844),  Gould  ( 1855),  Airy  ( 1861 ), 
Chauvenet  (1863),  De  Morgan  (1864),  Jordan  (1869),  Zachariae  ( 1 87 1 ),  von  Andrae  (1872),  Glaisher 
( 1872),  Helmert  ( 1872),  Jordan  ( 1872),  Glaisher  ( 1873),  Peirce  ( 1873),  Stone  ( 1873a),  Todhunter  ( 1873), 
Fechner  < 1874 >,  Helmert  ( 1875a, b),  Laurent  (1875),  Mees  (1875),  Helmert  ( 1876a, b),  Mees  (1876), 
Helmert  ( 1877a, b),  Jordan  ( 1877b),  Merriman  ( 1877 ),  Schreiber  ( 1882),  Edgeworth  ( 1 883b ),  Doolittle 
( 1884),  Merriman  ( 1884),  Wright  ( 1884),  Newcomb  ( 1886),  Bertrand  ( 1887b,  1888a, b),  [Pizzetti  ( 1889), 
Czuber  ( 1890),  Estienne  ( 1890),  Jordan  ( 1890),  Czuber  ( 1891a, b),  Goedseels  & Mansion  ( 1893),  Poincare 
( 1896),  Blumcke  ( 1897,  1898),  Czuber  ( 1899)}. 

Citation:  Pizzetti  ( 1892). 

Pizzetti,  P.  (1889).  Alcune  ricerche  sulla  probability  a priori  degli  errori  d’osservazione.  Giornale  di 
Maternatiche  di  Bcittaglini  (Naples)  27,  77-89.  (JFM  21,  220-222). 

Summary:  The  author  extends  certain  results  given  by  Laplace  (1812).  Let  h = l <r\  2 (where  <r  is  the 
population  standard  deviation)  be  a measure  of  the  precision  of  a single  observation.  Then  the  corre- 
sponding measures  of  precision  for  the  arithmetic  mean  of  a sample  of  ( 2m  + 1 1 observations,  each  with 
precision  h,  from  a normal  population  and  for  the  (m  + l)st  ordered  observation  (the  median)  are 
respectively  H = h(  1 +2m)'  2 and  H’  = hi  1 +4m/7r)1  2.  As  m— * x , H^H'  — * 2/(27r)1  2 = 4, 5.  The  author  shows 
further  that  H",  the  precision  of  the  best  quasi-midrange  (the  arithmetic  mean  of  values  in  a large 
sample  of  size  n which  are  symmetrically  placed  at  approximately  the  27th  and  73rd  percentiles  of  the 
sample)  is  given  bv  H " = h(  .80964n)'  2 = 9h/ vTi  as  compared  with  H = h \ n for  the  arithmetic  mean,  so 
that  Dm  H H"  = .9. 

n— 

Comments:  The  author  incorrectly  gives  .27n  and  .73(n  +■  1 1 as  the  ranks  ofthe  27,h  and  73ri1  percentiles 
in  the  sample  of  size  n.  The  former  should  be  given  as  .27(n  + 1 1.  The  error  is,  of  course,  negligible  for 
sufficiently  large  n. 
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Reference:  Laplace  ( 1812). 

Citations:  Gore  (1889)  [1903],  Pizzetti  (1892),  Czuber  (1899). 

* Czuber,  E.  (1890).  Bemerkung  liber  die  wahrscheinlichsten  Werte  beobachteter  Grossen.  Archiv  der 
Mathematik  und  Physik  (2)  9,  97-101.  (JFM  22,  236-237). 

Summary:  Let  d>(x)  be  the  law  of  error  and  let  x,,x2,.  . .,xn  be  the  errors  of  n observations  of  a quantity 

which  is  a function  of  m unknown  elements  p,q,r Then  the  most  probable  system  of  values 

(maximum  likelihood  estimates)  of  p,q,r,.  . . will  be  obtained  from  the  condition  that  fl =<^>( x , )<f>( x2)  ■ ■ • 
d>(xn)  be  a maximum.  The  author  points  out,  however,  that  there  are  three  conditions  under  which  the 
usual  method  of  finding  the  maximum  likelihood  estimates,  based  on  solving  likelihood  equations 
formed  by  equating  to  zero  derivatives  of  the  likelihood  function  ft,  fails:  (1)  The  properties  of  <t>  may  be 
such  that  in  general  ft  assumes  no  extremum  (i.e.,  ft  may  be  a constant),  in  which  case  the  estimates 
found  by  solving  the  likelihood  equations  are  illusory;  (2)  ft  may  have  only  a minimum  (no  maximum),  in 
which  case  the  solutions  of  the  likelihood  equations  correspond  to  minimum  rather  than  maximum 
likelihood;  and  (3)  ft  may  reach  a largest  value  which  is  not  a true  maximum  (i.e.,  it  may  be  either  a 
monotone  increasing  or  a monotone  decreasing  function  of  one  or  more  of  the  elements  p,q,r,  . . .),  in 
which  case  the  largest  or  smallest  observation  may  be  the  value  sought. 

Comments:  The  author  attributes  the  method  of  maximum  likelihood  to  Gauss  (1809),  but  we  have 
already  noted  its  use  by  Lambert  (1760)  and  by  Daniel  Bernoulli  (1778). 

Note:  The  above  summary  and  comments  were  written  before  the  compiler  (at  the  suggestion  of  Dr. 
Joseph  Berkson)  read  the  paper  by  Edwards  ( 1974),  in  which  he  discusses  the  distinction  between  the 
method  of  maximum  likelihood  and  the  method  of  maximum  probability.  See  the  compiler’s  note  on  the 
paper  by  Lagrange  (1774).  In  retrospect,  it  is  clear  that  Czuber’s  method  is  actually  the  method  of 
maximum  probability,  since  he  states  in  a footnote  that  he  assumed  that  all  values  of  the  unknown 
parameter  area  priori  equally  probable.  Except  for  the  need  to  make  that  assumption  in  the  case  of  one 
method  but  not  in  the  other,  the  two  methods  are  essentially  the  same  and  yield  identical  results. 

Reference:  Gauss  (1809). 

Citations:  Gore  (1889)  [1903)],  Czuber  (1891a).  , 

* Estienne,  J.  E.  (1890).  Etude  sur  les  erreurs  d’observation.  Revue  d'Artillerie  36.  235-259.  (JFM  22, 
1199-1200). 

Summary:  The  author  states  at  the  outset  (p.  235 1:  "The  present  memoir  has  as  object  to  prove  that  the 
best  value  to  adopt,  as  a measure  of  a quantity  of  which  experiment  has  furnished  values  tainted  by 
accidental  errors,  is,  in  every  case,  the  median  value,  furnished  by  the  following  rule:  One  arranges  in 
order  of  magnitude  the  values  obtained;  when  their  number  is  odd,  the  value  of  the  middle  one  is  the 
median  value;  when  their  number  is  even,  one  has  as  median  value  the  two  middle  ones  and  every 
intermediate  value”.  (Compiler’s  translation).  In  Chapter  I,  entitled  "Demonstration  of  the  rule”,  the 
author  proves  the  following  theorem  <p.  241):  "The  most  probable  value,  determined  by  the  rule  of 
median  value,  is  that  for  which  the  arithmetic  sum  of  the  deviations  is  a minimum.”  Chapter  II  is 
devoted  to  the  proposition  that  the  rule  of  the  median  value  is  independent  of  the  law  of  errors  and  should 
be  applied  to  the  exclusion  of  every  other  rule,  whatever  be  this  law.  Chapter  III  deals  with  consequences 
of  the  law  of  the  median  value,  of  which  the  author  gives  several,  including  the  use  of  the  method  of  least 
first  powers  in  solving  n inconsistent  equations  in  m unknowns  (n>m).  An  example  dealing  with 
artillery  fire  is  given  in  the  appendix. 

References:  Laplace  ( 1 799 ),  Gauss  (1809?),  Bertrand  (1889). 

Citations:  Gore  < 1 889 ) 1 1 903 J,  Czuber  ( 1891a, b>,  Mendeleev  ( 1 895 ),  Estienne  (1926-27). 

* Jordan.  W.  ( 1890).  Bestimmung  eines  Maximalfehlers.  Zeitschrift  fur  Vermessungswesen  19,  559-569. 
(JFM  22.  1201). 
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Summary:  The  author  points  out  that  it  is  impossible  to  estimate  the  maximum  error  from  actual 
measurements  because  one  cannot  be  sure  that  very  large  deviations  have  not  resulted  from  gross 
blunders  rather  than  from  errors  in  the  usual  sense.  To  obtain  data  not  subject  to  this  objection,  he 
records  the  number  of  zeros  in  the  sixth  decimal  place  of  50  seven-place  logarithms  in  each  of  the  1800 
columns  in  the  Vega-Bremiker  table  of  log  10000,  log  10001, . . .,  log  99999  and  studies  the  distribution 
of  the  number  of  times  0,1, 2, 3, . . .,  24  zeros  occur.  He  compares  this  distribution  (obviously  asymmetric!) 
with  a Gaussian  distribution  with  mean  5 (the  theoretical  value  under  the  hypothesis  that  each  of  the 
ten  digits  is  equally  likely ) and  with  a theoretical  algebraic  function  [see  Jordan  ( 1877a, b)]  having  f nite 
limits.  He  computes  two  different  values  of  the  mean  error  m (standard  deviation  o-),  m(  +)  = 2.310  and 
m(  -)  = 1.819,  for  values  above  and  below  the  mean.  Far  from  paying  any  attention  to  the  criticism  by 
Helmert  ( 1877b)  of  the  conclusion  stated  in  his  earlier  publications  that  the  maximum  error  is  3a,  he 
now  concludes  that  it  is  actually  2.75 a,  on  the  dubious  ground  that  the  smallest  value  (0)  is  only  2.75 
m(  -)  below  the  mean  (5),  even  though  by  his  own  figures  the  largest  value  (24)  is  8.23  m(  + l above  the 
mean. 

Reference:  Jordan  ( 1 877b ) 1 1888). 

Citations:  Gore  (1889)  (1903),  Czuber  (1899),  Vogeler  (1907),  von  Bortkiewicz  (1922b). 

* Runge,  C.  (1890).  Die  Schreiber’sche  Satz.  Zeitschrift  fur  Vermessungswesen  19,  20-24.  (JFM  22, 
1203-1204). 

Summary:  The  author,  using  the  notation  of  Jordan  1 1888)  and  the  approach  tried  by  Jordan,  succeeds 
in  supplying  an  elegant  proof  of  the  theorem  first  proved  by  Schreiber  (1882).  This  proof,  however, 
requires  three  pages  as  compared  with  only  half  a page  for  Schreiber’s  proof. 

References:  Schreiber  1 1882),  Jordan  < 1888). 

Citation:  Friedrich  ( 1937). 


* van  den  Berg,  F.  J.  ( 1891 ).  Over  de  kansdat,  bij  willekeurige  verdeeling  van  eenegegeven  rechte  lijn.  uit 
de  segmenten  gesloten  veelhoeken  kunnen  worden  gevormd.  Nieuw  Archief  voor  Wiskunde  18,  63-118. 
(JFM  23,  234). 

Summary:  The  author  sets  out  to  determine  the  probability  that  fora  random  division  of  a straight  line 
into  m segments,  a closed  polygon  with  m-n+2  sides  can  be  formed  from  every  group  of  m-n+2 
segments.  In  order  for  this  to  be  possible  it  is  necessary  that  the  sum  of  m-n  + 1 randomly  chosen 
segments  (and  hence  the  sum  of  the  m-n  + 1 shortest  segments)  be  always  greater  than  each  of  the  other 
n-1  segments.  This  is  a generalization  of  problems  considered  by  Lemoine  (1873)  and  Halphen  ( 1873). 
Actually  the  author  solves  a still  more  general  problem;  he  determines  the  probability  that  the  sum  of  the 
m-n  + 1 shortest  segments  is  greater  than  each  of  p of  the  remaining  segments  and  less  than  each  of  the 
n-p-1  others,  which  reduces  to  his  original  problem  in  the  special  case  in  which  p = n-l  (and  hence 
n-p-l=0).  He  derives  a formula  for  this  probability  Km  n p,  which  is  given  by 

Km.„.p  = [m!/n!)(n“')Sj=n_p( -l)'n+»*><(n![k)/{(n+k)(n+2k)  . . . |n+(m-n)k|}. 

An  equivalent  formula  which  is  more  convenient  in  some  cases  is  given  by 

Km.n.p=  |m!/(m-n-l)!(n-p-l)!nm-n]E,[  n ( — 1 )m-n-q  m-n-1)  jm-n*p-l/ 
{[n+(n-p)i][n+(n-p  + l)i] . . . ( n +ni ) }. 

The  author  corrects  an  error  in  a paper  by  van  Pesch  1 1882),  who  gave  4/27  instead  of  1/15  (the  correct 
value)  for  the  probability  in  the  case  m = 4,  n=3,  p=2. 
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References:  Halphen  (1873),  Lemoine  (1873),  van  Pesch  (1882,  1884). 
Citations:  Czuber  (1899),  Mantel  (1915). 


* Czuber,  Emanuel  (1891a).  Theorie  der  Beobachtungsfehler.  B.  G.  Teubner,  Leipzig.  (JFM  23,  235-237). 


Summary:  This  book  is  divided  into  three  parts,  dealing  with  the  theory  of  linear  observational  errors, 
the  method  of  least  squares,  and  the  theor>  of  errors  in  the  plane  and  in  space.  Only  the  first  part  is 
relevant  to  a study  of  order  statistics.  The  first  six  sections  (pp.  1-113)  deal  with  laws  of  error  [with 
particular  emphasis  on  the  normal  (Gaussian)  law,  though  Laplace’s  first  law  and  others  are  men- 
tioned]; the  early  work  of  Simpson  (1756,  1757)  and  Lagrange  (1774)  on  the  advantages  of  taking 
averages,  of  Laplace  (1774,  1781)  on  his  "most  advantageous  method”,  and  of  Daniel  Bernoulli  ( 1778)  on 
the  method  of  maximum  likelihood;  the  work  of  Legendre  ( 1805),  Adrain  ( 1808),  Gauss  ( 1809),  Laplace 
(1812),  and  later  writers  on  the  method  of  least  squares;  and  the  problem  of  the  choice  of  means  and  its 
relation  to  the  choice  between  the  method  of  least  squares  and  rival  methods.  Section  6 closes  with  a 
historical  notice  in  which  the  work  of  Glaisher  (1872)  and  Estienne  (1890)  on  the  median  is  discussed. 
Section  7 deals  with  the  estimation  of  the  precision  of  a series  of  observations  from  the  true  errors;  of 
particular  interest  is  Article  59  (pp.  141-145),  which  deals  with  the  work  of  Gauss  (1816)  and  Encke 
( 1832-34 ) on  the  probable  error  of  the  median  absolute  error.  Section  8 deals  with  estimation  of  precision 
from  apparent  errors;  Arts.  73-75  (pp.  174-181)  discuss  formulas  given  by  Jordan  (1869),  von  Andrae 
( 1869,  1872),  and  Helmert  ( 1876a)  based  on  differences  of  pairs  of  ordered  observations  and  Art.  76  (pp. 
181-182)  compares  these  with  other  formulas.  Section  9 deals  with  comparison  of  the  error  law  with 
experience;  Article  84  (pp.  199-2021  summarizes  the  work  of  Bertrand  ( 1887a,b>  and  Delauney  ( 1888)  on 
pairs  of  errors  chosen  at  random  and  then  ordered.  Section  10  (pp.  202-211 ) deals  with  the  smallest  and 
largest  errors  in  a set  of  observations.  The  author  states  that  the  probable  value  of  the  smallest  error  in  a 
large  number  of  observations  is  easily  found  [see  Bertrand  ( 1888c)],  but  that  that  of  the  largest  error  is 
more  difficult.  He  gives  a table  of  the  ratio  of  the  largest  error  M to  the  probable  error  n in  a sample  of  size 
n from  a Gaussian  population,  based  on  the  assumption  that  it  corresponds  to  the  value  ( n - 1 l/n  for  the 
c.d.f.,  for  n =20(20)100,  500,  1000,  5000,  . . .,  5000000,  10000000.  He  refers  to  earlier  work  of  Fourier 
( 1824a).  Helmert  ( 1877b),  and  Jordan  ( 1877a, b).  Section  11  (pp.  211-231 ) deals  with  the  treatment  of 
outlying  observations,  reviewing  the  contributions  of  Svanberg  [Anonymous  ( 1821 1],  Bessel  & Baever 
( 1838),  De  Morgan  1 1847),  Peirce  ( 1852),  Gould  ( 1855),  Airy  ( 1856),  Winlock  ( 1856),  Chauvenet  ( 1863), 
Stone  (1868),  Glaisher  (1873),  Bertrand  (1888b,  1889),  and  Faye  (1888). 


References:  Simpson  ( 1756,  1757),  Lagrange  (1774),  Laplace  ( 1774),  D.  Bernoulli  (1778),  Euler  (1778), 
Laplace  (1781),  J.  Bernoulli  (1785),  Trembley  (1804),  Legendre  (1805),  Adrain  ( 1 808 ),  Gauss  (1809), 
Laplace  (1812),  Gauss  (1816),  Anonymous  (1821),  Fourier  (1824a),  Encke  (1832-34),  Ellis  (1844), 
Quetelet  ( 1846),  De  Morgan  ( 1847),  Herschel  ( 1850),  Peirce  ( 1852),  Gould  ( 1855),  Airy  ( 1856),  Winlock 
( 1856),  Chauvenet  ( 1863),  Stone  ( 1868),  von  Andrae  ( 1869),  Jordan  ( 1869),  von  Andrae  ( 1872),  Glaisher 
( 1872,  1873),  Stone  ( 1873a),  Fechner  ( 1874),  Helmert  ( 1876a,  1877b),  Jordan  ( 1877a, b),  Breger  1 1881), 
Bertrand  ( 1887a, b,  1888a, b,c),  Delauney  ( 1888),  Faye  ( 1888),  Bertrand  ( 1889),  Czuber  ( 1890).  Estienne 
(1890). 


Citations:  Helmert  1 1872)  [1907],  Gore  ( 1889)  [19031,  Cranz  ( 18961.  Czuber  ( 1899.  1903),  Edgeworth 
1 1905),  Kozak  1 1907,  1908-10).  Wellisch  ( 1909).  Edgeworth  (1911).  Dodd  ( 1913),  Weinberg  1 1916).  Keynes 
( 1921 1.  von  Bortkiewicz  1 1922b),  Dodd  ( 1922),  Ogrodnikoff  ( 1928),  von  Bortkiewicz  ( 1931  >.  Craig  1 1932a), 
Rider  i 1933).  von  Eberhard  1 1938).  Arley  & Buch  f 1940),  Frechet  1 1941 1,  Gaede  ( 1942),  Doming  ( 1943). 

Czuber.  Emanuel  1 1891b).  Cber  ein  Ausgleichungsprincip.  Technische  Blcitter  23,  1-9.  (JFM  23,  1207). 


Summary:  The  author  states  that  his  purpose  is  to  examine  the  rule  proposed  by  Estienne  ( 1890)  and 
its  consequences,  especially  the  adjustment  principle  following  from  it.  in  relation  to  the  theory  of  errors. 
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He  restates  Estienne’s  rule  as  follows  (p.  1):  "One  orders  the  observations  according  to  their  magnitude; 
if  their  number  is  odd,  then  one  chooses  the  middle  one;  if  their  number  is  even,  then  the  two  middle  ones 
and  every  value  between  them  have  an  equal  right  to  be  chosen.  In  the  sequel  we  will  call  the  value  so 
determined  the  median  [Medianwert]”.  He  points  out  that  choice  of  the  median  leads  to  an  adjustment 
principle  (minimizing  the  sum  of  the  absolute  values  of  the  errors)  which  was  advanced  by  Laplace 
before  the  establishment  of  the  method  of  least  squares.  He  notes,  however,  that  Laplace  [( 1799),  Livre 
III,  No.  40]  minimized  the  sum  of  the  absolute  values  of  the  errors  subject  to  the  condition  that  their 
algebraic  sum  be  zero;  in  other  words,  the  "errors”  were  taken  as  deviations  from  the  arithmetic  mean, 
not  from  the  median.  But  Gauss  ( 1809),  in  his  first  "proof”  of  the  method  of  least  squares,  showed  that  if 
one  assumes  that  the  arithmetic  mean  is  the  probable  value,  it  follows  that  the  law  of  errors  is  Gaussian 
and  that  one  should  minimize  the  sum  of  the  squares  of  the  errors,  not  the  sum  of  their  absolute  values. 
The  author  goes  on  to  show  that  the  median  and  the  method  of  least  absolute  first  powers,  far  from  being 
valid  whatever  the  law  of  errors,  as  asserted  by  Estienne,  are,  as  pointed  out  by  Glaisher  ( 1872),  tied  just 
as  firmly  to  the  first  law  of  error  of  Laplace  (1774)  as  are  the  arithmetic  mean  and  the  method  of  least 
squares  to  Laplace’s  second  (Gauss’)  law.  In  conclusion,  he  states  (p.  9);  "According  to  the  foregoing,  one 
can  regard  Estienne’s  investigation  as  an  interesting  study,  since  it  has  many  points  of  contact  with  the 
older  works  in  the  area  of  theory  of  errors.  His  rule  of  the  median  and  the  resulting  adjustment  principle 
of  the  least  arithmetic  sum  cannot,  however,  alter  the  position  of  the  rule  of  the  arithmetic  mean  and  the 
method  of  least  squares.” 

References;  Laplace  ( 1774,  1799),  Legendre  ( 1805),  Gauss  ( 1809),  Glaisher  ( 1872),  Estienne  ( 1890). 
Citation:  Gore  ( 1889)  [1903]. 

| * Venn,  John  (1891).  On  the  nature  and  uses  of  averages.  Journal  of  the  Royal  Statistical  Society  54, 

429-448;  discussion,  448-456. 

Summary:  The  author  discusses  various  averages,  including  arithmetic  mean,  median,  mode,  mid- 
range, and  geometric  mean,  as  well  as  criteria  for  choosing  among  them.  He  summarizes  his  conclusions 
as  follows  (pp.  447-448):  "Every  sort  of  average — and  there  are  many  such  sorts — is  a single  fictitious 
substitute  of  our  own  for  the  plurality  of  actual  values  existent  in  the  results  which  are  naturally  or 
artificially  set  before  us.  It  is  impossible,  therefore,  for  the  former,  in  any  case,  effectually  to  take  the 
place  of  the  latter.  But  the  extent  to  which  it  may  succeed  or  fail  in  doing  so  will  depend  upon  the  nature 
of  the  facts  presented  to  us,  and  still  more  upon  the  precise  object  we  have  in  view.  Three  cases  may  be 
suggested: — ( 1)  If  we  are  only  concerned  with  comparative  results,  and  these  presumably  form  the  bulk 
of  statistical  inquiry,  then  almost  any  kind  of  average  will  answer  the  purpose.  (2)  If  we  want  accurate 
quantitative  results,  then  the  selection  of  the  kind  of  average  is  no  longer  at  our  disposal,  but  must 
depend  upon  the  precise  object  we  have  in  view.  The  common  arithmetic  mean  may  be  the  best,  and 
probably  in  most  cases  is  so,  but  circumstances  can  easi  ly  be  suggested  in  which  some  other  kind  of  mean 
becomes  not  merely  more  convenient  but  distinctly  more  accurate.  (3)  There  is  the  well  known  class  of 
cases,  of  which  the  Science  of  Mensuration  offers  the  most  familiar  examples,  in  which  the  'mean’  is 
resorted  to  in  order  to  discover  what  is  regarded,  accurately  or  metaphorically,  as  the  true  value. 
Without  in  the  least  wishing  to  criticise  the  customary  methods  and  conclusions,  I have  ventured  to 
suggest  that  it  may  depend  upon  the  object  we  have  in  view,  not  merely  what  kind  of  average  should  be 
selected,  but  whether  there  is  a necessary  gain  in  employing  any  kind  of  average  at  all.”  Contributors  to 
the  discussion  include  Galton  and  Edgeworth,  the  latter  presenting  the  case  for  use  of  the  median. 

References:  Venn  (1866),  Edgeworth  (1886a). 

Citations:  Julin  ( 1921 ),  Keynes  ( 1921 ),  Rietz  ( 1924). 


90 


r 


* Holmes,  George  K.  (1892).  Measures  of  distribution.  Publications  [Journal]of  the  American  Statistical 
Association  3 (18-19),  141-157. 

Summary:  The  author  proposes  a triple  measure  of  distribution  of  wealth  which  includes  the  percent- 
age of  the  population  owning  wealth,  the  average  holding  of  those  owning  wealth,  and  the  difference 
between  the  median  wealth  according  to  the  number  of  owners  (the  usual  median i and  the  median 
wealth  according  to  the  amount  of  wealth  (i.e.,  the  amount  of  wealth  such  that  the  total  wealth  held  by 
owners  holding  less  than  this  amount  and  the  total  wealth  held  by  those  holding  more  than  this  amount 
are  equal). 

Citations:  Holmes  (1905),  Lorenz  (1905),  von  Bortkiewicz  (1931). 

* Pizzetti,  P (1892).  1 fondamenti  matematici  per  la  critica  dei  risultati  sperimentali.  Atti  della  Regia 
Universita  di  Genova  11,  113-333.  (JFM  24,  204-205);  review  by  V.  Reina,N«oco  Cimento  (3)  33  ( 18931, 
43-48. 

Summary:  The  author  gives  few  if  any  new  results,  but  this  paper  is  a very  useful  summary  of  work  to 
date  on  the  theory  of  errors,  with  a bibliography  of  503  items,  many  of  which  are  relevant  to  a study  of 
order  statistics.  Reina  lists  11  additional  works  on  the  subject  in  his  review. 

References:  Cotes  (1722),  Mayer  (1750),  [Maire  &]  Boscovich  (1755),  Simpson  (1757),  Boscovich 
( 1760),  Lambert  ( 1760,  1765b),  Lagrange  ( 1774),  Laplace  ( 1774),  D.  Bernoulli  ( 1778),  Laplace  ( 17811,  J. 
Bernoulli  (1785),  Laplace  (1793),  Trembley  (1804),  Legendre  (1805),  Puissant  (1805),  von  Lindenau 
( 1806),  Adrain  ( 1808),  Gauss  ( 1809),  Laplace  ( 1810, 181  la, b,  1812),  Legendre  (1814),  van  Beeck  Calkoen 
(1816),  Gauss  (1816),  Adrain  (1818),  Gauss  (1823),  Fourier  (1824a),  Ivory  (1825),  Fourier  (1826a), 
Hauber  ( 1830, 1830-32),  Cauchy  ( 1831 ),  Encke)  1832-34),  Cauchy  ( 1837),  Hagen  ( 1837 ),  Bessel  & Baeyer 
( 1838),  Cournot  ( 1843),  Gerlingi  1843),  Ellis  ( 1844),  Quetelet  ( 1846),  De  Morgan  ( 1847),  Herschel  ( 1 850 ), 
Peirce  (1852),  Gould  (1855),  Lloyd  (1855),  Airy  (1856),  Winlock  (1856),  Petzval  (1857),  von  Andrae 
( 1860),  Airy  ( 1861 ),  Chauvenet  ( 1863),  De  Morgan  ( 1864),  Todhunter  ( 1865),  Venn  ( 1866),  Stone  ( 18681, 
von  Andrae  (1869),  Jordan  (1869).  Zachariae  (1871),  von  Andrae  (1872),  Glaisher  ( 1872 ),  Helmert 
( 1872),  Jordan  ( 1872),  Glaisher  ( 1873),  Peirce  ( 1873),  Stone  ( 1873a, b),  Fechner  ( 1874 1,  Jevons  ( 18741, 
Stone  ( 1874),  Galton  ( 1875),  Helmert  ( 1875a,bl,  Laurent  ( 1875),  Mees  ( 1875),  Helmert  ( 1876a, b).  Mees 
( 1876),  Helmert  ( 1877b),  Jordan  ( 1877b).  Merriman  ( 1877),  Wilson  ( 1877).  Breger  ( 1881 1,  Edgeworth 
( 1883a, b),  Doolittle  (1884),  Wright  ( 1 884 ),  Edgeworth  (1886a),  Newcomb  (1886).  Edgeworth  ( 1 887 
a,c,d,e),  Turner  (1887),  Bertrand  ( 1888a, b,c),  Edgeworth  ( 1888),  Bertrand  ( 1889),  Gore  ( 1889).  Pizzetti 
(1889). 

Citations:  Czuber  (1899,  1903),  Keynes  (1921),  Whittaker  & Robinson  (1924),  Doming  (1943). 

* Edgeworth,  F.  Y.  ( 1893).  Exercises  in  the  calculation  of  errors.  Philosophical  Magazine  (5)  36.  98-1 1 1. 
(JFM  25,  356). 

Summary:  The  author  (page  111)  gives  the  following  summary:  "We  have  estimated  the  error  incident 
to  each  coefficient  employed  in  determining  the  correlation  between  organs.  We  have  shown  how  this 
error  becomes  greater  with  the  number  of  the  organs;  the  instability  of  the  construction  increases 
rapidly  with  its  height.  In  reaching  these  conclusions  respecting  correlated  averages,  we  have  come  upon 
two  principles  of  wider  application.  ( 1 1 When  observations  are  combined  according  to  a system  of  weights 
different  from  that  which  is  known  to  be  best,  it  is  in  general  advantageous  to  reject  a certain  class  of  the 
given  observations.  (2)  When,  as  usual,  the  observations  range  under  a [normal]  probability  curve,  the 
median  m corrected  by  the  quartiles  q,  and  q2  affords  a formula  for  the  Mean.  viz.  ( 1.2m  +q,  +q,i  -s  3.2, 
which  is  more  accurate  than  that  method  of  combining  such  observations  which  has  hitherto  been 
supposed  to  be  the  most  accurate,  viz.  the  Arithmetic  Mean.  The  principle  may  be  applied  with  great  ease 
and  advantage  to  Discordant  Observations.” 
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Comments:  The  second  principle  stated  by  the  author  is  incorrect.  The  source  of  his  error  lies  in  the 
assumption  that  the  quartiles  are  independent  of  each  other  and  of  the  median,  whereas  they  are 
actually  considerably  correlated,  as  Pearson  ( 1 920 1 has  pointed  out. 


References:  Edgeworth  ( 1887a,c,d,e>,  Gabon  (1888). 

Citations:  Sheppard  (1899a),  Bowley  (1901),  Pearson  (1920),  Bowlev  (1928). 

* Goedseels,  E.;  Mansion,  P.  (1893).  Discussion  sur  la  theorie  des  erreurs.  Annates  de  la  Societe  Scien- 
tifique  de  Bruxelles  17  (1),  52-53.  (JFM  25,  351). 

Summary:  Goedseels  observes  that  in  reality  no  one  has  ever  established  the  method  of  least  squares  in 
an  absolutely  conclusive  manner,  and  that  one  should  avoid  assigning  too  great  objective  value  to  the 
results  to  which  it  leads.  Mansion  is  of  the  same  opinion.  In  reality,  the  only  definition  which  one  can  give 
of  accidental  errors  is  this:  They  are  the  errors  which  are  eliminated  by  the  method  of  least  squares.  But 
it  isjust  to  recall  that  Gauss  took  care  to  express  himself  with  precision  on  what  is  arbitrary  in  the  theory 
to  which  he  gave  such  a perfect  form.  The  great  advantage  of  the  method  of  least  squares  is  that  it  allows 
the  combination,  in  a simple  and  reasonable  manner,  of  the  results  of  observations  of  unequal  value  in  a 
condensed  form. 

Comments:  This  discussion  is  of  interest  because  the  budding  dissatisfaction  with  the  method  of  least 
squares  which  is  expressed  here  later  led  to  substantial  contributions  by  the  authors  [see.  for  example. 
Mansion  (1906),  Goedseels  (1909,  1911),  and  Mansion  (1913)]  to  the  theory  of  rival  methods,  some  of 
which  are  based  on  order  statistics. 

Citations:  Gore  (1889)  [1903],  Wolffing  (1899). 

* Vallier,  E.  (1894).  Balistique  Experimentale.  Publisher  unknown.  Paris. 

Summary:  Kozak  1 1908-10)  writes  (p.  580,  compiler’s  translation):  "Vallier  [see  Cranz  ( 1896),  p.  312] 
altered  the  rule  of  Chauvenet  by  determining  the  argument  t from  <|xt)  = (n2  - 1 ) n2  [Stone's  first 
criterion  for  m = n2];  the  deviation  at  which  the  rejection  begins  is  thus  a = . . . = rt  0.4769  [where  r = the 
probable  error].” 

Note:  The  compiler  has  been  unable  to  obtain  a copy  of  this  book,  and  so  has  had  to  rely  solely  on 
information  about  it  given  by  Cranz  and  bv  Kozak. 

References:  Chauvenet  (1863),  Stone  (1868). 

Citations:  Cranz  (1896),  Hevdenreich  (1903),  Kozak  (1908-10). 

Mendeleev,  Dimitri)  Iivanovich)  (1895).  Course  of  work  on  the  renewal  of  prototypes  or  standard 
measures  of  lengths  and  weights.  (Russian).  Vremennik  Glavnoi  Palaty  Mer  i Ve sot  2.  157-185.  Re- 
printed 1950  in  Collected  Writings  ( Sochineniya > , Vol.  22,  pp.  175-213.  Izdatel'stvo  Akademii  Nauk 
SSSR,  Leningrad-Moscow. 

Summary:  The  author  (p.  209  of  reprint)  states  the  end  result  that  the  length  of  platinum-iridium 
prototype  meter  No.  28  (assigned  by  lot  to  Russia)  is  1 M + 0.50/a.  This  result  is  based  on  1 1 determina- 
tions (tabulated  on  p.  208)  of  the  form  1 M + n/a.  where  n takes  the  values  0.61 . 0.44. 0.64. 0.65. 0.49, 0.29, 
0.29,  0.45,  0.56,  0.42,  0.68.  The  author  comments  (footnote,  p.  209):  "According  to  the  'median  rule’  given 
by  Mr.  Estienne  (in  1890).  the  most  probable  conclusion  drawn  from  a set  of  data  corresponds  not  to  the 
overall  arithmetic  mean,  but  rather  to  an  average  real  quantity  based  on  a number  of  observations. 
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which  is  found,  by  arranging  all  the  results  in  order  of  their  numerical  magnitudes.  Thus,  in  the  above 
example,  having  discarded  4 of  the  lowest  values  ( from  0.29  to  0.45 ) and  4 of  the  highest  values  ( from  0.61 
to  0.68)  we  are  left  with  three  medium  values,  namely,  these  values  in  order  of  magnitude:  0.45,  0.49, 
0.56,  which  give  the  probable  value  + 0.49p..  Here  this  value  is  in  complete  agreement  with  the 
arithmetic  mean,  and  this  indicates  that  the  errors  follow  a definite  law,  used  by  the  Gaussian 
probability  theory,  i.e.,  that  the  observations  do  not  contain  gross  accidental  errors,  but  are  rather 
determined  by  the  unavoidable  errors  of  observation.  I would  not  consider  it  out  of  place  to  point  out  that, 
on  my  part,  I use  a different  method  to  evaluate  the  harmony  of  a series  of  observations  that  must  give 
identical  numbers,  namely  I divide  all  the  numbers  into  three,  if  possible  equal,  groups  i if  the  number  of 
observations  is  not  divisible  bv  three,  the  greatest  number  is  left  in  the  middle  group i:  those  of 
greatest  magnitude,  those  of  medium  magnitude,  and  those  of  smallest  magnitude;  the  mean  of  the 
middle  group  is  considered  the  most  probable  (here  it  is  equal  to  0.5 1/u),  and  if  the  mean  of  the  remaining 
groups  is  close  to  it  (here  it  is  equal  to  0.53 p),  the  observations  are  considered  harmonious.  But  in  the 
calculations  of  the  Main  Bureau  we  observe  the  ordinary  Gaussian  calculations.”  (translation  by  George 
Marinenko  and  Walter  Sadowski  contained  in  a 197 1 memorandum  by  Churchill  Eisenhart,  who  notes 
that  the  largest  of  the  four  lowest  values  is  44,  not  45  and  that  the  mean  of  the  six  observations  not  in  the 
middle  group  is  0.495/x,  not  0.53/u).  For  the  eleven  observations  under  consideration,  there  is  excellent 
agreement  among  the  arithmetic  mean  (Gauss),  1 M + 0.50p.;  the  median  (Estiennei,  1 M + 0.49^;  and 
the  mean  of  the  middle  third  of  the  observations  (Mendeleev),  1 M + 0.51/u. 

Reference:  Estienne  ( 1890). 

* Pea-'son,  Karl  (1895).  Contributions  to  the  mathematical  theory  of  evolution.  II.  Skew  variation  in 
homogeneous  material.  Philosophical  Transactions  of  the  Royal  Society  of  London  A 186,  343-414; 
abstract,  Proceedings  of  the  Royal  Society  of  London  57,  257-260.  (JFM  26,  243).  Reprinted  in  Karl 
Pearson's  Early  Statistical  Papers,  pp.  41-112,  Cambridge  University  Press,  Cambridge,  England,  1948. 

Summary:  This  paper  contains  the  first  exposition  of  Pearson's  system  of  frequency  curves.  The  only 
material  relevant  to  a study  of  order  statistics  concerns  the  relative  position  of  mean,  median,  and  mode 
of  samples  from  a Pearson  Type  III  distribution,  which  the  author  discusses  at  some  length  on  pages 
375-376  ( pp.  73-74  of  the  reprint  i.  Let  tfie  equation  of  the  Type  III  curve  be  y =y„t  1+xal  Y “e-’*.  or  if  we 
take  z=y(a  + x)  and  ya=p,  y=y„(e  p),’z,'e  z.  Then  for  p positive,  he  finds  that  the  median  lies  about 
one  third  of  the  way  from  the  mean  to  the  mode.  In  a footnote  on  p.  345  (p.  43  of  the  reprint)  he  writes: 
"The  'mean',  the  'mode',  and  the  'median'  have  all  distinct  characters  important  to  the  statistician." 

Comments:  Pearson  makes  routine  use  of  the  median  in  several  later  papers,  but  only  those  which 
make  some  new  contribution  to  the  theory  vUM  be  included  in  this  bibliography. 

References:  Edgeworth  il887e'.  Galton  > 1 JSJ49 » 

Citations:  Yule  (1896a>.  Edgeworth  1 1 S9S >.  Czuber  (1899).  Sheppard  ( 1899a, bi.  Kapteyn  (1903), 
Edgeworth  ( 1905),  Charlier  » 1906,  1910).  Edgeworth  ) 1911.  1913).  Tolley  ( 1916),  Czuber  (1921).  Julin 
( 1921),  Keynes  ( 1921 ».  Dodd  1 1922.  1923).  Rietz  < 1924',  Goodrich  ( 1927),  Sophister  ( 1928),  Pearson  & 
Pearson  ( 1931,  1932).  Rosin  & Rammler  < 1934).  Roller  ) 1941 ),  Boldrini  1 1942i.  Kendall  ( 1943),  Cramer 
(1946).  Kendall  (1946). 

* Cranz.  Carl  1 1896i.  Kompendium  dcr  Theoretischen  Ausseren  Ballistik.  B.  G.  Teubner,  Leipzig.  Second 
edition  (with  K.  Becker),  Lehrbttch  der  Ballistik.  Band  I:  Aussere  Ballistik.  Julius  Springer.  Berlin. 
1910;  fifth  edition  (with  the  assistance  of  O.  von  Eberhard  and  K.  Becker  I,  1925.  Erganzungsband.  1936. 

L Reprinted  1943  by  Edwards  Brothers.  Inc..  Ann  Arhor.  Mich.  English  translation  of  second  German 

edition.  Handbook  of  Ballistics.  Volume  1:  Exterior  Ballistics.  H.  M.  Stationery  Office,  London.  1921. 
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Summary:  In  Section  68  (pp.  419-425),  the  author  discusses  the  treatment  of  outliers.  He  mentions  the 
criteria  of  Peirce,  Chauvenet,  Stone,  Vallier,  Heydenreich,  Mazzuoli,  and  Rohne,  and  the  objections  of 
Airy,  Bessel,  and  Faye  to  the  rejection  of  any  observation  simply  because  it  deviates  too  far  from  the 
others.  He  points  out  that  several  other  criteria  are  special  cases  of  Stone's,  which  rejects  one  observation 
out  of  m if  the  observations  have  come  from  a homogenous  normal  population.  These  criteria  are  those  of 
Chauvenet  (m=2n),  Vallier  (m  = nz),  Mazzuoli  (m  = n),  and  Heydenreich  <m=2n-2).  He  applies  these 
criteria  and  those  of  Peirce  and  Rohne  to  the  same  example.  The  supplementary  volume  (Section  85,  pp. 
204-214,  written  by  O.  von  Eberhard)  contains  further  discussion  of  criteria  for  rejection  of  outliers  and 
another  example  of  their  use. 

Note:  All  references  in  the  above  summary  to  specific  sections  and  pages  are  to  those  of  the  1948  reprint 
of  the  fifth  edition  (1925)  and  the  supplementary  volume  (1936).  The  relevant  material  is  found  in 
Section  65  (pp.  392-396)  of  the  English  translation  of  the  second  German  edition  . 

References:  Czuber  ( 1891a),  Vallier  ) 1894),  {Czuber  1 1899,  1903),  Heydenreich  ( 1903),  Kozak  1 1907). 
Rohne  ( 1907),  Kozak  ( 1908-10),  Mazzuoli  ( 1908)}. 

Citations:  Heydenreich  (19031,  Kozak  (1908-101,  von  Eberhard  (1938).  Arley  (1940),  Arley  & Buch 
1 1940),  Simon  ( 1941 ),  Smirnoff  < 1941 ). 

* Galton,  Francis  ( 1896).  Application  of  the  method  of  percentiles  to  Mr.  Yule’s  data  on  the  distribution  of 
pauperism.  Journal  of  the  Royal  Statistical  Society  59.  392-396. 

Summary:  The  author  proposes  the  application  of  the  method  [see  Galton  (1889)]  of  percentiles 
(actually  deciles  in  this  case)  to  data  on  the  distribution  of  pauperism  given  by  Yule  1 1896a ).  Instead  of 
computing  the  moments  of  the  observed  distribution  and  fitting  a member  of  the  Pearson  system  of 
frequency  curves,  he  computes  the  deciles  by  linear  interpolation  in  the  observed  (grouped  i distribution, 
assuming  that  the  observations  in  each  class  are  uniformly  distributed  throughout  the  class.  He  then 
obtains,  from  the  second,  fifth,  and  eighth  deciles,  measures  of  central  tendency  ithe  median  or  fifth 
decile),  of  variability  (the  spread  between  the  second  and  eighth  decilesi,  and  of  skewness  (|v  w . where  v 
and  w are  respectively  the  deviations  of  the  second  and  eighth  deciles  from  the  median).  A second 
measure  of  skewness  which  he  proposes  is  the  deviation  of  the  mean  from  the  median. 

Comments:  This  paper  and  the  two  related  ones  bv  Yule  ( 1896a, b),  like  many  that  we  shall  encounter, 
deal  with  grouped  data,  which  are  only  partially  ordered.  We  do  not  know  the  exact  value  of each  ordered 
observation,  only  its  order  within  a specified  class.  The  quantiles  found  by  linear  interpolation  are  thus 
only  approximations,  albeit  usually  very  good  ones,  to  the  true  quantiles  of  the  ungrouped,  completely 
ordered,  data. 

References:  Galton  il889).  Yule  (1896a). 

Citations:  Yule  ( 1896a, b»,  Bowley  ( 1901 ),  Julin  ( 1921).  Keynes  ( 1921). 

* Poincare.  Henri  ( 1896).  Calcul  des  Probahilitc.s.  Gauthier-Villars,  Paris.  Second  edition.  1912.  (JFM 
49,  383  — listing  only). 

Summary:  Chapters  X- XI II  (pp.  169-251),  dealing  respectively  with  the  theory  of  errors  and  the 
arithmetic  mean,  justification  of  the  law  of  Gauss,  errors  in  the  position  of  a point,  and  the  method  of 
least  squares,  are  of  interest.  The  author  expresses  doubt  as  to  the  universal  validity  of  the  Gaussian  law 
of  error  (and  with  it  the  arithmetic  mean  and  the  method  of  least  squares),  but  offers  no  specific- 
alternatives.  Twice  (pp.  187  and  21 1-212)  he  raises  the  question  as  to  whether  one  should  reject  outlying 
observations,  but  offers  no  definitive  answer.  He  alludes  to  the  work  of  various  authors,  especially  Gauss 
and  Bertrand,  but  gives  no  specific  references. 
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Note:  Numbers  of  chapters  and  pages  in  the  above  summary  are  those  in  the  second  (1912)  edition. 
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Citations:  Gorei  1899 ) [1903],Czuber  1 1899 1,  Bohlmann  ( 1909),  Edgeworth  ( 191 1 1,  Dodd  (1913),  Con- 
tarino  i 1914),  Daniell  1 1920),  Keynes  1 192 1 ),  Dodd  i 1922),  Whittaker  & Robinson  ( 1924),  Coolidge  1 1925), 
Wilson  & Hilferty  1 1929).  Lidstone  1 1930),  Madow  1 1937),  Frechet  1 1941 ),  Simon  1 1941 1,  Cramer  1 1946). 

* Yule,  G.  Udny  1 1896a).  Notes  on  the  history  of  pauperism  in  England  and  Wales  from  1850.  treated  by 
the  method  of  frequency  curves,  with  an  introduction  on  the  method.  Journal  of  the  Royal  Statistical 
Society  59,  318-349;  discussion,  350-357. 

Summary:  The  author  gives  an  introduction  to  the  system  of  frequency  curves  developed  by  Pearson 
| ( 1895)  and  proceeds  to  fit  suitably  chosen  members  of  the  system  to  data  on  pauperism  in  England  and 

Wales  for  the  years  1850,  1860,  1870, 1881,  and  1891.  Along  with  other  measures  of  central  tendency  and 
variability  he  considers  the  median,  the  quartile  deviation,  and  the  range.  He  mentions  that  the  median 
1 has  been  used  extensively  by  Galton  because  of  its  simplicity.  He  notes  that  the  quartile  deviation  is  the 

same  as  the  probable  error  for  symmetric  distributions.  He  points  out  that  large  samples  which  have  the 
same  range  may  have  very  different  standard  deviations,  so  that  the  range  of  a large  sample  is  not  a good 
measure  of  variability.  He  closes  with  a supplementary  note  on  the  determination  oft  he  mode.  One  oft  he 
two  methods  he  proposes  is  based  on  the  rule  of  thumb  that  the  distance  between  the  mean  and  the 
median  is  approximately  one-third  of  that  between  the  mean  and  the  mode,  so  that  we  have  approxi- 
mately Mode  = Mean -3  ( Mean-Median  >.  In  determining  the  median  of  grouped  data,  he  proposes  linear 
interpolation  in  the  frequency  polygon  (composed  of  trapezoids)  rather  than  in  the  histogram  (composed 
of  rectangles).  Contributors  to  the  discussion  include  Francis  Galton,  W.  F.  Sheppard,  and  the  author. 
Galton  proposes  use  of  the  method  of  percentiles  (or  deciles),  which  he  expounds  more  fully  in  a later 
memorandum  [Galton  ( 1896 1],  instead  of  the  method  of  frequency  curves.  Sheppard  suggests  that  the 
median  is  a better  average  than  the  mode  (proposed  by  the  author),  since  the  latter  is  quite  sensitive  to 
small  changes  in  the  observed  frequencies.  The  author  replies  to  Sheppard’s  suggestion  by  pointing  out 
that  the  mode  of  the  fitted  frequency  'urve,  which  is  what  he  actually  uses,  does  not  exhibit  the  same 
sensitivity  to  small  changes  as  does  the  observed  mode.  He  reserves  detailed  comment  on  Galton’s 
proposed  method  for  a note  [Yule  ( 1896b)]  on  Galton’s  memorandum,  saying  only  that  the  chief  fault  of 
Galton's  method  is  that  it  does  not  lend  itself  to  theoretical  treatment. 

References:  Pearson  (1895),  Galton  (1896i,  Yule  (1896b). 

Citations:  Galton  (1896).  Yule  il896b).  Pareto  (1897),  Bowley  (1901),  Julin  (1921),  Keynes  (1921), 
Rietz  1 1924). 

Yule.  O.  U.  i 1 896b  i Remarks  on  Mr.  Galton's  note.  Journal  of  the  Royal  Statistical  Society  59,  396-398. 

Summary:  The  author  points  out  that,  whereas  Galton  1 1896)  has  stated  that  the  deciles  of  a distribu- 
tion are  a sufficient  representation  of  the  facts,  his  (Yule’s)  frequency  curves  [see  Yule  (1896a)]  give 
values  of  the  deciles  which  agree  quite  closely  with  Galton's  observed  deciles  and  are  probably  better 
estimates  of  tin  true  deciles  of  the  underlying  population.  He  closes  with  the  following  statement  ip. 
398 1 : "The  method  of  percentiles  may,  in  fact,  often  be  a convenient  method  for  representing  observa- 
tions. but  it  must  be  remembered  that  it  is  only  a method  of  representation,  it  offers  no  theoretical  law  of 
distribution  or  legitimate  means  of  smoothing  observations.  Its  wide  adoption  to  give  the  results  of 
statistical  researches  is  even  to  be  deprecated,  for  it  frequently  causes  the  omission  of  the  very  data  upon 
which  a real  statistical  theory  could  be  developed.” 

References:  Galton  1 1896),  Yule  ( 1896a). 

Citations:  Yule  1 1 896a i,  Bowley  1 1901 1.  Keynes  (1921 ),  Rietz  ( 1924). 
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AIR  FORCE  FLIGHT  DYNAMICS  LAB  KR I 6HT-PATTERS0N  AFB  OHIO  F/6  12/1 
A CHR0N0L06ICAL  ANNOTATED  BIBLIOGRAPHY  ON  ORDER  STATISTICS.  VOL—ETCCU) 
OCT  78  H L HARTER 


* Bliimcke,  Ad  ( 18971.  Zur  Jordan’schen  Theorie  der  Maximalfehlers.  Zeitschrift  fur  Vermessungswesen 
26,  51-54,  276-281,  561-562.  (JFM  28,  205-206). 


Summary:  In  the  first  installment  (pp.  51-54),  the  author  shows  that  the  error  function 

1 3-5-7  . ■ ■ (2n-t-l)i2n+3)  1 n+l 

y„— *,e)"-2'  2-4-6  ...  2n(2n+2)  ' Mn ' Mn2  ’ 

where  Mn  is  the  maximum  error,  which  was  proposed  by  Jordan  (1877b)  [1895],  can  be  obtained  in 
another  way,  by  a variation  of  the  derivation  of  the  Gaussian  law  of  error,  based  on  the  composition  of 
elementary  errors,  which  was  given  by  Hagen  ( 1837)  [1867].  In  the  second  part  (pp.  276-281 ),  the  author 
shows  that,  just  as  the  Gaussian  law  of  error  can  be  derived  from  the  principle  of  the  arithmetic  mean,  so 
can  the  Jordan  law,  if  only  one  assigns  to  the  individual  observations  weights  which  are  functions  of  the 
errors  of  observation.  In  the  third  part  (pp.  561-562),  he  shows  that  thejoint  probability  density  function 
of  p independent  errors  ( i =1,2,  . . . , p),  each  following  the  Jordan  law.  is  given  by  D1’  e-'n*llJln,i<!  M», 
where 


1 3-5-7  ...  (2n-t-l)(2n  + 3)  J_ 

2 2-4-6  . . . 2n(2n+2)  M„ 


and  J( n)  = 1 


1 . 3 + I 3'5  + 1 . 3-5-7 

2 2n+7  3 (2n+7)(2n+9)  4 (2n+7l(2n+9)(2n  + lli 


[after  correction  of  an  obvious  typographical  error].  He  points  out  that  Jordan  ( 1877b)  [1895]  has  shown 
that,  for  n = 2c,  D = h/\/7r  and  e~ln+1,Jlnl-<;  M„  = e so  that  thejoint  p.d.f.  reduces  to  that  of  p independent 
Gaussian  variables,  namely  (h/\  77-)1'  e~h!-‘L  He  also  gives  two  new  approximations  to  the  square  of  the 
maximum  error,  namely: 


1 3 • 5 ■ 7 . . . (2n  + l)(2n+3i 

2 2 • 4 ■ 6 . . . 2n(2n+2 


m2;  (2)  Mn2  = 2(n  + l>Jin)  ■ m2 


[again  after  correction  of  an  obvious  typographical  error],  where  m is  the  standard  deviation.  He  points 
out  that  values  given  by  these  approximations  are  somewhat  smaller,  especially  for  small  values  of  n, 
than  those  given  by  the  Jordan  formula,  but  that  they  agree  somewhat  better  with  each  other. 


References:  Hagen  ( 1837)  [1867],  Jordan  ( 1877b)  [1895], 

Citations:  Gore  ( 1889)  [1903],  Bliimcke  ( 1898,  1901 ),  Vogeler  ( 1907). 


* Fechner,  Gustav  Theodor  (1897).  Kollektivmasslehre  (ed.  Gotti.  Friedr.  Lipps).  Wilhelm  Engelmann, 
Leipzig.  iJFM  28,  208-209). 

Summary:  Various  laws  of  error  and  various  averages  (arithmetic  mean,  median,  and  mode)  are 
discussed  in  Chapter  V.  Chapter  XX  deals  with  the  distribution  of  extreme  values.  The  author  discusses 
the  largest  and  smallest  values,  E'  and  E.,  in  a sample,  their  absolute  or  relative  difference  (the  range), 
and  their  sum  (twice  the  midrange),  and  cites  examples  of  their  use  by  Dove  (1838)  and  Schmid  in 
meteorological  studies,  as  well  as  their  mention  by  Encke  ( 1832-34).  He  remarks  (p.  321):  "One  must  not 
forget  that  the  magnitude  of  the  extreme  is  dependent  on  the  number  of  observations  . . . ."  He  looks  at 
the  averages  of  the  largest  and  of  the  smallest  heights  of  360  recruits  divided  into  n samples  of  size  m,  for 
m=2,  n = 180;  m =3,  n = 120,  m=4,  n=90;  m=6.  n=60;  m=9,  n=40;  m = 18.  n = 20;  m=36,  n = 10:  m=72, 
n=5;  m=360,  n = l;  also  at  the  average  ranges  of  the  arithmetic  means,  medians,  and  modes  of  these 
samples.  He  finds  expressions  for  the  p.d.f.  and  the  mean,  median,  and  mode  of  the  largest  absolute 
deviation  of  m values  from  their  mean  (assuming  a normal  distribution)  as  a function  of  l/h  = crV2  and 
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tabulates  them  for  m = l, 2, 3, 4,6, 9, 18, 36, 72, .160, 500, 1000, 5000,  and  10000  in  the  case  of  median  and 
mode;  he  also  compares  theoretical  and  observed  values  for  the  median.  Additional  examples  and 
references  are  given  in  Chapter  XXVII. 


References:  Gauss  (1809.  1823>,  Encke  (1832-34),  Quetelet  (1835)  [1869],  Dove  (1838),  Quetelet 
(1846). 

Citations:  Czuber  (1921),  Julin  (1921),  Keynes  (1921),  von  Bortkiewicz  (1922a, b),  Goldhizer  (1923i, 
Rietz  ( 1924),  Grassberger  ( 1932),  Gumbel  ( 1933e,g),  Julin  ( 1933),  Rosin  & Rammler  ( 1934 1,  Birkeland  & 
Frogner  ( 1935),  Barricelli  (1943),  Kendall  (1946). 

* Pareto,  Vilfredo  (1897).  Cours  d'ficonomie  Politique , Vol.  II.  F.  Rouge,  Lausanne. 

Summary:  Book  III,  Chapter  1 (pp.  299-345)  deals  with  the  curve  of  incomes  which  has  come  to  be  called 
by  the  author’s  name.  Let  N be  the  number  of  persons  in  a population  who  have  incomes  greater  than  x. 

, On  pp.  305-306,  the  author  writes:  "The  real  curve  (of  incomes)  is  interpolated  by  a line  of  which  the 

equation  is  1 1 ) log  N = log  A -a  log  x.  The  general  equation  of  the  curve  is  perhaps  (2)  log  N =log  A -a  log 
(a  ■+■  x)-/3x;  but  it  is  only  in  a single  case  . . . that  we  have  found  an  appreciable  value  for  fi.  It  is  therefore 
quite  probable  that  [3  is,  in  general,  negligible,  and  that  one  has  simply  (3)  log  N = logA-u  log  (a  + x). 
When  it  is  a matter  of  total  income,  a is  also,  in  general,  quite  small  and  most  often  of  the  order  of  errors  of 
observation.  Thus  we  are  left  with  the  equation  ( 1).  . . . When  it  is  a matter  of  personal  fortune,  the 
constant  a can  no  longer  be  neglected.  It  can  take  very  considerable  values. . . . The  equation  ( 1 1 gives  < 1 ' i 
N = A/x“.  The  equation  (2)  gives  (2')  N = [A/(x+at]e  lix.  . . . "(Compiler's  translation). 

Note:  The  book  contains  nothing  directly  relevant  to  a study  of  order  statistics,  but  it  is  included  in  this 
bibliography  because  the  parameter  a of  the  Pareto  distribution  is  often  used  as  an  index  of  concentra- 
tion of  income  or  wealth,  and  some  knowledge  of  it  is  needed  for  purposes  of  comparison  with  other 
indices,  some  of  which  are  based  on  order  statistics. 

Reference:  Yule  1 1896a). 

Citations:  Lorenz  1 1905),  Watkins  ( 1908),  Gini  ( 1909),  Persons  ( 1909),  Gini  ( 1910).  Edgeworth  (1911 ), 
Furlan  (1911),  Porru  (1912),  Savorgnan  (1915),  Ricci  (1916),  Gini  (1917),  Niceforo  ( 1919),  Dalton  ( 1920). 
Winkler  (192.4),  Gini  (1926),  Saibante  (1928).  d’Addario  (1930),  Gibrat  (1930),  d'Addario  (1931),  von 
Bortkiewicz  ( 1931 ),  d'Addario  ( 1932),  Yntema  ( 1933),  d'Addario  ( 1934a),  Castellano  ( 1935),  d'Addario 
( 1936),  Gini  ( 1936),  Bresciani-Turroni  ( 1937,  1939),  Gini  ( 1939),  Davis  ( 1941 ),  Pizzetti  ( 1 94 lb).  Boldrini 
(1942). 

‘ * Whitworth,  William  Allen  1 1897).  DCC  Exercises  Including  Hints  for  the  Solution  of  All  the  Questions  in 

Choice  and  Chance.  Bell,  London.  ( JFM  28,  212 — listing  only).  Reprinted  1929  bv  G.  E.  Stechert  & Co.. 
New  York. 

Summary:  The  author  gives  hints  for  the  solution  of  the  exercises  in  his  earlier  book  [Whitworth 
(1867)].  The  following  ipp.  195-197)  are  relevant  to  a study  of  order  statistics  [see  comments  on 
Whitworth  ( 1867)]:  "666.  A line  of  length  c is  divided  into  n segments  by  n - 1 random  points.  Find  the 
chance  that  no  segment  is  less  than  a given  length  a.  where  c>na.  (Say  c-na  = ma).  . . . [Solution:] 
Suppose  the  whole  line  divided  into  o>c  equal  elements,  w ultimately  to  be  indefinitely  great.  Then  the 
given  length  will  contain  a>a  of  the  same  elements.  The  points  of  partition  can  be  selected  in  C"K  , 1 ways. 
But  if  we  first  distribute  a>a  elements  to  each  segment  we  have  then  an  excess  of  (oma elements  to 
distribute  as  increments  of  the  n segments.  We  can  make  this  distribution  ...  in  Cwniil_n  , ways.  This  is 
therefore  the  no.  of  favourable  ways  ...  Chance  =C(uman  \ C,M.  nn  , = [<<uma  + l>  <<ema+2>  ... 
(wma+n-1)]  [(wc-n+ 1 »(wc-n  + 2) ...  (<oc- 1 )],  and  when  oi  is  made  infinite  this  becomes  (ma)n  1 - c"  ' 
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= mn~‘  -i-  (m+n)"'1.  . . .667.  In  the  last  question  find  the  chance  thatrof  the  segments  shall  belessthana 
and  n -r  greater  than  a.  [The  solution  is  too  long  to  reproduce  here],  . . . The  . . . chance  required  is  . . . 
[mn''-C[  (m-t-D^'-t-C]  (m+2)n  1 - . . . ±<m  + r)n'1]/[±(m  + n)n'l|”. 

Reference:  Whitworth  < 1867). 

Citations:  Edgeworth  (1911),  Garwood  (1940). 

* Blumcke,  Ad.  ( 1898).  Zur  Jordan’schen  Theorie  der  Maximalfehlers.  Zeitschrift  fur  Vermessungswesen 
27.  313-321.  ( JFM  29,  189-190). 

Summary:  This  paper  is  a continuation  of  the  author’s  earlier  paper,  in  three  installments,  with  the 
same  title  [Blumcke  1 1897 )].  The  author  first  points  out  that  for  Jordan’s  second  algebraic  law  of  error, 
discussed  in  the  earlier  paper,  m2/M2  = l/(2n+5>  when  n is  an  integer,  where  m is  the  standard  deviation 
and  M is  themaximum  error.  He  then  proceeds  to  prove,  by  the  use  of  Gamma  functions,  that  this  relation 
holds  also  for  non-integral  values  of  n.  He  makes  a study  of  the  special  cases  in  which  n = — 1,  — 1, 0,  + 1,  + 
1,  + 2,  x.  In  particular,  n = -1  gives  the  rectangular  distribution  I M2  = 3m2),  n = 0 gives  the  parabolic 
distribution  (M2  = 5m2),  and  n = x gives  the  normal  distribution  (M=x).  The  frequency  curves  are 
symmetric  for  all  values  of  n;  those  for  n = + 1 and  n = + 2 have  respectively  first  and  second  order 
contact  with  the  horizontal  axis  at  e = ±M,  while  the  one  for  n = + x (normal  distribution)  is  asymptotic 
to  the  axis. 

References:  Jordan  (1877b)  [1895],  Blumcke  (18971. 

Citations:  Gore  (1889)  [1903],  Blumcke  (1901),  Vogeler  (1907). 

* Edgeworth,  F.  Y.  ( 1898).  On  the  representation  of  statistics  by  mathematical  formulae.  Part  l.  Journal  of 
the  Royal  Statistical  Society  61.  670-700. 

Summary:  On  pp.  681-685  the  author  discusses  the  use  of  the  median  and  the  quartiles  lor  other 
percentiles)  instead  of  the  mean,  the  standard  deviation,  and  the  standardized  third  moment  as  descrip- 
tive measures  for  asymmetric  distributions,  and  remarks  that  they  are  much  easier  to  calculate.  In 
particular,  he  points  out  (p.  681)  that  if  x is  normally  distributed  with  mean  a and  modulus  c = cr\  2. 
where  <r  is  the  standard  deviation,  then  x2  has  lower  and  upper  quartiles  Q,  and  Q.,  and  median  M given 
by  Q,  = (a-0. 4769c)2,  M = a2,  and  Q2  = ( a +0. 4769c)2,  so  that  Q..-Q,  = 4(0.4769lac  and  Q,  + ()■>  - 2M  = 
2(0.4769)2c2,  these  last  two  quantities  being  measures  of  dispersion  and  of  skewness,  respectively.  In 
calculating  the  median  and  the  quartiles  (or  other  percentiles)  from  grouped  data,  he  advocates  using, 
instead  of  linear  interpolation,  four-point  Lagrangian  interpolation,  a procedure  which  he  illustrates  in 
the  Appendix  ( Note  7.  pp.  697-699).  He  also  discusses  the  relative  positions  of  mean,  median,  and  mode. 

References:  Edgeworth  (1885,  1886a,  1887e>,  Pearson  (1895). 

Citations:  Bowley  (1901),  Edgeworth  (1911),  Bowley  (1928). 

■ Rodewald,  H.  ( 1898).  Zur  Methodik  der  Keimpriifungen.  Die  Landwirtschaftlichcn  Vcrsuchs-Stationcn 
49. 257-282:  Appendix  by  J.  C.  Kaptevn  (translated  from  Dutch  into  German  by  H.  Rodewald),  282-286. 

Summary:  The  author  states  i p.  275):  "Geometers  regard  three  times  the  standard  deviation  as  a limit 
[in  deciding]  whether  a measurement  must  be  repeated  or  not.  ” There  appears  to  be  nothing  else  that  is 
relevant  to  our  subject  either  in  the  paper  itself  or  in  the  appendix. 

Citations:  Mitscherlich  (1903),  von  Bortkiewicz  (1922b). 
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* Czuber,  Emanuel  ( 1899 ».  Die  Entwicklung  der  Wahrscheinlichkeitstheorie  und  ihrer  Anwendungen. 
Jahresbericht  der  Deutschen  Mathematiker-Vereinigung  7 < 2 )»  1-279.  (JFM  30,  43-45). 

Summary:  This  report  is  divided  into  seven  parts,  of  which  the  sixth  (pp.  150-224)  contains  the 
material  relevant  to  a study  of  order  statistics.  This  part  is  devoted  to  the  application  of  probability 
theory  to  the  results  of  measurements.  Article  55 1 pp.  159-163 1 deals  with  the  arithmetic  mean  and  other 
averages,  including  the  median  and  the  power  means  [see  Fechner  (1874)].  Article  58  (pp.  170-177) 
discusses  the  estimation  of  the  precision  of  a series  of  observations  on  the  basis  of  the  true  errors.  The 
median  absolute  deviation  [Gauss  ( 1816),  Encke  ( 1832-34)]  is  among  the  measures  of  precision  consid- 
ered. The  method  of  least  squares  is  introduced  in  Article  59  (pp.  177-180).  The  method  of  situation  of 
Laplace  1 1793,  1799)  based  on  the  two  conditions  of  Boscovich  is  mentioned  as  the  first  attempt  at  a 
systematic  solution  of  the  problem.  Arts.  60-65  are  devoted  to  demonstrations  of  the  method  of  least 
squares  based  on  the  work  of  Gauss  1 1809).  Laplace  ( 1812).  and  Gauss  1 1823)  and  other  material  on  that 
method,  not  directly  relevant  to  our  study.  Article  66  i pp.  202-207 1 deals  with  measures  of  the  precision 
of  a series  of  direct  observations  on  the  basis  of  apparent  errors  and  differences  of  observations,  the  latter 
based  on  the  work  of  Jordan  1 1869.  18721.  von  Andrae  ( 1869.  1872),  and  Helmert  ( 1876a).  Article  68  ipp. 
211-217)  deals  with  the  comparison  of  experience  with  theory.  The  author  discusses  the  largest  and 
smallest  errors  in  a series  of  n observations,  and  cites  the  work  of  Fourier  ( 1824a ).  Helmert  (1877b), 
Jordan  (1877a,  1890).  and  Bertrand  (1888c.  1889).  He  also  deals  with  the  treatment  of  outlying 
observations,  citing  the  work  of  Peirce  ( 1852),  Gould  ( 1855),  Chauvenet  ( 1863).  Stone  ( 1868, 1873, 1874), 
and  Bertrand  ( 1888b,  1889),  as  well  as  the  words  of  caution  of  Bessel  [&  Baever]  < 1838),  Airy  ( 1856) 
[answered  by  Winlock  (1856)],  and  Faye  1 1888). 

References:  N.  Bernoulli  (1709),  Cotes  (1722),  Simpson  (1757),  Lambert  (1765b),  Lagrange  (1774), 
Laplace  (1774),  D.  Bernoulli  (1778),  Laplace  (1781,  1793),  Tremblev  (1804),  Legendre  (1805),  Adrain 
( 1808),  Gauss  ( 1809),  Laplace  (1810,  1811a,  1812),  Legendre  ( 1814 ),  Gauss  ( 1816),  Anonymous  ( 1821 ), 
Gauss  1 1823),  Fourier  1 1824a),  Ivory  1 1825),  Hauber  ( 1830.  1830-32),  Encke  ( 1832-34),  Cauchy  ( 1837), 
Hagen  ( 1837),  Bessel  [&  Baever]!  1838).  Cournot  1 1843).  Gerlingi  1843),  Ellis < 1844),  Quetelet  ( 1846),  De 
Morgan  ( 1847).  Herschel  ( 1850),  Peirce j 1852),  Gould  ( 1855).  Airy  ( 1856),  Winlock  ( 1856),  von  Andrae 
( 1860),  Airy  ( 1861 ),  Chauvenet  ( 1863),  De  Morgan  ( 1864).  Todhunter  ( 1865).  Venn  1 1866),  Stone  ( 1868), 
von  Andrae  ( 1869 ),  Jordan  (1869),  Zachariae  ( 1 87 1 ).  von  Andrae  ( 1872 ).  Glaisher  (1872),  Helmert 
( 18721,  Jordan  ( 1872),  Glaisher  < 1873),  Peirce  ( 1873),  Stone  ( 1873a. bl,  Fechner  ( 1874),  Jevons  < 1874), 
Stone  ( 1874),  Helmert  1 1875a),  Laurent  ( 1875).  Lexis  1 1875).  Mees  ( 1875).  Helmert  1 1876a. b,  1877a, b). 
Jordan  ( 1877a. bi.  Merriman  ( 1 877 >.  Lalanne  (1879).  Breger  (1881).  Edgeworth  1 1883a.  1887a. e. 
1888).  Faye < 1888 1.  Bertrand  1 1889'.  Pizzetti  1 1889).  Jordan  < 189 0>,  van  den  Berg)  1891 1.  Czuber  ( 1891a i. 
Pizzetti  ' 1892).  Pearson  1 1895).  Poincare  1 1896). 

Citations:  Gore  1 1889)  [1903],  Cranz  ( 1896)  [1910],  Wolffing  1 1899),  Czuber  1 1903),  Edgeworth  (1911), 
Contarino  (1914),  Weinberg  (1916).  Keynes  < 1 92 1 ),  von  Bortkiewicz  1 1922b),  Coolidge  (1925),  von 
Bortkiewicz  (1931).  Arlev  ( 1 940 1.  Arley  & Buch  il940>. 

* Galton,  Francis  ( 1899a).  The  median  estimate.  Reports  of  the  British  Association  for  the  Advancement  of 
Science  69,  638-640;  summary.  Nature  60,  584. 

Summary:  "Dr.  Galton  proposes  to  substitute  a scientific  method  for  the  very  unsatisfactory  ways  in 
which  the  collective  opinion  of  committees  and  assemblies  of  various  kinds  is  ascertained,  in  respect  of 
the  most  suitable  amount  of  money  to  be  granted  for  any  particular  purpose.  How  is  that  medium 
amount  to  be  ascertained  which  is  the  fairest  compromise  between  many  different  opinions?  An  average 
value — i.e..  the  arithmetic  mean  of  the  different  estimates — may  greatly  mislead,  because  a single  voter 
is  apt  to  produce  an  effect  far  beyond  his  due  share  by  writing  down  an  unreasonably  largeor  unreasona- 
bly small  sum.  Again,  few  persons  know  what  they  want  with  sufficient  clearness  to  enable  them  to 
express  it  in  numerical  terms,  from  which  alone  an  average  may  be  derived:  much  deeper  thought- 
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searching  is  needed  to  enable  a man  to  make  such  a precise  affirmation  as  that  'in  my  opinion  the  bonus 
given  should  be  80/ than  to  enable  him  to  say  '1  do  not  think  he  deserves  so  much  as  100  /.,  certainly 
not  more  than  100/.'  Dr.  Galton’s  plan  for  discovering  the  medium  of  the  various  sums  desired  by  the 
several  voters  is  to  specify  any  two  reasonable  amounts  A and  B,  and  to  find  what  percentage  a of  voters 
think  the  sum  ought  to  be  less  than  A,  and  what  percentage  b vote  for  less  than  B.  It  may  now  be  assumed 
that  the  estimates  will  be  distributed  on  either  side  of  their  (unknown)  median  m,  with  an  (unknown) 
quartile  q,  in  approximate  accordance  with  the  normal  law  of  frequency  of  error;  and  thus  (using  the 
table  of  centiles  given  in  the  author’s  'Natural  Inheritance'  [Galton  1 1889)] ) the  required  median  value 
can  be  found.”  ( Nature  60,  584). 

Reference:  Galton  ( 1889). 

Citation:  Galton  ( 1899b). 

* Galton,  Francis  ( 1899b>.  A geometric  determination  of  the  median  of  a system  of  normal  variants,  from 
two  of  its  centiles.  Nature  61,  102-104.  (JFM  30,  211-212). 

Summary:  This  paper  is  a sequel  to  an  earlier  paper  of  the  author  [Galton  1 1899ai],  concerning  which 
he  writes  ip.  102):  "Its  object  was  to  solve  a problem  of  the  following  kind:  — 40  per  cent,  of  the  members 
at  a meeting  vote  that  a proposed  grant  should  be  less  than  100/.,  80  per  cent,  vote  that  it  should  [not] 
exceed  500/ . What  is  the  Median  Estimate,  supposing  the  normal  law  of  frequency  to  hold  good?  That  is 
to  say.  What  is  the  sum  that  one-half  of  the  members  would  think  too  little,  and  the  other  half  too  much, 
and  which  therefore  represents  the  best  compromise  between  many  discordant  opinions?  1 showed  that 
the  calculation  was  exceedingly  simple  if  certain  tabular  values  are  used  ....  But,  on  after  refection,  it 
seems  to  me  that  further  simplification  is  both  desirable  and  feasible."  He  proposes  a graphical  method 
using  normal  probability  paper,  on  which  data  points  which  are  normally  distributed  fall  on  a straight 
line.  Any  two  points,  such  as  the  40,h  and  80,h  percentiles  given  above,  determine  the  straight  line,  and  it 
is  then  a simple  matter  to  read  off  the  value  of  the  50lh  percentile  (the  median).  The  author  adds  the 
following  interesting  comment  ip.  103):  "Prof.  Karl  Pearson  informs  me  that  various  curves  represent- 
ing technological  formulae  were  similarly  translated  into  straight  lines  by  Lalanne.  and  discussed  by 
him  in  a series  of  papers  1 1846-1878).  He  termed  the  process  bv  which  a proper  choice  of  scales  enables  us 
to  represent  a given  curve  by  a straight  line,  anamorphic  geometry . Prof.  Pearson  also  tells  me  that  in 
Lalanne's  hands  and  in  those  of  his  followers  i Hermann,  Vogler,  Kaptevn,  &c.)  this  geometry  has  been  of 
great  service  in  exhibiting  engineering  and  other  data  in  a form  suitable  for  easy  reckoning." 

Reference:  Galton  1 1899a  >. 

* Sheppard,  W.  F.  ( 1899a ».  On  the  application  of  the  theory  of  error  to  cases  of  normal  distribution  and 
normal  correlation.  Philosophical  T ransactions  of  the  Royal  Society  of  London  A 192.  101-167.  (JFM  30, 
222). 

Summary:  The  author  extends  the  method  of  Galton  ( 1889)  for  estimating  the  average  and  dispersion 
of  a normal  distribution  from  two  quantiles  to  their  estimation  from  three  or  more  quantiles.  On  pp. 
130-132  he  writes:  "If  the  values  of  a measure  L are  known  to  be  distributed  normally,  the  distribution  is 
determined  when  the  mean  value  L,  and  the  semi-parameter  (standard  deviation)  a are  determined. 
When  the  values  of  L for  n individuals  obtained  by  random  selection  are  given,  the  values  of  L,  and  of  a 
can  be  found  in  either  of  two  . . . ways:  ( 1 1 We  can  find  the  average  and  the  standard  deviation  (square 
root  of  average  square  of  deviation  from  the  average)  of  the  n individuals. . . . (2>Theother  method  is  that 
which  has  been  used  mainly  by  Mr.  Galton  [( 1889).  p.  62],  Let  a and  ft  be  any  two  class-indices,  and  let  X 
and  Y be  the  corresponding  values  of  L in  the  complete  community.  Then,  if  x and  y are  the 
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abscissae  corresponding  to  class  indices  a and  fi  in  the  standard  normal  figure  (i.e.,  if  ordinates  at 
distances  x and  y from  the  central  ordinate  divide  the  figure  into  areas  whose  ratios  are  1 +a:  1 -a  and 
1 +13:  1 -fi  respectively),  we  have  X = L,  + ax,  Y = L,  + ay.  When  L,  = (xY -yX)/(x-y),  a=(X  - Y)/(x-y). . . . 
(3)  As  an  extension  of  this  last  result,  let  X,Y,U,  ...  be  values  of  L corresponding  (in  the  complete 

community)  to  class-indices  a,  fi,  y and  let  the  corresponding  abscissae  in  the  standard  figure  be 

x,y.u Then  x=L,  + ax,  Y = L,  + ay,  U = L,  + au,  . . .;  and  therefore  L,=  ( /X  + mY+pU-t-  . . .)/ 

</+m+p+.  . .),  a=U 'X  -t-m'Y+p'U-t-  . . .)/(<,"x  + m'y-t-p'u+  . . .),  where  f,  m,  p,  . . .,  f',m',p',.  . . are  any 
quantities  which  satisfy  the  conditions  tx  + my  + pu  + . . . = 0,/'  + m'+p'+.  . . =0. . ..”  The  error  in  X is  of 
the  form  <u+xp  + </>.  the  error  in  Y is  of  the  form  ui+yp  + i!/,  and  the  error  in  U is  of  the  form  aH-up+y,  where 
< b.ib-x  are  uncorrelated  with  w and  also  with  p.  If  4>-/n  and  <P'Vn  are  the  mean  square  errors  of 
i /</>  + rmk  + py  + . . MU  +m  + p+  . . .)  and  ( ( 'd>  + m'ij/  + p'x  + • ■ MU  'x+m'y+p’u+  . . .),  the  author  shows 
that  the  mean  squares  of  the  errors  in  L,  and  in  a.  due  to  the  class-index  method,  are  (a2  + <t>2)/n  and 
( la2-t-4>'2)/n,  which  are  greater  than  a2/n  and  _la2/n, respectively,  the  values  for  the  average-  and  average- 
square  method.  He  discusses  the  choice  of  quantiles  so  as  to  minimize  the  mean  square  errors  of  L,  and  a. 

References:  Quetelet  (1846i,  De  Morgan  ( 1847i,  Galton  ( 1889).  Edgeworth  1 1893).  Pearson  1 1895). 

Citations:  Sheppard  ( 1899b),  Bowley  ( 1901 ),  Edgeworth  ( 1911),  Pearson  1 1920),  Keynes  ( 1921 ).  Fisher 
(1922),  Rietz  (1924),  Cramer  (1946),  Kendall  (1946). 

* Sheppard,  W.  F.  ( 1899b).  On  the  statistical  rejection  of  extreme  variations,  single  or  correlated.  ( Normal 
variation  and  normal  correlation).  Proceedings  of  the  London  Mathematical  Society  31,  70-99. 
(JFM  30,  222). 

Summary:  The  author  discusses  the  treatment  of  outlying  observations  in  biological  data,  which  differ 
from  those  in  the  physical  sciences  (e.g.  astronomy)  in  that  they  may  represent  extreme  variations  which 
actually  occur  and  not  simply  errors  of  observation.  On  the  other  hand,  observations  are  usually 
plentiful,  and  there  is  no  great  harm  in  excluding  a few  good  observations,  provided  this  is  done  in  such 
manner  as  not  to  bias  the  mean  or  the  standard  deviation.  Excluding  observations  with  equal  probability 
from  both  tails  of  a symmetric  distribution  will  not  bias  the  mean  but  will  bias  the  standard  deviation 
downward;  however,  an  adjustment  can  easily  be  made  for  this  bias.  For  a sample  of  size  n from  a 
univariate  normal  population,  the  author  considers  Chauvenet's  criterion,  for  which  the  probability  of 
rejecting  a random  observation  is  l/2n,  and  hence  the  chance  of  rejecting  at  least  one  of  the  n observa- 
tions is  1 -1 1 -l/2n)n=  1 -l/Ve  = .39347  . . . for  large  n.  He  proposes  two  modifications  of  Chauvenet’s 
criterion:  ( 1 ) Exclude  observations  which  deviate  from  the  mean  by  a multiple  of  the  standard  deviation 
exceeding  the  standard  normal  deviate  corresponding  to  a two-tail  probability  of  1/n  i instead  of  l/2n), 
which  makes  the  chance  of  excluding  at  least  one  observation  1 — ( 1 — 1 /n  )n  = 1-1/e  = .63212  . . . for  large 
n;  (2)  A compromise  such  that  the  probability  of  excluding  at  least  one  observation  is  1 2.  He  calls  the 
interval  between  rejection  limits  the  theoretical  range  for  modification  ( 1 ) and  the  probable  range  for 
modification  (2).  He  discusses  the  computation  of  the  rejection  limits  for  the  three  criteria,  tabulates 
them  for  n = 10*’,  p = 1(  1 )6,  and  gives  two  numerical  examples  of  their  use.  He  extends  the  method  based 
on  the  probable  range  to  the  case  of  two  or  three  correlated  variables,  in  which  observations  lying  outside 
a circle  or  a sphere  in  the  space  of  the  standardized  variables  are  excluded.  He  provides  the  necessary 
tables  for  1,  2.  or  3 variables  and  log,„n  = 1.0(0. 1)6.0. 

References:  Chauvenet  1 1863?).  Pearson  1 1895),  Sheppard  ( 1899a). 

Citation:  Edgeworth  ( 191 1 ). 

* Wolffing,  E.  1 1899).  Ergiinzung  des  von  E.  Czuber  in  seinem  Referat  liber  Wahrscheinlichkeitsrechnung 
gegebenen  Litteraturverzeichnisses.  Mathematisch  Nati/rwissenschafitliche  Mitteilungen  (2)  1,  76-84. 
(JFM  30,  45). 
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Summary:  The  author  comments  briefly  on  the  work  of  Czuber  ( 1899).  He  does  not  comment  on  the  part 
relevant  to  our  study,  except  to  say  that  a broad  scope  is  rightfully  given  to  theory  of  errors  and 
adjustment  calculations.  Most  of  the  paper  is  given  to  a list  of  references,  supplementing  the  list  given  by 
Czuber;  a few  of  the  new  references  are  relevant  to  our  subject. 

References:  Cauchy  ( 1831),  Halphen  1 1873),  Lemoine  ( 1873 1,  Lalannei  1879)  [1878],  Merriman  ( 1884), 
Bertrand  ( 1888a, b,c),  Goedseels  & Mansion  (1893),  Czuber  (1899). 

* Estienne,  J.  E.  ( 1900a).  Sur  la  theorie  des  erreurs.  Comptes  Rendus  de  VAcademie  des  Sciences  de  Paris 
130,  66-69.  (JFM  31,  233-234). 

Summary:  The  author  recalls  that  Gauss  (no  specific  reference  given)  showed  that  if  one  assumes  only 
that  the  law  of  errors  of  observation  is  such  that  the  sum  of  the  positive  errors  is  numerically  equal  to  the 
sum  of  the  negative  errors,  the  probability  P'nl  that  the  arithmetic  mean  of  m observations  is  affected  by 
an  error  less  than  e is  P'm  = 0(e  Vn/2/q>,  where  q is  the  standard  deviation  of  the  individual  observations 
and  0 is  the  normal  c.d.f.  The  author  proposes  to  show  that  the  median  enjoys  an  analogous  property 
whatever  the  law  of  errors,  without  any  restriction.  Let  p,(e>  be  the  probability  of  making  an  error  less 
than  e in  a single  observation.  One  has  p,( 0 ) = 0,  p,(  — =c)  = p,(  +*)  = 1/2  (considering  separately  the 
positive  and  negative  errors,  each  with  probability  l/2>  and  the  function  is  monotone  increasing  from  0 to 
±x.  Let  p.jn^i  (e>  be  the  probability  that  the  median  of  2n  + 1 observations  is  affected  bv  an  error  less  than 
«.  The  author  shows  that  p2n+,  (e)  is  given  by  p2n»,  («>  = J’S*’1  '** 1 1 -z2)"  dz  2 ( 1 -z2)"  dz  ==0(2p,  V n)  2.  If 

P2n+1(e)  is  the  probability  that  the  median  of  2n  + l observations  is  in  error  by  less  than  e andP.iei  is  the 
corresponding  probability  for  a single  observation,  the  above  relation  becomes  P2n,,  <e>  = 0<P,\  n).  Since 
P,( e i is  a function  which  increases  monotonically  from  0 to  1 as  e increases  from  0 to  * and  0(z)  increases 
very  rapidly  with  z,  the  differences  in  the  value  of  P,  have  little  influence  on  the  value  of  P2n.,  for  large 
values  of  P,  Vn,  and  one  can  replace  P,(e)  by  e/k,  where  1/k  (not  e k.  as  the  author  erroneously  states  I is 
the  slope  of  the  tangent  at  the  origin  of  the  curve  y = P,(e).  (Thus  1/k  is  twice  the  central  ordinate  of  the 
probability  density  function,  the  factor  2 occurring  because  when  absolute  values  are  considered,  the 
portion  of  the  p.d.f.  for  negative  errors  is  folded  over  on  that  for  positive  errors.)  So  one  obtains  P2n+,(el  = 
0[(e/k)  Vn].  The  corresponding  expression  for  the  arithmetic  mean,  found  by  setting  m=2n  + 1 in  Gauss' 
formula,  is  P'2n+I  (e)  = 0[(e/q)  Vn  + 1/2],  The  difference  between  Vn  and  vn  + 1/2  is  negligible  for  large 
values  of  n,  and  hence  if  q <k  the  arithmetic  mean  is  more  precise  than  the  median;  if  q>k  the  median  is 
preferable.  If  r denotes  the  probable  error,  k is  always  (see  note  below  I less  than  (not  greater  than,  as  the 
author  erroneously  states)  2r.  Hence  q~>2r  implies  q>k.  so  that  the  median  is  more  precise  than  the 
arithmetic  mean  if  the  standard  deviation  exceeds  twice  the  probable  error.  (The  converse  is  not  true).  If 
one  does  not  know  the  law  of  error  but  only  the  quantities  q and  r or  their  ratio,  the  author  proposes  the 
use  of  a weighted  mean  of  the  median  and  the  arithmetic  mean,  with  weights  q and  2r  respectively. 

Note:  The  inequality  k<2r  does  not  hold  fora  uniform  error  law  (for  which  k = 2ri  or  for  a U-shaped  error 
law  (for  which  k>2rt,  a restriction  not  mentioned  by  the  author. 

Citation:  Estienne  ( 1900b). 

* Estienne,  J.  E.  ( 1900b).  Valeur  plausible  d'une  grandeur  variable.  Comptes  Rendus  de  I' Academic  des 
Sciences  de  Paris  130,  393-395.  (JFM  31,  234-235). 

Summary:  The  author  defines  the  plausible  value  of  a quantity  as  the  value  such  that  it  is  equally 
likely  that  the  true  value  falls  above  or  below  it.  He  regards  the  plausible  value  and  the  median  as 
practically  equivalent,  just  as  are  the  probable  value  and  the  arithmetic  mean.  He  states  that  one  can 
easily  demonstrate  that  the  sum  of  absolute  values  of  deviations  from  the  plausible  value  (mediani  is  a 
minimum,  just  as  the  sum  of  the  squares  of  deviations  from  the  probable  value  (arithmetic  mean)  is  a 
minimum.  As  an  advantage  of  the  median,  he  points  out  that  if  y = f < x ) is  a monotone  increasing  or 
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monotone  decreasing  function  of  x,  the  median  value  of  the  function  is  that  function  of  the  median, 
whereas  the  arithmetic  mean  does  not  enjoy  the  same  property  unless  f(xi  is  linear.  He  also  calls 
attention  to  the  curious  fact  that  artillerymen,  in  their  theoretical  calculations,  use  the  arithmetic  mean 
of  the  range  of  a cannon,  while  in  practice,  on  the  shooting  range  and  in  combat,  they  use  the  median. 

Reference:  Estienne  (1900a). 

* Laska,  W,  i 1900).  Ueber  das  arithmetische  Mittel.  Zeitschrift  fur  Vermessungswesen  29.  593-597.  (JFM 
31,  225-227). 

Summary:  Let  x,.  x2,.  . .,  xn  be  a series  of  observations  of  an  unknown  quantity  x,  arranged  in  order  of 
magnitude,  n being  an  even  number.  Consider  the  midrange  x',  = (x,  + xn)/2  and  the  quasi-midranges  x'k 
= (xk  + x„  k^,)/2,  where  k=2,3,.  . .,  n/2,  and  call  the  series  x'„x'2,  . . .,  x'a2  the  first  derivative  of  the 
fundamental  series.  Now  consider  this  series  as  the  fundamental  series  and  find  its  first  derivative, 
which  is  the  second  derivative  of  the  original  fundamental  series,  and  so  on.  If  n = 2‘\  then  obviously  the 
pih  derivative  is  equal  to  the  arithmetic  mean.  The  author  proves  the  followi  ng  theorem:  If  n =2l>  observed 
values  of  an  unknown  are  given,  which  are  symmetrically  grouped  about  the  unknown,  then  the 
arithmetic  mean  represents  an  approximation  to  the  unknown  which  deviates  from  it  less  the  larger  the 
number  of  observations  and  the  more  decided  the  symmetry  of  the  grouping.  If  n is  not  equal  to  2P.  then 
the  same  theorem  remains  valid,  provided  only  that  n is  a somewhat  larger  number.  If  there  is 
pronounced  asymmetry,  then  the  first  derivative  (and  only  the  first)  is  found  by  the  use  of  geometric 
quasi-midranges  x'k=\/xk-xn^ktl  or  quadratic  quasi-midranges  x ' k =Vx2k  +x2n  .k+l  according  as  the  mode 
lies  nearer  the  smallest  or  nearer  the  largest  of  the  observations. 

* Bltimcke,  Ad.  ( 1901 ).  Zur  Jordan’schen  Theorie  des  Maximalfehlers.  Zeitschrift  fiir  Vermessungswesen 
30,  229-241.  (JFM  32,  233-234). 

Summary:  This  is  a continuation  of  the  author’s  earlier  papers  [Bltimcke  ( 1897.  1898)]  with  the  same 
title.  Having  established  that  Jordan’s  second  algebraic  error  law  for  n = * i the  normal  distribution)  has 
maximum  error  M = x,  the  author  rejects  this  hypothesis  as  not  in  agreement  with  practice.  He  modifies 
Jordan's  second  law,  which  is  based  on  a solution  of  the  differential  equation  dv  dx  = - v • 2x  ( A +Bx2'.  bv 
adding  a third  term,  Cx\  to  the  denominator  on  the  right-hand  side  of  the  differential  equation.  He  seeks 
a solution  of  this  family  for  which  M/m  is  the  same  for  n=  - 1 and  n = x and  changes  as  little  as  possible 
for  intermediate  values  of  n.  He  succeeds  in  finding  one  for  which  M m = V3  = 1.73  for  n=  -1  andn  = * 
and  has  a maximum  value  of  approximately  1.75.  As  an  alternative,  he  suggests  using  Jordan's  second 
law  for  n<  1/2  and  taking  M = 2m. 

Comments:  The  results  of  Bltimcke  ( 1897,  1898,  1901 ),  like  those  of  Jordan  1 1877a. b.  1890),  are  of 
little  practical  value  because  they  do  not  differentiate  clearly  between  the  maximum  error  for  the 
population  and  the  maximum  error  in  a sample,  which  depends  quite  strongly  upon  the  samplasize. 
Nevertheless,  they  are  of  historical  interest  as  early  attempts  to  solve  a difficult  and  important 
problem. 

References:  Jordan  1 1877b)  [1895 j.  Bltimcke  (1897.  1 898 ). 

Citation:  Vogeler  ( 1907). 

* Bow  lev,  Arthur  L.  1 1901 ).  Elements  of  Statistics.  P.  S.  King  & Son,  Ltd.,  London:  Charles  Scribner's  Sons, 
New  York.  Second  edition,  1902;  third  edition,  1907:  fourth  edition,  1920  (JFM  47,  501 — listing  only). 
Fifth  edition,  1926. 
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Summary:  Part  I deals  with  general  elementary  methods.  Our  interest  is  restricted  to  portions  of 
Chapters  V,  VI,  VII,  IX,  and  X.  Chapter  V is  concerned  with  averages,  including  the  median  and  the 
average  of  the  quartiles.  The  advantages  and  disadvantages  of  the  median  are  discussed  on  pp.  102-104. 
Reference  is  made  on  p.  104  to  the  work  of  Galton  ( 1889,  1890)  and  Yule  ( 1896a, bi.  A table  is  given  on  p. 
105  of  the  heights  and  weights  of  76  boys  of  ages  13  to  15  years,  including  various  averages  of  the 
weights.  A graphic  method  due  to  Galton  [see  Galton  et  al.  (1881),  p.  247]  of  finding  the  median, 
quartiles.  and  deciles  from  ungrouped  data  is  given  on  pp.  106-107,  with  a diagram  facing  p.  106. 
Chapter  VI  deals  with  measurements  of  dispersion  and  skewness  and  applications  of  averages.  The 
mean  deviation  from  the  median  is  mentioned  on  p.  1 12  and  the  quartile  deviation  is  discussed  on  p.  113. 
Gini's  mean  difference  and  its  relation  to  the  mean  deviation  from  the  median  are  discussed  on 
pp.  114-115.  On  p.  116  the  author  mentions  the  ratio  of  the  quartile  deviation  to  the  mean  of  the  quartiles 
and  the  ratio  of  the  mean  deviation  to  the  median  as  alternatives  to  the  ratio  of  the  standard  deviation  to 
the  arithmetic  average  (coefficient  of  variation)  as  a measure  of  relative  dispersion.  On  p.  1 16  the  author 
proposes  s=tq-,-q,)/(q2+  q,),  where  q,  is  the  excess  of  the  upper  quartile  over  the  median  and  q,  isthe 
excess  of  the  median  over  the  lower  quartile,  as  a measure  of  skewness.  On  p.  1 17  he  states:  "It  should  be 
noticed  that  the  three  characteristics  of  a group  can  be  measured  simply  from  the  quartiles  and  median: 
the  median  for  the  central  position,  the  quartile  deviation  for  the  dispersion,  and  the  measurement  [s] 
just  discussed  for  the  skewness."  Chapter  VII  deals  with  the  graphic  method.  A graphic  method  of 
finding  the  median  and  the  quartiles  from  grouped  data  is  discussed  on  pp.  138-139  and  illustrated  in  a 
diagram  facing  p.  138.  Chapter  IX  deals  with  index  numbers,  and  the  advantages  of  the  median  of  price 
ratios  as  an  index  number  are  discussed  on  p.  206.  Chapter  X deals  with  interpolation.  The  use  of 
Horner's  method  and  Lagrange’s  formula  in  determining  the  median  is  discussed  on  pp.  227-228  and 
236-237  respectively:  a variant  of  the  latter  formula  is  attributed  to  Edgeworth  ( 1898).  Part  II  contains 
little  that  is  relevant  to  our  study.  The  Appendix  contains  a mathematical  note  on  the  method  of  least 
squares. 

Note:  All  references  to  specific  pages  in  the  above  summary  are  to  those  in  the  fifth  edition,  the  only  one 
the  compiler  has  seen.  According  to  the  preface  (pp.  v-viii),  substantial  changes  were  introduced  with  the 
fourth  edition,  while  the  others  differ  little  from  their  immediate  predecessors. 

References:  Quetelet  ( 1835,  1846),  Chauvenet  ( 1863),  Todhunter  ( 1865).  Whitworth  ( 1867 1.  Galton  et 
al.  ( 1881 1,  Merriman  1 1884),  Edgeworth  ( 1886a),  Galton  ( 1889 ).  Edgeworth  ( 1893),  Galton  1 1896i.  Yule 
( 1896a,b),  Edgeworth  1 1898),  Sheppard  1 1899a),  {Edgeworth  1 1905).  Yule  ( 191 1 1.  Gini  (1912).  Persons 
(1919)}. 

Citations:  Lorenz  ( 1905),  Edgeworth  (1911),  King  ( 1912).  Edgeworth  ( 1913),  Secrist  ( 1917),  Niceforo 
(1919),  Persons  1 1919),  Dalton  1 1920),  Jones  1 1921 ),  Jul in  1 1921 ),  Keynes  (1921 1.  Goldhizer  ( 1923).  Rietz 
1 1924),  Jordan  1 1927 1.  Eells  ( 1930),  Gibrat  ( 1930).  d'Addario  < 1931 ).  von  Bortkiewicz  1 1931 ),  Shewhart 
( 1931 ),  Gini  ( 1932),  Crowe  < 1933),  Julin  ( 1 933),  Yang  < 1933),  Anderson  1 1935),  Castellano  ( 1935).  Wold 
(1935),  Pizzetti  (1941a).  Boldrini  (1942). 

* Galton.  Francis  i 1902).  The  most  suitable  proportion  between  the  values  of  first  and  second  prizes. 
Biometrika  1,  385-390. 

Summary:  The  author  states  the  following  problem  (p.  385 ):  "A  certain  sum  ...  is  available  for  two 
prizes  to  be  awarded  at  a forthcoming  competition;  the  larger  one  for  the  first  of  the  competitors,  the 
smaller  one  for  the  second.  . . . What  ratio  should  a first  prize  bear  to  . . . a second  one?  Does  it  depend  on 
the  number  of  competitors,  and  if  so,  in  what  way?  Similar  questions  may  be  asked  . . . when  the  number 
of  prizes  exceeds  two. . . .”  After  some  analysis,  he  states  i p.  386):  "I  concluded  that  when  only  two  prizes  « 
and  fj  are  given,  their  values  should  not  he  proportional  to  the  absolute  merits  of  the  two  competitors,  but 
to  their  respective  excesses  of  merit  above  the  third  competitor,  who  receives  no  prize  at  all.  Let  [ A],  [B], 
and  [C]  be  the  first,  second,  and  third  competitors,  and  a.b.c  the  marks  allotted  to  them,  then  1 conceive 
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that  the  most  suitable  relation  of  a to  fi  is  as  (a-c)  to  (b-c),  and  not  as  a to  b."  The  author  goes  on  to  show 
both  bv  computation  (for  a normal  distribution)  and  by  observation  that  "the  value  of  (a-c)  is  roughly 
three  times  as  great  as  that  of  (b-c),  almost  independently  of  the  number  of  individuals  in  the  series  and 
quite  independently  of  its  mean  and  of  its  'modulus  of  variability’.”  (p.  390).  His  computed  results  are 
based  on  assigning  cumulative  probability  (i  — ii/n  to  the  ilh  smallest  of  n observations. 

Reference:  Galton  1 1889). 

Citations:  Pearson  (1902),  Irwin  (1925a),  Pearson  (1925),  Pearson  & Pearson  (1931,  1932),  Kendall 
(1946). 

* Hayford,  John  F.  (1902).  What  is  the  center  of  an  area,  or  the  center  of  a population?  Publications 
[Journal]  of  the  American  Statistical  Association  8 (58),  47-58. 

Summary:  The  author  considers  two  possible  definitions — the  center  of  gravity  and  the  point  of 
intersection  of  two  lines  which  bisect  the  area  (or  the  population).  He  advocates  the  former,  which  gives  a 
unique  center,  in  preference  to  the  latter,  for  which  the  result  (the  median  point)  varies  according  to  the 
pair  of  lines  chosen  as  axes.  He  points  out  that  the  U.S.  Census  Bureau,  in  Bulletin  No.  62  of  the  Twelfth 
( 1900)  Census,  gives  both  definitions,  obtaining  a unique  median  point  by  taking  it  to  be  the  intersection 
of  north-south  and  east-west  lines  which  divide  the  population  equally.  In  1900  the  median  point  of  U.S. 
population,  according  to  this  definition,  lay  80  miles  north-eastward  of  the  center  of  population  accord- 
ing to  the  gravity  definition.  The  movement  of  the  latter  is  an  accurate  representation  of  the  average 
movement  of  the  population,  but  that  of  the  former  is  not. 

Citations:  Ross  (1930),  Gini,  Boldrini,  Galvani  & Venere  ( 1 933 ),  Scates  (1933). 

* Pearson,  Karl  (1902).  Note  on  Francis  Galton's  problem.  Biometrika  1,  390-399. 

Summary:  The  author  restates  the  problem  of  Galton  ( 1902)  as  follows  (p.  390 1:  "A  random  sample  of  n 
individuals  is  taken  from  a population  of  N members  which  when  N is  very  large  may  be  taken  to  obey 
any  law  of  frequency  expressed  by  the  curve  y = Nd>(x»,  yfix  being  the  total  frequency  with  characters  . . . 
lying  between  x and  x + fix.  It  is  required  to  find  an  expression  for  the  average  difference  in  character 
between  the  plh  and  ip  + l)lh  individuals  when  the  sample  is  arranged  in  order  of  magnitude  of  the 
character."  In  a footnote  tp.  390)  he  states:  "Clearly  a knowledge  of  the  average  difference  in  character  of 
any  two  adjacent  individuals  involves  also  a knowledge  of  the  average  difference  in  character  between 
any  two  individuals".  Let  a be  the  proportion  of  individuals  in  the  population  having  a character  value 
less  than  x.  that  is,  let  « = ('  x ) dx.  Then  the  solution  of  Galton's  problem  given  bv  the  author  is 
{n!  [( n — p >!  p!|}/  \ a—G  -a>p  dx.  On  p.  392  he  remarks:  "An  interesting  theorem  which  results  from 
this  has  been  given  me  by  Mr.  W.  F.  Sheppard:  namely,  the  average  differences  between  successive 
individuals  are  the  successive  terms  in  / *x  {a  + ( I -<*>}ndx  when  the  subject  of  integration  is  expanded 
by  the  binomial  theorem."  Pearson  points  out  (p.  392)  that  these  results  assume  only  that  the  population 
has  a known  distribution  (normal,  for  example)  while  Galton  assumed  a normal  distribution  for  the 
sample.  He  gives  several  numerical  examples  of  the  application  of  the  theory.  In  a footnote  (p.  398)  he 
states:  "1  propose  on  another  occasion  to  consider  the  application  of  Galton's  problem  to  a new  theory  for  the 
rejection  of  outlying  individuals." 

Reference:  Galton  1 1902). 

Citations:  Edgeworth  1 191 1 1.  Irwin  ( 1925a. hi.  Pearson  1 1925).  Tippett  1 1925),  Pearson  & Pearson  1 19311. 
Sastrv  1 1935).  Kendall  i 1946).  Wilks  1 1948). 

Czuber.  Emanuel  ( 1903).  Wo h rschein I ich keitsrech n u np  und  ihre  Anwendung  auf  Fehlerausgleichung, 
Statist ik  und  Lebensversicherunp.  B.  G.  Teubner,  Leipzig.  (JFM  34,  252-257).  Second  edition:  Vol.  1 
1 1908)  (JFM  39.  290);  Vol.  2 ( 1910)  (JFM  41. 266).  Third  edition:  Vol.  1 1 1914)  (JFM  45, 343);  Vol.  2 < 1921) 
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(JFM  48,  594).  Fourth  edition:  Vol.  1 (1924)  (reprinted  1932)  (JFM  58,  1152);  Vol.  2 (1938)  led.  H. 
Miinzner)  (JFM  64,  1188). 

Summary:  Part  II  of  the  first  edition  and  of  Volume  1 of  subsequent  editions  is  concerned  with  the 
calculus  of  adjustment  ( Ausgleichungsrechnung),  with  Portion  I dealing  with  the  theory  of  errors  of 
observation.  Section  1 discusses  the  law  of  error,  and  Section  2 ipp.  266-275  of  the  second  edition) 
considers  various  measures  of  precision,  including  the  mean  absolute  error  (Durchschnittsfehler),  the 
square  root  of  the  mean  square  error  ( mittlere  Fehler),  and  the  probable  error  ( wahrscheinliche  Fehler). 
The  mth  roots  of  the  means  of  the  mlh  powers  of  the  absolute  values  of  the  errors  i Mittelwerten  der 
Fehlerpotenzeni,  for  various  values  of  m,  are  also  discussed,  as  is  the  mean  of  the  nm-  1 ) 2 differences  of  n 
observations  taken  in  pairs.  Portion  II  deals  with  the  combination  of  observations  bv  the  method  of  least 
squares.  The  other  parts  of  this  book  are  not  relevant  to  a study  of  order  statistics. 

References:  D.  Bernoulli  ( 1778),  Legendre  ( 1805),  Adrain  1 1808),  Gauss  1 1809),  Laplace  1 1812).  Gauss 
(1816,  1323),  von  Andrae  (1869),  Helmert  (1872,  1876a, b),  Breger  (1881),  Czuber  ( 1 89 1 a ),  Pizzetti 
(1892),  Czuber  1 1 899 ),  {Edgeworth  (1905)}. 

Citations:  Cranz  ( 1896)  [ 1 9 1 0 1,  Kozak  1 1907,  1908-10),  Edgeworth  (1911),  Dodd  (1913,  1914).  Ricci  (1916), 
Weinberg  (19161,  Czuber  (1918),  Keynes  (1921),  von  Bortkiewicz  (1922b),  Dodd  (1922).  Rietz  (1924), 
Coolidge  ( 1925),  von  Bortkiewicz  1 1931 1,  Grassberger  1 1932,  1933),  Gumbel  1 1933e,f,g,  1934g),  Rosin  & 
Rammler  ( 1934),  Gumbel  (1935-36),  Ruark  & Devol  (1936),  Arley  & Buch  (1940).  Kendall  (1946). 

* Hevdenreich,  W.  1 1903).  Ober  Ausreisser  bei  Messungen  und  TrefTenbildern.  Kriegstechnische  Zeitseh  rift 
6,  253-265. 

Summary:  The  author  suggests  a criterion  for  the  rejection  of  outliers  which  is  a modification  of 
Chauvenet’s.  He  proposes  that,  among  n observations  or  measurements  of  the  same  quantity,  a value 
which  deviates  from  the  mean  by  an  amount  greater  than  that  which  would  occur  with  probability  1 2 in 
( n — 1 ) observations  should  be  rejected.  For  samples  of  size  n=3(  1 125,50.1 00,  he  tabulates  multiples  oft  he 
mean  deviation  and  of  the  probable  error  which  warrant  rejection  of  an  observation  if  it  deviates  from  the 
mean  by  a greater  amount.  He  tabulates  similar  tables  for  Chauvenet’s  and  Vallier's  criteria,  and 
applies  these  and  other  criteria  discussed  by  Cranz  (1896)  to  data  on  artillery  fire. 

References:  Vallier  (1894),  Cranz  ( 1 896 1 . 

Citation:  Cranz  ( 1896)  |(  1910)1. 

* Kapteyn,  J.  C.  ( 1903).  Skew  Frequency  Curies  in  Biology  and  Statistics.  Noordho  ff.  Groningen.  (JFM  34, 
268-269).  Second  edition  (with  M.  J.  van  Uven),  1916.  Hoitsema  Bros..  Groningen. 

Summary:  This  work  contains  only  a small  amount  of  material  directly  relevant  to  a study  of  orde; 
statistics,  but  it  is  of  collateral  interest  because  it  develops,  from  a different  point  of  view  than  that  of 
Pearsoii  ( 1895),  the  theory  of  skew  frequency  curves,  which  has  found  use  in  the  study  of  flood  flows  and 
various  other  phenomena  in  which  order  statistics  also  play  an  important  role.  The  directly  relevant 
material  includes  a discussion  ( pp.  43-44)  of  the  median  and  the  method  of  calculating  it  for  the  author's 
skew  frequency  curves,  and  a comparison  i p.  45 1 oft  he  value  of  the  median  with  those  of  the  mode  and  the 
arithmetic  mean  for  several  examples. 

References:  Laplace  1 1812).  (juetelet  ( 1846).  Galton  1 1889),  Pearson  (1895). 

Citations:  Edgeworth  (1911),  Keynes  (1911.  1921),  Rietz  (1924).  Goodrich  (1927).  Cramer  1 1 928 ), 
Gibrat  ( 1 930 1 . d’Addario  (1931).  Gibrat  (1932a),  Slade  (1934),  Foster  (1936).  Arley  & Buch  (1940), 
Cramer  1 1946),  Kendall  i 1946). 


106 


* Kirchberger,  Paul  ( 1903).  OberTschebyscheffsche  AnnaherungsmethoAen.  Mathematische  Annalen  57, 
509-540. 


Summary:  In  this  paper,  which  is  a condensation  of  his  1902  Gottingen  doctoral  dissertation  with  the 
same  title,  the  author,  apparently  unaware  of  the  still  earlier  work  of  Laplace  and  Fourier,  states  that 
the  method  of  approximation  which  is  best  in  the  sense  that  the  maximum  error  is  as  small  as  possible 
was  first  proposed  by  Poncelet  and  was  systematically  worked  out  by  Chebyshev.  He  discusses  both  the 
general  case  of  approximation  to  a continuous  function  over  an  interval  and  the  special  case  of  approxi- 
mation to  a finite  set  of  points,  with  particular  emphasis  on  the  latter.  Among  other  results,  he  shows 
that  the  best  approximation  to  a set  of  n ( >m)  points  by  a function  containing  m constants  to  befitted  is 
identical  with  the  best  approximation  to  some  subset  of  m + 1 points. 

References:  Tchebychef  1 1854 1. 

Citations:  Haar  < 1918 1.  de  la  Vallee  Poussin  ( 1919). 

* Mitscherlich,  Alfred  (1903).  Die  Schwankungen  der  landwirtschaftlichen  Reinertrage  berechnet  fur 
einige  Fruchtfolgen  mit  Hilfe  der  Fehlerwahrscheinlichkeitsrechnung.  Zeitschrift  fiir  die  Gesamte 
Staatswissenschaft,  Erganzungsheft  8,  vii  + 120  pp.  Verlag  der  H.  Laupp'schen  Buehhandlung, 
Tubingen. 

Summary:  On  page  51  the  author  proposes  the  use  of  the  midrange  of  a sample  as  an  estimate  of  the 
population  mean  and  one-eighth  the  sample  range  as  an  estimate  of  the  probable  error.  He  justifies  the 
latter  by  the  argument  that  (for  a normal  distribution)  a value  chosen  at  random  differs  from  the  mean  m 
by  four  times  the  probable  error  r only  seven  times  in  a thousand.  Hence  he  takes  m+4r  and  m-4r, 
respectively,  as  approximations  to  the  expected  largest  and  smallest  values,  and  their  difference,  8r.  as 
an  approximation  to  the  expected  range  of  the  sample,  so  that  one-eighth  the  sample  range  is  a 
reasonable  estimate  of  the  probable  error  r.  As  an  example,  he  considers  data  (number  of  observation^ 
not  stated)  on  the  yield  of  rye,  varying  from  130  kg. /hectare  to  190  kg. /hectare.  He  estimates  the  mean 
yield  to  be  1 130  + 190)  2 = 160  kg. /hectare  and  the  probable  error  to  be  ( 190-130)  8 = 7.5  kg.  hectare. 

References:  Jordan  (1877b).  Rodewald  (1898). 

Citations:  Czuber  (1918,  1921),  von  Bortkiewicz  (1922b). 

Saunder,  S.  A.  (1903).  Note  on  the  use  of  Peirce’s  criterion  for  the  rejection  of  doubtful  observations. 
Monthly  Notices  of  the  Royal  Astronomical  Society  63,  432-436. 

Summary:  On  page  433  the  author  states:  "...  I found  Peirce's  criterion  so  useful  [in  an  analysis  of 
photographic  measures  of  formations  on  the  moon)  that  I thought  it  might  be  of  interest  to  callattention 
to  it,  especially  as  I believe  that  the  criterion  is  seldom  if  ever  employed  by  the  most  experienced 
computers,  at  all  events  in  this  country  [England]."  He  goes  on  to  say  ( pp.  434-435):  "The  general 
question  of  the  rejection  of  discordant  observations  has  been  discussed  bv  Dr.  Glaisher  [i  1873)],  who 
strongly  upholds  De  Morgan’s  [(  1847 )]  view  that  when  recognisable  mistakes  have  been  eliminated  no 
observation  should  be  rejected,  but  that  when  the  first  solution  has  been  effected  the  conditional 
equations  should  be  re-weighted  in  accordance  with  their  residuals  and  solved  again,  the  process  being 
continued  until  the  weights  assumed  for  the  last  solution  are  sufficiently  near  to  those  given  by  that 
solution.  How  many  solutions  this  would  in  general  require  I do  not  know,  but  it  is  clear  that  the  process 
might  be  a very  laborious  one.  In  many  cases  its  length  would  he  practically  prohibitive,  and  if  we  decide 
to  give  all  the  equations,  either  unit  or  zero  weight,  it  is  certain,  as  Dr.  Glaisher  points  out,  that  we  shall 
get  a better  result  by  excluding  certain  discordant  observations  than  we  should  by  including  them.  I 
believe  that  the  practice  amongst  computers  of  experience  is  to  rely  almost  entirely  on  their  individual 
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judgment,  taking  into  account  the  conditions  of  the  observations,  and  drawing  the  line  somewhere  about 
those  observations  which  give  residuals  of  five  times  the  probable  error.  But  for  those  who,  like  myself, 
have  a very  limited  practical  acquaintance  with  least  square  solutions,  difficult  cases,  like  the  one  I have 
just  quoted,  must  from  time  to  time  arise,  and  1 cannot  help  thinking  that  others  may  be  as  glad  as  I have 
been  to  have  recourse  to  a criterion  established  on  some  definite  principle,  which  may  be  considered  as  an 
embodiment  of  that  accumulated  experience  which  we  lack.  The  computation  of  the  criterion  is  quite  a 
short  matter  with  the  help  of  such  tables  as  those  given  in  Chauvenet  [Gould’s],  but  ...  in  order  to 
facilitate  its  application  I have  computed  a short  table  which  I append  to  this  paper."  Let  be  the  critical 
residual,  where  e is  the  root-mean-square  error,  m the  number  of  conditional  equations,  g the  number  of 
unknown  quantities,  and  n the  number  of  observations  it  is  proposed  to  reject.  On  page  436  the  author 
tabulates  k to  2DP  for  /u=3.4;  n = l,2,3,4  and  m = 10(2i20(5>50(10)100. 

References:  De  Morgan  1 1847),  Peirce  ( 1852),  Gould  ( 1855),  Chauvenet  < 1863),  Glaisher  ( 1873). 
Citations:  Brunt  1 1917),  Rider  ( 1933). 

* Edgeworth,  F.  Y.  ( 1905).  The  law  of  error.  Transactions  of  the  Cambridge  Philosophical  Society  20,  35-65, 
113-141.  i JFM  36,  305). 

Summary:  This  paper  contains  little  that  is  directly  relevant  to  our  subject;  however,  "the  median  and 
percentiles  of  a large  set  of  observations”  are  mentioned  in  a footnote  on  page  120  as  "relations  other  than 
nummation  by  which  the  law  of  error  is  set  up  . . . though  they  cannot  be  classed  as  functions  of  the 
elements”. 

References:  Laplace  (1812),  Todhunter  (1865),  Glaisher  ( 1872 1,  Edgeworth  (1883a,  1885),  Czuber 
1 1891a),  Pearson  ( 1895). 

Citations:  Bowley  (1901)  [1907],  Czuber  (1903)  [1908],  Charlier  (1910).  Edgeworth  (1911),  Julin 
( 1921 ),  Keynes  ( 1921 ),  Rietz  ( 1924),  Bowley  ( 1928),  Cramer  ( 1928),  Shewhart  ( 1931 ).  Kendall  ( 1943), 
Cramer  ( 1946),  Kendall  ( 1946). 

Holmes.  George  K.  (1905).  Measurement  of  concentration  of  wealth.  Publications  [ Journal \ of  the 
American  Statistical  Association  9 (71),  318-319. 

Summary:  In  this  note,  the  author  comments  favorably  on  the  scheme  of  graphic  presentation  t Lorenz 
curve)  proposed  by  Lorenz  ( 1905),  but  disagrees  with  the  criticism  of  his  own  measure  of  concentration  of 
wealth  [see  Holmes  ( 1892)]  offered  by  Lorenz.  The  author  writes  (pp.  318-319):  "It  is  in  the  very  nature  of 
the  principle  . . . that  a doubling  of  the  column  for  wealth  owned  will  double  the  degree  of  inequality  of 
distribution.  This  was  in  accordance  with  my  theory,  and  was  very  plainly  in  my  mind  at  the  time  my 
article  . . . was  written.  It  seems,  however,  that  Mr.  Lorenz  has  misunderstood  my  article  to  this  extent. 
My  hypothesis  had  in  view  such  a result  as  the  doubling  of  a degree  of  inequality  by  the  doubling  of  the 
column  of  amount  of  wealth  owned. . . . Concerning  this  Mr.  Lorenz  writes:  'The  error  in  this  measure  lies 
in  the  fact  that  the  distance  between  the  medians  varies  not  only  with  the  degree  of  concentration  (for  it 
does  this),  hut  also  with  changes  in  the  total  wealth.  Let  us  suppose  that  each  individual’s  wealth  in  the 
above  case  is  doubled.  The  two  medians  would  now  he  $17  and  $19.65,  and  their  difference  $2.65, 
showing  an  increase  in  concentration,  but  by  hypothesis  the  relative  position  of  the  numbers  has  not 
changed.’  If  there  is  any  hypothesis  that  the  relative  position  of  the  numbers  has  not  changed,  it  was  and 
is  not  mine,  nor  is  it  a part  of  this  scheme  for  measuring  distribution.  The  contrary  is  true  in  both  cases.  A 
doubling  of  the  degree  of  inequality  which  Mr.  Lorenz  obtains  bv  multiplying  the  wealth  column  bv  2 is 
precisely  what  is  to  be  expected  by  hypothesis  and  arithmetical  principle.” 

Comments:  We  see  that  the  doubling  of  Holmes’  measure  of  concentration  when  each  individual’s 
wealth  is  doubled  is  viewed  as  a virtue  by  Holmes  hut  as  a fault  by  Lorenz,  because  the  former  prefers  an 
absolute  measure  of  concentration  and  the  latter  a relative  one. 
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References:  Holmes  (1892),  Lorenz  (1905). 

Citations:  Watkins  (1905,  1908),  Persons  (1909),  von  Bortkiewicz  (1931). 

* Lorenz,  M.  O.  (1905).  Methods  of  measuring  the  concentration  of  wealth.  Publications  [Journal]of  the 
American  Statistical  Association  9 (70),  209-219. 

Summary:  The  author  discusses  various  methods  of  measuring  the  concentration  [or  dispersion]  of 
wealth.  As  part  of  a triple  measure  proposed  by  Holmes  (1892),  he  considers  the  difference  between  the 
median  of  the  amount  of  wealth  and  the  wealth  of  the  median  owner  of  wealth.  He  raises  the  objection 
that  this  difference  is  doubled  if  the  wealth  of  each  individual  is  doubled,  which  represents  no  increase  in 
concentration.  A second  measure  discussed  by  the  author  is  Bowley’s  quartile  measure  of  relative 
variability,  which  he  finds  somewhat  more  satisfactory.  A third  measure,  proposed  by  the  author  on  page 
217,  is  a graphical  one — "plot  along  one  axis  cumulative  per  cents,  of  the  population  from  poorest  to 
richest,  and  along  the  other  the  per  cent,  of  the  total  wealth  held  by  these  per  cents,  of  the  population.” 
The  smooth  curve  connecting  the  points  plotted  in  this  way  has  come  to  be  known  as  a Lorenz  curve.  If  the 
wealth  is  distributed  equally  [uniformly],  the  Lorenz  curve  is  a straight  line;  the  greater  the  concentra- 
tion of  wealth,  the  more  the  Lorenz  curve  deviates  from  a straight  line. 

References:  Holmes  (1892),  Pareto  (1897),  Bowley  (1901)  [1902], 

Citations:  Holmes  (1905),  Watkins  (1905,  1908),  Persons  (1909),  Gini  (1914a),  Ricci  (1916),  Niceforo 
( 1919),  Dalton  ( 1920),  Gumbel  ( 1928),  d'Addario  ( 1930),  von  Bortkiewicz  ( 1931 ),  Galvani  ( 1931 ),  d’Ad- 
dario  ( 1932),  Galvani  ( 1932),  Yntema  ( 1933),  Pietra  ( 1935a),  d’Addario  ( 1936),  Gini  ( 1936,  1939),  Davis 
(1941). 

* Watkins,  G.  P.  (1905).  Comment  on  the  method  of  measuring  concentration  of  wealth.  Publications 
[Journal]  of  the  American  Statistical  Association  9 (72),  349-355. 

Summary:  On  page  349,  the  author  comments  as  follows  on  the  article  by  Lorenz  ( 1905)  and  the  note  by 
Holmes  ( 1905)  on  the  method  of  measuring  the  concentration  of  wealth:  "In  considering  this  question, 
the  fundamental  point  to  be  kept  in  mind  is  that  concentration  is  a fact  of  relation.  Hence  the  quantities  to 
be  measured  are  relative."  On  page  353,  he  elaborates  on  this  point  as  follows:  "Mr.  Holmes’  method  is 
good  as  far  as  it  goes.  Where  brevity  is  more  important  than  completeness,  it  could  hardly  be  improved 
upon.  But  his  own  misinterpretation  conceals  the  merits  of  the  method.  The  result  should  be  taken,  not 
as  an  absolute  amount,  but  as  a relative  quantity.  The  ratio  of  the  difference  between  the  two  medians  to 
the  absolute  amount,  or  to  the  average,  of  wealth,  remains  the  same  when  all  the  absolute  amounts  have 
been  multiplied  by  the  same  number.  Mr.  Holmes,  in  his  reply  to  Mr.  Lorenz’s  criticism,  fails  to  see  this 
way  out,  and  continues  to  interpret  his  criterion  absolutely,  trying  to  give  concentration  an  unnatural 
and  untrue  meaning.  Inequality  of  distribution  is  by  its  very  nature  a question  of  relations  between 
distributees.  The  satisfactory  use  of  any  average,  but  perhaps  especially  of  the  median,  supposes  regular 
and  symmetrical  distribution  of  the  quantities  dealt  with.  The  method  is  therefore  not  applicable 
without  qualification  . . . .”  Other  comments  of  the  author  include  the  following  ipp.  352-353):  "Con- 
tinuity, as  well  as  relativity,  is  an  important  requirement  for  any  measure  or  expression  of  a series  of 
numerous  cases  of  quantitative  change  or  difference.  To  meet  this  requirement,  either  such  numerical 
classes  as  those  just  mentioned  above  [with  equal  and  small  range],  or  else  a curve,  should  he  used.  Mr. 
Lorenz  rightly  prefers  a curve,  though  he  does  not  see  the  full  possibilities  of  some  numerical  procedure. 
A satisfactory  method  must  be  adequately  analytic. . . . Mr.  Lorenz's  method  is  a great  improvement  over 
the  others  he  enumerates.  It  meets  all  the  requirements  of  analysis,  continuity,  and  relativity." 

References:  Holmes  ( 1905),  Lorenz  ( 1905). 
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Citations:  Watkins  1 1908t,  Persons  ( 1909 >,  Gini  (1914ai,  von  Bortkiewicz  (1931). 


* Charlier,  C.  V.  L.  ( 1906'.  Researches  into  the  theory  of  probability.  Lunds  U niversitets  Arsskrift  i N.  P.l  1 
(2)  [Kong/.  Fysiografiska  Sallskapets  Hand/ingar  (N.  F.)  16],  No.  5.  59  pp.  (JFM  36,  305). 

Summary:  The  author  discusses  the  Hagen-Bessel  theory  that  an  error  of  observation  may  be  consid- 
ered as  the  sum  of  a great  many  small  elementary  errors,  and  applies  it  to  frequency  curves  which  are 
not,  strictly  speaking,  error  curves.  As  a consequence  of  this  theory,  he  shows  that  a frequency  curve  may 
have  one  of  two  forms,  which  he  calls  Type  A and  Type  B.  and  that  no  other  forms  can  occur  except  those 
obtained  by  superposition  (addition)  of  two  or  more  curves  of  Types  A and  B.  Charlier's  Type  A curve  is 
applicable  to  characters  which  are  unlimited  in  both  directions,  and  his  Type  B curve  to  those  (such  as 
counts)  which  are  limited  in  one  direction.  The  author  gives  a detailed  discussion  of  his  Type  A and  Type 
B frequency  curves.  The  only  part  directly  relevant  to  our  study  is  a discussion  of  the  relative  positions  of 
mean,  median,  and  mode.  For  his  Type  A curve,  he  shows  that  ( neglecting  moments  above  the  fourth  and 
terms  of  higher  order),  the  median  lies  roughly  one  third  of  the  way  from  the  mean  to  the  mode.  He 
illustrates  this  fact  by  computing  the  mode  (3.075),  the  median  (3.359),  and  the  mean  (3.5011  of  the 
distribution  of  the  frequency  ofglands  in  the  right  foreleg  of  2000  female  swine,  to  which  he  fits  a Type  A 
frequency  curve  with  reasonable  success,  though  a Type  B curve  is  theoretically  more  appropriate  and 
actually  fits  better  at  the  discontinuous  end.  Lastly,  he  studies  the  problem,  first  considered  by  Pearson 
in  1894,  of  dissecting  a frequency  curve  into  components. 

References:  Laplace  G812),  Pearson  (1895). 

Citations:  Charlier  (1910),  Cramer  (1928),  Kendall  (1943),  Cramer  (1946),  Kendall  (1946>. 

* Mansion.  Paul  (1906).  Sur  la  methode  des  moindres  carres  dans  le  Nachlass  de  Gauss.  Annates  de  In 
Societe  Scientifique  de  Bruxelles  30  ill,  169-174.  (JFM  36,  991 1. 

Summary:  The  author  summarizes  important  contributions  to  the  history  and  the  critique  of  the 
method  of  least  squares  contained  in  extracts  of  letters  and  of  papers  of  Gauss  published  in  the  eighth 
volume  of  Gauss’  Werke  iTeubner.  Leipzig,  1900).  He  makes  brief  mention  of  the  theory  of  combination  of 
observations,  introduced  by  Laplace  ( 1786 1 [see  also  Laplace  (1793,  1799)],  in  which  the  largest  error  (in 
absolute  value)  is  smaller  than  for  any  other  system.  He  points  out  that  Gauss  (1809(  criticized  this 
method  on  the  grounds  that  it  uses  for  the  final  calculation  of  the  unknowns  only  a number  of  equations 
of  condition  equal  to  the  number  of  unknowns;  the  other  equations  are  used  only  to  decide  the  choice 
which  one  should  make. 

References:  Laplace  1 1799),  Legendre  ( 1805),  Gauss  ( 1809),  Laplace  (1812),  Gauss  1 1823). 

Citations:  Goedseels  1 1909),  Mansion  ( 191,3). 

* Slocum,  C.  E.;  Hancock,  K.  L.  ( 1906).  Text-Book  on  the  Strength  of  Materials.  Ginn  & Co..  Boston.  (JFM 
37,  850 — listing  only).  Second  edition,  191 1. 

Summary:  The  only  part  of  this  book  relevant  to  our  subject  is  the  following  statement  (page  15)  based 
on  the  'weakest  link  concept:  "The  tensile  strength  of  long  rods  is  affected  in  a way  different  from  any  of 
the  preceding  [effect  of  diameter  and  form  of  cross  section].  Since  no  material  is  perfectly  homogeneous, 
the  longer  the  rod  the  greater  the  chance  that  a (law  will  occur  in  it  somewhere.  If,  then,  by  numerous 
tests  ol  short  pieces,  it  has  been  determined  how  much  a material  lacks  of  being  homogeneous,  the 
strength  of  a rod  of  this  material  of  any  given  length  can  he  calculated  by  means  of  the  theory  of 
probabilities.  Such  a theory  hits  been  worked  out  by  Professor  Chaplin  [(1880.  1882)]  and  verified 
experimentally." 

References:  Chaplin  ( 1880.  1882). 
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* Galton,  Francis  (1907a).  One  vote,  one  value.  Nature  75,  414.  (JFM  38,  288). 

Summary:  The  author  suggests  that  if  a jury  has  to  assess  damages  or  the  council  of  a society  has  to 
decide  on  a sum  of  money  suitable  for  some  particular  purpose,  each  member  should  independently  form 
a judgment  as  to  the  amount  and  the  median  of  these  independent  judgments  should  be  taken,  since  the 
number  of  votes  that  it  is  too  high  is  exactly  balanced  by  the  number  of  votes  that  it  is  too  low,  while  every 
other  estimate  is  condemned  by  the  majority  of  voters  as  being  either  too  high  or  too  low.  In  particular, 
use  of  the  arithmetic  mean  would  give  a voting  power  to  "cranks”  in  proportion  to  their  crankiness.  For 
an  odd  number  of  votes,  the  median  is  the  middlemost  value;  for  an  even  number,  it  is  taken  as  the 
arithmetic  mean  of  the  two  middlemost. 

Citations:  Galton  ( 1907b, c).  Hooker  (1907),  Yule  ( 1 907 >. 

* Galton,  Francis  (1907b).  Vox  populi.  Nature  75,  450-451.  (JFM  38,  288). 

Summary:  At  a stock  show,  800  contestants  each  paid  sixpence  for  stamped  and  numbered  cards  on 
which  they  entered  their  estimates  of  the  dressed  weight  of  a particular  living  ox,  and  those  who  guessed 
most  successfully  received  prizes.  After  the  completion  of  the  competition,  the  author  collected  the  cards, 
weeded  out  13  as  defective  or  illegible,  and  arranged  the  remaining  787  guesses  in  order  of  magnitude. 
He  found  that  the  median  estimate  was  1207  lbs.,  the  first  quartile  1 162  lbs.  and  the  third  quartile  1236 
lbs.,  so  that  the  quartile  deviation  (probable  error)  was  37  lbs.  The  actual  dressed  weight  proved  to  be 
1198  lbs.,  so  that  the  median  estimate  (vox  populi)  was  in  error  by  only  9 lbs.  (0.8  percent). 

Reference:  Galton  (1907a). 

Citations:  Galton  ( 1907c',  Hooker  ( 1907),  Yule  ( 1907). 

* Galton,  Francis  (1907c).  The  ballot-box.  Nature  75,  509-510.  (JFM  38,  288). 

Summary:  The  author  answers  the  criticism  by  Hooker  ( 1907 ) by  saying  that  the  latter  missed  the  point 
of  the  author’s  earlier  papers  [Galton  ( 1907a,b)J,  which  was  that  the  verdict  given  by  the  ballot  box  must 
be  the  median  estimate.  He  defends  the  use  of  the  median  in  the  second  of  those  papers  on  the  grounds 
that  the  suppression  of  any  one  value  in  a series  can  only  make  a difference  of  one-half  place  in  the 
median,  but  may  make  a great  difference  in  the  mean.  He  admits,  however,  that  the  mean  would  have 
given  a result  closer  to  the  true  value  in  the  case  in  question  (actually  1197  lbs.  as  compared  with  the 
1196  lhs.  computed  by  Hooker  from  the  5th,  10,h 95lh  percentiles). 

References:  Galton  < 1907a, b),  Hooker  (1907). 

* Hooker,  R.  H.  1 1907).  Mean  or  median.  Nature  75,  487-488.  (JFM  38,  288). 

Summary:  The  author,  while  admitting  that  the  median  has  certain  advantages,  such  as  ease  of 
calculation  and  the  elimination  ofcrank  judgments  [Galton  ( 1907a)],  suggests  that  the  arithmetic  mean 
would  be  more  appropriate  in  the  case  of  the  dressed  weight  of  a live  ox  [Galton  ( 1907b)].  Judging  from 
the  incomplete  data  given  by  Galton  in  the  latter  paper,  he  states  that  the  mean  would  be  approximately 
1 196  lhs.,  which  is  much  closer  to  the  true  weight  (1198  lbs.)  than  is  the  median  ( 1207  lbs.).  He  closes  by 
asking  Galton  to  indicate  what  criteria  should  be  used  in  deciding  whether  to  use  the  mean  or  the 
median. 

References:  Galton  ( 1907a,b). 
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Citations:  Galton  (1907c),  Yule  (1907). 

* Kozak,  Josef  ( 1907).  Grundprobleme  der  Ausgleichungsrech  nung  nach  der  Methode  der  kleinsten  Quad- 
rate, Erster  Band.  Carl  Fromme,  Wien  und  Leipzig.  (JFM  37,  263-264;  38,  289). 

Summary:  The  third  section  (pp.  49-77)  deals  with  measures  of  precision,  including  the  mean  absolute 
error,  the  root-mean-square  error,  and  the  probable  error,  as  well  as  the  m,h  root  of  the  mean  of  the  m,h 
powers  of  the  absolute  values  of  the  errors,  of  which  the  mean  absolute  error  and  the  root-mean-square 
error  are  special  cases  ( m = 1 and  2,  respectively),  and  the  p-percent  error  limits,  of  which  the  probable 
error  is  a special  case(p  = 50).  The  eighth  section  (pp.  224-232)  deals  with  the  smallest  and  largest  errors 
(in  absolute  value)  in  a series  of  observations.  The  author  points  out  that  both  depend  not  only  on  the 
underlying  distribution,  but  also  on  the  number  of  observations,  the  expected  value  of  the  smallest  error 
decreasing  and  that  of  the  largest  error  increasing  as  the  number  of  observations  increases.  The  ninth 
section  (pp.  233-245)  deals  with  the  rejection  of  outlying  observations,  which  is  related  to  the  question  of 
the  maximum  error.  The  author  discusses  in  detail  the  criteria  of  Peirce,  Chauvenet,  and  Stone,  and 
refers  also  to  the  work  of  Bessel,  Gould,  Airy,  Faye,  and  Bertrand,  without  citing  specific  publications. 

References:  Hagen  (1837)  [1882],  Gerling  (1843),  Helmert  (1872),  Jordan  (1877b)  [1895],  Czuber 
(1891a,  1903). 

Citations:  Cranz  (1896)  [1910),  Kozak  (1908-10). 

* Rohne,  H.  ( 1907).  Einige  Anwendungen  der  Wahrscheinlichkeitsrechnung  auf  die  Schiesslehre.  Artil- 
lerische  Monatshefte  1,  232-236. 

Summary:  The  author  makes  an  empirical  study  of  the  ratio  of  the  largest  and  median  deviations  (ganze 
und  mittlere  Streuung),  An  and  s50,  from  the  arithmetic  mean  as  a function  of  sample  size.  He  compares 
the  results  with  theoretical  ones  computed  from  the  equation 

n-|2/^J A„  0.6744  e^dt  = 1. 

Sjm,  \ 2 

which  he  tabulates  for  various  values  of  n [3,  5(5)  30,  40,  50,  100,  500,  1000,  2000],  He  proposes  the  use  of 
this  ratio  in  detecting  the  presence  of  outlying  observations,  as  indicated  by  an  observed  value  of  this 
ratio  much  greater  than  the  tabulated  value,  and  applies  the  results  to  data  on  artillery  shots. 

Citations:  Cranz  (1896)  1 1910],  von  Eberhard  (1938). 

* Vogeler,  R.  (1907).  Der  Maximalfehler  und  die  amtlichen  Fehlergrenzen;  ferner  Vergleichung  einer 
Reihe  ziifalliger  Ereignisse  mit  dem  Fehlergesetz.  Zeitschrift  fur  Vermessungswesen  36.  129-143.  (JFM 
38,  282). 

Summary:  The  author  gives  an  expository  account  of  the  controversy  between  Jordan  and  Helmert 
concerning  the  maximum  error.  He  recalls  that  Jordan  insisted  that  an  error  greater  than  three  times 
the  root-mean-square  error  m should  be  regarded  as  a gross  blunder  and  the  corresponding  observation 
discarded;  since  this  is  not  in  accord  with  the  Gaussian  law  of  error,  which  imposes  no  upper  limit  on  the 
size  of  an  error,  he  developed  a new  error  law  which  is  consistent  with  his  hypothesis.  Helmert,  on  the 
other  hand,  pointed  out  that  Jordan’s  law  is  a low-order  approximation  to  the  Gaussian  law  and  that  the 
maximum  error  depends  not  only  on  the  error  law,  but  on  the  number  of  observations;  fora  hundred  or  so 
observations,  3m  might  serve  very  well  as  an  estimate  of  the  maximum  error  to  be  expected,  but  this 
value  is  almost  sure  to  be  exceeded  if  the  number  of  observations  is  increased  to  several  thousand.  The 
author  agrees  with  Helmert's  view,  giving  both  theoretical  and  empirical  evidence  to  support  it.  He 
points  out  that  the  results  of  Bliimcke  (1897.  1898,  1901),  while  mathematically  interesting,  are 
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irrelevant  to  the  question  of  the  maximum  error  and  that  of  whether  the  Gaussian  law  of  error  should  be 
replaced  by  a different  law. 


References:  Hagen  (1837),  Helmert  (1872  [1907 1,  1877b),  Jordan  (1877b  [1895,  1904|>,  Jordan  et  al. 
(1879),  Jordan  (1890).  Blumcke  1 1897,  1898,  1901). 

Citation:  Wellisch  (1909). 

Yule.  G.  Udny  ( 1907).  Mean  or  median.  Nature  75,  534.  (JFM  38.  288). 

Summary:  The  author  comments  on  two  papers  by  Galton  ( 1907a,b).  He  agrees  that  Galton's  solution  of 
the  problem  considered  in  the  first  of  these  two  papers,  that  of  the  amount  of  money  to  be  voted  by  a jury 
or  a committee,  is  correct,  since  any  amount  greater  than  the  median  would  be  defeated  by  majority  vote. 
The  problem  of  averaging  a series  of  estimates  in  order  to  arrive  at  objective  truth,  as  in  the  case  of  the 
dressed  weight  of  the  ox  discussed  in  Galton’s  second  paper,  appears  to  the  author  to  be  on  a different 
footing.  The  answer  depends  on  whether  one  wishes  the  result  to  be  least  erroneous  as  a rule  or  least 
subject  to  sampling  fluctuation  and  on  the  distribution  of  the  underlying  population.  On  the  latter  point, 
he  cites  the  work  of  Edgeworth  ( 1885,  1886a,  1887d>,  who  showed  that,  while  the  probable  error  of  the 
median  is  about  25' r greater  than  that  of  the  mean  for  samples  from  a normal  population,  it  is  less  than 
that  of  the  mean  for  sufficiently  leptokurtic  populations. 

References:  Edgeworth  (1885,  1886a.  1887di.  Galton  1 1907a, b).  Hooker  (1907). 


Kozak.  Josef  ( 1908-10).  Grundprobleme  der  Ausgleichungrechnung  nach  der  Methode  der  kleinsten 
Quad  rate./ writer  Band.  Carl  Fromme,  Wien  und  Leipzig.  Erster  Teil,  1908  (JFM  39.  291 );  Zweiter  Teil, 
1910  (JFM  41,  275  — listing  only). 

Summary:  This  volume  is  subtitled  "Theorie  des  Schiesswesens  auf  Grundlage  der  Wahrschein- 
lichkeitsrechnung  und  Ferlertheorie.”  A portion  of  the  sixth  section  ( pp.  229-247 1 deals  with  measures  of 
accuracy  or  precision.  The  author  discusses  the  same  measures  of  precision  as  in  the  third  section  of 
Volume  1 [ Kozak  1 1 907 ) |,  computed  now  from  the  observations.  He  mentions  the  possibility  of  determin- 
ing the  probable  error  bv  ordering  the  observations  and  counting  off  half  the  absolute  errors,  but  states 
that  this  method  is  rather  inaccurate,  especially  for  a small  number  of  observations,  and  recommends 
instead  computing  the  mean  absolute  error  and  multiplying  by  0.845.  In  the  tenth  section,  one  portion 
(pp.  555-568)  deals  with  the  probable  errors  of  the  measures  of  dispersion  discussed  earlier  and  of  the 
median  absolute  error,  while  another  (pp.  568-581 ) deals  with  the  rejection  of  observations.  For  a set  of  n 
observations,  the  author  considers  the  following  special  cases  of  Stone's  criterion,  which  rejects  on  the 
average  1 out  of  m observations  when  the  errors  follow  a normal  distribution:  m = n,  m = 2n 
(Chauvenet’s  criterion),  and  m = n2  (Vallier’s  criterion). 

References:  Hagen  (1837)  |1882|.  Gerling  (1843),  Helmert  (1872)  [1907),  Jordan  (1877b)  1 1 895 1, 
Bertrand  (1889),  Czuber  (1891a),  Vallier  (1894),  Cranz  (1896).  Czuber  (1903)  1 19081,  Kozak  (1907). 
Wellisch  (1909). 

Citations:  Cranz  1 1896)  [1910|.  Keynes  (1921 1. 

Mazzuoli,  A.  ( 19081.  Sulla  probabilita  di  colpire.  Rieista  Marittima  41,  5-8. 


Summary:  The  author  proposes  the  following  criterion  for  the  rejection  of  outliers:  Given  n observations 
or  measurements  of  the  same  quantity,  reject  any  observation  which  differs  from  the  mean  by  an  amount 
greater  than  that  which  would  be  expected  to  occur  once  in  n observations.  He  tabulates  both  empirical 
and  theoretical  values  (which  agree  fairly  well)  for  the  multiple  of  the  probable  error  which  warrants 
rejection  of  an  observation  if  it  deviates  from  the  mean  by  more  than  that  amount,  for  n = 3(  1 )6(  2 ) 16,  19. 
The  theoretical  values  are  apparently  based  on  the  assumption  of  normality. 

Citation:  Cranz  ( 1896)  [1910]. 

* Watkins,  G.  P.  (1908).  An  interpretation  of  certain  statistical  evidence  of  concentration  of  wealth. 
Publications  [Journal]  of  the  American  Statistical  Association  11  (81),  27-55. 

Summary:  The  author  attempts  to  assess  evidence  of  concentration  of  wealth  contained  in  probate 
statistics  for  various  time  periods  in  Massachusetts,  the  United  Kingdom  and  France.  He  makes  passing 
mention  of  the  papers  by  Holmes  ( 1905),  Lorenz  ( 1905),  and  Watkins  (1905).  He  notes  that  the  Lorenz 
curve  is  of  less  practical  value  than  it  would  appear  to  be  from  the  results  of  its  application  to 
hypothetical  data  by  Lorenz,  because  for  the  actual  data  used  by  the  author  "the  curves  resemble  a 
capital  L with  enormously  elongated  arms  and  so  little  thickness  of  the  different  parts  that  the  eye  can 
form  no  judgment  of  quantitative  relations.”  To  overcome  this  difficulty,  he  proposes  plotting  the 
logarithms  of  the  numbers  instead  of  the  numbers  themselves.  He  finds  that  the  resulting  logarithmic 
curves  approximate  a straight  line,  which  corresponds  to  an  adiabatic  curve  (general  hyperbola)  for  the 
original  curve.  He  suggests  measuring  concentration  by  the  slope  of  the  logarithmic  curves,  the  steeper 
of  two  curves  being  the  one  which  expresses  the  greater  concentration. 

References:  Pareto  (1897),  Holmes  (1905),  Lorenz  (1905),  Watkins  (1905). 

Citations:  Persons  (1909),  Watkins  (1909),  Gini  (1914a),  von  Bortkiewicz  (1931). 

* Bohlmann,  G.  ( 1909).  Die  Grundbegriffe  der  Wahrscheinlichkeitsrechnung  in  ihrer  Anwendung  auf die 
Lebensversicherung.  Atti  del  IV  Congresso  Internazionale  dei  Matematici  (Roma,  1908)  3,  244-278. 

Summary:  The  author  writes  (p.  266,  compiler’s  translation):  "An  individual  that  has  reached  the  age  x 
will  be  denoted  by  (x). . . . w will  be  a limiting  age  (Grenzalter)  that  no  one  outlives.  One  can  either  choose 
it  according  to  experience  or  let  it  tend  to  infinity.  Axiom  V,.  If  e is  a given  positive  number,  then  for  all 
values  of  x,  y and  such  that  esx<y<w,  the  probability  that  (x)  survives  to  age  y will  be  measured  by  a 
number  pix.  y)  which  depends  upon  x and  y.  Axiom  VI.  The  probability  p(x,  w)  that  x survives  to  age  w is 
0.” 

Comments:  The  concept  of  the  limiting  (oldest)  age  plays  an  important  role  in  actuarial  theory.  We  shall 
see  later  that  it  has  been  the  subject  of  controversy  between  those  who  hold  that  there  is  a fixed  upper 
limit  on  the  length  of  human  life  and  those  who  take  the  more  reasonable  view  that  the  oldest  age  is 
simply  the  largest  order  statistic  of  a sample  drawn  from  the  entire  human  race,  which  tends  to  increase 
with  the  size  of  the  sample. 

Reference:  Poincare  ( 1896). 

Citations:  Keynes  ( 1921 ),  Insolera  (1933,  1935,  1937-38). 

Dunkel,  Otto  ( 1909).  Generalized  geometric  means  and  algebraic  equations.  Annals  of  Mathematics  (2) 
11,  21-32.  (JFM  40,  124). 
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Summary:  Given  n positive  numbers  m„  m2,  m:„  . . . , mn  arranged  in  ascending  order,  the  author  defines 
ameany=[lmj‘  + + mjf  + . . . + m£)/n|'  * which  is  a continuous  function  of  the  real  variable  x for  all 

values  of  x except  x = 0.  He  shows  that  limx_0y  = <m,m2m3 . . . m„ll  m |the  geometric  mean],  limx_„a  y = 
m,  [the  smallest  value],  and  limx_+x  y =m„  [the  largest  value].  He  also  shows  that  im/n  s (in^m,  / 
„C2)12>  (Imjmjmk  /„C3)1/3  2 . . . 21m, mom;,  . . . mn)1/n,  with  the  equality  signs  holding  only  when 
m,=m2=m3=.  . . =mn,  the  members  of  the  inequality  being  combination  means  [see  Fechner  ( 1874)],  of 
which  the  first  and  last  are  the  arithmetic  and  geometric  means,  respectively.  Either  of  the  above  two 
series  of  means  may  be  considered  as  generalizations  of  the  geometric  mean. 

Citations:  Dodd  (1922),  Galvani  (1927,  1931),  Cisbani  (1938),  Gini  (1938),  Dodd  (1940). 

* Gini,  Corrado  < 1909).  11  diverso  accrescimento  delle  classi  sociali  e la  concert trazione  della  ricchezza. 
Giornale  clegli  Economisti  (2)  38,  27-83. 

Summary:  Let  N be  the  number  of  persons  in  a population  who  have  an  income  ( Fr.  revenu,  Ital.  redditi) 
greater  than  r and  let  A be  the  aggregate  amount  of  their  income.  Given  two  sets,  < N,„  r„,  A„)  and  ( N,,  r„ 

A, ),  of  corresponding  values  of  N,  r and  A,  the  author  fits  a Pareto  distribution  with  parameters  K and  a 
to  N as  a function  of  r by  setting  log  N„  = log  K-a  log  r,„  log  N,  = log  K-a  log  r,  and  solving  for  K and  a; 
likewise,  he  fits  a Pareto  distribution  with  parameters  H and  /3  to  A as  a function  of  r by  setting  log  A„  = 
log  H-/3  log  r„,  log  A,  = log  H-/3  log  r,  and  solving  for  H and  fi.  If  N„  < N„  so  that  A„  < A„  then  a 2 /3, 
with  equality  holding  if  and  only  if  all  incomes  are  equal.  Let  8 = a/fi  & 1,  so  that  N„/N,  = I A0/A,)8.  The 
author  states  that  S seems  to  him  to  bean  optimum  index  of  concentration  of  income  above  a certain  limit. 

Note:  If  we  consider,  not  the  distribution  of  income  for  an  entire  population,  but  that  of  income  (or  of 
some  other  quantity)  for  a sample  of  size  n,  with  ordered  values  x,  £ < . , . <xn,  then  we  have,  for  N„  = 

m < n and  N,  = n,  A„  = x,  and  A,  = x,,  so  that  ii"=n_m+,  x,/!^,  x,)s  = m/n.  It  appears,  however, 

that  the  index  of  concentration  8 of  a sample  can  be  expected  to  be  approximately  constant  (subject  only 
to  sampling  variation)  only  if  the  sample  has  come  from  a Pareto  population;  otherwise,  it  will  depend 
upon  m. 

References:  Galton  (1869,  1889),  Pareto  (1897). 

Citations:  Gini  (1910),  Furlan  (1911),  Gini  (1912,  1914a),  Savorgnan  (1915),  Gini  (1926).  d'Addario 
(1930),  Yntema  (1933),  Castellano  (1935),  Pietra  (1935a),  Gini  (1936.  1939). 

* Goedseels,  P.  J.  E.  ( 1909).  Theorie  des  Erreurs  d’Observation.  (Third  edition).  Charles  Peeters,  Louvain 
and  Gauthier-Villars,  Paris.  (JFM  40,  288-289);  fourth  edition,  1914  (JFM  45,  345-347). 

Summary:  Given  ( 1 1 a system  of  n equations  in  p unknowns  (n  > pi,  F,  (x,  y,  z,  u, . . . I = rt  (i  = 1,2 n) 

and  (2)  the  intervals  (A,,  B, ) containing  the  respective  residues  r,,  one  wishes  to  determine,  for  each  of  the 

unknowns  x,  y,  z,  u for  example  for  x,  the  smallest  interval  (I,  S)  containing  that  unknown,  i.e.  an 

interval  such  that  for  every  value  of  x less  than  I or  greater  than  S,  one  or  more  of  the  residues  r,  lie 
outside  the  given  intervals.  After  linearizing  the  given  equations  (if  they  are  not  already  linear)  by 

setting  x = x„  + h,  y = y„  + k,  z = z„  + / expanding  in  the  form  fix,  y,  z, . . . ) = f(x„,  y,„  z ) + h 

df/dx„  + k df/dy„  -1-  ( df/dy„  + . . . + R and  suppressing  the  remainder  R.  the  author  gives  a general 
solution  and  a numerical  example.  He  calls  this  method  the  most  approximative  method.  If  all  observations 
are  equally  trustworthy  and  if  positive  and  negative  errors  are  equally  likely,  then  A,  = A2  = . . . = An  = A, 

B,  = B2  = . . . = Bn  = B,  and  -A  = B = M (say  1.  Consider  a series  of  equations  in  a single  unknown  ofthe 
form  x = m,  having  the  same  approximation  M,  and  suppose  the  equations  are  arranged  in  order  of 
increasing  valuesofm:  x = m,  + r,,  x = m2  + r2- . . . , x = mn  + rn.  Then  the  most  approximative  value  is  the 
midrange,  ( m,  + mni  2,  and  the  approximation  of  this  value  is  the  difference.  M - (mn  - m,)/2,  between  the 
given  approximation.  M,  and  the  semirange.  im„  - m,)/2.  When  M - im„  - n,)/2  = 0.  the  midrange 


( m,  -i-mn)/2  is  the  exact  value  of  the  unknown.  When  M - im„-  m,i/2<0,  the  data  are  absurd.  Now  suppose 
one  does  not  know  the  limits  of  the  errors.  One  then  seeks  the  mini  m uni  approximation,  V,  which  one  can 
assign  to  the  errors  r,  and  the  corresponding  values  of  the  unknowns  x,  y,  . . . , or,  what  amounts  to  the 
same  thing,  the  values  which  it  is  necessary  to  attribute  to  the  unknowns  in  order  that  the  largest 
residue  (in  absolute  value)  shall  be  as  close  as  possible  to  zero.  He  gives  a numerical  example  for  the  case 
p = 2,  considering  the  approximation  M as  an  additional  unknown,  and  determining  the  smallest 
interval  (I,  S)  which  contains  it,  and  thus  the  smallest  value,  V = I,  which  one  can  assign  to  it.  Then  he 
discusses  methods  not  based  on  order  statistics,  including  the  method  of  least  squares  and  the  empirical 
methods  of  Tobie  Mayer  ( 1750)  and  Cauchy  ( 1837).  In  summary,  he  states  that  he  prefers  the  most 
approximative  method  when  the  limits  of  error  are  known  and  the  minimum  approximation  otherwise, 
especially  in  very  important  questions,  even  though  the  calculations  become  quite  laborious  for  p > 2;  in 
questions  of  lesser  importance,  the  method  of  least  squares  or  even  one  of  the  empirical  methods  may  be 
used  to  save  labor. 

Note:  The  preface  to  the  third  edition  would  lead  the  reader  to  believe  that  the  first  (autograph)  edition 
1 1898)  and  the  second  (first  printed)  edition  ( 1902)  ( JFM  33,  247;  34,  261 ),  neither  of  which  the  compiler 
has  seen,  contain  little  or  nothing  on  order  statistics.  However  |see  the  author's  report  on  a paper  by  de  la 
Vallee  Poussin  (1911)],  the  second  edition  does  give  the  minimum  approximation  and  the  corresponding 
value  of  the  unknown  for  the  case  p = 1. 

References:  Mayer  (1750),  Legendre  (1805),  Gauss  (1809,  1823),  Cauchy  (1837),  Bertrand  (1889), 
Mansion  ( 1906 ).  de  la  Vallee  Poussin  (1909). 

Citations:  de  la  Vallee  Poussin  ( 1909),  Goedseels  ( 1910,  1911),  de  la  Vallee  Poussin  ( 1911 ),  Tits  ( 1912), 
Whittaker  & Robinson  (19241,  Goedseels  (1925),  Alliaume  (1927ai,  Bruen  (1938). 

* Persons,  W.  M.  ( 1909).  The  variability  in  the  distribution  of  wealth  and  income.  Quarterly  Journal  of 
Economics  23  (3),  416-449. 

Summary:  The  author  notes  that  there  is  no  generally  accepted  method  of  measuring  the  concentration 
of  wealth.  He  compares  the  methods  of  Lorenz,  Pareto  and  W'atkins  and  one  based  on  the  coefficient  of 
variation.  He  notes  the  same  deficiency  as  did  Watkins  ( 1908)  for  the  Lorenz  curve.  Pareto's  method  is 
based  on  the  assumption  that  the  data  follow  the  Pareto  distribution  N = A x " or,  in  logarithmic  form, 
log  N = log  A -a  log  x.  The  author  determines  the  theoretical  frequencies  of  classes  in  two  communities 
of  1000  with  a = 2 and  « = 3 respectively  and  computes  the  median,  quartiles  and  Bowley's  measure  of 
dispersion,  (Q,  - Q2)/(Q,  + (j2),  for  each.  He  points  out  that  Watkins'  method  is  a variation  of  Pareto's. 
Since  Pareto's  method  is  meant  to  be  applied  only  to  cases  in  which  the  points  lie  along  a straight  line 
whose  slope  « can  be  computed,  but  Watkins  applies  his  method  however  the  points  be  situated  and  offers 
no  numerical  measure  of  variability,  the  latter  method  is  subjective  and  its  meaning  is  unclear.  After 
considering  the  advantages  and  disadvantages  of  the  various  methods,  the  author  recommends  the  one 
based  on  the  coefficient  of  variation,  which  in  no  way  depends  upon  order  statistics. 

References:  Pareto  ( 1897).  Holmes  ( 1905),  Lorenz  ( 1905).  Watkins  ( 1905,  1908). 

Citations:  Watkins  ( 1 909 ),  Gini  (1910,  1914a),  Ricci  (1916),  Gini  (1917).  Winkler  (1924),  d'Addario 
(1932),  Yntema  (1933),  Pietra  (1935a),  Bresciani-Turroni  (1937),  Gini  (1939). 

* de  la  Vallee  Poussin,  Ch.  J.  (1909).  L’ approximation  minimum  d un  systeme  d'equations  (resume). 
Annales  de  hi  Societe  Scientifique  de  Bruxelles  33  ( 1 1,  173. 
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Summary:  A system  (1)  a,x  + by  + . . . + Gu  - m,  = 0 (i  = 1,  2,  . . mi  of  m linear  equations  in  n 
unknowns  i m > n>  is  in  general  incompatible.  We  shall  substitute  for  it  the  follow  ing:  ( 2)  a,x  + b y + . . . 
+ f,u  ~ mi  = r>  (i  = 1,  2, . . . , m),  where  we  give  the  name  residues  to  the  quantities  r^  With  Goedseels,  we 
call  the  minimum  approximation  of  the  system  ( 1 1 the  smallest  value  which  one  can  assign  to  the  largest 
residue  (considered  in  absolute  value)  of  the  system  (2)  in  order  that  this  system  (2)  shall  be  compatible. 
The  author  states  the  following  theorems  concerning  the  minimum  approximation,  which  assume  that 
any  n of  the  first  members  of  equations  (1)  form  a system  of  linearly  independent  expressions:  I.  The 
values  of  the  unknowns  which  provide  the  minimum  approximation  M of  the  system  ( 1 1 give  at  least  n + 1 
residues  attaining  this  limit  M in  absolute  value.  II.  The  minimum  approximation  and  the  correspond- 
ing values  of  the  unknowns,  for  a system  of  n + I equations  in  n unknowns,  are  obtained  by  general 
formulas.  III.  If  m > n + 1,  the  minimum  approximation  of  a system  of  m equations  in  n unknowns  is  that 
of  a certain  system  of  n + 1 equations  which  are  part  of  the  proposed  system.  One  can  deduce  from  these 
theorems  an  iterative  procedure  for  determining  the  minimum  approximation.  It  is  stated  that  the 
complete  memoir  will  appear  elsewhere  [see  de  la  Vallee  Poussin  (1911i). 

Reference:  Goedseels  (1909). 

Citations:  Goedseels  (1909),  de  la  Vallee  Poussin  (1911). 

* Watkins,  G.  P.  1 1909).  The  measurement  of  concentration  of  wealth.  Quarterly  Journal  of  Economics  24 
(1),  161-179:  rejoinder  by  W.  M.  Persons,  180-190. 

Summary:  The  author  states  at  the  outset  that  this  paper  is  intended  primarily  as  a reply  to  the  paper  by 
Persons  (1909),  but  that  it  contains  some  further  development  of  the  points  under  consideration.  He 
objects  to  the  use  by  Persons  of  the  coefficient  of  variation  (the  ratio  of  the  standard  deviation  to  the 
arithmetic  mean)  because  the  distribution  of  wealth  is  far  from  the  normal  distribution,  for  which  the 
arithmetic  mean  and  the  standard  deviation  are  appropriate  measures  of  central  tendency  and  of 
dispersion,  respectively.  He  suggests  that  the  mode  or  the  median  would  be  a more  appropriate  measure 
of  the  former  and  the  average  deviation  of  the  latter.  He  defends  his  logarithmic  curve  against  the 
objections  raised  by  Persons  that  "no  numerical  measure  is  offered"  and  "the  comparison  of  slopes  of  the 
curves  has  to  be  made  entirely  by  eye”  by  saying  that  the  direction  of  the  difference  between  slopes  is 
important  for  comparison  and  is  usually  obvious,  while  the  degree  of  the  difference  is  less  important  than 
Persons  claims.  He  also  considers  the  Lorenz  curve  and  raises  objections  to  its  use,  especially  for 
truncated  data.  In  conclusion,  he  states  ip.  178):  "All  the  objections  raised  by  Dr.  Persons  to  the  use  of 
logarithmic  curves,  as  enumerated  by  him,  are  met  in  the  foregoing  discussion.  The  meaning  of  the  test 
is  evident  to  one  who  is  familiar  with  curves  and  with  the  significance  of  logarithms.  The  eye  is  put  to  no 
severe  strain  to  tell  whether  two  lines  whose  position  may  be  shifted  right  or  left  at  will  are  parallel  or 
not.  The  modification  of  the  curve  by  the  use  of  averages  for  the  size  of  estates  meets  the  objection  with 
regard  to  the  largest  estates.  ..."  In  his  rejoinder.  Persons  states  that  his  argument  for  the  adoption  of 
the  coefficient  of  variation  was  not  based  on  a priori  reasons,  such  as  similarity  between  the  distribution 
of  wealth  and  the  normal  curve  of  distribution,  but  on  practical  ones  (how  it  would  work),  the  same 
justification  used  by  Pareto  and  bv  Watkins  for  their  methods.  He  discusses  the  Lorenz  curve  and  the 
Pareto  and  Watkins  methods  based  upon  approximate  straight  lines.  He  questions  whether  the  relation- 
ship is  adequately  represented  by  any  straight  line,  but  if  one  is  to  be  used  he  favors  Pareto's  method  of 
finding  the  single  straight  line  which  best  fits  all  the  points  to  Watkins'  method  of  connecting  adjacent 
points  by  straight  lines.  In  conclusion,  he  states  (p.  190):  "There  is  a need  for  a method  of  interpreting 
wealth  statistics  that  does  not  allow  the  subjective  element  to  enter.  The  coefficient  of  variability  is  such 
a measure.  It  does  not  tell  the  whole  story  concerning  the  distribution  of  wealth,  but  simply  enables  one 
to  answer  the  single  question,  is  the  concentration  among  one  set  of  estates  at  one  period  greater  or  less 
than  the  concentration  among  another  set  of  estates  at  another  period?" 

References:  Watkins  1 1908).  Persons  1 1909). 
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Citations:  Gini  (1914a),  Ricci  (1916). 


* Wellisch,  Siegmund  ( 1909).  Theorie  und Praxis  der  Ausgleichungsrechnung,  Erster  Band:  Elemenle  der 
Ausgleichungsrechnung.  Carl  Fromme,  Wien-Leipzig.  (JFM  40,  287-2881. 

Summary:  In  Section  19  (pp.  77-81),  the  author  gives  formulas  for  estimating  the  probable  error  from 
the  median  of  the  absolute  errors  and  for  the  probable  error  of  such  an  estimate.  Tn  Section  20  (pp.  81-84), 
he  gives  a numerical  example  of  the  use  of  this  method  along  with  others  based  on  the  square  of  the  mean 
square  root,  the  mean  first  power,  and  the  square  root  of  the  mean  square  of  the  absolute  errors.  In 
Section  27  (pp.  105-108),  he  discusses  the  estimation  of  the  probable  error  from  differences  of  all  pairs  of 
observations,  referring  to  the  work  of  von  Andrae  < 1869),  Jordan  (no  specific  reference),  and  Helmert 
( 1876a).  In  Section  28  (pp.  108-110),  he  compares  the  accuracy  of  this  and  other  methods,  and  in  Section 
29  (pp.  11 1-1 12 1,  he  gives  a numerical  example  of  their  use.  In  Section  40  (pp.  149-153).  which  is  entitled 
"Ausscheidung  von  Beobachtungen"  (Rejection  of  Observations),  the  author  gives  a discussion  of  the 
pros  and  cons  of  rejecting  discordant  observations,  with  a history  of  the  various  methods  that  have  been 
proposed.  The  author  himself  favors  a criterion  which  would,  in  effect,  reject  on  the  average  exactly  one 
among  n observations,  by  setting  0<tn>  = ( n - 1 1 n for  a sample  of  size  n.  where  Bit)  =(2  \ n>  f „ e dt. 
and  rejecting  all  observations  which  differ  from  the  mean  bv  more  than  tn\  2 <r.  where  c r is  the  population 
standard  deviation  ( if  known)  or  its  root-mean-square  estimate  from  the  sample.  This  is  the  criterion  of 
Stone  (1868)  with  m = n. 

References:  Anonymous  [Svanberg]  (1821),  Muncke  (1825),  Hagen  (1837),  Bessel  & Baever  (1838), 
Gerling  ( 1843),  De  Morgan  ( 1847),  Peirce  ( 1852),  Gould  ( 1855),  Airv  < 1856),  Winlock  1 1856),  Chauvenet 
(1863),  von  Andrae  (1869),  Glaisher  (1873),  Stone  (1873b),  Helmert  (1876a.  1877b),  Jordan  (1877a), 
Newcomb  (1886),  Lehmann-Filhes  ( 1887),  Bertrand  < 1888b •,  Faye  < 1 888 ).  Czuber  (1891a),  Vogeler 
(1907). 

Citations:  Kozak  (1908-10),  Wellisch  (1913). 

* Charlier,  C.V.L.  (1910).  Grunddragen  af  den  Matematiska  Statistiken.  Statsvetenskaplig  Tidskrifts 
Expedition,  Lund.  Second  edition.  Vorlesungen  iiber  die  Grundzuge  der  Mathematisehen  Statistik. 
Verlag  Scientia,  Lund,  1920.  English  translation.  Elements  of  Mathematical  Statistics,  by  J.  A.  Green- 
wood, Cambridge,  Mass.,  1947. 

Summary:  The  preface  to  the  first  edition  contains  comments  on  the  development  of  mathematical 
statistics,  of  which  the  following  are  of  special  interest:  "The  Theorie  analvtique  des  probabilities  of 
Laplace  |(  1812))  is  doubtless  the  most  significant  work  that  has  appeared  in  the  realm  of  mathematical 
statistics.  Unfortunately,  excepting  Poisson's  elegant  development  of  some  theorems  of  Laplace,  the 
many  points  of  attack  found  in  the  work  of  Laplace  remained  as  good  as  unobserved.  Only  in  very  recent 
years  have  we  opened  our  eyes  to  the  great  collection  of  undeveloped  basic  theorems  which  are  entombed 
in  the  great  work  of  Laplace.  Responsibility  for  the  stagnation  which  set  in  at  that  time  in  the 
development  of  mathematical  statistics  rests  principally  upon  Gauss.  This  great  mathematician  be- 
lieved himself  able  to  prove  that  fluctuations  in  the  elements  of  a statistical  series — he  concerned 
himself  chiefly  with  series  of  astronomical  and  geodetic  observations — follow  strictly  the  simple  law 
called  after  him  the  Gaussian  law  of  error.  Where  deviations  appeared,  he  believed  that  he  could 
attribute  them  solely  to  the  small  number  of  observations.  He  stated — on  the  basis  of  an  erroneous 
mathematical  proof — that  the  deviations  would  vanish  if  only  the  number  of  observations  were  suffi- 
ciently large.  This  theorem  pervaded  all  mathematical  statistics  of  the  nineteenth  century  like  an 
article  of  faith,  and  the  method  of  least  squares,  based  on  the  Gaussian  law  of  error,  was.  and  often  still  is, 
considered  a definitive  solution  of  the  problem  of  strict  scientific  treatment  of  series  of  observations."  (pp. 
1-2  of  Greenwood’s  translation).  It  is  stated  by  von  Bortkiewicz  1 1922b.  footnote  on  p.  198)  that  the 
author  (second  edition,  footnote  on  p.  16).  like  Czuber  ' 1918)  and  Yule  1 191 1 '.considered  six  times  the 
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standard  deviation  as  a sort  of  normal  value  of  the  range.  This  footnote  is  not  found  in  Greenwood’s 
translation,  unless  the  reference  is  to  the  footnote  on  page  14,  which  would  make  the  ratio  of  range  to 
standard  deviation  five  instead  of  six.  Moreover,  the  author’s  awareness  that  this  ratio  depends  on  the 
sample  size  is  clearly  shown  by  his  Table  6 (Sec.  10,  p.  18  of  Greenwood’s  translation),  in  which  he  gives 
the  limits,  either  side  of  the  mean,  beyond  which  an  average  of  one  element  of  a statistical  series  with 
N = 10(10)100(100)1000,  10000, 100000  elements  will  fall.  Chapters  XI  and  XII  deal  with  Charlier  Type 
A and  Type  B frequency  curves,  respectively. 

References:  Laplace  i 1812).  Hagen  1 1837),  Galton  ( 1889),  Pearson  1 1895i,  Edgeworth  1 1905),  Charlier 
1 1906). 

Citations:  Czuber  (1921),  Keynes  (1921),  von  Bortkiewicz  ( 1922b),  Crum  il923>,  Dodd  )1923i,  Rietz 
1 1924),  Cramer  1 1928),  von  Mises  ) 1931  >.  Boldrini  1 1942),  Cramer  1 1946). 

* Gini,  Corrado  ( 1910).  Indici  di  concentrazione  e di  dipendenza.  Societd  Italiana  per  il  Progresso  delle 
Science.  Atti  del  lima  Riunione , pp.  453-469  (summary).  Bibliotecu  dell'  Economista  (5)20)  1922).  1-151 
(complete):  errata.  341. 

Summary:  Let  a,  be  the  value  of  some  characteristic  A ie.g..  income  or  wealth  i of  the  ilh  of  n individuals 
ordered  according  to  the  magnitude  of  that  characteristic,  so  that  a,  s a,  s . . ,<ar  Then  the  mean  value 
of  that  characteristic  i income,  say)  for  the  highest  tn  of  the  n individuals  is  greater  than  or  equal  to  that 
for  all  n individuals:  i.e..  X"=n-m ..a,  m - V['=1  a,  n.  This  inequality  can  be  written  in  the  equivalent  form 
Am=  X"  n m.,  a,  a,  >m  n.  In  either  case,  the  inequality  is  strict  unless  a,  is  the  same  for  all  i.  If  the 
characteristic  A is  income,  then  a value  of  Am  which  greatly  exceeds  m n indicates  that  income  is  heavily 
concentrated  in  the  hands  of  the  m individuals  with  the  highest  incomes.  The  author  defines  the  index  of 
concentration  8 as  the  exponent  of  the  power  to  which  Am  must  be  raised  to  make  it  equal  to  m n.  i.e.  the 
value  of  8 such  that  Amfl  = m n.  Obviously.  8 > 1;  8 = 1 corresponds  to  the  case  of  no  concentration  of 
income  < all  incomes  equal ),  and  the  larger  the  value  of  8,  the  greater  the  concentration  of  income  in  the 
hands  of  the  m individuals  with  the  highest  incomes.  For  a given  n.  of  course.  8 may  vary  with  m.  {See 
note  on  paper  by  Gini  1 1909).}  Now  let  b’,  be  the  value  of  a second  characteristic  B (wealth,  say  i of  the 

individual  whose  income  is  a,.  While  the  values  of  a,  are  ordered  (ax>ax_ x = 2,  3 n i,  the  values  of 

b’j  are  not  necessarily  ordered;  we  may  have  b’x  .*  h’x_,.  Hence,  we  may  have  B'm  = X"=n  m.,b'i  — i b ’ , 
m n.  If  B'm  > m n.  characteristic  B is  also  concentrated  in  the  hands  of  the  m individuals  having  the 
highest  value  of  characteristic  A i which  is  almost  certainly  true  if  A is  income  and  B is  wealth  >:  if  B'm  = 
m n,  there  is  no  relation  between  the  concentrations  of  A and  B;  if  B'm  <m  n.  B is  concentrated  in  the 
hands  of  the  n in  individuals  having  the  lowest  values  of  A (which  is  likely  to  be  true  if  A is  income  or 
wealth  and  B is  the  number  of  children).  Put  differently,  B’m  > m n implies  a positive  relation  between  A 
and  B:  B',„  = m n,  no  relation;  and  B'm  < m n.  a negative  relation.  If  the  relation  between  A and  B is 
positive,  we  may  have  Am  » B'nr  If  A,„  = B'm,  the  relation  is  perfect,  i.e.  characteristics  A and  B are 
equally  concentrated;  if  Am  >B'm,  A is  more  concentrated  than  B;  if  Am  <B'm,  A is  less  concentrated  than 
B The  index  of  dependence  of  B from  A is  defined  as  the  value  of  p such  that  < B'm)''  = m n.  The  index  of 
independence  of  R from  A is  defined  as  the  value  of  r such  that  i Am)r  = B'm.  The  index  8 of  concentration  of 
A is  related  to  the  indices  p and  r by  the  equation  7 = 8 p.  If  the  individuals  are  ordered  according  to  their 
values  of  characteristic  B.  so  that  h,  < b,  < . . . e h„  and  if  a’,  is  the  value  of  characteristic  A for  the 
individual  whose  B- value  is  b,.  one  can  determine  an  index  of  concentration  of  B.  an  index  of  dependence 
of  A from  B.  and  an  index  of  independence  of  A from  B.  If  the  indices  of  dependence  and  independence  of  A 
from  B are  respectively  the  same  as  those  of  B from  A.  the  relations  between  A and  B are  said  to  be 
reversible;  otherwise,  irreversible.  Examples  using  real  data  and  references  are  given  in  the  complete 
( 1922)  version. 

References:  Pareto  < 1897 1,  Gini  ( 1909),  Persons  < 1909). 
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Citations:  Furlan  ( 1911 ),  Mortara  ( 191 1 ),  Gini  ( 1912),  Porru  ( 1912),  Gini  (1914a),  Savorgnan  ( 1915), 
Ricci  (1916),  Gini  (1917),  Niceforo  (1919),  Gini  (1926),  Saibante  (1928),  d’Addario  (1930),  von 
Bortkiewicz  (1931),  Yntema  (1933),  Castellano  (1935),  Gini  (1936),  Bresciani-Turroni  (1939),  Gini 
(1939),  Pizzetti  (1941b). 

* Goedseels,  P.  J.  fid.  (1910).  Application  de  la  theorie  des  erreurs  de  l’auteur  a la  compensation  des 
coordonnees  des  sommets  dans  les  leves  topographiques.  Anrtales  de  la  Societe  Scientifique  de  Bruxelles 
34  (2),  257-287.  iJFM  41,  270). 

Summary:  The  author  summarizes  the  results  given  in  his  book  [Goedseels  (1909)]  on  the  most 
approximative  method,  the  method  of  minimum  approximation,  and  the  method  of  least  squares,  and 
applies  all  three  methods  to  a numerical  example  involving  the  compensation  of  the  coordinates  of  the 
vertices  in  a topographic  survey.  He  insists  that  the  method  of  least  squares  is  not  as  good  as  the  other 
two  methods,  even  in  the  case  of  normally  distributed  errors,  for  which  it  gives  the  most  probable  values, 
since  these  values  are  inadmissible  if  they  lie  outside  the  interval  (I,S)  of  the  most  approximative 
method.  In  the  numerical  example,  he  first  ascertains  that  the  maximum  error  e specified  by  the 
observer  is  admissible,  i.e.  that  it  is  not  less  than  the  minimum  approximation  m.  Then  he  proceeds  to 
compensate  the  z-coordinates  of  the  data  points  by  the  most  approximative  method  and  by  the  method  of 
least  squares.  He  rejects  the  results  of  the  latter  method  as  inadmissible,  since  the  z-coordinate  it  gives 
for  one  point  lies  outside  the  interval  given  by  the  most  approximative  method.  He  shows  that  in  this 
particular  instance  one  can  obtain  admissible  results  by  the  method  of  least  squares  if  he  assumes  that 
the  probable  errors  of  observation  are  not  constant  but  proportional  to  the  second  members  of  the 
equations.  But  recomputation  under  that  assumption  is  more  laborious  than  the  most  approximative 
method,  and  moreover  it  does  not  always  yield  admissible  results.  Finally,  the  author  ignores  the 
maximum  error  stated  by  the  observer  and  compensates  the  z-coordinates  by  the  method  of  minimum 
approximation.  The  resulting  values  lie  within  the  intervals  given  by  the  most  approximative  method, 
and  the  author  shows  that  this  must  always  be  true  if  any  admissible  value  esm  is  designated  as  e by  the 
observer. 

Reference:  Goedseels  (1909). 


* Edgeworth,  F.  Y.  (1911).  Probability.  Encyclopaedia  Britannica,  11th  edition.  Vol.  22,  pp.  399ff.;  13th 
edition  (1926),  Vol.  22,  pp.  376-403. 

Summary:  In  the  introductory  paragraphs  (p.  376)  the  author  writes:  "The  doctrine  of  averages  and  of 
the  deviations  therefrom  technically  called  'errors’  is  distinguished  from  the  other  portion  of  the  calculus 
[of  probabilities!  by  the  peculiar  difficulty  of  its  method.  The  paths  struck  out  by  Laplace  and  Gauss  have 
hardly  yet  been  completed  and  made  quite  secure.  The  doctrine  is  also  distinguished  by  the  importance  of 
its  applications.  The  theory  of  errors  enables  the  physicist  so  to  combine  discrepant  observations  as  to 
obtain  the  best  measurement.  It  may  abridge  the  labour  of  the  statistician  by  the  use  of  samples.  It  may 
assist  the  statistician  in  testing  the  validity  of  inductions.  It  promises  to  be  of  special  service  to  him  in 
perfecting  the  logical  method  of  concomitant  variations:  especially  in  investigating  the  laws  of  heredity. 

. . . The  kinetics  of  free  molecules  (gases)  forms  another  important  branch  of  science  which  involves  the 
theory  of  errors.  ...  In  Part  I probability  and  expectation  will  be  considered  apart  from  the  peculiar 
difficulties  incident  to  errors  or  deviation  from  averages.  . . . Part  II  is  devoted  to  averages  and  the 
deviations  therefrom,  or  more  generally  that  grouping  of  statistics  which  may  be  called  a law  of 
frequency.  . . . ” Our  interest  lies  in  Part  II  (pp.  390-403).  The  author  defines  and  discusses  various 
averages  (arithmetic,  geometric,  harmonic,  and  quadratic  means;  mode  and  median);  the  normal  law  of 
error  and  various  "proofs”  of  it;  other  laws  of  error  or  laws  of  frequency,  including  the  generalized  law  of 
error  (Edgeworth  series)  proposed  bv  the  author  [Edgeworth  (1905)]  and  the  Pearson  system  of  fre- 
quency curves  |K.  Pearson  (1895)1  as  well  as  the  laws  of  Bernoulli,  Cauchy,  Poisson  and  Pareto: 
measures  of  dispersion  i including  the  standard  deviation  and  the  mean  absolute  deviation);  linear  and 
nonlinear  regression;  the  method  of  least  squares,  a modification  also  making  use  of  mean  cubes,  and 
Laplace's  Method  of  Situation,  both  in  its  original  form  | Laplace  ( 1 799 1)  and  as  modified  and  extended  by 
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the  author  [Edgeworth  (1888)];  normal  and  abnormal  correlation;  and  the  treatment  of  discordant 
observations. 


Note:  All  references  to  specific  pages  are  to  those  in  the  13th  (1926)  edition. 

References:  Laplace  (1799,  1812),  Gauss  (1823),  Quetelet  (1835,  1846),  DeMorgan  (1847),  Herschel 
(1850),  Airy  ( 1861),  Todhunter  ( 1865),  Venn  ( 1866),  Whitworth  ( 1867),  Glaisher  (1872),  Galton  (1875), 
Merriman  (1877),  Edgeworth  (1885,  1886a),  Newcomb  (1886),  Edgeworth  ( 1887a, d,  1888),  Bertrand 
(1889),  Galton  (1889),  Czuber  (1891a),  K.  Pearson  (1895),  Poincare  (1896),  Pareto  (1897),  Whitworth 
( 1897),  Edgeworth  ( 1898),  Czuber  ( 1899),  Sheppard  ( 1899a, b),  Bowley  ( 1901 ),  K.  Pearson  ( 1902),  Czuber 
(1903),  Kapteyn  (1903),  Edgeworth  (1905). 

Citations:  King  (1912),  Keynes  (1921),  Rietz  (1924),  Bowley  (1928),  Shewhart  (1931),  Bruen  (1938). 

* Furlan,  V.  (1911).  Neue  Literatur  zur  Einkommensverteilung  in  Italien.  Jahrbucher  fur  National- 
okonomie  und  Statistik  97  [(3)  42],  241-255. 

Summary:  The  author  summarizes  the  results  given  by  Gini  ( 1909,  1910)  on  distributions  of  income  and 
on  Gini’s  index  of  concentration  8.  Under  the  tacit  assumption  that  incomes  follow  the  Pareto  law  y = 
Ax““,  he  proves  that  8 = a/ia-l)  (or  a = 8/18  — 1)].  He  notes,  however,  that  for  certain  places  and  times 
(e.g.  Hamburg,  1883- 1899),  the  value  of  8 computed  directly  from  the  data  is  markedly  smaller  than  that 
computed  from  the  formula  8 = a/(a-l).  He  points  out  that  Gini  ( 1910)  sought  to  explain  the  discrepancy 
on  the  basis  of  assessment  of  the  higher  incomes  at  a greater  percentage  of  their  true  value  than  the 
lower  incomes.  Conversely,  if  the  lower  incomes  are  assessed  at  a greater  percentage  of  their  true  value 
than  the  higher  ones,  the  discrepancy  between  8 and  aba- 1)  will  be  in  the  opposite  direction. 

Comments:  The  compiler  suspects  that  discrepancies  between  8 and  a/(a-l ) may  be  due  to  failure  of  the 
true  incomes  to  follow  the  Pareto  law,  as  much  as  or  more  than  to  assessment  of  high  and  low  incomes  at 
different  percentages  of  their  true  values. 

References:  Pareto  (1897),  Gini  (1909,  1910). 

Citations:  Czuber  ( 1914),  Gini  ( 1914a),  Savorgnan  (1915),  Ricci  1 1916),  von  Bortkiewicz  ( 1931 ),  Castel- 
lano ( 1935),  Gini  ( 1939). 

* Goedseels,  P.  J.  E.  (1911).  Simplifications  de  la  methode  la  plus  approximative  et  de  l’approximation 
minima.  Etalonnage  des  lunettes  stadimetriques.  Annales  de  la  Societe  Scientifique  de  Bruxelles  35(1), 
351-368.  (JFM  42,  254). 

Summary:  After  a brief  description  of  the  two  methods,  the  most  approximative  method  and  the  method 
of  minimum  approximation,  considered  in  the  third  edition  of  his  book  on  the  theory  of  errors  |Goedseels 
(1909i|,  the  author  calls  attention  to  an  interesting  study  of  the  method  of  minimum  approximation, 
including  a simplification  of  that  method,  proposed  by  de  la  Vallee  Poussin  ( 1911).  He  proposes,  in  turn, 
two  other  simplifications  of  both  methods.  These  simplifications  apply  only  when  there  are  only  one  or 
two  unknowns,  of  which  at  least  one  is  positive.  The  latter  is  really  no  restriction  at  all,  since  the  data  can 
be  transformed  so  that  at  least  one  unknown  is  positive.  The  restriction  to  one  or  two  unknowns  is  less 
serious  than  one  might  think,  since  one  a I ways  proceeds  by  successive  elimination  of  the  unknowns,  and 
the  number  of  them  is  always  eventually  less  than  three;  moreover  it  is  in  the  final  stages,  where  this 
condition  is  satisfied,  that  the  methods  in  question  become  most  complicated.  In  an  abstract  of  this  paper 
reprinted  in  a footnote  on  pp.  351-352,  de  la  Vallee  Poussin  writes:  "The  method  of  minimum  approxima- 
tion utilizes  generally  in  the  definitive  solution  only  a small  number  of  the  proposed  relations,  but  the 
difficulty  is  to  discern  them.  The  work  of  Goedseels  has  as  its  object  the  rapid  elimination  in  the  course  of 
the  calculations  of  the  useless  relations  which  enter  in.  bv  means  of  the  following  remark  of  which  the 
evidt  nee  is  immediate:  If  a posit  lee  unknown  A satisfies  a series  of  inequalities  of  the  form  < 1 1 or  (2):  < 1 iatA 
+ b,5.i'  a2A  + bjsf, . . .:  i2i  a,A  + b,2:</>.  a2A+b2ad>. . . . any  one  of  the  inequalities  of  the  series  can  be  neglected 
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in  the  presence  of  another  of  which  the  two  coefficients  a and  b are  respectively  equal  or  larger  in  case  ( 1), 
equal  or  smaller  in  case  (2).  This  remark  [applicable  also  to  the  most  approximative  method]  makes 
feasible  the  determination  of  the  minimum  approximation  of  a series  of  ten  observations  performed  . . 
in  order  to  calibrate  a stadimetric  telescope.  The  calculations  are  even  simpler  than  those  of  the  method 
of  least  squares,  over  which  they  also  have  the  immense  advantage  of  furnishing  information  of  a precise 
nature.  The  author  indicates,  in  addition,  ...  a process  of  successive  substitutions  or  of  interpolation 
which  permits  avoiding  with  advantage  the  formation  of  all  the  inequalities  to  which  the  systematic 
method  of  elimination  leads.  ...”  (Compiler’s  translation!. 

References:  Goedseels  (1909),  de  la  Vallee  Poussin  (1911). 

Citations:  Tits  (1912),  Dodd  (1922),  Bruen  (1938). 

* Keynes,  J.  M.  (19  111.  The  principal  averages  and  the  laws  of  error  which  lead  to  them.  Journal  of  the 
Royal  Statistical  Society  74,  322-331. 

Summary:  The  author  begins  (p.  322)  by  stating  the  problem  in  the  following  words:  "We  are  given  a 
series  of  measurements,  or  observations,  or  estimates  of  the  true  value  of  a given  quantity;  and  we  wish 
to  determine  what  function  of  these  measurements  will  yield  us  the  most  probable  value  of  the  quantity, 
on  the  basis  of  this  evidence.  . . . Corresponding  to  each  law  of  error  which  we  might  assume,  there  is 
some  function  of  the  measurements  which  represents  the  most  probable  value  of  the  quantity.  The  object 
of  the  following  investigation  is  to  discover  what  laws  of  error,  if  we  assume  them,  correspond  to  each  of 
the  simple  types  of  average,  and  to  discover  this  by  means  of  a systematic  method.”  Using  the  principles 
of  inverse  probability  and  of  the  multiplication  of  independent  probabilities,  he  proceeds  to  determine 
the  most  general  laws  ol  error  leading  to  the  arithmetic  mean,  the  geometric  mean,  the  harmonic  mean, 
and  the  median;  he  states  that  he  does  not  think  it  is  possible  to  find  by  his  method  a law  of  error  which 
leads  to  the  mode.  The  normal  law  and  Laplace's  first  law  are  special  cases  of  the  most  general  laws 
leading  respectively  to  the  arithmetic  mean  and  the  median,  and  the  only  ones  which  satisfy  the 
additional  restriction  that  positive  and  negative  errors  of  the  same  magnitude  be  equally  probable.  The 
lognormal  law  is  a special  case  of  the  most  general  law  leading  to  the  geometric  mean.  There  are  no 
symmetric  laws  which  lead  to  either  the  geometric  or  the  harmonic  mean.  The  author  points  out  that 
Laplace  did  not  notice  that  his  first  law  of  error  led  to  the  median  because,  instead  of  finding  the  most 
probable  value,  he  sought  the  value  which  the  true  value  is  as  likely  to  fall  short  of  as  to  exceed.  He  also 
states  that  Fechner  was  the  first  to  introduce  the  median  into  use.  He  makes  use  of  the  property  of  the 
median  (which  he  notes  was  known  to  Fechner)  that  it  is  the  value  from  which  deviations  of  the 
observations  must  be  taken  in  order  to  minimize  the  sum  of  their  absolute  values. 

References:  Laplace  (1774),  Gauss  (1809?),  Laplace  (1812),  Fechner  ( 1874?).  Kapteyn  (1903). 

Citations:  Keynes  (1921).  Rietz  (1924),  Bruen  (1938),  Kendall  (194fii. 

Mortara,  Giorgio  (1911).  Note  di  economia  indutt’va:  Sulla  distribuzione  dei  redditi.  Giornale  degli 
Economist  e Rivista  di  Statistica  42,  455-471. 

Summary:  I he  author  discusses  distributions  of  income  and  various  statistical  measures  that  can  be 
applied  to  them,  including  several  that  make  use  of  ordered  observations.  As  examples,  he  tabulates 

average  incomes  of  the  first,  second tenth  thousandths,  hundredths  and  tenths  (from  above)  of 

persons  in  Saxony  in  1888  and  1908,  and  their  ratios  to  the  general  mean  in  the  year  under  considera- 
tion, as  well  as  average  salaries,  in  1882  and  1910,  for  the  top  tenth,  second  tenth lowest  tenth  of 

officials  and  of  magistrates  in  Italy  and  their  ratios  to  the  respective  general  means.  In  connection  with  a 
discussion  of  Gini  s index  of  concentration,  he  points  out  that , given  two  sets  of  n values  each  arranged  in 
decreasing  order,  a,  > a2  > . . . ■ a„  and  b,  > b2  > . . . - b„,  with  means  a and  b respectively,  a sufficient 
(but  not  necessary)  condition  that  ii*  , a/ka  > vk  > b,  kb  is  that  (a,  a)  xb,/b>  for  i 1.2 k and  (a,  a)  < 


§ 


L 


122 


<b,/b)  for  i = k + 1,  k+2 n.  Like  Furlan  ( 1911),  the  author  proves  that  if  Pareto’s  law  holds,  a = 8'8- 1 >, 

where  8 is  Gini’s  index  of  concentration  and  a is  one  of  the  parameters  (sometimes  railed  an  index  of 
inequality)  in  Pareto's  law.  The  author  points  out  that  the  index  8 has  two  important  advantages  over  the 
index  a:  (a)  it  is  adapted  equally  well  to  incomplete  (censored  or  truncated)  income  data  as  to  complete  data 
and  ( b ) its  range  of  validity  is  greater  | it  does  not  depend  on  the  assumption  that  the  data  obey  Pareto’s  law  ]. 

Note:  Gini’s  index  of  concentration  and  other  statistical  measures  making  use  of  ordered  observations 
are  applied  by  the  author  to  finite  populations,  but  they  are  equally  applicable  to  samples,  in  which  case 
the  ordered  observations  are  the  sample  order  statistics. 

Reference:  Gini  (1910). 

Citations:  Gini  (1914a),  Ricci  (1916),  d’Addario  (1930),  Castellano  (1935),  Gini  (1939). 

de  la  Vallee  Poussin,  Ch.  J.  ( 191 1 ).  Sur  la  methode  de  l’approximation  minimum.  Annales  de  la  Societe 
St'entifique  de  Bruxelles  35  (2),  1-16;  rapport  par  E.  Goedseels,  35  (1),  65-67.  (JFM  42,  255). 

Summary:  The  author  begins  with  the  following  introduction  (pp.  1-3);  "Let  us  consider  a system  of  n 

linear  equations  in  m unknowns  (n>m):  (1)  a,x  + b,y  + . . -t-  Gu-m,  = 0 (i=  1, 2 n).  This  system  is  in 

general  incompatible.  We  will  substitute  for  it  the  following:  (2)  a>x  + b,v  + . . . + f.u  + m,  = r,  ( i=  1,  2, . . ., 
n),  where  we  give  to  the  quantities  r,  the  name  residues,  and  we  call,  with  Goedseels  [(1909)]  the 
minimum  approximation  of  the  system  ( 1 ( the  smallest  value  which  one  can  assign  to  the  largest  residue 
of  the  system  (2),  considered  in  absolute  value,  for  which  this  system  ( 2)  is  compatible.  The  existence  of 
this  approximation  has  been  established  implicitly  by  the  procedure  for  determination  explained  by 
Goedseels  in  his  book.  Moreover  it  is  easy  to  see  that  this  minimum  approximation  should  exist,  since  the 
largest  residue,  without  regard  to  sign,  is  a positive  quantity  and  has,  consequently,  a finite  lower  limit. 
It  is  in  addition  a continuous  function  of  the  variables  x.  v,  . . .,  u.  By  consequence,  the  lower  limit  is 
necessarily  attained,  at  least  for  a system  of  finite  values  of  the  variables,  since  infinite  values  make  all 
the  residues  infinite,  with  the  possible  exception  only  of  m - 1 when  one  assumes  the  determinants  (a.  b, 
different  from  zero.  The  problem  haVing  as  object  the  calculation  of  the  minimum  approximation 
corresponding  to  a system  (1)  was  stated  and  solved  . . . by  Laplace  ((1799),  Book  III,  no.  39].  But  the 
method  followed  in  this  solution  involves  more  laborious  calculations  than  one  could  use  in  the  current 
practice  of  sciences  of  observation.  Six  years  after  Laplace,  . . Legendre  [(1805)]  posed  the  same 
problem.  He  stated  that  he  did  not  know  an  easy  method  to  resolve  the  question  and  proposed  to 
substitute  for  it  the  method  of  least  squares.  The  method  called  the  minimum  approximation  by 
Goedseels  involves  calculations  simpler  than  those  of  Laplace  and  better  disposed  for  calculators.  But 
these  calculations  are  still  much  too  long  in  most  cases.  We  are  therefore  going  to  revive  the  question  and 
expound  with  precision  several  theorems  which  can  facilitate,  in  practice,  the  solution  of  a system  of 
equations  1 1 ) by  the  method  of  minimum  approximation.  We  assume  that  none  of  the  determinants  (a,  b, 
...,/)  is  equal  to  zero.”  (Compiler's  translation).  The  author  states  and  proves  the  tollowing  theorems: 

1 1 ) The  values  X,  Y,  Z, . . . of  the  unknowns  which  give  the  minimum  approximation  M of  the  system  ( 1 ) 
give  at  least  im  + li  residues  equal  to  ±M.  (2)  If  the  number  n of  equations  exceeds  the  number  m of 
unknowns  by  more  than  one,  the  minimum  approximation  M of  the  set  of  equations  is  equal  to  the 
minimum  approximation  corresponding  to  one  of  the  groups  formed  by  combining  the  n equations  ( m + 1 ) 
at  a time  in  all  possible  ways.  (3)  The  minimum  approximation  M of  a series!  1 ) of  n linear  equations  in  m 
unknowns  is  equal  to  the  largest  minimum  approximation  M,,  M,,  . . . corresponding  to  the  various 
groups  which  one  can  form  by  taking  the  equations  (1)  m + 1 at  a time. 

References:  Laplace  ( 1799).  Legendre  1 1805),  Goedseels  ( 1909),  de  la  Vallee  Poussin  ( 1909). 

Citations:  Goedseels  f 191 1 ).  Tits  i 1912i.  Mansion  1 1913),  Dodd  < 1922),  Whittaker  & Robinson  ( 1924), 
Bruen  1 1938). 


* Yule,  G.  Udny  ( 191 1 1.  An  Introduction  to  the  Theory  of  Statistics.  Charles  Griffin  and  Co.,  Ltd.,  London. 
(JFM  42,  263 — listing  only);  review,  Nature  87,  345.  Second  edition,  1912;  third  edition,  1916;  fourth 
edition,  1917;  fifth  edition,  1919;  sixth  edition,  1922  (JFM  48,  616 — listing  only);  seventh  edition,  1924 
(JFM  50,  355 — Co.);  eighth  edition,  1927  (JFM  53,  521  — Co.);  ninth  edition,  1929  (JFM  55,  939 — Co.), 
tenth  edition,  1932;  eleventh  edition  (with  M.  G.  Kendall),  1937  (JFM  63,  1128);  twelfth  edition,  1940 
(JFM  67,  472  — Co.);  thirteenth  edition,  1944;  fourteenth  edition,  1950. 

Summary:  Chapter  5 (of  the  fourteenth  edition — see  note  below)  deals  with  averages.  Chapter  6 with 
measures  of  dispersion,  and  Chapter  7 with  measures  of  skewness  and  kurtosis.  In  each  case  one  or  more 
of  the  measures  is  based  on  order  statistics.  The  median  ( Mi)  and  its  relation  to  the  arithmetic  mean  (Mi 
and  the  mode  (Mo)  are  discussed  on  pp.  111-118,  the  range  on  p.  125,  the  mean  deviation  about  the 
median  on  pp.  138-140,  the  quartiles  (Q,,  Q:))  and  the  quartile  deviation  [Q  = ( Q3 — Q j )/2 ] on  pp.  140-143, 
and  Pearson’s  measure  of  skewness  [(Mean -Model/Standard  Deviation  = 3(Mean-Median)'Standard 
Deviation]  and  another  measure  of  skewness  based  on  order  statistics  [(Q,  + Q:1-2Mi)/2Q]  on  pp. 
160-163.  The  standard  errors  of  quantiles  [median,  quartiles,  deciles,  etc.]  and  of  the  semi-interquartile 
range  are  discussed  in  Chapter  18,  as  is  the  correlation  between  the  errors  in  two  quantiles.  Let  x„  be  the 
p quantile  and  yp  the  corresponding  probability  density,  and  tr  be  the  standard  deviation  of  the 
underlying  population.  Then  Vvar(xp)  = crx^  = <cr/yp)  Vpqn.  The  correlation  of  the  errors  of  two 
quantiles  xPi  and  x„2  is  Vp2qi/q2Pi,  where  q,  = 1 -p,  (i  =1,2).  The  standard  error  of  the  semi-interquartile 
range  (quartile  deviation)  in  a normal  distribution  is  0.78672  ir/Vn. 

Note:  All  references  in  the  above  summary  to  specific  chapters  and  pages  are  to  the  fourteenth  edition. 
Not  having  access  to  earlier  editions,  the  compiler  is  unable  to  state  in  what  editions  the  various  ideas 
first  made  their  appearance  and  how  they  evolved,  though  this  would  be  interesting  and  informative. 

Citations:  Bowley  1 1901)  [1920],  Gini  ( 1912),  King  ( 1912),  Edgeworth  1 1913),  von  Bortkiewicz  ( 1915 1,  Gini 
( 19 15a, b),  Secrist  (1917),  Niceforo  (1919),  Persons  (1919),  Czuber  ( 1921),  Hall  (1921 ),  Jones  ( 1921 ),  Julin 
(1921),  Keynes  ( 1921 ),  von  Bortkiewicz  ( 1922b),  Crum  ( 1923),  Edgeworth  1 1923),  Rietz  ( 1924),  Goodrich 
( 1927),  Bowley  ( 1928),  Horst  ( 1931),  Shewhart  ( 1931),  Student  (1931),  Dodge  ( 1933),  Julin  ( 1933),  Foster 
(1934),  Pearson  (1935),  Snedecor  (1937),  Bruen  (1938),  Gini  (1939),  Weibull  (1939b),  Arley  & Buch 
11940),  Simon  (1941),  Thompson  (1941),  Beard  (1942),  Boldrini  (1942),  Evans  (1942),  Wilks  (1943), 
Cramer  ( 1946),  Hoeffding  ( 1948),  Benson  ( 1 949),  Walsh  ( 1949a). 

* Dettori,  Giovanni  (1912).  Contributo  alio  studio  della  variabilita  dei  prezzi.  Studi  Economico-Giurdici 
della  Reale  Universitd  di  Cagliari  4 (la),  1-77. 

Summary:  The  author  discusses  four  measures  of  variability:  ( 1 1 the  simple  mean  deviation  from  the 
arithmetic  mean,  'SA;  (2)  the  quadratic  mean  deviation  from  the  arithmetic  mean  (standard  deviation  i. 
2SA;  (3)  the  simple  mean  deviation  from  the  median,  'S>,;  and  (4i  Gini’s  mean  difference,  A.  The  last  two  of 
these  are  based  on  order  statistics.  He  calculates  these  four  measures  for  the  prices  of  various  com- 
modities over  different  periods  of  time  in  different  countries  ( 78  sets  of  data  in  all ) and  their  ratios  to  the 
arithmetic  mean  (measures  of  relative  variability).  He  compares  the  values  of  the  other  measures  with 
the  corresponding  values  (for  the  same  data)  of  Gini’s  mean  difference.  He  reports  that,  for  the  78  sets  of 
data,  A/'Sa  varies  from  1.08  to  1.56,  A/2Sa  varies  from  0.60  to  1 .36,  and  A 'SM  varies  from  1.19  to  1.92.  He 
states  that  the  mean  difference  provides  the  precise  measure  of  absolute  variability  of  phenomena  and 
should  be  used  for  economic  data.  However,  he  shows  that  the  other  three  measures  are  closely  related  to 
the  mean  difference.  As  a measure  of  the  degree  of  relationship,  he  uses  Gini's  index  of  cograduation 
(rank  correlation  coefficient!  rather  than  the  product-moment  correlation  coefficient. 

Reference:  Gini  (1912). 

Citations:  Gini  ( 1912),  Czuber  ( 1914).  Gini  1 1914a),  Pietra  ( 1915),  Gini  ( 1916hi.  Niceforo  1 1919).  Gini 
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1 1932),  Castellano  ( 1935),  Pietra  ( 1935a),  Gini  ( 1939). 
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* Fisher,  R.  A.  ( 1912).  On  an  absolute  criterion  for  fitting  frequency  curves.  Messenger  of  Mathematics  (2) 
41,  155-160.  (JFM  42,  302). 

Summary:  The  author  considers  the  method  of  least  squares  and  the  method  of  moments,  but  rejects 
both  of  them  in  favor  of  what  is  essentially  the  method  of  maximum  likelihood,  though  he  does  not  use 
that  name  for  it.  He  points  out  (p.  160)  that  the  quantity  which  he  calls  the  likelihood  in  later  works  is  "a 
relative  probability  only,  suitable  to  compare  point  with  point,  but  incapable  of  being  interpreted  as  a 
probability  distribution  over  a region,  or  of  giving  any  estimate  of  absolute  probability”. 

Comments:  This  paper  contains  nothing  directly  relevant  to  a study  of  order  statistics,  but  it  is  of 
interest  because  it  contains  the  author’s  first  statement  of  the  principle  of  maximum  likelihood.  Fisher 
was  not  the  first  to  use  this  principle  [see  Lambert  (1760),  D.  Bernoulli  (1778),  and  Gauss  (1809)],  as 
many  statisticians  have  apparently  been  led  to  believe.  Nevertheless,  the  impetus  which  he  gave  to  it  is 
responsible  for  its  central  role  in  the  modern  theory  of  statistical  estimation,  of  which  he  may  be  said  to 
be  the  founder.  In  the  sequel,  we  shall  encounter  many  instances  in  which  it  is  employed,  especially  in 
estimation  from  censored  samples. 

References:  Chauvenet  (1863). 

Citations:  Fisher  (1922),  Cramer  (1946),  Kendall  (1946). 

* Gini,  Corrado  ( 1912).  Variability  e mutabilita,  contributo  alio  studio  delle  distribuzioni  e delle  relazioni 
statistiche.  Studi  Economico-Giuridici  della  R.  Universita  di  Cagliari  3 (2),  i-iii,  3-159.  Review  by  W. 
Lexis,  Jahrbucher  fiir  Nationalokonomie  und  Statistik  103  [(3)  48]  ( 1914),  403-404. 

Summary:  The  author  discusses  in  considerable  detail  the  mean  difference  which  has  come  to  be  called 
by  his  name  [even  though  he  points  out  that  it  goes  back  to  the  work  of  Jordan  ( 1869,  1872),  von  Andrae 
( 1869,  1872),  and  Helmert  ( 1876a)].  Let  a,,  a2,  . . .,  an  be  n quantities  arranged  in  ascending  order  [the 
order  statistics  of  a sample  of  size  n].  The  author  shows  that  the  arithmetic  mean  of  the  mn-ll 
differences  (without  repetition)  of  the  n quantities  a,  (i  = 1,  2,  . . .,  n)  is  given  by  A = {2  [nin-1)]} 
X'j"!'12  (n  + 1 -2i)  (an_ui  -aj,  while  that  of  the  n2  differences  with  repetition  (including  n zero  differences) 
is  given  by  AH  = (2/n2)2ij’=4jl1 2;n  + l — 2i)  (an_i+1  -a,),  so  that  AR  = [in  - 1 )/n)A.  Equivalently,  one  may  write 
A = {l/[nin-l)]}  d,.n_,+1  |a,-an_1+1|  and  AR  = ( l/n2)£^,  d,.n_,+1|a,-  an_l+1|  where  di.n_1+1  =jn  + 1 -2i|. 

The  author  also  discusses  other  measures  of  variability  and  their  relations  to  each  other  and  to  the  mean 
difference.  Included  are  the  m,h  root  of  the  mean  of  the  m,h  powers  of  the  absolute  values  of  the  deviations 
from  the  arithmetic  mean  [of  which  the  mean  deviation  (from  the  mean)  and  the  standard  deviation  are 
special  cases  ( m = 1 and  m =2  respectively)],  the  mean  deviation  from  the  median,  the  root-mean-square 
difference,  and  the  quartile  deviation.  The  author  shows  that  the  root-mean-square  deviation  is  a 
minimum  when  deviations  are  taken  from  the  arithmetic  mean,  but  that  the  mean  (absolute)  deviation 
is  a minimum  when  deviations  are  taken  from  the  median.  He  attributes  the  latter  result  to  Laplace 
1 1812)  [second  supplement  1 1818),  pp.  42-43  (pp.  572-573  of  the  third  edition ) ]. 

Comments:  The  result  concerning  the  median  and  the  mean  deviation  which  the  author  attributes  to 

Laplace  is  not  stated  explicitly  bv  Laplace,  though  for  n odd  it  follows  as  a special  case  ( P;  = l,i  = 1 

n)  of  his  inequalities  (c)  on  page  573  of  the  third  ( 1820)  edition.  As  we  have  already  seen,  this  result  is 
stated  explicitly  and  proved  by  various  writers  at  least  as  far  back  as  Glaisher  (1872)  and  Helmert 
( 1874).  The  result  concerning  the  mean  and  the  standard  deviation  goes  back  at  least  as  far  as  Gauss 
(1809). 

References:  Laplace  )1812)  |1818],  von  Andrae  (1869),  Jordan  i1869i.  von  Andrae  (1872).  Jordan 
1 1872),  Galton  1 1875),  Helmert  1 1876a, hi.  Gini  ( 1909,  1910).  Yule  ) 191 1 ).  Dettori  1 1912).  Porru  1 1912). 
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Citations:  Bowley  1 190 1 1 [1920],  Dettori  1 19121,  Porru  ( 1912*,  Czuber  ( 1 9 1 4 >,  Gini  1 1914a, b,  1915a, bi, 
Pietra  (1915),  Savorgnan  ( 1915),  Gini  ( 1916b),  Ricci  1 1916i,  Weinberg ( 1916 ), Gini  < 1917,  1918),  Niceforo 
(1919),  Dalton  ( 1920),  de  Pietri-Tonelli  ( 1920),  Julin  1 1921  >,  Savorgnan  ( 1921 ),  Pietra  ( 1925),  Gini  1926), 
Gumbel  < 1928),  Gini  & Galvani  < 1929),  de  Gleria  ( 1929),  de  Finetti  & Paciello  < 1980),  Gini  ( 1930),  de 
Gloria  ( 1930),  March  ( 1930),  von  Bortkiewicz  ( 1931 ),  de  Finetti  ( 1931a),  Galvani  ( 1931 1,  Gini  ( 1932), 
Pietra  ( 1932a),  Yntema  ( 1933),  Anderson  ( 1935),  Castellano  ( 1935),  Pietra  ( 1935a, b).  Wold  ( 1935),  Gini 
(1936),  Bresciani-Turroni  (1939),  Gini  (1939),  Pizzetti  1 1941a),  Kendall  (1943,  1946). 

* King,  Willford  I.  (1912),  The  Elements  of  Statistical  Method.  The  Macmillan  Company,  New  York- 
London.  Second  edition,  1919:  third  edition,  1924. 

Summary:  In  Chapter  XII  (pp.  121-140),  the  author  discusses  types  and  averages,  including  the  mode  Z, 
the  median  M,  the  arithmetic  average  or  mean  a,  the  weighted  arithmetic  average,  and  the  geometric 
average.  Concerning  the  median  he  writes  (pp.  127-132):  "If  a number  of  similar  objects  are  placed  side 
by  side  in  order  of  their  size,  they  are  said  to  be  arrayed.  ...  If  any  group  of  objects  is  thus  arrayed,  the 
middle  one  is  known  as  the  median  item.  . . . The  median  may  also  be  defined  as  that  item  whose  size 
corresponds  most  closely  to  the  size  of  all  the  other  items  in  the  array.  Stated  in  mathematical  language 
this  means  that,  when  all  deviations  are  considered  positive,  the  sum  of  the  deviations  from  the 
median  is  a minimum.  . . . On  the  whole,  the  median  is  one  of  the  most  valuable  types  for  practical  use. 
and  for  studies  such  as  wages,  distribution  of  wealth,  etc.,  is  often  decidedly  superior  to  either  the  mode 
or  the  arithmetic  average.”  In  Chapter  XIII  (pp.  141-158),  he  discusses  measures  of  dispersion,  including 
the  range,  the  average  deviation  8,  the  standard  deviation  <r,  and  the  quartile  deviation.  He  dismisses 
the  range  with  the  statement  (p.  143)  that  it  is  too  indefinite  to  be  used  as  a practical  measure  of 
dispersion.  He  notes  that  the  average  deviation  may  be  taken  from  the  arithmetic  average,  from  the 
median,  or  from  the  mode;  in  his  example  (p.  146),  he  takes  it  from  the  median,  which  makes  it  a 

minimum.  In  a group  of  n items  mj  i = 1,2 n),  he  defines  the  median  M as  the  (n  + 1 )/2  item,  the  first 

quartile  Q,  as  the  ( n-t-1  >/4  item,  the  third  quartile  Q:l  as  the  3(n  + l )/4  item,  and  other  quantiles  (deciles 
and  percentiles)  analogously;  he  defines  the  quartile  deviation  as  <Q:I-Q,II2.  On  page  155  he  states:  "The 
quartile  deviation  is  . . . useless  when  it  is  desired  to  give  weight  to  the  extremes  in  which  respect  it  is 
exactly  the  opposite  of  the  standard  deviation;  the  average  deviation  occupying  the  intermediate  and.  for 
general  purposes,  superior  position.”  On  pp.  156-158,  he  discusses  the  Lorenz  curve.  In  Chapter  XIV  (pp. 
159-166),  the  author  discusses  various  measures  and  coefficients  of  skewness,  including  (a-Z)/f>, 
)a-M>;8,  (Q:i-t-Qi-2M)/(Q3-Q,),  |X( m, -a ):,/n )l  :lla  and  [Sin^-alVn]1 3/8. 

Note:  All  references  to  specific  chapters  and  pages  are  to  those  of  the  1923  printing  of  the  second  edition. 
References:  Bowley  ( 1901 ),  Edgeworth  ( 191 1 ),  Yule  ( 191 1 ). 

Citations:  Dodd  < 1914),  Gini  (1914a),  Secrist  (1917).  Julin  (1921).  Rietz  (1924),  Eells  (1930).  Yang 
(1933),  Gini  (1939). 

* Newcomb,  Simon  ( 1912).  Researches  on  the  motion  of  the  moon,  Part  II.  The  mean  motion  of  the  moon 
and  other  astronomical  elements  derived  from  observations  of  eclipses  and  occultations  extending  from 
the  period  of  the  Babylonians  until  A.D.  1908.  Astronomical  Papers.  Vol.  9.  pp.  1-249,  U.S.  Government 
Printing  Office.  Washington. 

Summary:  The  portion  of  this  posthumous  work  (completed  only  a month  before  the  author's  death  in 
1909)  that  is  relevant  to  our  study  is  contained  in  Section  53  ((pp.  212-214 » on  weights  of  the  equations,  in 
which  the  author  states:  "In  solving  for  the  mean  longitude  we  have  made  little  distinction  of  weights 
except  to  reject  abnormally  discordant  observations. . . . The  familiar  method  is  to  reject  all  observations, 
the  residuals  of  which  are  so  large  as  to  indicate  some  abnormal  sources  of  error,  and  to  retain  the  others 
with  unmodified  weight.  That  this  method  is  not  the  best  one  is  very  evident  from  the  fact  that  it  is 
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necessary  to  assign  some  limit  to  the  value  of  an  error  which  can  be  regarded  as  normal,  and  that  this 
limit  is  necessarily  a matter  of  judgment.  The  final  result  then  becomes  a discontinuous  function  of  the 
residual  of  the  rejected  observation,  the  continuity  being  broken  at  the  point  regarded  as  the  limit  of 
normal  error.  A simple  example  will  make  the  case  clear.  If  we  have  three  observed  results  a.b,c,of  which 
the  mean  is  to  be  taken,  and  if  c be  the  result  which  may  be  abnormal,  then  so  long  as  c is  retained  we 
shall  have  Mean  = 1 1 3)1  a + b + cl:  the  mean  will  then  continually  increase  with  c.  When  c passes  the 
normal  limit  the  mean  changes  per  saltum  to  ( 1/2 )( a +bi.  If  c„  be  the  limit,  we  have  two  values  differing 
by  the  amount  ( 1 6)i2c„-a-bi,  of  which  we  choose  either  one  or  the  other.  As  the  limit  of  abnormality  is 
necessarily  doubtful,  being  very  largely  a matter  of  judgment,  it  follows  that  if  c is  near  the  limit  c,„  we 
shall  be  in  doubt  which  of  the  two  values  are  to  be  adopted.  The  laws  of  probability  show  that  the  best 
result  is  a weighted  mean  of  the  two,  the  weights  being  proportional  to  their  probabilities.  This  involves 
making  a weight  to  be  assigned  to  an  observation  depend  upon  its  deviation  from  the  mean  of  the  other 
observations,  a proceeding  which  seems  to  violate  the  logical  rules  of  procedure  in  combining  observa- 
tions. But  the  method  is  logically  rigorous  if  properly  applied.  The  subject  was  treated  by  the  writer  in  a 
former  publication  | Newcomb  ( 1886i]  where  a method  was  shown  of  making  the  weight  a function  of  the 
residual  error  of  the  observation. ...  So  little  is  gained  by  aiming  at  complete  rigor  of  method  that  almost 
any  modification  which  will  prevent  the  incongruity  of  changing  the  weight  per  saltum  from  1 to  0 at  a 
certain  point  will  do.  Almost  any  reasonable  law  of  diminution  will  answer  the  purpose.  In  taking  a 
simple  mean,  an  easy  method  which  will  lead  to  a result  practically  as  good  as  the  most  rigorous 
treatment  is  this:  We  premise  that  up  to  a certain  limit  e„  the  weight  of  an  observation  should  not  be 
diminished  on  account  of  its  discordance.  The  question  will  arise  as  to  the  law  of  diminution  oft  he  weight 
when  the  residual  error  exceeds  e„.  In  this  case  let  us  put  for  A the  excess  of  the  error  above  the  limit  e„. 
Then  1 propose  to  determine  the  weight  bv  the  condition  w=e0/(e,1+A).  This  will  lead  to  practically  the 
same  result  as  if  we  substituted  for  the  actually  observed  quantity  another  quantity  corresponding  to  the 
residual  e„  |i.e.,  if  we  Winsorized  |.  . . . We  shall  still  have  to  regard  observations  as  quite  abnormal,  and 
reject  them  entirely  [i.e.,  trim]  when  the  residuals  are  so  large  as  to  show  some  gross  error. 

Reference:  Newcomb  (1886). 

* Porru.  Emanuele  (1912).  La  concentrazione  della  ricchezza  nelle  diverse  regioni  d’ltalia.  Studi 
Econo  mico-Giurdici  della  Reale  Umversita  di  Cagliari  4(1),  79-115.  Review  by  Gustavo  del  Vecchio, 
Rivista  Ilaliana  di  Sociologia  16,  721-722. 

Summary:  The  author  compares  the  formulas  of  Pareto  (1897)  and  Gini  (1910)  for  the  distribution  of 
income  and  the  associated  measures  of  concentration,  a and  6,  respectively.  Pareto's  formula  is  log  N\  = log 
H - a log  X,  where  Nx  is  the  number  of  persons  with  income  greater  than  X,  and  « and  H are  constants  (to 
be  determined  from  the  data).  Gini’s  formula  is  log  Nx  = 8 log  Ax  ,og  K,  where  Nx  is  the  same  as  in 
Pareto's  formula,  Ax  is  the  total  amount  of  the  N,  incomes,  and  8 and  K are  constants  (to  be  determined 
from  the  data).  The  author  points  out  that,  theoretically,  increases  in  the  value  of  8 should  correspond  with 
decreases  in  the  value  of  a,  and  vice  versa,  but  in  practice  this  is  not  always  true.  He  states  that  the  index  of 
concentration  (8)  of  Gini  is  a better  measure  of  concentration  than  Pareto’s  index  a. 

References:  Pareto  (1897).  Gini  ( 1910,  1912). 

Citations:  Gini  ( 1912),  Czuber  ( 1914),  Gini  ( 1914a),  Savorgnan  i 1915),  Gini  1 1916b,  1917).  Niceforo 
(1919),  Dalton  (1920),  d'Addario  ( 1934a i,  Castellano  (1935),  Gini  (1936,  1939). 

* Tits,  L.  (1912).  Nouvelle  simplification  de  la  methode  la  plus  approximative  et  de  la  methode  de 
1'approximation  minimum.  An  nates  de  la  Soeiele  Scientifiquedc  Bruxelles  36(2),  256-263.  (JFM  42.  301 1. 

Summary:  The  author  states  and  proves  three  theorems  which  embody  further  simplifications,  beyond 
those  of  de  la  Vallee  Poussin  1 191 1 1 and  Goedseels  < 191 1 1,  of  the  most  approximative  method  and  the 
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method  of  minimum  approximation  formulated  by  Goedseels  ( 1909).  Consider  linear  expressions  in  two 
or  more  variables  of  the  form  a,x  + fyy  + C|Z  + . . . + i ,u  - m,;  denote  these  expressions  by  (e,).  Denote  by 
A the  determinant  (a,,  b2, . . t n,  mn+1)  and  by  M,  the  minor  of  any  element  m,  in  this  determinant.  Then 
the  following  theorems  hold.  Theorem  I (1)  If  n variables  x,y,z,  . . .,  u are  assumed  to  satisfy  n + 1 
inequalities  of  the  form  ( es ) «0<  i = 1,2,  ....  n + 1);  if  moreover  the  fraction  -A/Mk  and  all  the  fractions 
Ms/Mk  corresponding  to  a certain  minor  Mk  are  zero  or  negative,  all  the  systems  (x,y,z,  . . .,ui  which 
satisfy  the  inequalities  (es)=s0  other  than  (ek)«0  satisfy  the  latter  also,  and  one  can  therefore  suppress 

(ek)s0  from  the  series  of  n + 1 inequalities  < e, ) ^0  without  changing  the  systems  (x,y,z u)  defined  by 

these  inequalities.  (2)  The  same  proposition  is  true  for  inequalities  of  the  form  ( et ) ^0  if  the  fraction 
+A/Mk  and  the  fractions  Ms/Mk  are  zero  or  negative.  Theorem  II  ( 1 ) If  two  variables  ix,y ) are  assumed  to 
satisfy  the  three  inequalities  ax  + bty ^Cj(  i = 1,2,3)  in  which  a is  a positive  constant  and  the  coefficients  b 
are  arranged  in  increasing  order;  if,  moreover,  one  has  (c;t-  c.»)/( b3 — b.>) ca — c, )/( bo — b, ),  one  can,  without 
changing  the  solutions  of  the  proposed  system,  suppress  the  intermediate  equation  [ax  + b2y=sc2].  (2)  The 
same  proposition  is  true  for  inequalities  of  the  form:  ax  + bjy^cji  = 1,2,3)  in  which  a is  a positive 
constant,  the  coefficients  b are  arranged  in  increasing  order,  and  where  one  has  also  (c:1-  c2)/  (b:,-b2i 
smc2— c,)/(b2-  b, ).  Theorem  III  < 1 ) If  two  variables  x and  y are  assumed  to  satisfy  inequalities  of  the  form: 

ax  + b,y«c,(i  = 1,2 nt  in  which  a is  a positive  constant  and  the  coefficients  b are  arranged  in 

increasing  order;  if,  moreover,  one  has,  for  each  value  of  the  index:  <ck^.,-ck)/  (bh*,-bk)  sick-ck_,)/ 
(bk-bk_,i,  one  can,  without  changing  the  solutions  of  the  proposed  system,  suppress  all  the  relations 
included  between  the  first  and  the  last.  (2)  The  same  proposition  is  true  for  inequalities  of  the  form:  ax  + 

bkv  S'Cji  i = 1,2 n)  except  that  the  last  stated  condition  is  replaced  by  the  following:  (ck»,  — ck)/ 1 bk^ , -bki 

=®<ck  ~ck-i*  (bk  - bk  ji.Theauthorusesthesetheoremstosimplifvthesolutionofanumericalexamplegiven 
by  Goedseels  (1911). 

References:  Goedseels  < 1 909.  1911),  de  la  Vallee  Poussin  (19111. 

Dodd.  Edward  L.  ( 1913).  The  probability  of  the  arithmetic  mean  compared  with  that  of  certain  other 
functions  of  the  measurements.  Annals  of  Mathematics  (2)  14,  186-198:  abstract,  Bulletin  of  the  Ameri- 
can Mathematical  Society  ( 2 ) 19  ( 1912).  54-55.  (JFM  44.  269). 

Summary:  The  author  points  out  that  Czuber  ( 1891a)  recounted  many  of  the  attempts  that  have  been 
made  to  relate  the  principle  of  the  arithmetic  mean  as  the  most  probable  value  with  the  Gaussian 
probability  law.  but  quoted  from  Bertrand  ( 1889),  p.  180.  an  example  to  show  that  this  law  and  principle 
are  not  strictly  compatible.  The  author  states  that  one  of  the  objects  of  this  paper  is  to  show  this 
incompatibility  by  other  means.  He  points  out  that,  strictly  speaking,  the  Gaussian  law  has  no  most 
probable  error,  since  each  of  the  infinite  number  of  possible  errors  has  the  same  probability,  zero.  He 
then  offers  the  following  definition  ( pp.  187-188)  to  facilitate  the  discussion  of  the  relative  magnitude  of 
probabilities:  The  probability  off,  will  be  said  to  be  greater  than  that  off,,  if  the  probability  that  the 
error  of  f,  will  lie  in  the  interval  -a  to  +«  is  greater  than  the  probability  that  the  error  of  f2  will  lie  in  the 
same  interval,  for  all  positive  values  of « less  than  some  a',  — in  other  words,  if  the  probability  that  f,  will 
differ  from  a [the  true  value)  by  less  than  a is  greater  than  that  f2  will  differ  from  a bv  less  than  a.  when 
«<«'.  He  shows  that,  under  the  Gaussian  probability  law.  the  quadratic  mean  (root-mean-square)  of 
two  measurements  has  a greater  probabfiity  than  their  arithmetic  mean,  provided  the  product  of  the 
precision  constant  h = 1 <r\ 2 by  the  true  value  a is  less  than  2.  where  <r  is  the  population  standard 
deviation.  Under  the  same  law,  he  shows  that  the  probability  of  bm  is  less  than  that  of  m (the  arithmetic 
mean)  if  b is  a constant  greater  than  unity,  but  that  there  exist  positive  values  of  the  constant  b for  which 
the  probability  of  bm  is  greater  than  that  of  m.  He  also  shows  ip.  196)  that  "the  probability  |P'((]  ofthe 
median  of  an  odd  number.  2e  + 1 . of  measurements  is  less  than  that  |Pa|  ofthe  arith  metric  mean — under 
the  Gaussian  law — and  if  r is  made  sufficiently  large,  and  then  a taken  small  enough,  the  ratio  of  P'(l  to 
P(*  can  be  made  as  near  V 2 Vrr  = .7979  as  we  please."  In  a footnote,  however,  he  remarks:  "This  does  not 
necessarily  discredit  the  use  of  the  median  in  economic,  biological  or  other  investigations.  Only  Gaus- 
sian distributions  are  being  considered  in  this  article." 
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Remarks:  The  only  portion  of  this  paper  directly  relevant  to  our  subject  is  that  dealing  with  the 
median.  The  other  results  mentioned  above,  however,  are  of  indirect  interest,  because  they  discredit  the 
universal  use  of  the  arithmetic  mean,  even  for  Gaussian  distributions,  and  Gauss’  ( 1809 1 first  "proof'  of 
the  method  of  least  squares,  thus  opening  the  way  for  alternatives  based  on  order  statistics. 

References:  Bertrand  (1889),  Czuber  (1891a),  Poincare  (1896),  Czuber  (1903). 

Citations:  Dodd  (1914,  1922). 

* Edgeworth,  F.  Y.  1 1913).  On  the  use  of  the  theory  of  probabilities  in  statistics  relating  to  society.  Journal 
of  the  Royal  Statistical  Society  76  (2),  165-193. 

Summary:  This  paper  (the  presidential  address  delivered  before  the  Royal  Statistical  Society,  De- 
cember 17,  1912)  deals  only  incidentally  with  order  statistics.  On  page  183,  the  author  mentions 
confirmation  of  Pearson's  rule  "as  to  the  relation  which  commonly  prevails  (in  skew  groups)  between  the 
different  kinds  of  average — the  mode,  the  median,  and  the  mean."  On  pp.  189-190,  he  illustrates  "the 
genesis  of  the  law  of  error  ...  by  linear  functions  of  digits  taken  at  random”  (the  seventh  decimal  place  of 
logarithms  of  successive  integers  from  101  to  1300],  He  obtains  48  statistics  by  subtracting  112.5  (25 
times  4.5)  from  the  sums  of  25  digits,  arranges  them  in  order  from  smallest  to  largest,  and  computes  their 
median,  quartiles,  deciles,  and  mean  deviations  (from  zero),  which  he  compares  with  the  theoretical 
values,  finding  that  the  agreement,  when  the  probable  error  is  taken  into  account,  is  quite  good. 
Agreement  is  (as  one  would  expect)  not  quite  so  good  for  48  statistics  obtained  by  subtracting  72  (16 
times  4.5)  from  the  sums  of  16  digits. 

References:  Laplace  (1812),  Cournot  (1843),  De  Morgan  (1847),  Venn  (1866),  Edgeworth  (1885), 
Pearson  1 1895),  Bowley  ( 1901 ),  Yule  ( 191 1 ). 

Citations:  von  Bortkiewicz  (1915),  Bowley  ( 1928 ). 

Goodwin.  H.  M.  ( 1913) . Elements  of  the  Precision  of  Measurements  and  Graphical  Methods.  McGraw-Hill 
Book  Company.  New  York-London. 

Summarv:  Part  1 deals  with  the  precision  of  measurements.  On  pp.  20-21  the  author  gives  the  following 
discus-  on  of  rejection  of  observations:  "In  a series  of  measurements  taken  under  similar  conditions,  it 
not  nfrequently  happens  that  an  observation  will  differ  quite  widely  from  others  in  the  series,  and  the 
tendency  to  regard  such  an  observation  as  erroneous  and  to  reject  it  is  great,  particularly  among 
beginners  If  such  an  observation  obviously  contains  a mistake,  as,  for  example,  the  recording  of  a wrong 
number,  the  recording  | of)  the  wrong  scale  division,  the  incorrect  adding  up  of  weights,  etc.,  it  may.  of 
course,  be  legitimately  rejected.  If,  however,  no  mistake  is  apparent,  the  observation  should  never  be 
rejected  without  the  most  scrupulously  unbiassed  judgment  on  the  part  of  the  observer  or  the  application 
of  some  mathematical  criterion  for  the  rejection  of  doubtful  observations.  For  the  experienced  observer 
the  former  procedure  is  preferable,  even  though  several  mathematical  criteria,  Peirce's,  Chauvenet's, 
etc.,  have  been  deduced,  which  are  very  satisfactory  when  the  number  of  observations  considered  is 
large.  In  most  physical  work  the  number  of  observations  is  not  very  great,  however,  and  one  widely 
discordant  from  the  others  has  an  undue  weight  on  the  value  of  the  mean.  It  is  frequently  better  to  reject 
such  an  observation,  even  though  it  contains  no  apparent  mistake.  A good  criterion  to  follow  in  such 
cases  is  the  following: — Compute  the  mean  and  the  average  deviation  a d.,  omitting  the  doubtful 
observation  Compute  also  the  deviation,  d.  of  the  doubtful  observation  from  the  mean.  If  d^4a.d.,  reject 
the  observation,  since  it  can  be  shown  that  the  probability  of  the  occurrence  of  an  observation  whose 
deviation  is  four  times  the  average  deviation  is  only  one  in  a thousand.  An  error  of  this  unusual 
magnitude  is  called  a Hope  Error.” 
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Mansion,  Paul  (1913).  Sur  les  recherches  de  Laplace  relatives  a la  theorie  des  erreurs.  Annales  de  la 
Societe  Scientifique  de  Bruxelles  37(2),  107-117;  rapport  par  E.  Goedseels,  37  (1),  67-79.  ( JFM  44,  268). 
Reprinted  in  Mathesis  33  [(4)  3],  Supplement  4,  11  pp.  (JFM  44,  278,  1116 — listing  only). 


Summary;  The  author  summarizes  the  work  of  various  authors  on  three  methods  applied  to  the  theory 
of  errors:  ( 1 1 Method  of  the  minimum  largest  error  ( minimum  approximation)  (minimum  sum  of  < 2k  ),h 
powers  of  errors  as  k— »*)  — Laplace  1 1799,  Book  III,  no.  39),  Prony  ( 1804,  pp.  xviii-xxi),  Gauss  ( 1809,  no. 
186),  Laplace  ( 1812,  no.  24,  pp.  343-345),  and  Mansion  (1906);  (2)  Method  of  situation  (minimum  sum 
of  absolute  values  of  errors  (first  powers),  which  occurs  when  measured  from  the  sample  median,  but 
if  the  Boscovich  restriction  that  the  sum  of  their  values  taken  with  regard  to  sign  must  be  zero  is  aa^ed, 
the  errors  must  be  measured  from  the  sample  mean) — Laplace  ( 1799,  Book  III,  no.  40),  Prony  ( 1804,  pp. 
xxi-xxiv),  Gauss  (1809,  no.  186),  and  Laplace  (1812 — second  supplement,  1818,  pp.  30-50); 

( 3 ) Method  of  least  squares  [minimum  sum  of  squares  of  errors] — various  writings  of  Laplace,  Gauss,  and 
others.  The  author  gives  several  examples  [data  taken  from  Hagen  ( 1837,  pp.  192-195 1 ) of  the  application 
of  the  three  methods  in  the  case  of  one  unknown,  also  one  example  in  the  case  of  two  unknowns.  In  the 
latter  case,  as  in  the  cases  of  three  or  more  unknowns,  he  points  out  that  the  results  are  indeterminate 
unless  one  specifies  the  form  of  the  relations,  which  is  apparently  the  reason  that  Laplace  (1799) 
considered  only  equations  of  the  form  x + ay  - b = 0.  Even  in  the  case  of  a single  variable,  the  method  of 
situation  is  indeterminate  [does  not  have  a unique  solution]  when  the  number  of  observations  is  even, 
since  the  result  may  be  either  of  the  two  middle  ones  or  any  value  between  them.  On  the  other  hand,  an 
order-preserving  or  order-reversing  transformation  does  not  affect  this  method,  but  does  affect  the  other 
two.  The  author  reaches  the  following  conclusion  (p  116);  "Laplace  and  Gauss  both  insisted  upon  the 
difficulties  presented  by  the  theory  of  errors:  each  method  depends  critically  upon  more  or  less  arbitrary 
assumptions.  The  simplest  obviously  consists  of  considering  only  equations  of  the  form  x =a,,x  = a2, . . ., 
x = an,  a,=s  a2=s  . . . san;  y = b,,  y = b2, . . .,  y = b„,  b,s  b2=s  . . . s=  bn  given  directly  by  the  observations  or 
deduced  indirectly  from  equations  in  several  unknowns,  solved  in  all  possible  ways,  where  one  has 
eliminated  all  questionable  values,  i.e.  those  very  different  from  the  others.  If  one  wants  the  minimum 
approximation,  one  takes  as  the  final  value  the  mean  of  the  extreme  observations  [the  midrange];  if  one 
wants  to  make  the  sum  of  the  absolute  values  of  the  errors  or  residues  a minimum,  one  chooses  the 
med  an  value  (or  one  of  the  median  values)  as  the  final  value.  Finally,  one  takes  that  final  value  equal  to 
the  nean  of  all  thea’s  if  one  wishes  to  make  the  sum  of  squares  of  the  errors  a minimum.  This  last  method 
alone  utilizes  equally  all  the  observed  data.  In  each  of  the  methods,  one  can  evaluate  the  approximation 
obtained.”  (Compiler’s  translation). 

References:  Boscovich  (1757),  Laplace  (1799),  Prony  (1804),  Gauss  (1809),  Laplace  (1812),  Hagen 
(1837),  Boudin  (1865),  Mansion  (1906),  de  la  Vallee  Poussin  (1911). 

Citations:  Dodd  (1922),  Alliaume  (1927a). 

* Wellisch,  S.  (1913).  Ein  interessanter  Fall  der  Ausscheidung  von  Beobachtungen.  Osterreichische 
Zeitschrift  fiir  Vermessungswesen  11,  142-146.  (JFM  44,  271). 

Summary:  The  author  notes  that  numerous  authors,  including  Gauss.  Hagen.  Bessel.  Baeyer,  Geriing. 
Faye.  Bertrand,  Czuber  and  himself  [Wellisch  ( 1 909 ) ].  have  written  on  the  subject  of  discarding 
discordant  observations  in  order  to  improve  the  arithmetic  mean.  He  considers  the  example  of  Stampfer 
( 1839).  who  discarded  three  out  of  nine  observations  in  order  to  obtain  what  he  considered  the  best  value 
of  the  ratio  of  the  length  of  the  Vienna  fathom  to  that  of  the  meter:  1.8966657  ± 0.0000037.  He  points  out 
that  correct  calculation  gives  1 Vienna  fathom  = 1.8966652  ± 0.0000034m.  for  the  six  observations 
retained  by  Stampfer  as  compared  with  1.8966274  ±0. 0000150m.  for  all  nine  observations.  He  attempts 
to  explain  the  difference  between  the  six  observations  retained  bv  Stampfer  and  the  three  rejected  bv 
him  [ the  one  ( 1.896614)  due  to  Liesganig  and  the  two  1 1.896562  and  1.896522)  obtained  by  Prony  by 
comparison  with  the  French  standard  half  toise]  on  the  basis  of  the  temperature  coefficients  of  expansion 
of  the  metals  (iron  and  platinum)  used  for  the  standard  bars. 
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References:  Stampfer  (1839),  Wellisch  (1909). 


* Contarino.  Francesco  ( 1914i.  Media  aritmetica.  media  probabile  e media  piu  probabile.  Atti  dell’Ac- 
cademia  Pontaniana  (Naples)  44,  1-143.  (JFM  45,  372 — listing  only). 

Summary:  The  author  discusses  the  arithmetic  mean  and  several  other  means,  none  of  which  are  based 
on  order  statistics.  The  only  part  of  this  paper  which  is  relevant  to  our  study  is  his  discussion  of 
discordant  observations  ipp.  41-43).  In  particular  he  mentions  the  criterion  of  Peirce  and  the  views  of 
Faye,  Airy,  Bessel,  Poincare  and  Bertrand  on  rejection  of  outliers. 

References:  Laplace  ( 1812),  Gauss  ( 1823),  Encke  ( 1832-34),  Hagen  < 1837),  Chauvenet  ( 1863),  Stone 
( 1873a>,  Bertrand  ( 1889),  Poincare  ( 1896),  Czuber  ( 1899). 

* Czuber.  Emanuel  (1914).  Beitrag  zur  Theorie  statistischer  Reihen.  Versicherungswissenschaftlichen 
Mitteilungen  ( N.  F.  i 9 (2),  page  nos.  unknown.  Reviews  by  Gaetano  Pietra,  Rivista  Italiana  di  Sociologia 
19  1 1915),  410-422;  by  Corrado  Gini,  Deutsches  Statistisches  Zentralblatt  7 ( 1915),  ( 1 ),  20-24. 

Summary:  In  his  review,  Pietra  points  out  that  the  author  [Czuber],  in  this  paper,  of  which  the  compiler 
has  been  unable  to  obtain  a copy,  presents  a critical  analysis  of  the  work  of  Gini  ( 1912),  in  two  parts.  In 
the  first  part  Czuber  deals  with  the  determination  of  more  appropriate  parameters  for  the  measurement 
of  the  variability  of  quantitative  characteristics  and  of  the  heterogeneity  of  qualitative  characteristics. 
In  the  second  he  takes  up  the  formulas  of  Pareto  and  Gini  for  the  distribution  of  incomes,  which  he 
applies  to  the  distribution  of  incomes  in  Austria  in  1904  and  1911,  and  gives  a critique  of  the  results.  The 
review  by  Pietra  deals  primarily  with  certain  salient  points  in  the  first  part.  On  page  411  Pietra  states: 
"For  the  study  of  the  variability  of  characteristics,  from  among  the  simple  and  quadratic  mean  devia- 
tions from  the  arithmetic  mean,  the  simple  mean  deviation  from  the  median,  and  Gini’s  mean  difference, 
Czuber  decides  at  once  for  the  mean  difference  because,  he  asserts,  'the  diversity  of  the  magnitudes  is 
indicated  in  a more  natural  way  by  their  differences,  since  with  the  deviations  from  an  intermediate 
value,  whether  it  be  the  arithmetic  mean  or  the  median,  an  extraneous  element  comes  into  the  field  ." 

( Compiler's  translation).  The  reviewer  [ Pietra  | holds,  however,  that  this  criterion  cannot  be  assumed  in 
an  absolute  sense,  and  proceeds  to  consider  the  question  from  an  analytic  point  of  view.  He  notes  that  the 
author  [Czuber]  uses  A/a,  where  A is  the  mean  difference  and  a is  the  range,  as  a measure  of  relative 
variability.  He  notes  also  that  Czuber  proposes  a method  of  computing  A which  he  [Czuber]  claims  is 
faster  than  that  used  by  Gini.  The  procedure  is  as  follows:  Suppose  one  wishes  to  compute  the  mean 

differenceA  ofnorderedquantities.a^aa^  . . • «an.  Lets,=  a,,s2  = a,  + a2 sn=a,+  a2  + . . .+an;  s'2  = 

an,  s'2  = an  + an  „ . . .,  s’n  = an+  . . . + a2+  a,;  S = s,  + s2  + . . . + sn  and  S’  = s',  +s'2  + . . . + s'„.  Then  A = 
2( S'  — S i ]ni  n - 1 1] . Czuber  also  considers  the  mean  difference  with  repetition,  AK  = (n  - 1 lA/n,  and  the 
ratios  A 2A  and  AK/2A  (Gini's  ratio  of  concentration),  where  A is  the  arithmetic  mean,  and  points  out 
that  the  two  ratios  are  asymptotically  equal  as  n— »x.  In  the  second  part,  Czuber  compares  the  index  a of 
Pareto  and  the  index  5 of  Gini  for  concentration  of  income  i wealth,  etc.),  and  states  a preference  for  the 
former.  Pietra  quotes  at  length  from  Gini’s  review  in  rebuttal. 

Note:  The  compiler  has  been  unable  to  obtain  a copy  of  this  publication,  and  hence  has  had  to  rely  on  the 
reviews  bv  Pietra  and  Gini  for  information  as  to  its  contents. 

References:  Furlan  1 19 11),  Dettori  (1912),  Gini  (1912),  Porru  (1912),  Gini  (1914a).  [Pietra  (1915), 
Savorgnan  ( 191 5 1). 

Citations:  Gini  1 1915a),  Pietra  1 1915),  Savorgnan  1 1915).  Ricci  1 1916).  Gini  ( 1918).  Niceforo  1 1919),  de 
Gloria  1 1929).  de  Finetti  & Paciello  1 1930),  de  Finetti  ( 1931a).  Gini  1 1932).  Pietra  1 1932a).  Anderson 
1 1935),  Castellano  ( 1935),  Gini  (1936,  1939).  Pizzetti  (1940),  Davis  (1941),  Pizzetti  1 1941a). 
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* Dodd,  Edward  L.  < 1914).  The  Error  Risk  of  the  Median  Compared  with  that  of  the  Arithmetic  Mean. 
Bulletin  of  the  University  of  Texas,  Scientific  Series,  No.  27;  abstract.  Bulletin  of  the  American  Mathemat- 
ical Society  19  (1913).  500.  (JFM  44,  269). 

Summary:  "...  Dr.  Dodd  shows  . . . that  under  the  Gaussian  law  the  error  risk  of  the  arithmetic  mean 
(of  an  odd  number  of  measurements]  is  less  than  that  of  the  median.  The  median  is  a function  of  the 
measurements  which  lacks  certain  partial  derivatives  at  some  points,  and  it  cannot  be  given  a Taylor 
development  about  a point  with  all  coordinates  equal.  Thus,  it  is  not  one  of  the  functions  considered  by 
Czuber  [( 1903),  p.  276]  in  his  treatment  of  error  risk,  'Fehlerrisiko'.  The  median,  however  has  found 
considerable  favor  among  biologists  and  economists;  and  in  certain  non-Gaussian  distributions  is 
probably  superior  to  the  arithmetic  mean.”  ( Abstract,  p.  500 ).  The  author  closes  ( p.  11)  with  the  following 
observations;  "The  theorem  of  this  paper  does  not  recommend  the  use  of  the  arithmetic  mean  in 
preference  to  the  median  under  all  circumstances;  but  merely  when  it  is  assumed  that  the  distribution  is 
a Gaussian  distribution.  But.  in  view  of  this  theorem,  if  there  is  any  reason  for  supposing — in  a 
particular  case — that  the  median  gives  a more  satisfactory  result  than  the  arithmetic  mean,  this  is  also  a 
reason  for  supposing  that  the  distribution  is  not  Gaussian.  . . .” 

References:  Bertrand  ( 1889),  Czuber  ( 1903),  King  1 1912),  Dodd  1 1913). 

* Fuller,  Weston  E.  (1914).  Flood  flows.  Transactions  of  the  American  Society  of  Civil  Engineers  77. 
564-617;  discussion,  618-694. 

Summary:  The  author  begins  (p.  564)  with  the  statement:  "The  determination  of  the  magnitude  of  the 
maximum  flood  that  may  be  expected  to  occur  on  a river  is  of  importance  in  many  problems  connected 
with  engineering  works.”  On  pp.  566-567  he  summarizes  his  results  as  follows:  "Nomenclature. — Q = 
the  greatest  average  rate  of  flow  for  24  consecutive  hours  during  a period  of  years,  in  cubic  feet  per 
second;  QiMax.)  = the  maximum  rate  of  discharge  of  a flood,  in  cubic  feet  per  second;  Q(Ave.)  = the 
average  yearly  flood  (average  of  maximum  24-hour  average  flood  for  each  year],  in  cubic  feet  per  second; 
T = the  number  of  years  in  the  period  considered:  A = the  catchment  area  of  the  river,  in  square  miles; 
C = a coefficient  which  is  constant  for  the  river  at  the  point  of  observation  (tabled  elsewhere  in  the 
paper).  Formula  Proposed  . . .:  Q = CA0NI  1 +6.8  log  T>, . . . . Q(Max)  = Q(  1 +2A  0-3) . . . ."  On  pp.  577-578 
the  author  states:  "The  second  largest  flood  is  here  taken  as  representing  the  size  of  that  one  which  will 
probably  come  in  one-third  of  the  total  period.  ...  In  the  same  way,  the  third  flood  is  taken  as  the  most 
probable  one  for  a period  equal  to  one-fifth  of  the  total  time,  and  so  on."  This  corresponds  to  plotting 
position  (2m-l>/2n  for  the  m,h  order  statistic  of  a sample  of  size  n;  another  method,  based  on  plotting 
position  i m - 1 1 n.  is  given.  In  the  discussion,  Arthur  E.  Morgan  questions  some  of  the  assumptions  made 
by  the  author,  citing  data  for  the  1913  flood  on  the  Miami  River  at  Dayton.  Ohio  among  others.  Allen 
Hazen  writes  (pp.  626-628):  "This  is  a most  important  paper,  because  as  far  as  the  writer  knows,  it  is  the 
first  attempt  to  apply  the  principles  of  probabilities  to  the  flood  problem.  ...  In  another  paper  to  be 
presented  to  the  Society  [Hazen  ( 1914)].  the  writer  has  described  a graphical  method  of  representing 
data  of  the  same  general  character  as  those  used  by  the  author,  based  on  the  probability  curve,  or,  as  it  is 
otherwise  called,  the  normal  law  of  error.  A new  kind  of  cross-section  paper  is  made,  in  which  the  spacing 
of  the  lines  in  one  direction  is  computed  from  tables  of  the  probability  curve,  so  that  figures  representing 
the  summation  of  that  curve  plotted  on  it  fall  in  a straight  line.  . . . The  figures  for  maximum  flood  flows 
of  the  same  stream  through  a series  of  years  clearly  bear  a relation  to  the  normal  law  of  error,  but  they  do 
not  follow  it  exactly.  When  plotted  on  probability  paper  they  form  what  is  called  a skew  curve.  The 
variations  downward  are  more  numerous  than  the  variations  upward,  but  are  smaller  in  magnitude.  It 
is  interesting  to  note  that  if  the  logarithms  of  the  numbers  representing  the  several  floods  are  used 
instead  of  the  floods  themselves,  the  agreement  with  the  normal  curve  of  error  is  closer.  In  other  words, 
the  variations  up  and  down  from  the  mean  follow  a geometric  rather  than  an  arithmetical  ratio.  . . ." 
Robert  E.  Horton  corrects  the  author's  statement  ip.  610)  that  "as  far  as  the  writer  knows,  the  first 
suggestion  of  the  use  of  the  element  of  time  in  a formula  for  flood  flows  was  made  by  Allen  Hazen  . . 
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in  1910."  He  points  out  that  both  this  idea  and  the  application  of  the  theory  of  probability  to  flood  flows 
were  suggested  to  him  in  1896  bv  George  W.  Rafter,  and  that  he  made  extensive  use  of  both  during  the 
years  between  1896  and  1908,  including  numerous  plots  on  logarithmic  (lognormal  probability)  paper. 

Citations:  Hall  ( 1921 1,  Foster  ( 1924 ),  Jarvis  1 1926).  Goodrich  1 1'  , Foster  ( 1926 (,  Grassberger  ( 1936), 

Savillei  1936),  Gumbel  1 1938b),  Kimball  ( 1938),  Creageri  1939),  G jmbel  1 1939c, f,  1941a,  1943c.  1945bi. 


* Gini,  Corrado  ( 1914a).  Sulla  misura  della  concentrazione  e della  variability  dei  caratteri.  A/ti  del  R. 
Istituto  Veneto  di  Scienze.  Lettere  ed  Arti  73  (2),  1203-1248.  Reviews  by  C.  Bresciani-Turroni,  Giornale 
degli  Economisti  e Rivista  di  Stutistica  (3)  52  ( 1916),  68-70;  by  Gaetano  Pietra,  Rivista  Indiana  di 
Sociologia  18  1 1914),  583-587. 

Summary:  Given  n ordered  values  [e.g.  the  order  statistics  of  a sample  of  size  n from  any  population 

(specified  or  unspecified) |,  a,sa,«  . . . san.  Let  - k=  i ak=  A(( i = 1,2 m,  Ar  A„  = and  i/n=p,.  Then 

the  ratio  of  concentration  R,  which  the  author  defines  by  the  equation 

R=2i"=7  iPi-Qj  Pi, 

increases  with  increasing  concentration,  taking  the  values  0 and  1 for  minimum  and  for  maximum 
concentration,  respectively.  A plot  of  q,  against  p,  is  called  the  ct/rre  of  concentration  or  Lorenz  curve 
| see  Lorenz  ( 1905),  King  ( 1912)).  The  author  studies  various  other  measures  of  concentration  (relative 
variability),  one  of  them  being  the  ratio  of  the  mean  difference  [Gini  il912)|  to  twice  the  arithmetic 
mean.  He  shows  that  this  ratio  is  equal  to  the  ratio  of  concentration  R.  Other  measures  of  concentration 
studied  involve  ratios  of  various  measures  of  variability,  including  the  mean  deviation  from  the 
median,  to  various  measures  of  central  tendency,  including  the  median.  On  page  1236  the  author 
remarks  that  no  matter  what  type  of  measures  of  variability  (mean  deviation,  root-mean-square 
deviation,  etc.)  one  chooses,  the  deviations  can  be  measured  either  from  the  arithmetic  mean  or  from 
the  median. 

References:  Lorenz  ( 1905),  Watkins  ( 1905,  1908),  Gini  1 1909).  Persons  ( 1909).  Watkins  ( 1909),  Gini 
( 1910),  Furlan  (1911),  Mortara  (1911),  Dettori  ( 1912),  Gini  ( 1912),  King  ( 1912),  Porru  ( 1912). 

Citations:  Czuber  ( 1914),  Gini  ( 1915a),  Pietra  ( 1915),  Savorgnan  1 19151,  Ricci  (1916),  Gini  ( 1917), 
Vinci  11918),  Niceforo  (1919),  Amoroso  (1925),  Pietra  (1925),  Gini  (1926).  Saibante  (1926),  Gumbel 
( 1928),  Saibante  ( 1928).  d’Addario  ( 1930).  de  Finetti  & Paeiello  ( 1930),  Gini  ( 1930),  de  Gleria  ( 1930), 
von  Bortkiew'icz  (1931),  de  Finetti  (1931a),  Galvani  (1931),  d'Addario  (1932),  Galvani  (1932),  Gini 
( 1932),  Pietra  ( 1932a, b),  Castellano  ( 1933a).  Yntema  ( 1933),  Castellano  ( 1935),  Pietra  ( 1935a),  Wold 
(1935),  Gini  '1936),  Nair  (1936),  Bresciani-Turroni  (1937),  Gini  (1939),  de  Vergottini  (1939,  1940), 
Pizzetti  (194 la, hi,  Hoeffding  (1948). 

* Gini.  Corrado  (191 4b i.  Di  una  misura  della  dissomiglianza  tra  due  gruppi  di  quantita  e delle  sue 
applicazioni  alio  studio  delle  relazioni  statistiche.  Atti  del  Reale  Istituto  Veneto  di  Scienze.  Lettere  ed  Arti 
74  |i8)17|  (2),  185-213. 

Summary:  The  author  discusses  the  index  of  dissimilarity  of  two  groups  and  its  relation  to  the  mean 
difference  with  repetition.  Given  two  groups  a and  fi  of  n quantities  each,  a,sa2s  . . . sa„and  b,s=b2s  . . . 

sb„,  ak  and  hk  i k 1.2 n ) are  said  to  be  cograduate . If  n pairs  are  formed  by  taking  for  each  pair  one 

quantity  from  the  group  <»  and  one  from  the  group  fi  (without  replacement),  the  author  proves  that  the 
sum  of  the  n differences  between  paired  quantities  is  a minimum  if  each  pair  consists  of  two  cograduate 
quantities.  The  index  of  dissimilarity  between  the  two  groups  is  defined  to  be  1 , |ak-  bk|/n.  The 
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author  extends  the  definition  to  the  case  of  groups  containing  unequal  numbers  of  quantities.  Suppose  a 

group  of  n quantities  is  divided  into  s partial  groups.  If  nk  (k  = 1,2 si  is  the  number  of  quantities  in  the 

klh  partial  group  and  Ik  is  its  index  of  dissimilarity  with  the  total  group,  then  the  ( weighted  i mean  index 
of  dissimilarity  is  I = nk  lk  n.  The  author  shows  that  I sA#,  where  AK  is  the  mean  difference  with 
repetition  of  the  total  group,  and  gives  a necessary  and  sufficient  condition  that 

I = Ah. 

Note:  If  each  group  is  a sample  from  some  population  (specified  or  unspecified),  the  ordered  quantities 
in  a group  are  the  order  statistics  of  a sample.  For  two  samples,  each  of  size  n,  the  k'h  order  statistics 
(k  = l,2,  . . ,,ni  are  cograduate. 

Reference:  Gini  1 1912). 

Citations:  Gini  1 1915a, b.  1916a),  Pietra  (1925),  Gini  (1926),  Gini  & Galvani  (1929). 

* Hazen,  Allen  (1914).  Storage  to  be  provided  in  impounding  reservoirs  for  municipal  water  supply. 
Transactions  of  the  American  Society  of  Civil  Engineers  77,  1539-1640;  discussion,  1641-1669. 

Summary:  The  relevant  portion  of  this  paper  is  that  dealing  with  the  use  of  probability  paper.  On  pp. 
1549-1550  the  author  writes:  "The  practical  difficulty  with  . . . plotting  [on  ordinary  graph  paper]  is  the 
great  curvature  of  the  lines  showing  the  required  storage.  This  difficulty  is  so  great  as  to  make  the 
method  unsatisfactory  in  most  cases;  but  it  has  been  removed  by  using  paper  ruled  with  lines  spaced  in 
accordance  with  a probability  curve,  or.  as  it  is  otherwise  called,  the  normal  law  of  error.  The  spacing  of 
the  lines  for  this  paper  was  computed  from  figures  taken  from  probability  curve  tables,  and  arranged  so 
that  the  line  which  represents  the  summation  of  the  probability  curve,  when  plotted  on  it.  is  straight. . . . 
In  plotting  observations  on  this  paper,  either  of  two  methods  may  be  used.  [In  the  first  method,  applicable 
when  data  are  plentiful,  the  data  are  grouped  into  classes.  | ...  In  the  second  method,  the  whole  space  is 
divided  into  as  many  vertical  strips  as  there  are  terms,  and  the  figure  for  each  term,  arranged  in  its  order 
of  magnitude,  is  plotted  at  the  percentage  which  corresponds  to  the  middle  of  its  strip.  . . . The  decimal 
position  of  the  mlh  term  in  a series  of  n terms  is  found  to  be  P = (2m  - 1 1 2n."  The  author  plots  storage  data 
for  various  reservoirs  on  normal  probability  paper.  In  the  discussion,  in  response  to  a request  from  H.  T. 
Cory,  the  author  gives  more  details  (pp.  1665-16681  concerning  the  construction  of  probability  paper, 
both  arithmetic  and  logarithmic.  On  pp.  1666-1668  he  states:  "Logarithmic  probability  paper  has  been 
found  helpful  where  the  degree  of  skewness  in  the  curve  is  very  great.  For  the  flow  and  storage  data  used 
in  the  paper,  the  arithmetic  probability  paper  has  proved  more  satisfactory.  For  some  other  investiga- 
tions the  logarithmic  probability  paper  has  seemed  to  be  better."  An  example  of  the  use  of  logarithmic 
probability  paper  is  given  in  Fig.  41  on  p.  1667. 


Citations:  Hall  (1921),  Foster  (1924),  Goodrich  (1927).  Hazen  (1930),  Dodge  (1933).  Foster  ( 1934 1. 
Grassberger  (1936).  Lane  & Lei  (1949). 

* Walker.  Gilbert  T.  (1914).  Correlation  in  seasonal  variations  of  weather,  III.  On  the  criterion  for  the 
reality  of  relationships  or  periodicities.  Memoirs  of  the  Indian  Meteorological  Department  21  (9).  13-15. 

Summary:  The  author  criticizes  the  use.  in  testing  the  significance  of  the  largest  of  a number  of 
measures  of  the  same  kind,  of  the  same  criterion  that  would  be  applied  to  a case  that  had  not  been 
selected  for  its  magnitude.  He  works  out  approximate  tests  for  the  significance  of  ( 1 ) the  largest  of  m 
correlation  coefficients,  all  based  on  samples  of  size  n,  and  (2)  the  largest  of  m periodicities.  He  tabulates 
the  ratios  A and  B of  the  probable  values  of  the  greatest  of  m accidental  correlation  coefficients 
and  amplitudes  of  periodicities,  respectively,  to  the  probable  value  of  a single  one.  for 


m = 2(  1 >10(2)40(5>100(  10>200(20)500(50il000,  assuming  that  the  former  are  normally  and  the  latter 
exponentially  distributed. 


Reference:  Chauvenet  ( 18631. 

Citations:  Fisher  1 1929),  Davis  (19411,  Kendall  1 1 946 ),  Hartley  1 1 949 >. 

* von  Bortkiewicz,  L.  i 1915).  Uber  die  Zeitfolge  zufalliger  Ereignisse.Bu//ef;n  de  I'lnstitut International  de 
Statistique  20  (2),  30- 111:  discussion,  20  (1),  87-92. 

Summary:  The  author  shows  that  if  the  occurrence  of  a series  of  events  is  random,  the  time  intervals 
i gaps)  between  events  are  exponentially  distributed.  As  an  example,  he  considers  intervals  between 
deaths  of  members  of  the  International  Statistical  Institute  during  the  13-year  period  1890-1902.  There 
were  65  deaths  during  these  years,  and  hence  64  intervals  between  them.  The  time  between  the 
beginning  of  1890  and  the  first  death  is  combined  with  the  time  between  the  last  death  and  the  end  of 
1902  to  form  a 65th  interval.  The  average  number  of  deaths  per  year  was  5,  and  the  number  of  years  in 
which  0.1,2,  . . . deaths  occurred  should  theoretically  follow  a Poisson  distribution  with  parameter  5. 
Comparisons  of  the  empirical  results  with  theory  are  made  in  both  cases  t intervals  with  the  exponential 
distribution  and  frequencies  with  the  Poisson).  The  discussion  includes  a summary  by  the  author, 
comments  by  Fahlbeck  and  Tschuprow  and  a rejoinder  by  the  author. 

Comments:  The  intervals  in  days)  between  deaths  are  arranged  in  ascending  order,  but  only  for  the 
purpose  of  grouping  them  into  classes,  so  the  question  of  order  statistics  does  not  really  enter  at  this 
point.  However,  the  times  of  occurrence  ) measured  from  the  start  of  1890)  are  essentially  order  statistics 
of  a censored  sample,  if  one  neglects  the  fact  that  some  persons  entered  the  sample  (became  members  of 
ISI)  and  others  presumably  left  it  for  reasons  other  than  death  during  the  period  of  interest  ( 1890-1902). 

References:  Yule  (1911),  Edgeworth  (1913). 

Citations:  Sukhatme  (1936),  Greenwood  (1946).  Kendall  (1946),  Moran  (1947). 

Gini.  Corrado  1 1915a).  Indici  di  omofilia  e di  rassomiglianza  e loro  relazione  col  coefficiente  di  cor- 
relazione  e con  gli  indici  di  attrazione.  Atti  del  Reale  Istituto  Veneto  di  Scienze.  Lettere  ed  Art i 74  (i 8)  17] 

1 2),  583-610. 

Summary:  In  section  1 . the  author  defines  cograduate  and  contragraduate  quantities  and  states  three 
theorems:  the  first  definition  and  the  first  theorem  were  given  in  an  earlier  paper  [Gini  ( 1914b)],  but  the 
others  are  new.  Let  a and  fi  be  two  groups  of  n ordered  quantities  each,  ai  =£ ;u> « . . . =san  and  bi  =sl>2  s . . . 
«bn.  Then  ak  and  bk(k  = 1.2 ni  are  called  cograduate  quantities  and  ak  and  bn  M1  are  called  contra- 

graduate quantities.  Theorem  1(2).  If  n pairs  are  formed. one  quantity  in  each  pair  coming  from  « and  one 
from  (i.  the  sum  of  the  absolute  values  of  the  differences  of  paired  quantities  is  a minimum  ( maximum)  if 
each  pair  is  made  up  of  cograduate  i contragraduate)  quantities.  Theorem  3.  If  each  quantity  in  one  group 
is  associated  with  each  quantity  in  the  other  group,  the  arithmetic  mean  of  the  n2  differences  of  pairs  of 
associated  values  is  given  by  Aap  = 2A|a  + ^j|-(l  2)(Aa+A^j),  where  An.  Ap  and  A(^+^)  denote 
respectively  the  mean  differences  between  the  n quantities  in  groupo.  between  the  n quantities  in  group 
/3)ind  between  the  2n  quantities  in  the  group  ( « + /3'  obtained  by  combining  the  quantities  in  group  a with 
those  in  group  fl.  In  section  2.  the  author  defines  the  index  of  homophily  between  the  intensities  of  two 
characters  as  O - ( M,  -M„)  or  ( M-M„)/<  M„-M2i,  according  as  M,  -M„<0  or  >0,  where  M is  the 
sum  of  the  absolute  values  of  the  n observed  differences  of  pairs  of  associated  quantities,  each  quantity  in 
one  group  being  associated  with  one  and  only  one  in  the  other  group,  M,  is  the  minimum  possible  value  of 
M i given  bv  Theorem  1 >.  M._,  is  the  maximum  possible  value  of  M (given  by  Theorem  2)  and  M„=  n Aap, 
where  A(tp  is  given  by  Theorem  3.  In  section  3,  the  author  defines  the  index  of  homophily  between  the 
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deviations  of  two  characters  as  to =(^t — /x , — /la,,  > or  , )/(/*„  -g2 ),  according  as  ^ -/x„<0  or  >0,  where 

the  p s have  the  same  meaning  with  respect  to  deviations  of  the  n quantities  from  their  arithmetic  mean 
as  have  the  M’s  with  respect  to  the  quantities  themselves.  In  section  4,  he  defines  th  e variation  of  A in  the 
i'hcase  as  val=  b.,Aa>  where  \a  denotes  an  average  of  the  absolute  values  of  n deviations  ( ai,  and  gives  a 
similar  definition  for  the  variation  ofB  in  the  k'h  case.  vb, . The  averages  most  often  used  to  measure  the 
intensity  of  the  deviations  are  the  arithmetic  mean,  the  quadratic  mean  and  the  median,  which  lead  to 
the  simple  mean  deviation,  the  root-mean-square  deviation  and  the  probable  deviation.  The  author 
defines  the  index  of  homophily  between  the  variations  of  two  characters  as  o=lm— mo/fm,— m,,)  or 
(m— m0)/(m„-m2),  according  as  m-m„<0  or  >0.  where  the  m's  have  the  same  meaning  with  respect  to 
variations  as  have  the  p's  with  respect  to  deviations.  In  section  5,  the  author  discusses  applications  of  the 
indices  of  homophily,  in  section  6 he  distinguishes  between  the  index  of  homophily  between  variations 
and  the  coefficient  of  correlation,  and  in  section  7 he  discusses  their  respective  fields  of  application.  The 
remaining  sections  deal  with  an  extension  of  the  theory  to  the  case  of  qualitative  data,  which  does  not 
appear  to  be  relevant  to  our  subject. 


References:  Yule  ( 191 1 > |1912],  Gini  ( 1912),  Czuber  ( 1914),  Gini  ( 19 14a,b i. 


Citations:  Gini  1 1915b,  1916a,b>,  Weinberg  1 1916),  Gini  (1918),  Pietra  (1925),  Gini  ( 1 926 ),  Gini  & 
Galvani  < 1929). 

* Gini,  Corrado  1 1915b).  Nuovi  contributi  alia  teoria  delle  relazioni  statistiche.  Atti  del  Reale  Istituto 
Veneto  di  Scieme.  Lettere  ed  Arti  74  |(8)  17]  (21,  1903-1942. 

Summary:  In  section  1.  the  author  reviews  what  he  has  done  in  two  earlier  papers  | Gini  1914b.  191 5a  > ] 
and  previews  the  present  one.  In  section  2,  he  proves  theorems  concerning  sums  of  squares  of  the  n 
differences  of  pairs  of  quantities,  one  of  each  pair  coming  from  group  a and  one  from  group  fi,  each  group 
being  of  size  n.  wh.ch  are  analogous  to  Theorems  1 and  2 of  the  previous  paper  [Gini  ( 1 9 15a )]  concerning 
sums  of  their  absolute  values.  In  section  3.  he  proves  the  following  theorem:  If  each  oft  he  n quantities  in 
a group  « is  coupled  with  each  of  the  n quantities  in  a group  fi.  the  arithmetic  mean  of  the  squares  of  the 
n2  differences  between  the  coupled  quantities  is  given  by  (2A(t#J)2=(2Sa)2-M2S(3)2-HA(i— A„)2,  where  2AaR 
denotes  the  quadratic  mean  of  the  n2  differences  and  2Sa  and  2SR  the  root-mean-square  deviations  from 
their  respective  arithmetic  means.  Ait  and  A(j,  of  the  n quantities  in  group  « and  in  group  fi,  respectively. 
He  also  corrects  an  error  in  Theorem  3 of  the  previous  paper,  where  the  mean  differences  A(l.AR  and 
A should  be  replaced  bv  the  mean  differences  with  repetition  ARo,AR/iand  respectively,  and 

proves  the  analogous  theorem  for  quadratic  mean  differences:  (2AI(R)2=  2i2ARui^r,)2  - (12)  ( 2 AR<1  )2  - 
( 1/2)  i2ARtt>2  In  section  4.  the  author  discusses  groups  of  deviations  and  groups  of  variations,  and  gives 
results  for  the  maximum,  minimum  and  probable  value  of  sums  of  squares  of  the  differences  between 
deviations  and  between  variations  analogous  to  those  for  sums  of  their  absolute  values  given  in  the 
previous  paper.  In  section  5.  he  defines  the  concept  of  corresponding  quantities,  deviations  and  varia- 
tions. In  section  6,  he  gives  formulas  for  quadratic  indices  of  homophily  analogous  to  those  for  simple 
indices  given  in  the  previous  paper.  In  section  7,  he  reviews  the  simple  index  of  dissimilarity  of  groups  of 
quantities  given  in  an  earlier  paper  [Gini  (191 4b ) | and  extends  it  to  groups  of  deviations  and  of 
variations.  In  section  8,  he  gives  formulas  for  the  analogous  quadratic  indices  between  quantities, 
between  deviations  and  between  variations.  In  section  9,  he  gives  formulas  for  inverse  quadratic  indices 
of  dissimilarity  between  deviations  and  between  variations,  which  differ  from  the  direct  quadratic 
indices  in  that  they  are  defined  as  quadratic  means  of  sums  of  contragraduate  deviations  or  variations 
rather  than  of  differences  of  cograduate  ones.  In  section  10.  he  gives  a relation  between  the  quadratic 
index  of  homophily  between  deviations  and  the  coefficient  of  correlation,  and  discusses  its  consequences. 
The  remaining  sections  deal  with  measures  applicable  to  qualitative  data,  and  do  not  appear  to  be 
relevant  to  our  subject.  In  the  appendix,  the  author  discusses  the  whole  concept  of  indices  of  relation;  in 
particular,  he  compares  his  indices  with  others,  not  based  on  ordered  values,  proposed  by  Mortara. 
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References:  Yule  ( 191 1 1 (1912],  Gini  ( 1912,  1914b.  1915a). 

Citations:  Gini  ( 1916a, b),  Pietra  (1925),  Gini  (1926),  Gini  & Galvani  (1929'. 

* Mantel,  W.  (1915).  Toevallige  verdeeling  van  eene  reehte  lijn.  Nieuw  Archief  voor  Wiskunde  (2)  11, 
594-413.  (JFM  45.  362-363). 

Summary:  The  author  states  and  solves  ten  problems.  The  first,  second  and  eighth  problems  deal  with 
the  evaluation  of  certain  multiple  integrals.  The  results  are  applied  to  the  solution  of  the  remaining 
seven  problems,  all  of  which  deal  with  the  random  division  of  a unit  interval  into  n segments  by  n-1 
points  chosen  at  random.  The  solution  of  problem  4 is  a generalization  of  results  given  by  Halphen  ( 1873) 
and  by  van  den  Berg  (1891).  Several  numerical  examples  are  worked  out. 

References:  Halphen  1 1873),  van  den  Berg  ( 1891 ). 

Citation:  Bottema  (1925). 

Pietra,  Gaetano  1 1915).  Delle  relazioni  tragli  indici  di  variability  Note  I,  II.  Atti  del  Reale  Istituto  Vcneto 
di  Scieme,  Leltere  ed  Arti  74  (2),  775-792,  793-804. 

Summary:  The  author  studies  the  relations  among  four  measures  of  variability  previously  discussed 
by  Gini  ( 1912)  and  others:  ( 1 ) mean  deviation  from  the  arithmetic  mean;  (2)  mean  deviation  from  the 
median;  ( 3 ) mean  difference;  and  (4)  root-mean-squared  deviation  from  the  arithmetic  mean.  Section  1 
(pp.  775-786)  of  the  first  note  deals  with  relations  among  the  two  mean  deviations  and  the  mean 
difference,  which  the  author  denotes  by  'SA,  'SM  and  A respectively,  as  well  as  the  mean  difference  with 
repetition,  AK  = [( n — 1 )/  n|A,  and  Gini’s  concentration  ratio,  R = A/2A  or  R,{  = A„/2A,  where  A is  the 
arithmetic  mean.  Section  2 ipp.  787-792)  deals  with  relations  between  the  root-mean-squared  deviation 
from  the  arithmetic  mean,  2SA,  and  the  other  measures,  especially  the  mean  deviation  from  the 
arithmetic  mean.  Among  other  results,  the  author  presents  the  well-known  inequality  'SM  -J  'SA  and  the 
less  well-known  (presumably  new)  inequality  C'  =£  -Sa/2A  ( l/2)\/C'i nC'  + 1 ),  where  'Sa/2A  =C 
(constant).  The  relations  involving  the  mean  deviation  are  geometric  in  form.  In  the  second  note,  the 
author  makes  a further  study  of  the  four  measures  of  variability  considered  in  the  first  note,  with 
emphasis  on  the  behavior  of  and  limits  on  'SN1  /2A,  A/2A,  and  -Sa/2A  as  functions  of  'Sa/2A  and 
the  sample  size  n. 

References:  Dettori  (1912),  Gini  ( 1912),  Czuber  ( 1914),  Gini  ( 1914a). 

Citations:  Czuber  ( 1914),  Ricci  (1916).  Gini  (1926),  d'Addario  (1930),  de  Gleria  (1930).  de  Finetti 
1 1931a),  Galvani  1 1931 ),  d'Addario  ( 1932),  Gini  ( 1932),  Pietra  ( 1932a, b),  Castellano  ( 1933a),  Anderson 
( 1935),  Castellano  1 1935),  Pietra  1 1935a).  Gini  1 1936),  Bresciani-Turroni  ( 19391,  Davis  1 1941 1,  Livada 
( 1942). 


Savorgnan.  Franco  1 1915).  Intorno  all'approssimazione  di  alcuni  indici  della  distribuzione  dei  redditi. 
Atti  del  Reale  Istituto  Veneta  di  Scieme,  Leltere  ed  Arti  74  1 1 8 ) 1 7 1 (2),  837-893. 

Summary:  The  author  reviews  in  considerable  detail  the  work  of  Gini  (1909,  1910,  19121.  Furlan 
1 1 9 1 1 ).  Czuber  1 191 4)  and  others  on  Gin  is  index  of  concentration  6 and  its  relation  to  the  parameter  a of 
the  Pareto  distribution,  sometimes  called  Pareto's  index.  He  re-examines  Czuber' s data  on  incomes  in 
Austria  during  the  period  1903-1911.  Unlike  Czuber,  he  prefers  Gin  is  index  to  Pareto's  on  theoretical 
grounds.  He  asserts,  however,  that  in  most  cases  the  approximate  relation  | 8=«  («  - 1 ) or  o=8/(8  — 1 )|  is 
sufficiently  good  so  that  in  practice  it  matters  little  which  is  used.  He  discusses  the  ratio  of  concentration 
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proposed  by  Gini  1 1914ai  and  Gini’s  claim  that  it  is  valid  regardless  of  the  distribution  of  the  character 
being  studied  i income,  wealth,  etc.).  He  also  discusses  various  measures  of  dispersion,  including  the 
mean  deviation  from  the  arithmetic  mean  'SA,  the  mean  deviation  from  the  median  'SM,  the  mean 
difference  A,  and  the  range  a ["the  extent  of  the  field  of  variation,  resulting  from  the  difference  between 
the  extreme  values”  (p.  846,  compiler’s  translation)).  He  notes  that  Gini  (1912),  Czuber  (19141  and  Lexis 
(in  his  1914  review  of  the  work  of  Gini  (1912))  all  prefer  the  mean  difference. 

References:  Pareto  ( 1897  >,  Gini  ( 1909,  1910),  Furlan  ( 191 1 ),  Gini  ( 1912),  Porru  (1912),  Czuber  (1914), 
Gini  ( 1914a). 

Citations:  Czuber  ( 1914),  Gini  ( 1916b),  Ricci  ( 1916),  Gini  ( 1917 1,  Vinci  ( 1918),  Niceforo  ( 1919),  Gini 
1 1926),  von  Bortkiewicz  ( 1931),  Gini  ( 1932),  Pietra  ( 1932a),  Castellano  ( 1935),  Gini  ( 1936,  1939). 

* Trachtenberg,  M.I.  ( 1915).  A note  on  a property  of  the  median.  Journal  of  the  Roval  Statistical  Society  78, 
454. 

Summary:  The  author  gives  the  following  proof  of  the  well-known  minimum  deviation  property  of  the 
median:  "The  sum  of  the  positive  [absolute]  deviations  of  two  quantities  X,  and  X2  from  a third  X is 
constant  and  a minimum  when  the  third  is  any  point  between  them,  the  value  of  the  constant  being  the 
difference  between  X,  and  X2  themselves.  If,  then.  x,  x.,,  . . .,  xn  , are  a series  of  quantities,  ranged  in 
order  of  magnitude,  divide  them  up  into  enveloping  pairs  x,,  xn_,;  x2,  x„^2; . . . xr,  xn_r; . . ..  Then  it  follows 
from  the  above  that  any  point  M within  all  the  pairs  makes  the  sum  of  the  deviations  of  each  pair,  and 
therefore  the  sum  of  the  deviations  of  all  the  quantities,  a minimum.  Thus,  if  the  number  of  quantities  be 
even,  any  point  in  the  region  between  the  two  middle  quantities  gives  a minimum  deviation-sum,  and  if 
it  be  odd,  the  middle  quantity  gives  the  minimum,  because  it  is  zero  distance  from  itself  and  gives  a 
minimum  for  each  enveloping  pair.  The  property  is  thus  established.” 

Citations:  Rietz  (1924),  Bruen  (1938). 

* Gini,  Corrado  ( 1916a).  Sul  criterio  di  concordanza  tra  due  caratteri.  Atti  del  Reale  Instituto  Veneto  di 
Scieme.  Lettere  ed  Arti  75  [(8)  18|  (2),  309-331. 

Summary:  The  author  restates  the  criterion  of  concordance  (homophily),  which  he  now  calls  criterion 
a,  proposed  in  an  earlier  paper  [Gini  (191 5a ) ].  He  shows  by  examples  that  if  the  intensities  of  two 
characters  A and  B are  concordant  according  to  criterion  a ( i.e..  if  MAB-  MABO<0.  in  the  notation  of  the 
earlier  paper),  the  intensities  of  A and  fi,  where  B and  fi  are  contrary  to  each  other  (i.e..  their  deviations 
from  some  value,  e.g.  the  arithmetic  mean,  are  negatives  of  each  other),  may  be  concordant,  discordant  or 
neither.  In  order  to  circumvent  this  anomaly,  he  proposes  criterion  fi:  A and  Bare  said  to  be  concordant  or 
discordant  according  as  MAB-  MAB.„  5 MA<J-MA^.(,.  But  according  to  this  criterion,  if  A and  B <or  are 
concordant,  « and  B lor  fiK  where  A and  « are  contrary  to  each  other,  may  be  concordant,  discordant  or 
neither.  To  overcome  this  difficulty,  the  author  proposes  criterion  y:  A and  B are  said  to  be  concordant  or 
discordant  according  as  MAB+  Mi>(J  - MAB  ()-  S M,,„  +MA/a-  M„B  0-MA/J,„.  Similar  criteria  are 

given  for  deviations  and  for  variations,  with  the  M s replaced  by  p's  and  m’s  as  in  the  earlier  paper.  The 
author  shows  that  criteria  fi  and  y coincide  in  every  case  for  deviations  and  for  intensities  (modalities) 
provided  the  arithmetic  means  of  A and  B are  equal  and  those  of  a and  fi  are  equal.  When  the  two  criteria 
coincide,  fi  is  less  laborious.  It  can  be  simplified  whenever  the  distribution  curves  of  the  two  characters  are 
symmetric.  The  result  is  criterion  fi:  The  modalities,  deviations  or  variations  of  two  characters  are 
concordant  or  discordant  according  as  the  discordance  between  them  is  less  than  or  greater  than  that 
between  the  modality,  deviation  or  variation  of  one  of  the  characters  and  the  contrary  of  the  other.  The 
author  points  out  that  the  criteria  <*.  fi  and  y coincide  for  deviations  and  variations  provided  the  distribu- 
tion curves  are  symmetric  and  for  modalities  provided  the  distribution  curves  are  symmetric,  the  arithme- 
tic means  of  A and  B are  equal  and  those  of  <»  and  fi  are  equal.  In  such  cases,  it  is  most  convenient  to  use  the 
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criterion  8.  The  author  defines  quadratic  measures  [see  Gini  ( 1915b)],  based  on  squares  of  the  differences 
between  modalities,  deviations  and  variations,  analogous  to  criteria  a,  [3,  y , 8,  and  shows  that  all  four 
coincide,  so  that  one  can  always  use  a (the  simplest).  He  also  discusses  an  extension  of  the  concept  of 
complementary  characters  necessary  to  make  possible  in  every  case  the  application  of  some  of  the 
criteria  of  concordance,  and  lack  of  connection  (or  independence)  and  lack  of  concordance  (or  indiffer- 
ence) between  two  characters. 


References:  Gini  (1914b,  1915a, b). 

Citations:  Gini  (1916b),  Pietra  (1925),  Gini  (1926). 


* Gini,  Corrado  ( 1916b).  Indici  di  concordanza.  Atti  del  Reale  Istituto  Veneto  di  Scienze,  Lettere  ed  Arti  75 
[(8)  18]  (2),  1419-1461. 


Summary:  The  author  reviews  the  criteria  for  the  existence  of  concordance  or  discordance  discussed  in 
an  earlier  paper  [Gini  ( 19 16a )[  and  their  respective  areas  of  application,  then  turns  to  extension  of  these 
criteria  to  measures  of  the  intensity  of  concordance  or  discordance.  The  simple  indices  of  concordance  or 
discordance  for  modalities  (intensities)  based  on  criterion  a are  just  the  simple  indices  of  homophily 


proposed  in  another  earlier  paper  [Gini  ( 1915a > |,  viz.  Oa=(MAB-MAB,„)/(MAB,, -MAB.„>  or  0(|  = -<MAB 
-Mab.o)/(Mab.2-Mab.„)  according  as  MAB5  MAB0,  where  the  M’s  are  as  defined  in  the  earlier  paper,  the 
subscript  1 (2)  designating  the  relative  minimum  (maximum)  determined  by  pairing  cograduate  icon- 
tragraduate)  quantities.  Analogous  indices  based  on  the  other  criteria  are  given  by  Ofi=  (MAB  -MA(J) 
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ab~Ma/J)/(Mab,2-  Ma/3.,)  according  as  MABSMA#, 

MAB,0— MAfl+  Mas,0)/(Mab.2  — Mab.«—  Ma„., 


«MAB.,-MAa.2)orOs=  -<M 
MAp,o*/(MAB  | — Mabo—  M^j.2  + MA0  0)  or  Ofj=  — (Mab 
MA0.o)  according  as  (MAB-MABn)S  (MAfl-  M 
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MaB.„).  The  same  formulas,  with  O 
and  M replaced  by  u>  and  /z  or  by  o and  m,  hold  for  simple  indices  of  homophily  between  deviations  or 
between  variations.  Analogous  formulas  are  also  given  for  quadratic  indices  of  homophily  |see  Gini 
(191 5b ) ].  If  the  relative  minima  and  maxima  in  the  above  formulas  and  the  analogous  ones  for  quadratic 
indices  are  replaced  by  absolute  minima  and  maxima  MAB.,  = 0,  /zAB.,  = 0,  mAB  , = 0.  MAB  2 = n 'S,  WBA„+/J,, 


Mab.2 


= n('S.+  'SH), 


— 2n,  2MABi1  — 0,  2/zab,i  — 0,  2mAB,,  — 0,  2MAB,2  — 4n(2S|A+B+a+0>)2,  ~g,\ 


2n(2SA)2+  2n(2SB)2,  2mAB  2=  4n,  the  notation  being  that  of  the  earlier  papers,  the  indices  of  homophily 
become  indices  of  correlation.  If  the  discordance  between  two  quantities  is  measured  by  the  absolute 


value  of  their  difference,  we  have  MAB0  = nA 
2MAB.n  = nl2Au,A»Bn>»|J^2  = » B*n*0>* 


Rl  AAB+«+j8(’MAB,fl  — nz^K(  + („  - <f}\'  mAB.«  ~ 

n(2SA)2  +n(2SB)2  +(n/2)(D'2  + D'2,  + D2 


nA,v 


•'a' 


n'2AB , , 


,)2  = n(2SAt2+  n(2SB)2,  2mAB.„  = n(2A 


+ D2 1.  2#zab.o= 


R iv.+v. 


,.,)2  = 2n.  where  A„  and  2AB  denote 


mean  differences  and  quadratic  mean  differences  (with  repetition!;  DA,  D„,  D„,  Dfj  are  the  differences 
from  the  arithmetic  mean  of  the  n intensities  of  the  characters  A,  B.  a and  /3  respectively  and  the 
remaining  notation  is  that  of  the  earlier  papers.  In  his  summary,  the  author  reviews  the  above  indices  of 
concordance  between  the  values  of  two  quantitative  characters  along  with  others  (not  relevant  to  this 
study)  for  qualitative  characters  and  for  ranks. 


References:  Dettori  (1912),  Gini  ( 1912 1,  Porru  1 1912),  Gini  1 1915a, hi.  Savorgnan  (1915),  Gini  (1916a). 

Citations:  Gini  (1917),  Pietra  ( 1925),  Gini  (1926),  Watkins  ( 1933).  Kendall  (1946i. 

* Ricci,  Umberto  1 1916).  L’indice  di  variability  e la  curve  dei  redditi.  Giornale  degh  Kconomisti  (3)  53, 
177-228;  review  by  Gaetano  Pietra.  Rivista  llaliana  di  Socinlogia  21  ( 1917).  308,  310-319. 
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Summary:  The  author  states  that  the  number  of  indices  of  variability  is  infinite.  In  parts  I and  II,  he 
discusses  the  simple  mean  deviation  (from  the  arithmetic  mean,  not  from  the  median,  which  he  barely 
mentions)  and  the  mean  difference,  respectively.  He  also  mentions  the  quadratic  mean  deviation  from 
the  arithmetic  mean  (the  standard  deviation!  and  the  quadratic  mean  difference,  and  points  out  that 
Gini  has  shown  that  the  latter  is  equal  to  \/2  times  the  former.  In  addition  to  these  measures  of  absolute 
variability,  he  discusses  measures  of  relative  variability,  which  are  obtained  by  dividing  one  of  the 
absolute  measures  by  a measure  of  central  tendency,  e.g.  the  arithmetic  mean.  He  discusses  the  Lorenz 
curve  of  concentration  of  wealth.  He  defines  the  ratio  of  concentration  [Gini  (1912))  as  the  mean 
difference  divided  by  twice  the  arithmetic  mean.  In  Part  III.  he  relates  the  indices  of  variability  and  the 
ratio  of  concentration  to  the  distribution  of  income.  This  part  is  based  largely  on  the  work  of  Pareto 
( 1897)  and  of  Gini  ( 1910,  1914a). 

References:  Pareto  ( 1897 ).  Czuber  ( 1903),  Lorenz  i 1905).  Persons  ( 1909).  Watkins  ( 1909),  Gini  ( 1910 ), 
Furlan  (1911),  Mortara  (1911),  Gini  (1912),  Czuber  (1914),  Gini  (1914a),  Pietra  (1915),  Savorgnan 
(1915). 

Citations:  Niceforo  1 1919).  Dalton  < 1920).  de  Pietri-Tonelli  1 1920).  Gini  1 1926),  d'Addario  ( 1930).  von 
Bortkiewicz  (1931),  d’Addario  (1932),  Gini  (1932).  Pietra  (1932a, b),  Yntema  (1933),  Dominedo  (1934), 
Castellano  ( 1 935 ),  Pietra  (1935a),  Bresciani-Turroni  (1937,  1 939 ),  Gini  (1939),  Davis  (1941). 


Spillman,  W.  J.;  Tolley,  H.  R.;  Reed,  W.  G.  (1916).  The  average  interval  curve  and  its  application  to 
meteorological  phenomena.  U.S.  Monthly  Weather  Review  44,  197-200. 

Summary:  The  relevant  portion  of  this  paper  is  summarized  as  follows  in  the  authors'  own  words  (pp. 
197-I99c.  "It  is  not  difficult  when  the  mean  and  standard  deviation  of  the  extreme  winter  minima  are 
known  for  a given  locality,  to  calculate  the  average  frequency  with  which  temperatures  lower  than  any 
assigned  limit  will  occur  or  the  temperature  limit  that  will  be  exceeded  once  on  the  average  in  a given 
number  of  years.  However,  the  labor  involved  is  considerable,  especially  when  the  calculations  must  be 
made  for  several  stations,  and  more  especially  when  several  temperatures  or  intervals  are  concerned.  In 
making  these  calculations  for  a large  number  of  stations  it  occurred  to  the  senior  author  of  this  paper  to 
shorten  the  labor  bv  constructing  a curve  with  average  intervals  between  successive  occurrences  of  a 
minimum  lower  than  a given  temperature.  T.  as  ordinates  and  with  the  departure  of  T from  the  mean  as 
abscissae.  T being  expressed  in  terms  of  the  standard  deviation  as  the  unit.  Accordingly  he  constructed 
such  a curve  ....  The  equation  of  this  curve  was  derived  . . . [under  the  assumption]  that  the  frequency 
curve  for  the  extreme  winter  minima  is  normal.  . . . There  are  three  important  limitations  in  the 
application  of  the  method  here  outlined  to  meteorological  phenomena. . . . 1 1 [ The  periods  for  which  data 
are  available  give  so  few’  values  of  the  variable  that  the  resulting  values  of  the  mean  and  the  standard 
deviation  are  not  as  reliable  as  it  is  desirable  that  they  should  be.  . ,f.  [2]  The  frequency  distribution  of 
many  meteorological  phenomena  cannot  be  accurately  represented  by  a normal  frequency  curve. . . . |3| 
When  a given  event  occurs  once  on  the  average,  say.  in  10  years,  this  does  not  mean  that  it  w ill  occur  at 
regular  intervals  of  10  years.” 

Citations:  Tolley  (1916),  Gumbel  ( 1942b). 

Tolley,  H.  R.  ( 1916).  Frequency  curves  of  climatic  phenomena.  U.S.  Monthly  Weather  Review  44, 
634-642. 

Summary:  The  author  points  out  that  the  usefulness  of  the  average  and  standard  deviation  of  a set  of 
data  is  somewhat  dependent  on  symmetry,  in  which  case  mean,  median,  and  mode  all  coincide  and 
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one  can  usually  assume  that  the  distribution  is  normal,  so  that  one  knows  what  proportion  of  cases  fall 
above  (or  below)  g + ccr  for  any  value  of  c.  He  cites  evidence,  however,  that  rainfall  is  not  symmetrically 
distributed,  with  somewhat  more  cases  falling  below  the  mean  than  above  the  mean,  which  is  associated 
with  positive  skewness.  He  discusses  the  methods  proposed  by  Pearson  and  others  for  dealing  with  skew 
frequency  curves.  He  also  discusses  (page  639)  the  return  period:  "The  reciprocal  of  the  probability  of  the 
occurrence  of  an  event  may  be  called  the  average  interval  between  such  occurrences.”  He  plots  skew 
frequency  curves  with  skewness  k = - 1.2(0. 6)1. 2,  showing  the  relative  positions  of  mean,  median,  and 
mode,  tabulates  the  areas  under  such  curves  for  xia  = -3.00(0.05i3.00  and  k = - 1 .4(0. 2)1. 4,  and  applies 
his  results  to  the  calculation  of  values  below  which  the  winter  temperature  will  fall  once  in  ten  years  at 
selected  U.S.  weather  stations. 

References:  Merriman  (1884),  Pearson  (1895),  Spillman,  Tolley  & Reed  (1916). 

Citations:  Secrist  ( 1917),  Hall  (1921),  Gumbel  (1942b). 

* Weinberg,  W.  (1916).  Ober  Korrelationsmessung.  Deutsches  Statistisches  Zentralblatt  8 (6),  145-158. 

Summary:  The  author  compares  the  conventional  measures  of  variability  (simple  mean  deviation  and 
quadratic  mean  deviation)  with  the  simple  mean  difference  and  the  quadratic  mean  difference 
proposed  by  Gini  1 1912).  In  a footnotP  he  points  out  that  the  simple  mean  difference  dates  back  to  the 
work  of  Jordan  (1869).  He  states  (incorrectly)  that  the  variance  (the  square  of  the  quadratic  mean 
deviation  or  standard  deviation)  is  equal  to  twice  the  square  of  the  quadratic  mean  difference  (with 
repetition);  actually  the  former  is  equal  to  half  the  latter.  He  also  compares  the  conventional  Pearsonian 
correlation  coefficient  with  the  index  of  homophily  defined  by  Gini  ( 1915a),  and  discusses  the  use  of 
measures  of  correlation  in  medicine,  biology,  anthropology  and  genetics. 

References:  Jordan  ( 1869).  Galton  ( 1889),  Czuber  < 1891a,  1899,  1903),  Gini  ( 1912,  ( 1915a]). 

Citations:  von  Bortkiewicz  (1931),  Castellano  11935),  Pizzetti  (1941a). 

* Becker,  L.  ( 1917).  The  arithmetical  mean  and  the  "middle”  value  of  certain  meteorological  observations. 
Proceedings  of  the  Royal  Society  of  Edinburgh  37,  210-214.  (JFM  46.  789). 

Summary:  The  author  begins  (page  210)  with  the  statements:  "The  arithmetical  mean  of  similar 
meteorological  observations  is  usually  regarded  as  their  representative  value.  The  object  of  this  paper  is 
to  show  that  in  a certain  case  this  assumption  is  not  borne  out  bv  observations."  He  continues  ipp. 
210-21 1):  "The  investigation  refers  to  the  maximum  temperature  in  the  shade  as  observed  at  Glasgow 
Observatory  in  the  forty-eight  years  1868  to  1916.  For  each  of  the  73  periods  of  5 days  the  arithmetical 
mean  of  the  (240)  maximum  temperatures  observed  in  the  forty-eight  years  was  calculated,  and  the 
average  maximum  temperature,  t„,  was  interpolated  from  these  means  for  each  day  of  the  year.  Let  M < r 1 
designate  the  number  of  days  of  same  date  on  which  the  temperature  lies  within  the  limits  t„  + t ± 1 2 
degree.  For  each  day  of  the  year  M(r)  was  counted,  r being  successively  all  the  positive  and  negative 
integers.  These  numbers  change  from  day  to  day  in  a regular  way  for  the  same  value  of  r.  and  no 
appreciable  error  is  committed  by  combining  the  numbers  computed  on  all  the  days  of  the  month  and 
ascribing  the  result  to  the  middle  of  the  month.  Table  I [p.  212]  contains  the  M(r)  per  thousand  days. ...  If 
there  is  only  one  constant  cause  to  an  effect,  the  arithmetical  mean  coincides  with  the  "middle”  value 
Imedian),  i.e..  that  value  which  occupies  a middle  position  when  the  figures  expressing  the  effect  are 
arranged  in  order  of  magnitude,  and  the  positive  and  negative  departures  from  the  arithmetical  mean 
are  equally  probable.  None  of  these  properties  are  shown  by  the  actual  countings  given  in  Table  I.  and  it 
follows  that  the  individual  values  are  not  grouped  about  only  one  value.  . . . Under  these  circumstances 
the  best  representative  value  of  such  or  similar  data  is  the  middle  value  t for  there  are  even  chances  of 
an  observation  lying  above  or  below  this  value.  Let  t „ = t„  + m.  The  zero  point  from  which  t is  counted 
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r 


must  be  changed  by  m so  as  to  give  equal  sums  on  both  sides  of  the  zero,  m is  interpolated  from  the  figures 
in  Table  I,  and  its  values  are  given  in  the  bottom  line  of  the  table.  According  to  these  values  of  m the 
middle  value  lies  in  winter  up  to  0.5°F.  above  the  arithmetical  mean,  and  in  the  summer  up  to  0.7°F. 
below  the  arithmetical  mean.  As  to  the  grouping  of  the  individual  temperatures  about  the  middle  value, 
let  N(t>  designate  the  number  of  days  of  the  same  date  in  the  forty-eight  years  on  which  the  maximum 
temperature  lies  within  the  limitfs]  t'„  + r - 1/2  and  t'„  + 7 + 1/2,  t'„  being  the  middle  value  of  the 
maximum  temperature  on  that  date.  Hence  N(ri  = M17  + mi,  and  N(ri  can  be  obtained  from  Table  I by 
interpolation.  The  result  is  compiled  in  Table  II  [p.  213].  In  the  winter  months  the  temperatures  are 
scattered  about  8°F.  further  to  the  negative  side  of  the  middle  value  than  towards  the  positive  side,  and 
from  March  to  October  the  extremes  of  the  high  temperatures  lie  much  further  from  the  middle  value 
than  the  extreme  low  temperatures  do,  the  scattering  in  September  extending  10°F.  further  to  the 
positive  side  than  to  the  negative  side.  Hence  the  curves  representing  N(t>  with  abscissae  7 are  steep  for 
positive  7 in  winter  and  for  negative  7 in  summer.  When  all  the  months  are  taken  together  the  N<7i  curve 
becomes  symmetrical.  . . 

Reference:  Chauvenet  ( 1863 ). 

* Brunt,  David  1 1917 1.  The  Combination  of  Observations.  Cambridge  University  Press,  Cambridge, 

England.  (JFM  46,  799,  1495 — listing  only  1.  Second  edition.  3931. 

Summary:  Chapter  II  (see  note  below)  deals  with  the  law  of  error.  Reference  is  made  to  the  work  of 
Gauss,  Todhunter,  and  Glaisher.  One  section  (pp.  27-28 1 deals  with  the  median  and  deduces  the  law  of 
error  [Laplace’s  first,  which  the  author  writes  in  the  form  f(ui  = 0'2/2)e~d  u ] which  results  from  the 
assumption  that  the  median  is  the  most  probable  value.  Chapter  VIII  deals  with  the  rejection  of  > 

observations.  Besides  the  criterion  of  Wright  & Havford,  which  he  appears  to  favor,  the  writer  discusses 
also  those  of  Peirce  and  Chauvenet  and  refers  to  the  work  of  Gould.  Airy,  and  Saunder.  He  also  states  (p. 

131):  "Bessel  opposed  the  rejection  of  any  observation  unless  the  observer  was  satisfied  that  the  external 
conditions  produced  some  unusual  source  of  error  not  present  in  the  other  observations  of  the  series.” 

Note:  All  specific  references  to  chapters  and  pages  are  to  the  second  edition,  the  only  one  which  the 
compiler  has  seen. 

References:  Gauss  (1809,  1823),  Peirce  (1852),  Gould  (1855),  Airy  (1856),  Chauvenet  (1863), 

Todhunter  1 1865),  Glaisher  ( 1872),  Helmert  ( 1872i.  Jordan  1 1877b),  Wright  [&  Havford]  1 1884)  [ 1906], 

Saunder  ( 1903). 


Citations:  Rietz  (1924),  Goodrich  < 1 927 ) , Lidstone  (1930),  Shewhart  (1931),  Rider  (1933),  Pearson 
( 19351,  Bruen  ( 1938),  Jeffreys  ( 1938),  Kendall  ( 1946),  Hartley  ( 1949). 

* Gini,  Corrado  ( 1917).  Delle  relazioni  tra  le  intensita  cograduate  di  due  caratteri.  Atti  del  Reale  Istituto 
Veneto  di  Scienze.  Lettere  ed  Arti  76  |(8>  19]  (2),  1147-1185. 

Summary:  The  author  distinguishes  between  the  concepts  of  corresponding  intensities  and  cograduate 
intensities.  The  cograduation  between  two  characters  is  said  to  be  maximum  or  perfect  when  the 
corresponding  intensities  of  the  two  characters  are  always  cograduate.  When,  on  the  other  hand,  the 
corresponding  intensities  are  always  contragraduate.  it  is  said  that  there  is  maximum  or  perfect 
contragraduation  between  the  two  characters.  It  follows  that  when  there  is  perfect  cograduation 
between  two  characters,  the  measure  of  the  relation  between  corresponding  intensities  of  the  two 
characters  is  identical  with  the  measure  of  the  relation  between  cograduate  intensities  of  the  same 
characters.  On  the  other  hand,  if  there  is  perfect  contragraduation  between  the  two  characters,  the 
measure  of  the  relation  between  their  corresponding  intensities  coincides  with  the  measure  of  the 
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relation  between  the  cograduate  intensities  of  one  of  the  two  characters  and  the  contrary  of  the  other. 
The  author  points  out  that  various  writers,  including  Quetelet  ( 1835)  (1869)  have  confused  correspond- 
ing intensities  and  cograduate  intensities.  Much  of  this  paper  deals  with  the  relation  between  income 
and  wealth  of  individuals  and  the  analysis  of  data  on  this  relation  for  various  places  and  times,  based  in 
part  on  the  Pareto  distribution.  The  author  plots  the  logarithm  of  income  against  the  logarithm  of  the 
cograduate  intensity  of  wealth,  and  calls  the  resulting  curve  the  curve  of  cograduation.  He  finds, 
however,  that  the  plot  of  the  logarithm  of  income  vs.  the  square  of  the  logarithm  of  the  cograduate 
intensity  of  wealth  is  more  nearly  a straight  line.  After  fitting  Pareto  distributions  log  Nx=  K-a  log  x 
and  log  Ny=  h-a,  (logy)2,  where  Nx  is  the  number  of  persons  having  income  greater  than  x and  Ny  is  the 
number  having  wealth  greater  than  y,  he  sets  Nx  = Ny  and  obtains  log  x = (K-h)/a  + (a,/a)(log  y)2.  He 
calls  this  the  equation  of  cograduation  and  a, la  the  constant  of  cograduation.  He  studies  the  form  of  the 
curve  of  cograduation  and  the  relations  among  constants  of  cograduation  between  income  and  wealth, 
indices  of  concentration  of  income  and  wealth,  and  mean  values  of  income  and  wealth  for  various  cities 
and  countries  at  various  times. 

References:  Quetelet  (1835)  [1869],  Galton  (1889),  Pareto  (1897),  Persons  (1909),  Gini  (1910,  1912), 
Porru  (1912),  Gini  (1914a),  Savorgnan  (1915),  Gini  (1916b). 

Citations:  Pietra  (1925),  Gini  (1926),  d’Addario  (1930). 

* Secrist,  Horace  (1917).  An  Introduction  to  Statistical  Methods.  The  Macmillan  Company,  New  York. 
(JFM  46,  799 — listing  only).  Second  edition,  1925.  (JFM  52,  415 — listing  only). 

Summary:  Chapter  VIII  (pp.  234-293)  of  this  book  deals  with  averages  as  types.  The  author  discusses 
the  arithmetic  mean,  the  median,  and  the  mode  and  gives  numerical  examples  of  their  computation  from 
grouped  and  ungrouped  data.  Concerning  the  median,  he  writes  (p.  255):  "While  it  is  generally  called  an 
average  it  is  more  accurately  a measure  of  partition  or  distribution.”  By  analogy  with  the  median  M, 
which  is  the  (n  + l)/2th  item  in  an  ordered  sample  of  size  n,  he  defines  other  measures  of  partition, 
especially  the  lower  quartile  Q,  [the  (n  + l)/4,h  item]  and  the  upper  quartile  Q.t  [the  3(n  + l)/4lh  item], 
interpolating  between  successive  ordered  values  when  necessary.  He  discusses  the  choice  of  average;  in 
summary  (p.  290),  he  states:  "The  average  best  suited  for  a particular  use  depends  upon  the  purpose  one 
has  in  mind. ...  No  single  average  will  suffice  for  all  purposes.”  In  Chapter  XI  (pp.  377-424),  he  discusses 
various  measures  of  dispersion  [range,  average  deviation  (from  mean,  median,  or  mode;  minimum  when 
taken  from  the  median),  quartile  deviation  ( Q3  — Q,)/2,  standard  deviation  cr,  and  probable  error]  and  of 
skewness  [( Mean-Mode )/a  = 3( Mean-Median )!cr  and  (Q,+  Q3-  2M)/(Q;1-  Q,)]. 

References:  Jevons  (1874),  Wright  (1884)  [Wright  & Hayford  (1906)],  Bowlev  (1901),  Yule  (1911), 
King  (1912),  Tolley  (1916). 

Citations:  Rietz  (1924),  Yang  (1933). 

* Czuber,  E.  ( 1918).  Die  Anwendung  der  Wahrscheinlichkeitsrechnung  auf  Fragen  der  Landwirtschaft. 
Zeitschrift  fur  das  Landwirtschaftliche  Versuchswesen  in  Oesterreich  21,  1-100. 

Summary:  On  page  36,  the  author  states:  "One  will  find  in  most  cases  that  the  range  of  a series  of 
observations  is  approximately  six  times  the  standard  deviation;  a strong  deviation  from  this  relation  can 
be  taken  as  a sign  of  considerable  irregularity  in  the  distribution.”  (Compiler’s  translation).  On  this  and 
the  next  twelve  pages,  he  illustrates  the  use  of  this  rule  of  thumb  by  computing  the  standard  deviation 
and  the  range  of  nine  series  of  observations  ranging  in  number  from  100  to  1200.  For  the  eight  series 
ranging  in  number  from  100  to  500,  the  range  exceeds  six  times  the  standard  deviation  only  once,  and 
then  only  slightly.  For  the  one  series  of  1200  observations,  the  range  (3.10)  exceeds  six  times  the 
standard  deviation  (2.46)  bv  a considerable  amount.  The  author  attributes  this  excess  to  asymmetry  of 
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the  series  of  observations,  making  no  mention  of  the  effect  of  sample  size  on  the  ratio  of  range  to  standard 
deviation. 

References:  Czuber  (1903),  Mitscherlich  (1903). 

Citation:  von  Bortkiewicz  (1922b). 

* Frank,  Philipp  (1918).  Ober  die  Fortpflanzungsgeschwindigkeit  der  Diffusion.  Physikalischer 
Zeitschrift  19,  516-520. 

Summary:  Consider  the  Gaussian  error  integral  <J>( x ) = (2/y/ir)  /,*  e x2  dx  and  the  function  'F(x)  = 1 
-4>(x)=(2/v/77')  Ix  e x2dx  derived  from  it.  In  order  to  determine  the  largest  value  to  be  expected  in  a 
sample  of  size  N from  a normal  (Gaussian)  population,  the  author  sets  vF(x)=  1/N.  For  very  large  values  of 
the  argument,  the  following  approximation  holds: 'F(x)=(ex2/x\/7r)(  l-l/2x2  + . . . ).  As  a first  approxi- 
mation, he  then  sets  e~x/x\/7r=  1/N,  and  obtains  x = \ InN. 

Citations:  von  Mises  (1923),  Gumbel  (1935-36). 

* Gini,  Corrado  ( 1918).  Di  una  estensione  del  concetto  di  scostamento  medio  e di  alcune  applicazioni  alia 
misura  delle  variabilita  dei  caratteri  qualitativi.  Atti  del  Reale  Istituto  Veneto  di  Scienze,  Lettere  ed  Arti 
77  [(8)  20]  (2),  397-461. 

Summary:  The  author  summarizes  the  defining  formulas  for  the  simple  and  quadratic  mean  deviations 
from  the  arithmetic  mean,  'SA=  X"=]  |a,-  A|/n  and  2SA=  \/X"=,  (a,-  A)2/n;  the  simple  and  quadratic 
mean  differences,  A = X?=l  X"=l  |a(—  aj|/n(n-l)  and  2 A = VS?,,  X"=,  (a,- a|)2/n(n-TT;  and  the  simple 
and  quadratic  mean  differences  with  repetition,  AR=  £l’=,  X"=1  |a(-  aj|/n2  and  2AR  = v/X"=,X"=1(al  -aj)2/n, 

of  a series  of  n terms  a((i  = 1,  2 n)  with  arithmetic  mean  A = X"=1  a,/n.  He  notes  that  2AR  = 2SA\/2.  He 

recalls  that  in  an  earlier  paper  (Gini  ( 1912)]  he  proposed  the  use  in  some  cases  of  the  mean  difference  as 
an  index  of  variability  and  that  some  authors  [e.g.  Czuber  ( 1914)]  have  advocated  its  use  in  every  case, 
since  the  computation  of  the  arithmetic  mean  introduces  an  extraneous  element  into  the  operation  of 
finding  a measure  of  variability.  He  shows  that  'SA  and  2SA  can  be  computed  without  finding  the 
arithmetic  mean.  Let  us  call  the  deviation  of  a character  A in  the  case  i with  respect  to  the  case  j the 
quantity,  positive  or  negative,  du  which  measures  the  diversity  of  the  modalities  which  the  character  A 
presents  in  cases  i andj.  The  absolute  value  (d^  j of  this  quantity  is  called  th  e difference  of  A between  cases  i 
and  j.  The  deviation  of  A in  the  case  i is  the  arithmetic  mean  of  the  ( n — 1 ) deviations  of  the  case  i with 
respect  to  the  other  (n-1)  cases,  which  is  given  by  S,=  X"=,  dtj/( n — 1 ).  The  arithmetic  mean  of  the  n 
absolute  values  of  S,,  which  is  given  by  ’S  = 5,"=i  |Sj|  In  = i"=l|X"=,  d(Jj  /nin -1),  is  called  the! simple) 
mean  deviation  of  the  series.  With  repetition,  these  formulas  become  S,u  = X"=1  d„/n  and  'SR  = X"=, 
|SK.j|/n  - X"  i | X"  i djj|/  n2.  The  quadratic  mean  of  the  n values  of  St,  which  is  given  by  2S  = VX"=1  S2  n = 
V X"  , <“"1  dIJ)2/n(n-l)2  is  called  the  quadratic  mean  deviation  of  the  series.  With  repetition,  this 
formula  becomes  2S„  = y/X"=I  Sfu  / n = VX"=I  (X"=l  du)2/n3.  The  difference  of  A in  the  case  i is  the 
arithmetic  mean  of  the  (n-1 ) differences  between  the  case  i and  the  other  (n  -1 ) cases,  which  is  given  by 
A|=  2,”  t jd|j|/  ( n-  1 ).  The  arithmetic  mean  of  the  n values  of  A,,  which  is  given  by  A = X"=1  A,/n  = X"=1 
X"  , |d|j|,  n(n-l),  is  called  the  < simple ) mean  difference  of  the  series.  With  repetition,  these  formulas 
become  AR.,  = X"  , |d„|/n  and  AR  =X",,  AR.,  n = X". , XjL,  |d,j|  n 2.The  quadratic  difference  of  A in  the  case  i 
is  the  quadratic  mean  of  the  1 n - 1 1 differences  between  the  case  i and  the  other  (n-1)  cases,  which  is 
given  by  2A,  = \ X?  , d^j  /( n - 1 ).  The  quadratic  mean  of  the  n values  of  2A,,  which  is  given  by  2A  = 
\ X"  1(2A|)2  n = \ X"  , Xl=l  d2  /n(n-l),  is  called  the  quadratic  mean  difference  of  the  series.  With 
repetition,  these  formulas  become  2ARiI  = V X"_,  d2j  /n  and  2AR  = y/X".,  (2AR.,)2/n  = y X". , X1],,  d2,  n2.  If 
A is  a quantitative  character,  we  set  d„  = a,-aj  and  then  'SR  = *SA  and  2S„  = 2SA.  The  part  of  this  paper 
dealing  with  extension  of  the  concept  of  the  mean  difference  to  qualitative  characters  is  not  directly 
relevant  to  our  study. 
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References:  Gini  (1912),  Czuber  (1914),  Gini  (1915a). 


Citations:  Pietra  (1925),  Gini  & Galvani  (1929),  Castellano  (1935),  Pietra  (1935b),  Wold  (1935),  Gini 
(1936,  1939),  Davis  (1941),  Pizzetti  (1941a). 

* Haar,  Alfred  (1918).  Die  Minkowskische  Geometrie  und  die  Annaherung  an  stetige  Funktionen. 
Mathematische  Annalen  78,  294-311. 

Summary:  The  author  states  the  condition  which  has  come  to  be  called  the  Haar  condition,  and  shows 
that  it  guarantees  uniqueness  of  the  Chebyshev  (minimax)  solution  of  m (>  n)  linear  equations  in  n 
unknowns,  and  hence  of  the  hyperplane  in  Euclidean  n-space  whose  maximum  deviation  from  m (>  n) 
points  is  a minimum.  The  condition  is  that  the  determinant  of  the  coefficients  of  each  subset  of  n of  the  m 
equations  be  of  rank  n. 

Comments:  Although  the  name  of  Haar  is  associated  with  the  condition  stated  above,  priority  actually 
belongs  to  de  la  Vallee  Poussin  (1911),  who  stated  the  condition  and  used  it  in  proving  certain  theorems 
concerning  the  method  of  minimum  approximation  (his  name  for  the  minimax  method). 

Reference:  Kirchberger  (1903). 

* Vinci,  Felice  ( 1918).  La  concentrazione  dei  capitali  delle  nostre  societa  ordinarieper  azioni.  Rivista  della 
Societa  Commerciali  8 (3),  195-207. 

Summary:  The  author  studies  variations  of  the  concentration  of  capital  in  time  and  in  various  groups  of 
society.  In  doing  so,  he  makes  use  of  percentiles,  deciles,  quartiles  and  medians,  as  well  as  the  ratio  of 
concentration  of  Gini  (1914a).  He  adds  nothing  new  to  the  theory  of  these  measures. 

References:  Gini  (1914a),  Savorgnan  (1915). 

Citations:  Saibante  (1926),  Gini  (1930,  1936,  1939),  Davis  (1941). 

* Niceforo,  Alfredo  (1919).  La  Misura  della  Vita.  Fratelli  Bocca  Editori.  Milano-Torino-Roma. 

Summary:. In  Chapter  II  (pp.  68-111)  the  author  discusses  various  measures  of  central  tendency, 
including  the  arithmetic,  geometric  and  harmonic  means  (M,  G and  H,  respectively),  the  mode  (T),  and 
the  median.  Along  with  the  median,  he  considers  the  quartiles  (Q,  = lower  quartile,  Q2  = median,  Q3  = 
upper  quartile)  and  the  deciles,  also  a measure  of  skewness  [( Q,  + Q3  - 2Q2)/Q,  where  Q = (Q3  - Q,)/2) 
which  is  twice  Bowley’s.  In  Chapter  III  (pp.  112-1521,  he  treats  various  measures  of  variability  (absolute 
and  relative),  including  the  range  ( W),  the  quartile  deviation  (Q),  Bowley’s  quartile  measure  of  relative 
variability  [(Q3  - Q,)/(Q3  + Q,)[,  the  simple  mean  deviation  (s)  [from  the  arithmetic  mean  or  from  the 
median],  the  quadratic  mean  deviation  from  the  arithmetic  mean  (cr)  [standard  deviation),  the  mean 
difference  (A),  and  the  coefficient  of  variation  ( M/o-),  also  Gini's  ratio  of  concentration  ( R).  He  notes  that, 
for  symmetric  or  mildly  skewed  distributions,  Q = 2<r/3  and  s ==4o75  (for  a normal  distribution.  Q = 
0.6745a-  and  s = 0.7979a-).  He  also  considers  higher  moments,  especially  the  third  and  fourth  moments 
about  the  mean  < /in  and  /x4)  and  the  associated  measures  of  skewness  and  kurtosis  ( /3,  = fi32lfi23  and  /32  = 
where  p.2  = <r2)  and  the  Pearson  system  of  frequency  curves.  In  Chapter  V (pp.  188-230),  he  deals 
with  the  distribution  of  wealth.  He  discusses  the  Lorenz  curve,  also  Pareto's  law  and  the  associated  index 
(a),  which  he  compares  with  Gini's  index  of  concentration  (8).  In  the  second  appendix  to  Chapter  VII  (pp. 
320-329),  he  gives  formulas  for  computing  the  various  measures  of  central  tendency  and  variability, 
together  with  examples  of  their  use,  and  in  Chapter  VIII  ipp.  330-362),  he  compares  the  various 
measures  and  gives  standard  errors  for  several  of  them,  assuming  an  underlying  normal  distribution. 
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References:  Quetelet  ( 1835),  Cournot  ( 1843),  Quetelet  ( 1846),  Merriman  ( 1884),  Galton  ( 1889),  Pareto 
( 1897),  Bowley  ( 1901 ),  Lorenz  ( 1905),  Gini  ( 1910),  Yule  (1911),  Dettori  < 1912),  Gini  ( 1912),  Porru  (1912), 
Czuber  (1914),  Gini  (1914a),  Savorgnan  (1915),  Ricci  (1916). 

Citation:  Castellano  (1935). 

* Persons,  Warren  M.  ( 1919).  Indices  of  business  conditions.  Review  of  Economic  Statistics  1,  5-107. 

Summary:  The  relevant  portion  of  this  long  paper  deals  with  the  use  of  the  median,  which  the  author 
prefers  to  any  other  average,  in  determining  the  indices  of  seasonal  variation  from  a series  of  link 
relatives  for  a particular  month.  The  author  writes  (page  26):  "Having  established  the  fact  of  seasonal 
variation,  the  next  step  is  to  measure  such  variation.  Such  measurement  will  be  based  upon  the  link 
relatives.  If  the  arithmetic  average  of  the  link  relatives  be  taken,  the  erratic  items,  the  magnitudes  of 
which  are  not  dependent  upon  the  seasonal  element,  have  an  undue  influence  on  the  size  of  such  average. 
Since  our  data  are  not  numerous,  however,  we  think  it  best  not  to  neglect  entirely  the  extreme  relatives. 
If  we  had  a large  number  of  items  in  the  frequency  table  and  if  these  items  had  a clearly  marked  class  of 
concentration,  the  measurement  corresponding  to  that  class,  the  mode,  might  well  be  taken  as  the 
seasonal  relative.  As  we  have  but  few  items  the  mode  is  not  clearly  defined,  and  the  measurement  of  the 
middle  item  of  each  array,  the  median,  is  most  satisfactory.  The  extreme  items  have  no  more  influence  in 
determining  the  position  of  the  median  than  do  the  less  extreme  items.  Of  course,  where  the  items  are 
very  closely  grouped,  the  medians,  arithmetic  averages,  geometric  means,  and  modes  would  approxi- 
mately coincide.  . . .” 

References:  Bowley  (1901),  Yule  (1911). 

Citations:  Bowley  (1901)  11920),  Crum  (1923). 

* de  la  Vallee  Poussin,  Ch.  J.  ( 1919).  Lecons  sur  l Approximation  des  Fonctions  d’une  Variable  Reelle. 
Gauthier-Villars  et  Cie.,  Paris. 

Summary:  In  chapter  VI  (pp.  74-92)  the  author  discusses  the  polynomial  of  minimum  approximation  or 
the  best  approximation  of  degree  n to  a continuous  function  f(x)  in  an  interval  (a,b)  or  on  a finite  set  of 
n + 2 points,  E:  X„<Xr<X2<...<Xn<Xn+1  of  such  an  interval.  He  proves  the  following  theorem:  There 
exists  one  and  only  one  polynomial  P of  degree  s n which  is  of  minimum  approximation  on  E.  This 
polynomial  provides  deviations  of  the  same  absolute  value  and  of  opposite  signs  at  two  consecutive 
points  of  E and  this  property  characterizes  it.  The  only  exception  is  if  the  representation  is  exact  and  the 
approximation  zero.  He  also  proves  the  following  theorem:  The  best  approximation  of  degree  n of  a 
continuous  function  f(x)  in  an  interval  (a,  b)  is  that  of  a set  of  n + 2 points  of  this  interval,  chosen  so  that 
this  best  approximation  will  be  as  great  as  possible.  A similar  theorem  holds  if  f(x)  is  defined  only  at  m > 
n + 2 points,  and  provides  a method  of  determining  the  best  approximation  (in  the  Chebyshev  sense  of 
minimizing  the  maximum  absolute  error)  of  degree  5 ntoa  set  of  m > n + 2 points. 

Reference:  Kirchberger  (1903). 

Citation:  Jackson  I 1924). 

* Campbell,  Norman  1 1920).  The  adjustment  of  observations.  1.  Philosophical  Magazine  (6)39(2),  177-194. 

Summary:  For  the  adjustment  of  observations  in  problems  of  importance  in  physics,  the  author 
advocates  the  use  of  the  Method  of  Averages,  which  he  calls  the  Method  of  Zero  Sum,  since  it  depends  on 
the  principle  that  the  sum  of  a large  random  collection  of  errors  is  zero.  He  does  not  claim  that  this 
method  is  completely  valid  theoretically,  but  maintains  that  it  is  no  less  valid  than  the  Method  of  Least 
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Squares.  Accordingly,  he  says,  the  burden  of  proof  rests  on  those  who  continue  to  use  a method  (least 
squares)  which  is  neither  practically  convenient  nor  theoretically  unobjectionable.  He  admits  that  the 
method  of  averages  does  not  give  a unique  result,  but  depends  on  how  the  observational  equations  are 
grouped;  however,  he  insists  that  the  apparent  uniqueness  of  the  solution  by  least  squares  is  misleading, 
since  the  result  is  subject  to  error.  He  proposes  ordering  the  observational  equations  in  increasing  (or 
decreasing)  order  of  the  one  of  the  measured  quantities  which  is  free  from  error  or  least  subject  to  error; 
then,  if  there  are  N equations  and  n magnitudes,  with  N = pn  + q where  p and  q are  integers  and  q < n, 
forming  the  first  normal  equation  by  adding  the  first  p ordered  equations,  the  second  by  adding  the 
second  p ordered  equations,  and  so  on  until  n - q normal  equations  have  been  formed,  and  the  other  q 
normal  equations  by  adding  p + 1 ordered  equations  for  each. 

Reference:  Merriman  (1884). 

Citation:  Demi ng  ( 1943). 

* Dalton,  Hugh  ( 1920).  The  measurement  of  the  inequality  of  incomes.  The  Economic  Journal  30, 348-361; 
reprinted  as  appendix  to  second  edition  ( 1925)  of  author’s  book,  Some  Aspects  of  the  Inequality  of  Incomes 
in  Modern  Communities,  Routledge  & Kegan  Paul  Ltd.,  London  (first  edition,  1920;  fifth  impression, 
1949). 

Summary:  The  author  considers  the  relative  merits  of  various  measures  of  variability  (dispersion), 
when  applied  to  distributions  of  income.  He  enunciates  the  principle  of  transfers,  which  states  that  any 
transfer  of  income  from  the  richer  to  the  poorer  of  two  individuals,  provided  it  is  not  so  large  as  to  reverse 
their  relative  positions,  will  diminish  inequality,  and  should  therefore  diminish  any  good  measure  of 
variability.  By  this  criterion,  the  standard  deviation,  whether  absolute  or  relative,  and  the  mean 
difference,  whether  absolute  or  relative,  are  good  measures;  Bowley’s  quartile  measure,  (Q:,-Q,)/ 
(Q3+Q,),  is  an  indifferent  measure,  and  the  mean  deviation,  whether  absolute  or  relative,  is  a bad 
measure,  since  it  is  insensitive  to  any  transfer  between  individuals  on  the  same  side  of  the  mean.  The 
author  states  that  it  can  be  shown  [Gini  (1912)]  that  Gini’s  mean  difference  is  equal  to  the  weighted 
arithmetic  mean  of  deviations  from  the  median,  the  weights  being  proportionate  to  the  number  of 
incomes,  increased  by  one,  which  are  intermediate  between  the  median  and  the  income  whose  deviation 
is  being  considered.  The  author  also  discusses  Pareto’s  measure  of  inequality,  which  is  valid  only  for  a 
Pareto  distribution,  and  a measure  based  on  the  Lorenz  curve  (in  which  percentages  of  total  income  are 
measured  along  the  x-axis  and  the  minimum  percentages  of  the  total  number  of  income- receivers  who 
receive  various  percentages  of  the  total  income  are  measured  along  the  y-axis).  He  points  out  that  Ricci 
( 1916)  has  shown  that  the  area  between  the  Lorenz  curve  and  the  line  of  equal  distribution  is  equal  to 
half  the  relative  mean  difference.  He  notes  that  proportionate  additions  to  incomes  increase  absolute 
mean  deviation,  absolute  standard  deviation,  and  absolute  mean  difference  but  leave  the  corresponding 
relative  measures  and  Bowley’s  quartile  measure  unchanged,  whereas  equal  additions  to  income  leave 
the  absolute  measures  unchanged  but  diminish  the  relative  measures  (including  Bowley's)  and  propor- 
tionate additions  to  persons  leave  all  these  measures  unchanged.  He  concludes  that  the  behavior  of  the 
four  relative  measures  is  better  than  that  of  the  three  absolute  measures,  which  he  dismisses  from 
further  consideration.  He  then  ranks  the  relative  measures  in  order  of  merit  as  follows:  1-2  ( tie ).  Relative 
standard  dev  iation  and  relative  mean  difference.  3.  Bowley’s  quartile  measure.  4.  Relative  mean  deviation. 

References:  Pareto  (1897),  Bowlev  (1901).  Lorenz  (1905),  Gini  (1912),  Porru  (1912),  Ricci  (1916). 

Citations:  von  Bortkiewicz  ( 1931),  Gini  ( 1932),  Castellano  ( 1933b),  Yntema  ( 1933),  Castellano  ( 1935), 
Bresciani-Turroni  (1937),  de  Vergottini  (1940),  Davis  (1941),  Pizzetti  (1941a). 
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* Daniell,  P.  J.  (1920).  Observations  weighted  according  to  order.  American  Journal  of  Mathematics  42, 
222-236.  (JFM  47,  491-492). 

Summary:  In  his  introduction  (p.  222),  the  author  writes:  "When  a series  of  measurements  of  some 
quantity  are  made,  two  particular  quantities  require  to  be  calculated  expressing  respectively  the  norm 
and  the  deviation.  For  the  norm  the  mean  or  the  median  is  used  while  there  are  three  measures  of 
dispersion,  the  standard  or  root-mean-square  deviation,  the  mean  numerical  deviation  and  the  quartile 
deviation.  The  question  is  as  to  which  of  these  are  the  more  accurate  under  a general  law.  Moreover  if  we 
choose  for  our  norm  the  mean  or  average  it  appears  occasionally  profitable  to  discard  one  or  several 
extreme  measures.  Whether,  or  in  what  cases,  this  is  legitimate  is  discussed  by  Poincare  but  no  general 
conclusions  are  obtained.  Besides  such  a discard-average  we  might  invent  others  in  which  weights  might 
be  assigned  to  the  measures  according  to  their  order.  In  fact  the  ordinary  average  or  mean,  the  median, 
the  discard-average,  the  numerical  deviation  (from  the  median,  which  makes  it  minimum),  and  the 
quartile  deviation  can  all  be  regarded  as  calculated  by  a process  in  which  the  measures  are  multiplied  by 
factors  which  are  functions  of  order.  It  is  the  general  purpose  of  this  paper  to  obtain  a formula  for  the 
mean  square  deviation  of  any  such  expression.  This  formula  may  then  be  used  to  measure  the  relative 
accuracies  of  all  such  expressions.  Certain  particular  types  are  discussed  and  their  accuracies  calculated 
in  percentages.  ...  In  our  applications  to  special  types,  ...  we  shall  only  consider  cases  in  which  the 
theoretical  distribution  is  symmetrical,  and  this  for  logical  reasons.  It  is  useless  to  compare  the  relative 
merits  of  the  various  kinds  of  average,  for  example,  the  mean  and  the  median,  unless  they  all  tend  to 
coincide  when  n [the  number  of  observations]  increases  indefinitely.  If  there  is  a lack  of  symmetry  both 
the  mean  and  the  median  are  necessary,  or  at  least  valuable,  indications  of  the  nature  of  the  distribution. 
Indeed,  in  practice,  their  difference  is  sometimes  regarded  as  a measure  of  lack  of  symmetry.”  The 
mathematical  analysis  is  too  lengthy  to  be  reproduced  here.  The  following  numerical  values  are  given  ( p. 
236)  of  the  accuracies  of  the  various  types  when  the  law  is  assumed  to  be  normal:  Norms:  Median  (M), 
63.7%;  Quartile  average  [iQ,  + M +Q3)/3],  86.0% ; Quartile  discard  average  (outer  quartiles  discarded), 
83.7%;  Mean,  100%.  Dispersion:  Quartile  deviation,  36.7%;  Outer  sextile  deviation,  46.8%,  [Mean] 
numerical  deviation,  87.6%;  Discard  deviation  (inner  quartiles  discarded),  96.3%;  Standard  deviation, 
100%.  For  two  extreme  Pearson  symmetric  forms,  p(t)  = (2/7t)  (1  + t2)-2  and  p(t)  = (3/4)1  l-t2)(t2sl), 
which  the  author  calls  supernormal  and  subnormal,  respectively,  he  gives  the  following  relative 
accuracies:  162%  and  45%  for  the  median,  200%  and  63%  for  the  quartile  discard  average,  and  34%  and 
118%  for  the  numerical  deviation. 

Comments:  When  the  author  writes  (incorrectly)  of  discarding  the  outer  (or  inner)  quartiles,  he  means 
the  lower  25%  and  the  upper  25%  (or  the  middle  50%)  of  the  observations. 

Reference:  Poincare  (1896)  [1912], 

Citation:  Dodd  ( 1922). 

* Fisher,  R.  A.  (1920).  A mathematical  examination  of  the  methods  of  determining  the  accuracy  of  an 
observation  by  the  mean  error,  and  by  the  mean  square  error.  Monthly  Notices  of  the  Royal  Astronomical 
Society  80,  758-770.  Reprinted  as  Paper  2 in  Contributions  to  Mathematical  Statistics,  John  Wiley  & 
Sons,  Inc.,  New  York,  1950. 

Summary:  For  the  normal  distribution,  with  pdf  exp  [ -lx-m)2/2<r2]/o-v  2tt,  where  m is  the  true  mean 
and  it  the  true  standard  deviation,  the  sample  mean,  mean  error  (adjusted  so  as  to  be  asymptotically 
unbiased^and  mean  square  error  are  defined  by  the  equations  x =Stx>/n,<r,  = \ 7t/2S(|x  - x|>  n and  <x22 
= Six  - x>2'n.  Both  (t | and  cr2  are  biased  estimates  of  cr,  with  expected  values  E(o-,)  = V<n-l)/n  cr  and 
E(o-2)  = V2/n  {[in  — 2 )/2  ]!/[(  n -3 1/2]!}  <r  = ( 1 -3/4nWr.  In  both  cases,  the  correction  for  bias  is  small  relative 
to  the  standard  error.  The  standard  error  of  cr,  is  (<r/V  n>  V(tt-2)/2  when  n is  large  and  that  of  <r2  is  tr/v^n, 
so  that  of  cr,  is  \ 7r-2  times  that  of  <r2.  The  author  proves  that  the  standard  error  of  cr2  is  smaller  than  that 
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of  o-p  (defined  by  analogy  with  <r,  and  cr.2)  for  any  value  of  p ^ 2 [this  was  shown  by  Gauss  ( 1816),  of  which 
the  author  was  unaware — see  note  preceding  reprint],  and  that  in  fact  <r2  contains  all  the  information 
about  <j  which  the  sample  provides  (i.e.,  o-2  is  a sufficient  statistic  for  a).  This  unique  superiority  of  cr2 
holds  only  for  the  normal  distribution,  while  enjoys  the  same  superiority  for  the  double  exponential 
distribution,  with  pdf  exp  [-|x-m|\/2/o-]/cr\/2.  The  author  states  that,  when  n is  large,  it  does  not  seem 
unreasonable  to  use  cr,  when  sampling  from  distributions  which  resemble  the  double  exponential  rather 
than  the  normal.  He  suggests  using  the  value  of  [a4]  (the  ratio  of  the  fourth  moment  to  the  square  of 
the  second  mement)  as  a test  statistic  to  distinguish  between  the  two  cases;  if  it  is  near  3 (its  value  for  the 
normal  distribution),  use  cr2,  but  if  it  is  near  6 (its  value  for  the  double  exponential  distribution),  use  ov 
However,  it  should  be  remembered  that  the  factor  Vn/2  in  the  formula  for  a,  is  derived  under  the 
assumption  of  a normal  distribution;  for  a double  exponential  distribution,  it  should  be  replaced  by  v'2, 
which  is  about  129c  larger. 

Comments:  In  computing  the  mean  error,  the  author  uses  deviations  from  the  arithmetic  mean  rather 
■ than  the  median,  from  which  their  sum  is  a minimum.  For  samples  from  a symmetric  distribution,  both 

the  sample  mean  and  the  sample  median  are  unbiased  estimators  of  the  population  mean  (or  median), 
and  the  practical  difference  in  the  results  is  small  (zero  for  n = 2,  a maximum  for  some  small  value  of  n 
( >2),  and  tending  to  zero  again  as  n — * x). 

Citations:  Fisher  ( 1922),  Whittaker  & Robinson  ( 1924),  Davies  & Pearson  ( 1934),  Kendall  ( 1943, 1946), 
Nair  ( 1947). 

* Griffith,  A.  A.  (1920).  The  phenomena  of  rupture  and  flow  in  solids.  Philosophical  Transactions  of  the 
Royal  Society  of  London  A 221,  163-198. 

Summary:  The  author  reports  the  results  of  theoretical  and  experimental  studies  of  rupture  in  glass  and 
other  solids.  The  relevant  results,  based  on  the  "weakest  link”  or  "largest  flaw”  concept,  are  the  following 
(pp.  179-180):  "The  general  conclusion  may  be  drawn  that  the  weakness  of  isotropic  solids,  as  ordinarily 
met  with,  is  due  to  the  presence  of  discontinuities,  or  flaws,  as  they  may  be  more  correctly  called,  whose 
ruling  dimensions  are  large  compared  with  molecular  distances.  The  effective  strength  of  technical 
materials  might  be  increased  10  to  20  times  at  least  if  these  flaws  could  be  eliminated. . . . Consideration 
of  the  consequences  of  the  foregoing  general  deduction  indicated  that  very  small  solids  of  given  form, 
e.g.,  wires  or  fibres,  might  be  expected  to  be  stronger  than  large  ones,  as  there  must  in  such  cases  be  some 
additional  restriction  on  the  size  of  the  flaws.  In  the  limit,  in  fact,  a fibre  consisting  of  a single  line  of 
molecules  must  possess  the  theoretical  molecular  tensile  strength.  In  this  connection  it  is,  of  course,  well 
known  that  fine  wires  are  stronger  than  thick  ones,  but  the  present  view  suggests  that  in  sufficiently  fine 
wires  the  effect  should  be  enormously  greater  than  is  observed  in  ordinary  cases.  This  conclusion  has 
been  verified  experimentally  for  the  glass  used  in  the  previous  tests,  strengths  of  the  same  order  as  the 
theoretical  tenacity  having  been  observed.” 

Citations:  Griffith  ( 1924),  Peterson  ( 1930),  Reinkober  ( 1931 ),  Weibull  ( 1939a),  Tucker  (1941).  Fisher  & 
Hollomon  (1947),  Gensamer,  Saibel  & Lowrie  (1947),  Gensamer,  Saibel  & Ransom  (1947),  Epstein 
( 1948a, bi,  Epstein  & Brooks  (1948),  McAdam,  Geil,  Woodard  & Jenkins  (1948). 

* Pearson,  Karl  ( 1920).  On  the  probable  errors  of  frequency  constants.  Part  III.  Biornetrika  13,  1 13-132. 

Summary:  The  author  points  out  that  Edgeworth  ( 1893)  was  in  error  when  he  stated  (p.  99,  footnote), 
that  the  displacements  of  the  two  quartiles  and  the  median  are  independent;  they  are,  in  fact,  considera- 
bly correlated.  The  author  determines  the  standard  errors  of  quantiles  of  a sample  of  size  N (assumed 
large)  from  any  known  population  and  the  correlations  of  pairs  of  such  quantiles.  He  applies  these 
results  to  the  problem  of  estimating  the  median  (mean)  and  the  standard  deviation  of  a normal 
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population  from  pairs  of  symmetric  quantiles  of  a ( large)  sample  from  that  population.  He  gives  the  best 
(minimum-variance  unbiased)  estimators  of  the  median  and  of  the  standard  deviation  from  one,  two,  or 
three  pairs  of  symmetric  quantiles,  together  with  the  standard  errors  of  these  estimators.  Finally,  he 
considers  a numerical  example  dealing  with  measurements  of  the  intelligence  of  schoolboys. 

References:  Edgeworth  (1893),  Sheppard  (1899a). 

Citations:  Tippett  ( 1925),  Goodrich  ( 1927),  Hojo  ( 1931),  Pearson  & Pearson  ( 1931,  1932),  Hojo  ( 1933), 
Kendall  (1943,  1946),  Mosteller  (1946),  Wilks  (1948),  Benson  (1949),  Godwin  (1949b). 

* de  Pietri-Tonelli,  Alfonso  ( 1920).  Lezioni  di  Scienza  Economica  Razionale  e Sperimentale.  Industrie 
Grafiche  Italiane,  Rovigo. 

Summary:  The  author  discusses  indices  of  variability  (pp.  196-202).  He  defines  three  indices  of  relative 
variability:  ( 1 ) the  ratio  of  the  sum  of  absolute  deviations  from  the  arithmetic  mean  to  the  sum  of  the  data 
[relative  mean  deviation  from  the  arithmetic  mean];  (2)  the  ratio  of  the  quadratic  mean  deviation 
[standard  deviation]  to  the  arithmetic  mean  (relative  quadratic  mean  deviation)  [relative  standard 
deviation  or  coefficient  of  variation];  and  (3)  the  ratio  of  the  arithmetic  mean  of  the  absolute  differences 
to  the  arithmetic  mean  of  the  data  (relative  mean  difference).  He  refers  to  the  work  of  Gini  ( 1912)  and 
Ricci  ( 1916);  like  the  latter,  but  unlike  the  former,  he  does  not  mention  the  absolute  or  relative  mean 
deviation  from  the  median.  He  computes  the  values  of  his  three  indices  for  data  on  the  wholesale  prices  of 
wheat  and  of  flour  at  the  Rovigo  market  in  1914.  In  computing  the  mean  difference,  he  uses  the  formula 
2X|M?1*'l-i(n  + l _2i)  (pn_1+j  - p^/nln-l ),  where  p,  « p « . . .«  pn  are  the  ordered  values  of  the  price  (n  in 
number). 

References:  Gini  (1912),  Ricci  (1916). 

Citation:  Castellano  (1935). 

* Stewart,  R.  M.  (1920a).  Peirce’s  criterion.  Popular  Astronomy  28,  2-3. 

Summary:  The  author  raises  two  objections  to  Peirce’s  criterion,  which  states  that,  "in  a series  of  N 
observations,  the  n observations  showing  the  largest  residuals  should  be  rejected  when  the  probability  of 
the  system  of  errors  obtained  by  retaining  them  is  less  than  that  of  the  system  of  errors  obtained  by  their 
rejection  multiplied  by  the  probability  of  making  n and  no  more  abnormal  observations.”  (p.2).  These 
objections  are:  (1)  "It  may  be  remarked  at  the  outset  that  the  principle  as  stated  is  erroneous  when  n is 
greater  than  unity.  For  let  P„  be  the  probability  of  the  system  of  errors  obtained  by  retaining  all 

observations,  and  P„  P2, . . . , P„  the  probabilities  of  the  systems  obtained  by  the  rejection  of  1,2 n 

observations  (embodying  the  probabilities  of  making  1,  2,  . . . , n abnormal  observations).  Now  it  is 
obvious  that  P,,  P2, . . . , Pn  may  all  be  greater  than  P„,  while  one  of  them  Pr(r<n)  may  be  greater  than  any 
of  the  others.  Obviously  then  the  system  obtained  by  rejecting  only  r observations  is  the  most  probable, 
while  the  above  principle  would  call  for  the  rejection  of  n observations.  Hence  his  reasoning  must  be 
restricted  to  the  case  n = 1.”  (p.2).  (2)  "Let  y be  the  probability,  supposed  unknown,  that  an  observation  is 
of  the  abnormal  character  which  involves  its  rejection.  . . . [Peirce’s  argument  is  based]  on  the  assump- 
tion that . . . y(  1 -y)N_l  must  have  its  maximum  possible  value,  or  that  y = 1/N.  Herein  lies  the  fallacy 
which  vitiates  the  whole  reasoning.  Of  the  actual  value  of  y we  know  nothing;  we  do  know,  however,  that 
it  is  a function  of  (among  other  things)  the  liability  to  mistakes  of  the  particular  observer  involved,  and 
will  therefore  vary  with  different  observers;  nor  is  there  any  reason  why  it  should  so  adjust  itself  as  to 
make  . . . [y(  1 - y)N~']  a maximum.  The  most  we  can  conclude  is  that  y(  1 - y)N~‘  cannot  be  greater  than 
( N - 1 )N~VNN,  the  value  attributed  to  it  by  Peirce,  and  that  therefore  if  all  residuals  are  less  than  the  value 
obtained  from  Peirce’s  criterion,  no  observation  should  be  discarded.”  (pp.  2-3).  The  author  closes  (p.3) 
with  the  remark:  "It  may  be  worth  noting  here  that  the  criterion  proposed  by  Chauvenet  for  the  rejection 
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of  a single  doubtful  observation,  which  gives  results  nearly  the  same  as  Peirce’s  criterion,  also  contains 
an  obvious  fallacy,  and  is  of  no  value. 

References:  Peirce  (1852),  Chauvenet  (1863). 

Citations:  Archibald  (1925),  Coolidge  (1925),  Rider  (1933). 

* Stewart,  R.  M.  ( 1920b).  The  treatment  of  discordant  observations.  Popular  Astronomy  28,  4-6:  Publica- 
tions of  the  American  Astronomical  Society  4 (1923),  118-120. 

Summary:  Like  Stone,  Edgeworth,  and  Newcomb,  the  author  assumes  that  the  precision  is  not  the  same 
for  all  the  observations,  but  simplifies  matters  as  much  as  possible  by  restricting  the  number  of  values  of 
the  precision  constant  h to  two.  If  there  are  n,  observations  of  precision  h,  and  n2  observations  of  precision 
h2,  the  law  of  error  is  [n,/(n,  + n2)]  [ h ,/  v"rr  ] e~h'ix'  + (n2/(n,  + n2 )]  [h2/ V^r)  e h-'x*,  or  if  we  set  h,  = H,  h2  = 
aH,  n2  = /3n,,  it  becomes  {H/[(l  + /3) V/7rl}  (e“HZx'’  + a/3  e_l,'H!x').  It  can  be  shown  that  the  most  probable 
value  ofthe  observed  quantity  is  the  weighted  mean!  P,X,  + P2X2  + . . . + PnX„)/(P,  + P2+  . . . + P„),(n  = 
n,  + n2),  in  which  the  weights  P,  are  a function  of  the  residuals  x„  viz.  P,  = [ 1 + a'-'fi  e11*1  1 ~"z'x'z]/  [ 1 + a/3 
gHM-a’ix,1]  quantities  H,  a,  and  /3  are  determined  from  the  two  easily  verified  equations  e2  = ix2/(n  - 1) 
= -{(a2  + /3)/  [a2(  1 + /3)]}/  2H2, 17  = X|x|/  [n(n-l)]1  2 = {(a  + /3)/  [a(  1 + /3)]}/  H \ n and  from  the  condition 
that  a shall  be  a maximum,  which  requires  that  /3  = a.  The  resulting  value  of  P,  is  given  bv  P(  = 1 1 + 
a4e>0/  (1  + a2e *>,  where  y,  = [( 1 — a2)x,2]/  2ae2.  Once  the  weights  have  been  determined,  the  weighted 
mean  can  easily  be  found. 

Comments:  Stewart’s  method  is  not  based  on  order  statistics,  but  this  paper  is  included  for  purposes  of 
comparison  with  other  methods  of  treating  discordant  observations  which  are  based  on  order  statistics. 

Citations:  Ogrodnikoff  ( 1928),  Rider  (1933). 

* Czuber,  Emanuel  ( 1921 ).  Die  Statistischen  Forschungsmethoden.  L.  W.  Seidel  & Sohn,  Wien;  review  by 
E.  J.  Gumbel, Zeitschrift  fiir  Angeicandte  Mathematik  und  Mechanik  3 ( 1923),  327.  Second  edition.  1927; 
third  edition  (ed  F.  Burkhardt),  1938.  (JFM  64,  543-544). 

Summary:  In  Part  II,  Chapter  ‘2(pp.  67-107)  the  author  discusses  various  averages.  In  Sections  41  and  42 
(pp.  82-85)  he  considers  the  median  and  its  relation  to  the  arithmetic  mean.  He  defines  the  median  of  a 
set  of  observations  as  a value  such  that  as  many  observations  lie  above  as  below  it.  He  notes  that  for  an 
odd  number  Isay,  2n  + 1 ) of  ordered  observations,  the  median  is  uniquely  defined  as  the  middle  |(n  + 1 ),h] 
observation,  but  that  for  an  even  number  (say,  2n>  of  such  observations,  the  median  can  be  taken  as 
either  of  the  two  middle  observations  (n,h  or  (n  + 1 ),h|  or  any  value  between  them,  though  for  convenience 
it  is  often  taken  as  the  value  midway  between  them.  In  Section  46  (pp.  94-96)  he  discusses  relations 
among  the  arithmetic  mean  M,  the  median  C,  and  the  mode  D.  For  distributions  skewed  to  the  right, 
D<C<M;  for  those  skewed  to  the  left,  M<C<D.  In  either  case  the  median  lies  approximately  one-third  of 
the  way  from  the  arithmetic  mean  to  the  mode  for  a broad  class  of  distributions  (Pearson  (1895)].  In 
Section  48  (pp.  102-106),  the  author  discusses  the  logarithmic  treatment  of  data.  He  points  out  that  the 
median  of  the  logarithms  of  a set  of  observations  is  equal  to  the  logarithm  of  their  median,  a property  not 
enjoyed  by  other  averages.  Chapter  4 (pp.  126-157)  deals  with  measures  of  variability.  In  Section  64  (pp. 
140-142)  the  author  treats  the  mean  (absolute)  deviation,  noting  that  the  deviations  may  be  taken  either 
from  the  arithmetic  mean  or  from  the  median,  but  that  the  latter  choice  has  the  advantage  that  it  makes 
the  mean  deviation  a minimum.  He  discusses  quartiles,  deciles,  percentiles  and  the  quartile  deviation  in 
Section  65  ( pp.  143-145)  and  the  ratios  of  the  mean  deviation  and  of  the  quartile  deviation  to  the  standard 
deviation  in  Section  66  (pp.  145-148).  In  Part  III,  Chapter  3 (pp.  278-314)  is  devoted  to  the  normal 
frequency  curve.  Section  130  (pp.  311-314)  deals  with  the  precision  of  estimating  the  percentiles. 
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On  p.  313  the  author  gives,  for  a normal  distribution  with  mean  zero,  the  ratios  (5DP)  of  the  median, 
deciles  and  quartiles  to  the  standard  deviation  and  the  ratios  ( 4DP)  of  their  standard  errors  to  that  of  the 
mean. 

Note:  All  references  to  specific  chapters  and  pages  are  to  those  in  the  third  edition,  the  only  one  the 
compiler  has  seen. 

References:  Galtoni  1889),  Pearson  ( 1895),  Fechner  ( 1897),  Mitscherlich  ( 1903),  Charlier  ( 1910)  [1920], 
Yule  (1911),  {von  Mises  (1931),  Anderson  (1935)}. 

Citations:  Goldhizer  ( 1923),  Rietz  ( 1924),  Jordan  ( 1927),  Foster  ( 1934),  Rosin  & Rammler  ( 1934),  Gaede 
(1942),  Kendall  (1946). 

* Hall,  L.  Standish  (1921).  The  probable  variations  in  yearly  run-off  as  determined  from  a study  of 
California  streams.  Transactions  of  the  American  Society  of  Civil  Engineers  84,  191-213;  discussion, 
214-257. 

Summary:  Author's  synopsis  (p.  191):  "Data  on  the  variations  in  the  quantity  of  the  yearly  run-off  of 
rivers  are  susceptible  to  treatment  by  the  theory  of  probability.  The  purpose  of  this  paper  is  to  study  the 
actual  variations  in  the  measured  yearly  run-off  of  California  streams  in  order  to  construct  a probability 
cross-section  paper  on  which,  by  means  of  a straight-line  relation,  the  probable  minimum  and  maximum 
yearly  run-offs  which  are  likely  to  occur  once  in  a period  of  100  years,  may  be  determined  for  any  stream 
from  the  available  run-off  data  for  that  stream.  In  connection  with  the  study,  the  relation  between  the 
arithmetic  mean,  the  median,  and  the  most  probable  values  [modes]  of  the  yearly  run-off  were  also 
established,  at  least  approximately.  The  cross-section  paper,  constructed  as  a result  of  this  investigation, 
and  which  was  named  b>  the  writer 'Hydraulic  Probability  Paper,’  can  be  used  in  estimating  the  relative 
wetness  and  dryness  of  individual  years,  in  terms  of  the  probable  absolute  wettest  and  dryest  years.  By 
using  these  indices  of  the  relative  wetness  and  dryness,  the  probable  values  of  the  yearly  run-off  can  be 
estimated  for  streams  for  which  there  are  few  or  no  run-off  records,  and  for  as  many  years  as  run-off 
measurements  have  been  taken  on  neighboring  drainage  areas."  The  Hydraulic  Probability  Paper 
mentioned  above  is  so  constructed  that  skewed  data  typical  of  the  yearly  run-offs  of  California  streams 
plots  as  a straight  line.  The  plotting  positions  used  are  determined  by  the  formula  <2n  - 1 )'2m  for  the  n,h 
of  m yearly  stream  flows  in  order  of  magnitude  from  smallest  to  largest. 

References:  Merriman  ( 1884),  Yule  (1911),  Fuller  ( 1914),  Hazen  ( 1914),  Tolley  ( 1916). 

Citations:  Foster  (1924),  Goodrich  (1927),  Foster  (1934,  1936),  Lane  & Lei  (1949). 

* Jackson,  Dunham  ( 1921 ).  Note  on  the  median  of  a set  of  numbers.  Bulletin  of  the  American  Mathematical 
Society  27,  160-164.  ( JFM  48,  291). 

Summary:  The  author  shows  that,  for  each  value  of  p>l,  there  is  a definite  number  x = x„  which 

minimizes  the  sum  Sp(x)  = |x  -a,  I1’,  where  a,.  a2 an  are  a set  of  real  numbers,  which  may  or  may 

not  be  all  distinct.  For  p = 2.  xp  is  the  arithmetic  mean  of  the  a’s.  The  limit  of  xp,  as  p— *1,  is  the  median, 
while  the  limit  of  xp,  as  p— **,  is  the  midrange.  When  the  sample  size  is  even,  say  n = 2k,  and  ak  ^ ak<1 
(where  a,  s;  a2  . . . s an>,  the  author  regards  the  median  as  not  being  uniquely  defined,  so  that  any 
number  x belonging  to  the  interval  ak  x =s  ak<l  may  be  taken  as  the  median.  He  supplements  the  usual 
definition  by  defining  the  median  to  be  X = p“|  x,„  which  in  this  case  is  a definite  number  between  ak  and 
ak+l  and  which  agrees  with  the  usual  definition  otherwise.  The  number  X is  characterized  bv  the 
equation  (X-a,i  . . . (X-ak)  = <ak,,-  X) . . . (a„-X).  If  n = 2,  X = (a,+  a2)/2;  if  n = 4.  X = (a4a,-  a2a,)/ 
|(a4+  a:1i  - (a2+  a,)).  When  n >4,  the  explicit  determination  of  X involves  the  solution  of  an  algebraic 
equation  of  higher  degree. 


Citations:  Dodd  (1922),  Goldhizer  (1923),  Jackson  (1923),  Rietz  (1924),  Whittaker  & Robinson  (1924), 
Jordan  (1927),  Barral  Souto  (1938),  Bruen  (1938),  Cisbani  (1938),  Dodd  (1938,  1940),  Kendall  (1943, 
1946),  Mosteller  (1946). 


* Jones,  D.  Caradog  (1921).  A First  Course  in  Statistics.  G.  Bell  and  Sons,  Ltd.,  London.  (JFM  48, 
616 — listing  only). 

Summary:  Chapters  IV  and  V (pp.  22-41)  deal  with  various  averages  (arithmetic  mean,  median,  mode, 
and  weighted  mean,  with  brief  mention  of  geometric  and  harmonic  means).  The  author  discusses  the 
computation  of  the  various  averages,  from  grouped  and  ungrouped  data,  and  their  application.  On  page 
39  he  states:  "In  a reasonably  symmetrical  distribution  of  observations,  . . . the  values  of  the  mean,  the 
median,  and  the  mode  will  be  found  to  lie  all  very  close  together;  and  a useful  practical  rule  to  remember 
is  that  the  median  comes  in  general  between  the  mean  and  the  mode,  the  difference  between  the  mean  and 
the  mode  being  about  three  times  the  difference  between  the  mean  and  the  median.”  On  page  40  he 
summarizes  the  advantages  and  disadvantages  of  mean,  median  and  mode.  Chapter  VI  (pp.  42-51  (deals 
with  measures  of  dispersion  or  variability,  including  mean  deviation  (from  the  mean  or  the  median, 
preferably  the  latter),  standard  deviation,  quartile  deviation  or  semi-interquartile  range,  and  coefficient 
of  variation.  In  addition  to  the  quartiles,  the  author  also  mentions  the  deciles.  He  notes  (page  50)  that 
when  the  distribution  is  almost  symmetrical,  the  quartile  deviation  is  approximately  2/3  the  standard 
deviation  and  the  mean  deviation  (from  the  mean)  is  approximately  4/5  the  standard  deviation.  A 
portion  (pp.  61-62)  of  Chapter  VII  deals  with  skewness,  of  which  the  author  mentions  only  the  Pearso- 
nian  measure  ( mean-mode )/S.D.  = 3(mean-median)/S.D.  Several  examples  of  the  calculation  of  mea- 
sures of  central  tendency,  dispersion,  and  skewness  are  worked  out,  and  a cumulative  frequency  curve  or 
ogive  is  plotted  on  page  67.  In  the  Appendix,  Section  6 (pp.  270-271)  is  devoted  to  a proof  that  the  mean 
deviation  is  a minimum  when  measured  from  the  median  and  Section  7 (pp.  271-273)  deals  with  the 
method  of  least  squares. 

References:  Bowley  (1901),  Yule  (1911). 

Citations:  Rietz  (1924),  Yang  (1933),  Bruen  (1938). 

* Julin,  Armand  1 1921).  Principes  de  Statistique  Theorique  et  Appliquee,  Tome  I:  Stati&tique  Theorique. 
Marcel  Riviere,  Paris;  Albert  Dewit,  Bruxelles. 

Summary:  The  author  gives  a detailed  discussion  of  measures  of  central  tendency  (Sections  212-275). 
First,  he  considers  arithmetic,  geometric,  harmonic  and  contra-harmonic  means  and  relations  among 
them.  In  Secs.  256-265  (pp.  405-421),  he  discusses  the  median.  He  quotes  Bowley  (1901)  [1902]  and 
Fechner  ( 1897 ) on  the  properties  of  the  median,  but  states  that  his  definition  is  nearly  the  same  as  that  of 
Yule(1911), which  seems  to  him  the  clearest.  He  points  out,  as  does  Yule,  that  if  the  frequency  curve  is 
constructed  on  a graph,  an  ordinate  erected  at  the  median  divides  the  area  under  the  curve  into  two  equal 
parts.  If  the  number  of  observations  is  odd,  he  defines  the  median  as  the  middle  value  when  they  have 
been  arranged  in  order  from  smallest  to  largest;  he  states  (incorrectly)  that  this  is  the  ( n — 1 )st  order 
statistic  of  a sample  of  size  2n  — 1;  actually,  it  is  the  n,h.  If  the  number  of  observations  is  even,  he  takes  as 
the  median  the  value  midway  between  the  middle  two  (or  their  common  value  if  they  are  equal,  as  often 
happens).  He  gives  examples  of  the  computation  of  the  median  both  for  grouped  and  for  ungrouped  data. 
He  shows  how  chance  affects  the  median  (and  the  arithmetic  mean)  by  computing  these  measures  for  the 
length  of  the  94  almonds  in  a half-pound  purchased  at  a store  in  Brussels  and  of  independent  subsamples 
of  sizes  54  and  45.  He  enumerates  the  advantages  and  disadvantages  of  the  median.  He  also  defines  the 
quartiles  (Q,  and  Q.,)  and  the  deciles.  Finally,  he  considers  the  mode  ( Mo).  Then  he  turns  to  measures  of 
dispersion.  In  Sections  280-283  (pp.  442-446),  he  discusses  the  mean  deviation  ( D)  [from  the  median  (Me) 
or  from  the  mean  ( M)|.  He  states  that  Laplace  [( 18 1 2 >,  Suppl.  2 ( 1818))  showed  that  the  mean  deviation  is 
least  when  deviations  are  taken  from  the  median,  and  he  illustrates  this  point  by  calculating  the  mean 


153 


deviation  of  a numerical  sample  of  size  7 from  the  median  and  from  the  mean.  In  subsequent  sections,  he 
discusses  the  standard  deviation  (cr),  the  quartile  deviation  [Q  = (Q-,  -Q,)/2]  (semi-interquartile  range), 
and  the  following  measures  of  relative  variability:  o7M  (coefficient  of  variation),  D/Me  and  (Q-,  - Q|I/(Q:, 
+ Q,>  [Bowley’s  measure].  He  also  discusses  measures  of  skewness,  including  the  quartile  measure  [(Q, 
+ Q,  - 2Me)/Q],  Pearson’s  measure  |(M-Mo)/cr],for  which  Yule  proposed  substituting  3(M  - Mel/a,  and 
the  standardized  third  moment  a:l  = V/3,.  In  Secs.  296-303  (pp.  466-475),  he  discusses  the  mean 
difference  (A  or  AH)  (without  or  with  repetition),  for  which  he  gives  simplified  formulas  obtained  by 
using  the  relation  ja,  - an_1+,|  = 2 ja,  - Mej.  He  applies  these  formulas  to  the  previously 
mentioned  data  on  the  lengths  of  94  almonds.  In  Sections  429-431  (pp.  688-690),  he  gives  formulas  for  the 
standard  errors  of  the  arithmetic  mean,  the  median,  and  the  standard  deviation. 

References:  Laplace  ( 1812)  [1818],  Quetelet  ( 1835  [1869],  1846),  Boudin  ( 1865)  [1916],  Venn  ( 1866), 
Fechner  (1874),  Jevons  (1874),  Galton  (1875),  Wright  (1884)  [Wright  & Hayford  (1906)],  Edgeworth 
( 1885),  Galton  ( 1889),  Venn  ( 1891 ),  Pearson  ( 1895),  Galton  ( 1896),  Yule  ( 1896a),  Fechner  ( 1897 ),  Bowley 
( 1901 ) [1902],  Edgeworth  ( 1905),  Yule  (1911),  Gini  (1912),  King  ( 1912). 

Citations:  von  Bortkiewicz  ( 1931),  Gini  ( 1932),  Anderson  ( 1935),  Castellano  ( 1935),  Pizzetti  ( 1941a). 

* Keynes,  John  Maynard  (1921).  A Treatise  on  Probability.  Macmillan  and  Co.,  Ltd.,  London. 

Summary:  The  author,  like  Leibniz  but  unlike  most  intervening  writers  on  the  subject,  considers 
probability  to  be  a branch  of  logic  rather  than  of  mathematics,  but  he  nevertheless  makes  heavy  use  of 
the  latter.  Chapter  XVII  (pp.  186-214)  deals  with  some  problems  in  inverse  probability,  including 
averages.  The  first  section  is  a brief  introduction  and  the  second  is  not  relevant  to  the  present  study. 
Sections  3-7  (pp.  194-205)  deal  with  the  fundamental  theory  connecting  averages  and  laws  of  error,  and 
constitute  essentially  a reprint  of  the  author’s  earlier  paper  [Keynes  (1911)]  on  that  subject.  Sections 
8-11  (pp.  205-213)  treat  the  arithmetic  average,  the  method  of  least  squares,  and  weighting.  He  traces 
the  history  of  the  use  of  the  arithmetic  mean.  He  states  that  it  may  have  been  first  used  scientifically  by 
De  Witt  in  1671,  though  Leibniz  points  out  that  peasants  have  used  it  for  a long  time.  He  discusses  the 
efforts  of  Gauss  and  Laplace  to  prove  the  worth  of  the  arithmetic  mean  and  with  it  that  of  the  normal  law 
of  error  and  the  method  of  least  squares,  but  points  out  that  these  concepts  occupy  no  unique  position.  In 
Section  12  (pp.  213-214),  he  discusses  the  rejection  of  discordant  observations,  or  alternatively,  assign- 
ing them  smaller  weights.  He  notes  that  some  have  deemed  these  practices  to  be  in  accordance  with  the 
dictates  of  common  sense,  while  others,  e.g.  Hagen  ( 1837),  have  denounced  them  as  savoring  of  forgery. 

References:  N.  Bernoulli  (1709)  [1711],  Simpson  (1756,  1757),  Lagrange  (1774),  Laplace  (17741,  D. 
Bernoulli  (1778),  Laplace  (1781),  Trembley  (1804),  Legendre  (1805),  Adrain  ( 1808 1,  Gauss  (1809), 
Laplace  ( 1810,  181  la,  1812),  Legendre  ( 1814),  Gauss  ( 1823),  Cauchy  ( 1831),  Encke  ( 1832-34)  [1888], 
Hagen  (1837),  Cournot  (1843),  Ellis  (1844),  Quetelet  (1846),  De  Morgan  (1847),  Herschel  (1850), 
Todhunter  (1865),  Venn  (1866),  Whitworth  (1867),  Glaisher  (1872,  1873),  Lemoine  (1873),  Jevons 
(1874),  Lexis  (1875),  Merriman  (1877),  Edgeworth  < 1883a, b),  Merriman  (1884),  Edgeworth  (1885, 
1886a, b,  1887a,e,f),  Galton  (1888),  Bertrand  (1889),  Czuber  (1891a),  Venn  (1891),  Pizzetti  (1892),  K. 
Pearson  ( 1895),  Galton  ( 1896),  Poincare  ( 1896),  Yule  ( 1896a, b),  Fechner  ( 1897),  Czuber  ( 1 899 ).  Shep- 
pard < 1899a),  Bowley  ( 1901 ) 1 1920],  Czuberi  1903),  Kapteyn  < 1903),  Edgeworth  ( 1905),  Kozak  ( 1908-10), 
Bohlmann  ( 1909).  Charlier  ( 1910)  [1920],  Edgeworth  ( 1911),  Keynes  1 1911),  Yule  ( 1911 ). 

Citations:  Fisher  1 1922),  Rietz  1 1924),  Coolidge  1 1925).  Bowley  ( 1928),  Shewhart  ( 1931 ).  Bartlett  i 1933). 

I Jeffreys  ( 1933),  Fisher  ( 1934),  Bruen  1 1938),  Jeffreys  ( 1939),  Simon  ( 1941 ).  Deming  ( 1943),  Kendall 

( 1943),  W'ilks  ( 1943),  Cramer  ( 1946),  Kendall  ( 1946). 
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Morant,  G.  M.  (1921).  On  random  occurrences  in  space  and  time,  when  followed  by  a closed  interval. 
Biometrika  13,  309-337. 
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Summary:  Neyman  and  Pearson  (1928),  p.  226,  give  the  following  concise  summary  of  the  relevant 
portion  of  this  paper:  "Whitworth  {(1867)]  . . . has  shown  that  if  the  intervals  of  time  between  events 
which  happen  once  on  the  average  in  time  c may  be  considered  as  random,  then  the  chance  after  an  event 
has  happened  that  another  will  not  occur  in  an  interval  t is  given  by  e~tc.  If  y = fit)  represents  the 
frequency  distribution  of  the  random  intervals  between  the  events,  then  e_tc  = /,*  flttdt,  or  f(t)  = 
( l/c)e_t/c.  Morant  has  extended  this  idea  to  the  case  where  there  is  necessarily  a closed  interval  of  length 
b after  an  event  before  another  can  occur.  The  frequency  distribution  of  intervals  will  now  be  y = 
( l/c)e_<,-b>/c.” 


Comments:  The  fact  that  the  time  intervals  between  random  events,  with  a closed  interval  b,  follow  a 
two-parameter  negative  exponential  distribution,  with  location  parameter  b,  is  not  directly  relevant  to  a 
study  of  order  statistics.  However,  like  the  special  case  lb  = 0)  proved  by  Whitworth  1 1867),  it  will  prove 
useful  later  in  studies  of  the  random  division  of  an  interval. 

Reference:  Whitworth  (1867). 

Citations:  Neyman  & Pearson  (1928),  Sukhatme  (1936),  Kendall  (1943),  Greenwood  ( 1 946 1,  Kendall 
(1946),  Moran  (1947). 

* Savorgnan,  Franco  (1921).  La  ripartizione  regionale  della  ricchezza  privata  italiana.  Metron  1 i3>, 
100-121. 

Summary:  The  author  calculates  the  mean  difference  [Gini  ( 1912)]  for  data  on  the  distribution  of  wealth 
in  Italy,  but  adds  nothing  new  to  the  theory. 

Reference:  Gini  (1912). 

Citation:  Castellano  (1935). 

* von  Bortkiewicz,  L.  (1922a).  Variationsbreite  und  mittlerer  Fehler.  Sitzungsberichle  dvr  Berliner 
Mathematischer  Gesellschaft  21,  3-11.  (JFM  48,  1277-1278). 

Summary:  The  range  v is  defined  as  the  difference  between  the  largest  and  smallest  values  among  a 
given  number  n of  observed  values  of  any  quantity.  If  one  takes  the  true  errors  of  these  n values,  i.e.  their 
deviations  from  the  true  value,  and  orders  them  according  to  their  absolute  values,  from  smallest  to 

largest,  one  obtains  a series  of  positive  numbers  e„  e2 en  such  that  el+,&e,,  and  it  follows  that  v = «n  + 

en_i  ( with  probability  1/2),  v = «n-t-  €„_.,(  with  probability  1/4), ....  v = en  + e,  (with  probability  1 2n  M.or  v 
= e„-e,  (with  probability  1/2”'1).  Hence  the  mean  value  of  the  range  is  v = ( 1/2)  <e„  + e„  , ) + ( 1 4 n«n  + 
€n_2>  + ...+( l/2n_l)(€n  + e,)  + ( 1 /2n  1 )( en — «i ) = en  + ( 1/2 )en_,  + ( l/4)en_2  + . . . ( l/2n2)«2.  Now  consider  the 
Gaussian  distribution  <J>(x)  = (2h/v/7ri  /o  e h2'2  dt  with  precision  h.  The  author  finds  expressions  (in 
terms  of  integrals!  for  the  mean  range,  its  ratio  to  the  standard  deviation  g = 1 h\  2,  and  the 
mathematical  expectation  of  the  smallest  and  the  largest  (in  absolute  valueiof  m errors,  and  obtains 
numerical  values  for  special  cases.  Other  values  for  the  mean  range  (besides  v)  are  v’,  which  is  two  times 
the  most  probable  |modal]  largest  (absolute)  value,  and  v’\  which  is  twice  the  conditional  expectation 
[restricted  mean  | of  the  largest  value,  given  that  it  exceeds  a lower  limit  u„  <— *•()).  Of  these  v is  exact  [see 
note  on  von  Bortkiewicz  ( 1922b)],  v’  is  too  low.  and  v”  is  too  high.  The  author  shows  that  (1  2>(v'  + v">  is 
very  nearly  equal  to  v for  n »8. 

Reference:  Fechner  1 1897 1. 
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Citations:  Dodd  ( 1923),  von  Mises  ( 1923),  Neyman  ( 1923),  Tippett  ( 1925),  Gumbel  ( 1933f,  1934g,  1935a, 
1935-36,  1937a,  193 9f,  1947),  Wilks  (1948), 


* von  Bortkiewicz,  L.  (1922b).  Die  Variationsbreite  beim  Gauss’schen  Fehlergesetz.  Nordisk  Statistisk 
Tidskrift  1,  11-38,  193-220. 

Summary:  This  is  essentially  an  expanded  version  of  the  author’s  earlier  paper  [von  Bortkiewicz 
(1922a)].  This  paper  contains  fuller  discussion,  more  numerical  examples,  and  references  (which  are 
completely  absent  from  the  earlier  paper)  to  the  work  of  earlier  authors  on  the  range  and  on  the  related 
problem  of  the  largest  value.  The  author  gives  the  same  expressions  as  in  the  earlier  paper  for  the  ratio  of 
the  mean  range  of  a sample  of  size  n from  a normal  population  to  the  standard  deviation  p.,  except  for  a 
change  in  notation.  In  the  earlier  paper  he  calls  these  expressions  v//x,  v'/^i,  v"//a  and  ( l/2)(v'//x  + v'7/i), 
while  here  he  denotes  them  by  E(v//i),  f(n),  tJAn)  and  [f(n)+i]/(n)]/2,  respectively. 

Note:  An  interesting  fact  is  that  the  method  the  author  used  in  obtaining  v/fi  [ or  E(v/p.)]  is  mathemati- 
cally exact,  but  that  this  was  not  recognized  by  him  or  by  such  later  authors  as  Dodd  ( 1923)  and  Tippett 
( 1925 ) because  he  apparently  made  numerical  errors  which  gave  incorrect  results  for  n = 48  and  n = 100. 
At  the  request  of  the  compiler,  Donald  S.  Clemm  verified  in  1968  on  the  IBM  7094  computer  that  the 
author’s  method  does  yield  correct  results  for  these  as  well  as  for  other  values  of  n. 


References:  Fourier  (1824a),  Quetelet  (1846),  Lexis  (1875),  Helmert  (1877b),  Jordan  (1877a,b),  Ber- 
trand (1889),  Jordan  (1890),  Czuber  (1891a),  Fechner  (1897),  Rodewald  (1898),  Czuber  (1899,  1903), 
Mitscherlich  ( 1903),  Charlier  ( 1910),  Yule  (1911),  Czuber  ( 1918). 

Citations:  Dodd  (1923),  Neyman  (1923),  Gumbel  (1933f,  1934g,  1935a,  1935-36,  1937a,  1947),  Wilks 
(1948). 

* Dodd,  Edward  L.  (1922).  Functions  of  measurements  under  general  laws  of  error.  Skandinavisk  Ak- 
tuarietidskrift  5,  133-158;  related  abstracts.  Bulletin  of  the  American  Mathematical  Society  25  (1919), 
245;  26  ( 1920),  264;  28  ( 1922),  9,  158-159.  ( JFM  48,  617— listing  only). 


Summary:  The  author  states  (pp.  134-135):  ’’It  will  be  the  purpose  of  this  paper  to  study  certain 
functions  of  measurements  with  reference  to  their  approximation  to  the  so-called  true  value — in 
particular,  the  three  functions  treated  by  Laplace,  viz.,  the  arithmetic  mean,  the  median,  and  the 
average  of  the  two  extremes  [the  midrange] ....  The  average  of  the  two  extremes  [Daniell  ( 1920)]  is  the 
application  to  one  variable  [Mansion  (1913)]  of  the  method  of  minimum  approximation  treated  by 
Laplace  [( 1799,  1812)],  de  la  Vallee  Poussin  [(1911)]  and  Goedseels  [(1911)].  . . . Two  functions  of  the 
measurements  may  be  compared  (1)  by  determining  which  has  the  greater  probability  density  at  the 
true  value,  or  (2)  by  determining  for  each  the  mean  error  or,  more  generally,  the  error-risk  [Czuber 
( 1903)]. ...  In  this  paper  the  first  method  will  be  used.”  Sections  2-4  are  not  directly  relevant.  Sections  5 
(pp.  148-153)  and  6 (pp.  153-157 ) deal  with  the  median  and  the  midrange,  respectively.  The  conclusions 
are  summarized  as  follows  in  Section  7 (p.  158):  "The  present  examination  of  functions  of  measurements 
is  not  exhaustive.  The  general  conclusion,  however,  would  probably  be  that  in  most  cases  where  the  law 
of  error  is  symmetrical  (the  error  function  even)  the  arithmetic  mean  is  better  than  other  functions.  The 
superiority  of  the  arithmetic  mean  becomes  somewhat  doubtful:  ( 1 ) When  the  number  of  measurements 
is  small. . . . (2)  When  the  probable  error  is  not  small  as  compared  with  the  arithmetic  mean. . . . (3)  When 
the  error  curve, — as  evidenced  by  the  actual  distribution  of  measurements. — falls  away  from  its 
maximum  with  considerable  rapidity  at  first,  but  nevertheless  persists  at  some  distance  from  the 
maximum.  In  this  case,  the  median  may  be  better  than  the  arithmetic  mean.  Section  5.  (4)  When  the 
error  curve  is  perpendicular  to  the  axis  of  errors,  meeting  this  axis  at  equal  distances  from  the  origin.  In 
this  case,  the  average  of  the  least  and  greatest  measurements  may  be  better  than  the  average  of  all  the 
measurements.  Section  8.” 
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References:  Laplace  <1799,  1812),  Czuber  (1891a),  Pearson  (1895),  Poincare  i1896i,  Czuber  ( 1903 ), 
Goedseels  ( 1911),  de  la  Vallee  Poussin  (1911),  Dodd  ( 1913),  Mansion  < 1913),  Daniell  ( 1920i.  Jackson 
(1921). 


Citations:  Rider  ( 1929),  Craig  ( 1932a),  Pollard  ( 1934),  Olds  ( 1935 ),  Dodd  ( 1940i. 

* Fisher,  R.  A.  ( 1922).  On  the  mathematical  foundations  of  theoretical  statistics.  Philosophical  Transac- 
tions of  the  Royal  Society  of  London  A 222,  309-368.  ( JFM  48,  1280).  Reprinted  1950  as  Paper  No.  10  of 
author’sContributions  to  Mathematical  Statistics,  John  Wiley  & Sons,  Inc.,  New  York;  Chapman  & Hall, 
Ltd.,  London.  (MR  12,  427). 

Summary:  In  this  fundamental  paper,  the  author  discusses  the  concepts  of  sufficiency  and  intrinsic 
accuracy.  He  endeavors  to  lay  a firm  mathematical  foundation  for  the  method  of  maximum  likelihood. 
This  method  is  here  given  that  name  for  the  first  time,  though  it  had  previously  been  employed,  not  only 
by  the  author  [Fisher  ( 1912)],  but  as  we  have  already  seen,  by  Lambert  ( 1760),  D.  Bernoulli  ( 1 778 1,  and 
Gauss  (1809).  More  directly  relevant  to  a study  of  order  statistics,  but  far  less  important  to  the 
subsequent  development  of  mathematical  statistics,  is  the  author’s  discussion  (pp.  321-322)  of  the 
problem  of  estimating  the  central  value  of the  Cauchy  distribution.  He  points  out  that  the  distribution  of 
the  mean  of  a sample  of  any  size  is  the  same  as  that  of  a single  observation,  so  that  the  mean  is  an  entirely 
useless  statistic.  He  advocates  the  use  of  the  median,  whose  standard  error  is  proportional  ton'1  2.  where 
n is  the  sample  size.  He  also  touches  upon  the  treatment  of  outlying  observations,  concerning  which  he 
states  ( pp.  322-323 ):  "This  example  [with  regard  to  the  central  value  of  the  Cauchy  distribution  ] serves 
also  to  illustrate  the  practical  difficulty  which  observers  often  find,  that  a few  extreme  observations 
appear  to  dominate  the  value  of  the  mean.  In  these  cases  the  rejection  of  extreme  values  is  often 
advocated,  and  it  may  often  happen  that  gross  errors  are  thus  rejected.  As  a statistical  measure, 
however,  the  rejection  of  observations  is  too  crude  to  be  defended:  and  unless  there  are  other  reasons  for 
rejection  than  mere  divergence  from  the  majority,  it  would  be  more  philosophical  to  accept  these  extreme 
values,  not  as  gross  errors,  but  as  indications  that  the  distribution  of  errors  is  not  normal.  As  we  shall 
show,  the  only  Pearsonian  curve  for  which  the  mean  is  the  best  statistic  for  locating  the  curve,  is  the 
normal  or  gaussian  curve  of  errors." 

References:  Sheppard  (1899a),  Fisher  (1912,  1920).  Keynes  (1921). 

Citations:  Neyman  & Pearson  (1928),  Shewhart  (1931),  Bartlett  (1933),  Hotelling  (1933),  Jeffreys 
(1933),  Rider  (1933),  Jeffreys  (19341,  Darmois  (1936),  Pitman  (1936),  Savur  (1937b).  Fisher  & Yates 
( 1938).  Jeffreys  1 1938).  Arley  & Buch  1 1940),  Lawlev  ( 1940).  Craig  1 1943).  Kendall  1 1943).  Wilks  1 1 943 1. 
Geary  < 1944 ),  Carlton  (1946),  Cramer  (1946),  Kendall  ( 1 946 ) . Huzurbazar  (1948),  Stevens  (1948). 

* Crum.  W.  L.  ( 1923).  The  use  of  the  median  in  determining  seasonal  variation.  'Journal  of  the  American 
Statistical  Association  18,  607-614;  abstract.  Bulletin  of  the  American  Mathematical  Society  29,  8.  i JFM 
49.  384— listing  only). 

Summary:  In  determining  the  indexes  of  seasonal  variation  in  an  economic  series,  the  author  takes  the 
median  of  a series  of  link-relatives  for  a particular  month  as  the  unadjusted  index  for  that  month,  as 
recommended  by  Persons  1 1 9 1 9 1.  To  the  observed  data  he  fits  ( 1)  a normal  curve.  (2)  a Charlier  Type  A 
curve,  and  (3)  a composition  of  two  normal  curves.  He  notes  that  Yule  (1911)  has  shown  that  if  a 
distribution  may  be  dissected  into  two  normal  distributions  each  of  half  the  original  frequency,  and  if  the 
ratio  between  the  two  standard  deviations  is  greater  than  2.24.  the  median  has  a smaller  probable  error 
than  the  mean.  He  endeavors  to  extend  this  result  to  the  case  under  consideration,  in  which  the  standard 
deviation  of  the  larger  portion,  containing  about  3 4 of  the  total  number  of  cases,  is  4.8  times  that  of  the 
smaller  portion  He  concludes  that  for  this  series  and  for  many  i but  not  all  i economic  series,  the  median 
is  better  than  the  mean. 


157 


References:  Charlier  (1910)  [1920],  Yule  (1911)  [1919],  Persons  (1919). 


Citations:  Wilson  ( 1923),  Rietz  ( 1924). 

* Dodd,  Edward  Lewis  ( 1923).  The  greatest  and  the  least  variate  under  general  laws  of  error.  Transactions 
of  the  American  Mathematical  Society  25,  525-539.  ( JFM  50,  656 — listing  only);  abstract,  Bulletin  of  the 
American  Society  29,  216-217.  (JFM  49,  384 — listing  only). 

Author’s  summary  (pp.  538-539):  "The  interval  of  variation  [the  range]  is  the  difference  between  the 
greatest  and  the  least  of  n variates  in  a distribution.  Theorems  are  here  given  for  the  greatest  variate; 
corresponding  theorems  can  be  stated  for  the  least  variate,  using  |x|  in  place  of  x when  necessary.  In  the 
following  table  which  summarizes  these  theorems,  the  letters  stand  for  positive  numbers;  they  are 
constants  except  x,  n,  and  G.  Moreover,  g<  1;  but  b>l,  c>l,  a>l.  For  each  variate  /*  <f>(x)  dx  is  the 
probability  that  the  variate  will  be  equal  to  or  greater  than  x.  With  J>(x)  = <£>,(  x ) • tj/(x),  the  two  factors  are 
each  described  below.  As  n increases  indefinitely,  a probability  converges  to  certainty  that  the  greatest 
variate  will  take  on  the  stated  asymptotic  value,  with  a relative  error  small  at  pleasure  for  the  values  in 
Classes  I,  III,  V,  and  VI,  and  for  1/a  and  1/y  in  Classes  II  and  IV.  Asymptotic  values  have  a theoretic 
importance  because  of  the  rigidity  of  the  determination.  Possibly,  they  may  be  used  unreservedly  in 
problems  where  the  variates  are  numerous  as  atoms;  but  in  most  practical  problems,  their  chief  value 
would  seem  to  be  in  furnishing  a rough  check  upon  mean,  modal,  or  median  values.  The  latter  can  be 
found  by  determining  G so  that  /,*  4>(x)dx  = l-2-ln.” 


Asymptotic  value  of  the  greatest  of  n variates 
When  each  variate  is  subject  to  <b,  (x)-i//(xt* 


Class 

4>,ix> 

Conditions  for  i/»(xi 

Greatest  variate* 

Applications 

I 

0.  x>  x2 

— 

x2+ 

5 Pearson  Types 

II 

x 

k,<  i h < k2 

n1 " 

3 Pearson  Types 

III 

S'" 

x ft  < ill  < X0 

1 - log  g"!1  “ 

\ Gaussian  Function 
( Gram's  Series  < finite > 

IV 

X ft  < lj/  < xft 

£<  IIS  y 

J Jorgensen  Logarithmic 

1 Function 

V 

r' 

b ' < ili  < b' 

log,.(  -log„n ) 

Makeham  Life  Function 

VI 

X ' 

h v<  {h  < bs 

G,  with  G(;  = n 

) Poisson  Exponential 

I Charlier  B-Series  (finite) 

Or  merely  subject  when  x is  sufficiently  large. 

+ Apart  from  the  factor  (1  * e ' » with  e'|<t,  small  at  pleasure. 
t Provided  J'n  ,</>,(  xi|dx|  * 0. 

References:  Pearson  (1895).  Dunkel  (1909),  Charlier  (19101  [1920],  von  Bortkiewicz  ( 1922a, b). 

Citations:  Tippett  (1925),  Gumbel  1 1935a, b.e.d,  1935-36,  1937a).  Kendall  < 1946 >,  Huzurbazar  ( 1948). 
Wilks  (1948). 
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Edgeworth,  F.  Y.  ( 1923).  On  the  use  of  medians  for  reducing  observations  relating  to  several  quantities. 
Philosophical  Magazine  (6)  46,  1074-1088.  (JFM  49,  369). 


Summary:  The  author  begins  with  the  following  introductory  remarks  (p.  1074):  "Herein  are  submitted 
some  further  considerations  on  a method  which  the  author  [Edgeworth  ( 1887c,  1888)]  proposed  ...  for 
determining  several  quantities  connected  with  observations  by  equations  many  times  more  numerous 
than  the  sought  quantities.  The  facility  and  the  accuracy  of  the  method  are  now  to  be  reconsidered.  The 
directions  given  by  Professor  Turner  [( 1887 )]  in  the  improved  statement  of  the  method  which  he 
contributed  . . . are  very  simple;  yet  in  applying  them  to  concrete  examples  he  experienced  difficulties.  I 
attempt  to  lighten  those  difficulties  by  restating  the  rationale  of  the  method  and  by  amplifying  the 
directions  for  its  application.  The  use  of  the  plural  median  is  an  extension  of  Laplace’s  method  of 
situation  [Laplace  (1812),  Supp.  2 (1818)].”  After  the  promised  restatement  and  amplification,  the 
author  considers  several  numerical  examples,  then  closes  (pp.  1085-1088)  with  the  following  conclu- 
sions: "The  accuracy  of  the  double  Median  depends  on  much  the  same  considerations  as  those  which 
relate  to  the  single  Median.  . . . The  comparison  of  the  (single  or  double)  Median  method  with  that  of 
Least  Squares  is  prejudiced  by  two  misapprehensions  exaggerating  (a)  one  the  defects  of  the  Median, 
(b)  the  other  the  merits  of  Least  Squares.  It  is  presumed  that  determination  by  way  of  Medians  is  less 
exact  because  it  sometimes  leaves  the  segment  of  a line,  or  even  ( in  the  case  of  the  double  Median)  a space 
within  which  no  unique  value  is  distinguished.  But  the  comparative  definiteness  of  the  Arithmetic  Mean 
is  illusory,  considering  that  the  determination  is  liable  to  a probable  error.  . . . The  Method  of  Least 
Squares  enjoys  an  undue  preference  in  virtue  of  its  connection  with  the  Normal  Law  of  Error.  For 
probably  that  law  is  not  in  general  fulfilled  by  observations  so  perfectly  as  to  justify  the  preference  given. 
The  preferability  varies  with  the  character  of  the  observations.  . . . When  the  curve  representing  the 
observations  is  quite  abnormal  it  is  very  possible  that  the  Median  should  have  the  preference  in  respect 
of  accuracy.  . . . When  the  extremities  of  the  curve  representing  the  crude  observations  are  abnormally 
protruberant,  the  Median  is  apt  to  be  preferable.  ...  In  short,  the  use  of  the  Median  (single  or  double)  is 
often  easier,  and  sometimes  more  accurate,  than  the  Method  of  Least  Squares.  . . . Altogether,  we  may 
conclude  with  Laplace  that,  in  certain  cases,  the  Method  of  Situation  is  preferable  to  the  Method  of  Least 
Squares.” 

References:  Laplace  (1799,  1812),  Airy  (1861),  Chauvenet  (1863),  Merriman  (1884),  Edgeworth 
( 1887c),  Turner  ( 1887),  Edgeworth  ( 1888),  Yule  ( 1911). 

Citations:  Bowley  ( 1928),  Rhodes  ( 1930),  Bruen  ( 1938). 

* Goldhizer,  K.  ( 1923).  Bemerkungen  liber  den  Medianwert.  Zeitschrift  fiir  Angewandte  Mathematik  und 
Mechanik  3,  321-322.  (JFM  49,  384 — listing  only). 

Summary:  The  author  summarizes  the  results  of  two  papers  by  Jackson  ( 1921,  1923).  He  points  out  that 
although  one  usually  reads  that  a comparison  of  the  arithmetic  mean  A and  the  median  M can  be  used  in 
judging  the  symmetry  of  a population,  it  is  really  the  symmetry  of  the  deviations  from  an  average  and 
not  that  of  the  values  themselves  that  is  involved.  One  can  specify,  in  an  elementary  way.  asymmetric 
series  of  values  for  which  M = A.  Given  two  series  of  values  a.<a2<a:l<a4  and  b,<b2<b:l<b4,  so  that  a,  + 
b,<a2  + b2<a:1  + b:,<a4  + b4,  the  author  determines,  in  accordance  with  the  definition  of  Jackson  ( 1921 ), 
the  condition  which  must  be  satisfied  in  order  that  M(a,  + b,)  = M(a,)  + Mib,)  = X,  + X2,  where  X,  and  X2 
are  the  medians  of  the  a's  and  the  b's,  respectively.  This  condition  is  given  by  the  equation  X,{(b;,  + 
b4)-(b,  + b2)}  + X2{(a:,  + a4)-(a,  + a2i}  + a,b2  + a2b,-(a.tb4  + a4b3)  = 0. 

Note:  The  author  apparently  confuses  symmetry  and  equal  spacing  of  the  values. 

References:  Fechner  (1874),  Galton  et  al.  ( 188 1 ).  Fechner  (1897).  Bowley  (19011,  Czuber  (1921), 
Jackson  (1921,  1923). 
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* Jackson,  Dunham  ( 1923).  Note  on  quartiles  and  allied  measures  .Bulletin  of  the  American  Mathematical 
Society  29,  17-20.  (JFM  49,  376). 

Summary:  The  author  extends  the  results  of  his  earlier  paper  [Jackson  ( 1921 )]  as  follows  fpp.  17-18): 
"Let  a„  . . . , a„  be  a set  of  real  numbers  (not  necessarily  all  distinct)  arranged  in  ascending  order  of 
magnitude  algebraically,  and  let  c be  an  arbitrary  number  in  the  interval  0<c<l.  For  ps*l,  let  a function 
<£plx)  be  defined  as  follows:  <t>vtx)  = ( 1 -c)xp  for  xs*0,  d>p(x)  = c(  -x)p  for  xsO. . . . Let  Sp  = 2"=l  d>p(x  -aj, 
and  let  xp  stand  for  the  value  of  x,  or  any  value  of  x,  which  reduces  Sp  to  a minimum.  It  is  . . . shown  that  xp 
is  uniquely  determined  for  each  value  of  p>l;  that  as  p approaches  1,  xp  approaches  x,,  if  x,  has  a 
determinate  value;  and  that  in  the  contrary  case,  xp  approaches  a definite  limit  belonging  to  the  interval 
within  which  x,  is  indeterminate.”  The  value  X = p™,  xp  is  the  c-quantile  ak  by  the  usual  definition  when 
cn  is  not  an  integer  and  k is  the  integer  such  that  k - 1 < cn  <k,  or  when  cn  = k (an  integer)  and  ak=  ak+1. 
When  cn  = k and  ak  ^ ak+,,  the  c-quantile  is  defined  to  be  X,  a unique  value  between  ak  and  ak*,,  by  an 
extension  of  the  usual  definition.  The  results  given  for  the  median  by  Jackson  ( 1921)  are  a special  case 
(for  c = 1/2)  of  those  given  in  this  paper;  the  quartiles  are  found  by  setting  c = 1/4  and  c = 3/4,  etc. 

Reference:  Jackson  ( 1921). 

Citations:  Goldhizer  (1923),  Jordan  (1927),  Dodd  (1938). 

* von  Mises,  R.  ( 1923).  Ober  die  Variationsbreite  einer  Beobachtungsreihe.  Sitzungsberichte  der  Berliner 
Mathematischer  Gesellschaft  22,  3-8.  (JFM  49,  376-377). 

Summary:  The  author  makes  two  comments  on  the  paper  by  von  Bortkiewicz  ( 1922a).  The  first  is  that 
the  expression  for  the  mean  range  v given  by  von  Bortkiewicz  can  be  found  by  taking  the  difference 
between  the  expected  value  of  the  largest  observation  and  that  of  the  smallest  observation.  Let  W(x)  be 
the  probability  that  a random  observation  does  not  exceed  x,  so  that  W"(x)  is  the  probability  that  none  of 
the  (independent)  observations  in  a sample  of  size  n exceeds  x.  Hence  the  expected  value  of  the  largest 
observation  in  a sample  of  size  n is  g„  = Jx  d(W"(x)>  and  similarly  that  of  the  smallest  value  is  kn  = 
-/  x d[(  1 - W(x)n|.  so  that  v = gn-kn  = n/  w [ Wn_1(  x)  — ( 1 - W(x))n_1]  x dx.  So,  since  for  the  Gaussian 
distribution  w(x)=(h/v  7rle~h2x2,  W(x)  = (h/v  jt>  /*xe  1,2x2  dx  = 1 1/2 )[  1 + cjxhx)],  if  one  sets  hx  = z and 
writes  d>2  for  <t>(zi,  v = ( n/h\  tt(  / z e z*’  {[( 1 + <t>z)/2]n“‘-  [( 1 -<!>.,  )/2]n_1}dz.  This  is  the  result  given  by  von 
Bortkiewicz  in  his  formulas  (5l-(7).  The  second  comment  deals  with  a series  approximation  to  v,  which  is 
valid  asymptotically  but  is  not  a good  approximation  for  small  or  moderate  values  of  n. 

References:  Frank  (1918),  von  Bortkiewicz  (1922a). 

Citations:  Gumbel  < 1933a, f),  de  Finetti  (1934),  Gumbel  ( 1934d,g,  1935a,  1935-36,  1936ci,  von  Mises 
(1936),  Gumbel  (1937a,  1939f.  1945a). 

* Sloane,  Charles  S.  < 1923)  .Fourteenth  Censusofthe  United  States,  1920:  Center  of  Population  and  Median 
Lines  and  Centers  of  Area.  Agriculture,  Manufactures  and  Cotton.  U.  S.  Government  Printing  Office, 
Washington. 

Summary:  The  following  statements  (p.  5)  quoted  by  Eells  [( 1930),  pp.  33-34]  are  relevant:  "A  somewhat 
technical  significance,  different  from  that  frequently  given  to  it,  attaches  to  the  term  'Center  of 
population’  as  used  in  census  publications.  The  center  is  often  understood  to  be  the  point  of  intersection  of 
a north  and  south  line,  which  divides  the  population  equally,  with  an  east  and  west  line  which  likewise 
divides  it  equally.  This  point  of  intersection  is,  in  a certain  sense,  a center  of  population;  it  is  here, 
however,  designated  the  median  point  to  distinguish  it  from  the  point  technically  defined  as  the  center. 
There  are  points  different  in  character  which  may  be  termed  'center  of  population',  but  at  each  census  the 
term  'center  of  population’  has  been  applied  to  the  point  which  may  be  considered  as  the  center  of  gravity 
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of  the  United  States;  in  other  words,  the  point  upon  which  the  United  States  would  balance,  if  it  were  a 
rigid  plane  without  weight  and  the  population  distributed  thereon,  each  individual  being  assumed  to 
have  equal  weight  and  to  exert  an  influence  upon  the  central  point  proportional  to  his  distance  from  the 
point.  The  pivotal  point,  therefore,  would  be  its  center  of  gravity  and  is  the  point  referred  to  by  the  term 
used  in  the  census  as  'center  of  population’.  This  is  sometimes  confused  with  another  point,  which  we 
term  the  'median  point’.  Continuing  the  above  analogy  it  may  be  noted  that  the  median  point,  which  may 
be  described  as  the  numerical  center  of  population,  is  in  no  sense  a center  of  gravity.  In  determining  the 
median  point,  distance  is  not  taken  into  account  and  the  location  of  the  units  of  population  is  considered 
only  in  relation  to  the  intersecting  median  lines — as  being  north  or  south  of  the  median  parallel  and  east 
or  west  of  the  median  meridian.  It  is  evident  that  extensive  changes  in  the  geographical  distribution  of 
the  population  may  take  place  without  affecting  the  position  of  the  median  point.  In  this  respect  the 
median  point  differs  essentially  from  the  center  of  population,  which  responds  to  the  slightest  population 
change  in  any  section  of  the  country. . . . If  all  the  people  in  the  United  States  were  to  be  assembled  at  one 
place,  the  center  of  population  would  be  the  point  which  they  could  reach  with  the  minimum  aggregate 
travel,  assuming  that  they  all  travelled  in  direct  lines  from  their  residence  to  the  meeting  place.  No  such 
statement  holds  of  the  median  point." 

Comments:  Eells  ( 1930)  has  pointed  out  that  the  statement  in  the  next  to  last  sentence  of  the  above 
quotation  is  incorrect. 

Citations:  Eells  1 1930i,  Ross  ( 1930),  Galvani  ( 1933),  Gini,  Boldrini,  Galvani  & Venere  ( 1933),  Scates 
(1933). 

* Splawa-Nevman,  J.  [Neyman,  J.]  (1923).  Sur  les  valeurs  theoriques  de  la  plus  grande  de  n erreurs. 
(Polish  summary).  Prace  Mateniatyczno-Fizyczne  (Warsaw)  33,  49-56.  (JFM  52,  515). 

Author’s  summary  (p.  54,  compiler's  translation):  "(a)  The  theoretical  value  of  the  largest  of  n errors 
at  n)  exceeds  the  mathematical  expectation  of  this  error  whatever  be  the  probability  law  d>ix);  c*i  ni>/jini 
(bi  If  this  law  is  that  of  Gauss,  atn)  exceeds  also  the  most  probable  values  8<ni  and  y(nt:  «( n>>8(  n)>y(n). 
[a(  n>  = n /*  d>ix)  x dx  is  the  mathematical  expectation  of  the  error  exceeding  x,,  where  x,  is  the  number 
such  that  n j*  <f>(x>dx  = 1;  fitn)  = n/!*  Fn  1 ixi<f>(x)  x dx  is  the  mathematical  expectation  of  the  largest  of 
n errors;  y(n)  is  the  most  probable  value  of  the  largest  (in  absolute  value)  of  m = n/2  errors;  8(n)  is  the 
most  probable  value  of  the  largest  of  n errors.)  If  we  adopt  with  von  Bortkiewicz  the  principle  that  the 
theoretical  value  of  the  range  of  n errors  subject  to  the  law  of  Gauss  is  equal  to  twice  that  of  the  largest  of 
the  errors,  we  verify  that  the  results  obtained  seem  to  be  in  harmony  with  the  empirical  observation  of 
von  Bortkiewicz  that  a(n)  is  a little  too  large  a theoretical  value  of  the  largest  of  n errors.  ic>  If  we 
consider  the  results  of  the  calculations  of  von  Bortkiewicz  [(1922b)],  we  observe  that  the  theoretical 
values  of  the  range  corresponding  to  the  values  of  y(  n>  are  constantly  a little  less  than  those  given  bv  the 
statistic.  In  view  of  the  inequalities  [a<nl>6(nl,  8<  n)>y(  ni|  one  can  assume  that  8(n)  is  a better  theoreti- 
cal value  than  yin)  of  the  largest  of  n errors." 

References:  von  Bortkiewicz  ( 1922a, b). 

Citations:  Tippett  ( 1925),  Gumbel  ( 1935-36.  1936-37). 

* Wilson,  Edwin  Bidwell  (1923).  First  and  second  laws  of  error.  Journal  of  the  American  Statistical 
Association  18,  841-851. 

Summary:  The  author  re-examines  the  data  of  Crum  ( 1923)  and  reaches  the  following  conclusions: 
"With  the  exception  of  the  extreme  positive  deviations  which  have  not  been  well  fitted  by  any  of 
Professor  Crum’s  three  suggestions,  these  data  give  internal  evidence  of  following  Laplace's  first  law  of 
error  instead  of  his  second  law  and  should  be  fitted  to  that  law.  By  simple  graphical  means  using 
arith-log  [semi-log|  paper  an  extremely  good  fit  [to  Laplace's  first  law  | may  be  had  in  a very  few  minutes' 
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work  (all  that  is  necessary  is  to  plot  the  grouped  data,  draw  a straight  line,  and  read  the  graph).  . . . 
Professor  Crum’s  plea  for  the  use  of  the  median  in  certain  types  of  statistics  is  much  reinforced  by  the 
behavior  of  these  data  when  discussed  in  relation  to  the  first  law  of  error.”  (pp.  850-851). 

References:  Laplace  (1774,  1781),  Crum  (1923). 

Citation:  Gumbel  (19370"). 

* Foster,  H.  Alden  (1924).  Theoretical  frequency  curves  and  their  application  to  engineering  problems. 
Transactions  of  the  American  Society  of  Civil  Engineers  87,  142-173;  discussion,  174-203. 

Summary:  "The  solution  of  certain  types  of  engineering  problems  may  be  aided  by  the  use  of  probability 
methods.  The  ordinary  theory  of  probability,  as  developed  in  Least  Squares,  is  not  usually  suitable  for 
the  analysis  of  natural  phenomena.  In  general,  an  unsymmetrical  probability  formula  is  better  adapted 
to  engineering  problems.  The  object  of  this  paper  is  to  develop  such  a formula  and  show  its  application  to 
practical  work.  Frequency  and  duration  [cumulative  frequency]  curves  are  first  defined,  and  their  chief 
characteristics  are  described.  A theoretical  frequency  curve  |Pearson  Type  III]  is  then  developed,  the 
mathematical  steps  being  given  only  in  outline.  The  method  of  evaluating  the  frequency  formula  is 
explained  in  greater  detail.  A table  ...  is  given,  from  which  may  be  obtained  the  ordinates  of  the 
duration  curve,  for  any  values  of  the  coefficient  of  variation  and  coefficient  of  skew.  . . . Finally,  the 
practical  application  of  the  theoretical  curves  is  discussed,  and  several  examples  [from  the  field  of 
hydrology]  are  presented  to  illustrate  the  usefulness  of  the  method.”  (Author’s  synopsis,  p.  142).  A 
section  is  included  (pp.  163-164)  on  the  use  of  probability  paper.  In  the  discussion  it  is  brought  out  that 
the  Pearson  Type  III  curve,  whose  use  is  proposed  by  the  author,  is  not  applicable  in  many  cases.  The 
author  himself  states  in  his  conclusions  (p.  172):  "The  main  limitation  to  be  placed  on  the  use  of  these 
curves  is  the  fact  that  the  coefficient  of  skew  [the  skewness,  as  defined  in  statistical  literature]  must  be 
greater  than  twice  the  coefficient  of  variation.”  Some  of  the  discussants  advocate  the  use  of  the  Pearson 
Type  I curve  when  this  condition  is  not  satisfied.  In  his  closure  (pp.  192-203),  the  author  agrees  with  this 
suggestion  and  gives  an  analysis  of  the  Type  I curve,  together  with  a table  of  percentage  points  for 
various  coefficients  of  skew. 

References:  Merriman  11884),  Fuller  ( 1914),  Hazen  (1914),  Hall  (1921). 

Citations:  Goodrich  (1927),  Hazen  (1930),  Foster  (1934),  Slade  (1934),  Foster  (1936),  Saville  (1936), 
Kimball  ( 1938),  Beard  ( 1942),  Lane  & Lei  ( 1949). 

Griffith,  A.  A.  ( 1924).  The  theory  of  rupture.  Proceedings  of  the  First  International  Congress  for  Applied 
Mechanics  (Delft),  pp.  55-63. 

Summary:  The  author  describes  an  experiment  whose  results  tend  to  verify  the  "weakest  link”  or 
"largest  flaw”  theory  advanced  by  the  author  in  an  earlier  paper  [Griffith  (1920)]  to  explain  the  much 
larger  observed  tensile  strength  (per  unit  cross-sectional  area)  of  thin  wires  or  fibers  as  compared  with 
those  of  greater  diameter.  He  reports  (pp.  60-61):  "A  fairly  hard  glass  containing  much  potash  and 
alumina  was  chosen.  By  the  usual  mechanical  tests,  its  Young’s  modulus  was  found  to  be  6,430  kg.  sq. 
mm.,  and  its  tensile  strength  18.3  kg.  sq.  mm.  . . . The  glass  was  heated  to  a temperature  somewhat 
below  the  temperature  at  which  boiling  commenced  and  was  then  drawn  down  to  thin  rods.  Immediately 
after  preparation,  these  rods  were  found  to  possess  strengths  as  high  as  630  kg.  sq.  mm.  or  about  half  the 
probable  value  of  the  theoretical  strength.  This  strength  diminished  spontaneously  with  time,  however, 
until  after  the  lapse  of  a few  hours  a steady  value  was  reached  which  depended  on  the  diameter  of  the  rod. 
Rods  of  1 mm.  dia.  or  over  had  a strength  equal  to  the  strength  of  the  glass  as  ordinarily  determined, 
while  the  permanent  strength  of  the  finest  fibres  which  could  be  made  (about  1 '300th.  mm.  dia.)  was 
about  350  kg.  sq.  mm.,  or  more  than  a quarter  of  the  theoretical  strength.  Bv  extrapolation,  it  was 
inferred  that  the  strength  of  fibres  of  infinitesimal  diameter  would  be  about  1.130  kg.  sq.  mm.  . . . 


Reference:  Griffith  (1920). 


Citations:  Gensamer,  Saibel  & Ransom  (1947),  Epstein  ( 1948a, b),  Epstein  & Brooks  (1948i. 

* Haag,  J.  (1924).  Sur  la  combinaison  des  resultats  d’observation.  Comptes  Rendus  de  V Academie  des 
Sciences  (Paris)  179,  1388-1390.  (JFM  50,  653). 

Summary:  For  a sample  of  size  n from  N(/x,l),  the  mean  is  normally  distributed  with  standard  deviation 
l/\/n.  If  n is  odd,  the  median  is  asymptotically  normal  with  standard  deviation  V7r/2n,  so  that  its 
relative  precision  is  V2/n  — 4/5.  If  n is  even,  the  median  is  defined  as  ( 1/2)  (xm  + xm+1),  where  2m  = n.  In 
this  case  the  relative  precision  of  the  median  is  more  difficult  to  obtain,  at  least  when  n is  finite.  More 
generally,  consider  X = ( l/2)(  xp  + xn_p+ , ) {a  quasi-midrange,  which  is  equal  to  the  midrange  for  p = 1 and 
equal  to  the  median  for  p = [(n  + l)/2]}.  If  n is  very  large  and  n -2p  = q small,  X is  asymptotically  normal 
with  standard  deviation  l/\/kn,  where  k = {2e_a2/7r[l  -0(a)]}  {e~a2/[l  -0(a)]  - a\/n},  where  2a  = x„_p+1 
-xp  and  0(a)  = (2 l\l~ir)  fo  e_*2dx  = erf(a).  When  a increases  from  0 to  +oc,  k increases  from  2/7r  to  1.  But 
the  probable  value  of  a is  very  small.  Its  asymptotic  value  is  \/7r(q  + l)/2n.  Ifn  is  very  large  and  p small,  X 
is  again  asymptotically  normal  with  standard  deviation  l/\/hn,  where  h = 4ae_a2/\/rn'0(a). 
When  a increases  from  0 to  + *,  the  relative  precision  decreases  from  \/2h r to  0.  The  most  probable  value 
of  a is  asymptotically  Vln  n.  The  standard  deviation  is  asymptotically  ( 1/2)  (7r/ln  n)1 4,  which  decreases 
much  more  slowly  than  l/\/n.  So  the  rule  which  consists  of  adopting  the  midrange  is  by  far  the  worst. 


Citations:  Kolmogoroff  (1931),  Eyraud  (1934b),  Gumbel  (1934e,  1935a,  1937c). 

* Horton,  Robert  E.  (1924).  Determining  the  mean  precipitation  on  a drainage  basin.  New  England  Water 
Works  Association  Journal  38  (1),  1-43;  discussion,  44-47. 

Summary:  The  relevant  portion  is  the  section  entitled  "Use  of  the  Range  Ratio”,  in  which  the  author 
proposes  the  use  of  the  ratio  of  the  difference  between  the  maximum  and  minimum  annual  rainfall 
amounts  (theoretical  or  observed)  to  the  mean  in  testing  the  validity  of  a rainfall  record.  The  author 
states  (pp.  21-25):  "If  a series  of  annual  rainfall  records  is  plotted  with  the  years  arranged  in  order  of 
magnitude  [of  rainfall],  a curve  drawn  through  the  plotted  points  may  be  used  as  an  integral  frequency 
curve.  Thus  if  there  are  100  years  of  record,  the  10th  highest  value  will  have  been  equalled  or  exceeded  on 
an  average  once  in  10  years,  the  20th  highest  once  in  5 years,  and  so  on.  . . . Assuming  the  truth  of  the 
proposition,  which  probably  everyone  will  accept,  that  there  is  some,  though  perhaps  unknown,  limit  to 
the  amount  of  rainfall,  either  maximum  or  minimum,  which  nature  can  produce  in  one  year  at  a given 
place  as  long  as  the  general  climatic  conditions  remain  as  they  are,  then  it  is  evident  that  as  the 
exceedance  interval  increases,  the  exceedance  curve  . . . should  approach  a horizontal  or  asymptotic  line 
representing  this  maximum  value. . . . The  average  interval  at  which  an  event  may  be  expected  to  occur 
having  a value  less  than  some  assigned  value  is  designated  for  convenience  as  a subceedance  interval. 

. . . The  annual  rainfall  ratios  also  approach  an  asymptotic  line  as  the  subceedance  interval  increases. 

. . . An  expression,  the  graph  of  which  fits  the  better  determined  portion  of  the  rainfall  exceedance  curve 
and  meets  the  requirement  of  approaching  a horizontal  asymptote  as  a limit,  as  the  exceedance  interval 
increases,  is  R = B+(  A — B )[  1 -e~k,l~"n]  and  for  subceedance  curves,  R = B+(  A-B)e~h"^"n  where  R is  the 
ratio  of  the  rainfall  having  an  exceedance  or  subceedance  interval  to  the  mean  rainfall.  A,  B,  k and  n are 
constants  to  be  evaluated  from  the  better  determined  portion  of  the  curve.  . . . The  application  of  these 
results  to  the  matter  of  testing  the  validity  of  anj  rainfall  record  may  now  be  considered.  For  this  purpose 
it  is  best  to  use  the  maximum  range  ratio  or  ratio  of  the  difference  between  the  limiting  maximum  and 
minimum  annual  rainfall  amounts  to  the  mean.  The  observed  ranges  and  the  calculated  and  limiting 
ranges  for  . . . eleven  |New  England]  stations  are  given. ...  In  no  case  has  the  actual  range  ratio  been  as 
great  as  unity.  The  calculated  maximum  range  ratio  obtained  by  taking  the  difference  between  the 
constants  A and  B is  usually  near  unity  and  sometimes  slightly  exceeds  it.  It  is  safe  to  assume  that  if 
anywhere  in  New  England  a rainfall  record  is  found  in  which  the  range  ratio  much  exceeds  unity,  the 
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record  is  open  to  suspicion.  This  criterion  is  better  than  that  of  variability.  It  is  simple,  direct  and  applies 
to  a short  as  well  as  to  a long  record.  Unfortunately,  limiting  values  of  the  range  ratios  are  not  available 
outside  of  New  England.” 

Citations:  Jarvis  (1926),  Horton  (1936),  Kimball  (1938). 

* Jackson,  Dunham  ( 1924).  On  the  method  of  least  mlh  powers  for  a set  of  simultaneous  equations.  An  nals 
of  Mathematics  (2)  25,  185-192;  abstract,  Bulletin  of  the  American  Mathematical  Society  27  1 1921 1,  304. 
(JFM  48,  299 — listing  only). 

Summary:  "If  there  is  given  a set  of  p simultaneous  equations  in  n unknown  quantities.  p>n,  the 
question  may  be  raised  of  determining  values  for  the  unknowns  so  that  these  equations  shall  be 
approximately  solved,  in  the  sense  that  the  sum  of  the  mth  powers  of  the  absolute  values  of  the  errors  is  a 
minimum.  Form  = 2,  this  is  the  classical  problem  of  least  squares.  Professor  Jackson  treats  the  general 
problem  by  methods  analogous  to  those  used  in  recent  papers  on  the  approximate  representation  of  a 
function  of  a continuous  variable  x,  the  independent  variable  now  being  represented  by  an  index  ranging 
from  1 to  p. . . .”  < Abstract,  p.  304 ).  The  author  shows  that  the  problem  has  at  least  one  solution  for  every 
m>0,  and  a unique  solution  for  m>l.  The  limiting  case  as  m— **  is  equivalent  to  the  problem  of 
minimizing  the  maximum  error. 

Re  'erence:  de  la  Vallee  Poussin  (1919). 

Citation:  Bruen  (1938). 

* Rietz,  H.  L.  (editor)  (1924).  Handbook  of  Mathematical  Statistics.  Houghton  Mifflin  Company.  Boston- 
New  York-Chicago-San  Francisco;  The  Riverside  Press,  Cambridge.  (JFM  50,  35 5 — listing  only). 


Summary:  Chapter  I ( pp.  1-19),  written  by  E.  V.  Huntington,  is  entitled  "Mathematical  Memoranda.”  It 
contains  a section  ( pp.  4-7 ) on  definitions  of  various  kinds  of  means  or  averages,  including  the  arithmetic 
mean,  the  geometric  mean,  the  harmonic  mean,  the  contra-harmonic  mean  [Xt x,2)/5i<  Xj ) ],  the  root-mean- 
square  [quadratic  mean],  the  median,  the  mode,  and  weighted  means.  On  page  7 we  find  the  following 
statement:  "A  general  mathematical  formula  including  the  arithmetic  mean,  the  median,  and  the  mode 
is  due  to  D.  Jackson  and  R.  M.  Foster:  Let  X be  the  value  of  x which  minimizes  S|X|-x|p.  Then  if  p = 2,  X = 
the  arithmetic  mean;  if  p — >1,  lim  X = the  median;  if  p— *0,  lim  X = the  mode.  We  note  also  that  if  p — »x,  lim 
X = ( 1/2  X x , + x„)  [the  midrange],  where  x,  is  the  smallest  and  xn  the  largest  of  the  given  quantities."  In 
Chapter  II  (pp.  20-33),  Rietz  gives  a further  discussion  of  averages,  mainly  for  grouped  data,  and 
discusses  the  appropriate  average  to  use.  He  also  discusses  measures  of  dispersion  or  variability 
[including  the  standard  deviation,  the  mean  deviation  ( which  may  be  taken  from  the  arithmetic  mean  or 
from  the  median,  but  is  least  when  taken  from  the  median),  and  the  quartile  deviation  or  semi- 
interquartile  range]  and  measures  of  skewness  [(arithmetic  mean-mode)/  standard  deviation  and  (upper 
quartile  + iower  quartile  -2median)'(upper  quartile-lower  quartile)].  In  Chapter  IV  (pp.  62-70i,  E.V. 
Huntington  discusses  curve  fitting  by  the  method  of  least  squares  and  the  method  of  moments.  He 
mentions  the  method  of  averages,  but  does  not  mention  any  of  the  alternatives  based  on  order  statistics. 
There  is  also  an  extensive  bibliography  (pp.  195-208),  prepared  by  W.  L.  Crum. 


References:  Laplace  (1812),  Guetelet  (1846),  Chauvenet  (1863),  Todhunter  (1865),  Venn  (18661, 
Glaisher  ( 1872),  Fechner  1 1874),  Jevons  1 1874),  Galton  ( 1875),  Edgeworth  ( 1883b),  Merriman  ( 1884), 
Edgeworth  (1885,  1887-90),  Galton  (1888,  1889),  Venn  (1891),  K.  Pearson  (1895),  Yule  ( 1896a, b). 
Fechner  ( 1897),  Sheppard  1 1899a),  Bowley  < 1901 ),  Czuber  ( 1903),  Kapteyn  ( 1903),  Edgeworth  1 1905), 
Charlier  (1910),  Edgeworth  (1911),  Keynes  (1911),  Yule  (1911),  King  (1912),  Trachtenberg  (1915), 
Brunt  ( 1917),  Secrist  ( 1917),  Czuber  ( 1921 ),  Jackson  < 1921 1,  Jones  ( 1921 ),  Keynes  ( 1921 ),  Crum  ( 1923). 
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Citations:  Foster  (1934),  Slade  (1934),  Snedecor  (1937),  Barral  Souto  (1938),  Bruen  (1938),  Nair  & 
Shrivastava  (1942),  Kendall  (1946). 


f 


* Whittaker,  E.  T.;  Robinson,  G.  (1924).  The  Calculus  of  Observations.  Blackie  & Son,  Ltd.,  London- 
Glasgow.  (JFM  50,  348-349).  Second  edition,  1926;  third  edition,  1940;  fourth  edition,  1944. 

Summary:  Chapter  VIII  (Secs.  81-105,  pp.  164-208;  see  note  below)  deals  with  the  normal  frequency 
distribution.  Section  102  (pp.  197-199)  deals  with  the  probable  error  of  the  median,  which  is  found  to  be 
v 7r/2  = 1.253  times  that  of  the  mean,  assuming  that  the  samples  are  drawn  from  a normal  population. 
The  extended  definition  of  the  median  due  to  Jackson  (1921)  is  given.  Section  103  (pp.  199-204)  deals 
with  the  probable  errors  of  various  measures  of  precision.  The  results  of  Gauss  ( 1816)  for  the  probable 
errors  determined  from  the  mth  powers  of  the  absolute  errors  (m  = 1,2, 3, 4, 5, 6)  and  the  median  of  the 
absolute  deviations  (from  the  true  value)  are  given.  Chapter  IX  (Secs.  106-131,  pp.  209-259)  deals  with 
the  method  of  least  squares,  with  an  account  of  the  contributions  of  Legendre  (1805),  Gauss  (1809), 
Laplace  (1812)  and  others.  Of  particular  interest  is  Sec.  131  (pp.  258-259),  which  is  concerned  with 
alternatives  to  the  method  of  least  squares,  of  which  the  authors  mention  three:  ( 1)  the  method  of  Tobias 
Mayer  (1750);  (2)  the  method  of  minimum  approximation  [Laplace  ( 1799),  Goedseels(  1909),  de  la  Vallee 
Poussin  (1911)];  and  (3)  the  method  of  Edgeworth  (1887c,  1888). 

Note:  All  specific  numbers  of  chapters,  sections,  and  pages  are  those  in  the  fourth  edition. 

References:  Mayer  (1750),  Simpson  (1756),  Laplace  (1799),  Legendre  (1805),  Gauss  (1809),  Laplace 
(1812),  Gauss  (1816,  1823),  Encke  (1832-34),  Gerling  (1843),  Edgeworth  (1887c,  1888),  Galton  (1889), 
Pizzetti  (1892),  Poincare  (1896),  Goedseels  (1909),  de  la  Vallee  Poussin  (1911),  Fisher  (1920),  Jackson 
(1921). 

Citations:  Peirce ( 1926),  Lidstone ( 1930), Shewhart  (1931),  Dodge ( 1933),  Hotelling!  1933),  Bond (1935), 
Hotelling  ( 1936a),  Aitken  ( 1937),  Savur  ( 1937b),  Bruen  ( 1938),  Jeffreys  ( 1938),  Hulme  & Symms  ( 1939), 
Arley  & Buch  ( 1940),  Simon  (1941),  Deming  (1943),  Wilks  ( 1943),  Kendall  ( 1946),  Duncan  ( 1947). 

* Winkler,  Wilhelm  (1924).  Einkommen.  Handworterbuch  der  Staatswissenschaften,  4.  Auflage  3, 
367-401. 

Summary:  This  article  is  divided  into  three  sections,  dealing  respectively  with  the  idea  of  income, 
income  statistics,  and  income  politics.  In  the  second  section  (pp.  380-398),  the  author  discusses  the 
Pareto  law  and  other  laws  for  the  distribution  of  income.  He  mentions  several  measures  of  central 
tendency  that  may  be  applied  to  income  distributions,  including  the  arithmetic  mean,  the  midrange,  the 
mode,  and  the  median  [with  respect  to  the  amount  of  income  (see  Note)  or  with  respect  to  the  number  of 
taxpayers].  As  measures  of  dispersion,  he  mentions  the  simple  mean  (absolute)  deviation,  the  quadratic 
mean  deviation  ( standard  deviation ),  and  the  quartile  deviation,  among  others.  He  points  out  that,  when 
the  Pareto  formula  is  known  to  be  applicable,  its  parameter  a [a]  is  a much  more  easily  and  quickly  found 
measure  than  the  simple  mean  deviation. 

Note:  The  median  with  respect  to  the  amount  of  income  is  the  value  which  later  came  to  be  called  the 
medial  [see  March  ( 1930)],  while  the  median  with  respect  to  the  number  of  taxpayers  (income  earners)  is 
the  usual  median. 

References:  Pareto  ( 1897),  Persons  ( 1909). 

Citations:  Gumbel  (1927),  von  Bortkiewicz  (1931),  Bresciani-Turroni  (1939). 

* Amoroso,  Luigi  ( 1925).  Ricerche  intorno  alia  curva  dei  redditi.  Annali  di  Matematica  Pura  ed  Applicata 
(Bolognai  4 (2),  123-155.  (JFM  51.  405-406). 
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Summary:  The  author  discusses  Pareto’s  law  for  the  distribution  of  income  [see  Pareto  ( 1897))  and  the 
Lorenz  curve  of  concentration  |see  Lorenz  ( 1905)].  He  proposes  a generalization  of  Pareto’s  distribution  of 
income  given  by  y = c e **  h''  * < x — h ),,,-s>''s  (h<x<  =>c;  c,  h,  y,  p essentially  positive  constants),  which  he 
rewrites  in  the  form  logy  = a + >3  log  ( x — h ) - y (x-h)e,  where  a = logc, /3  = (p-s)/sand  e = 1/s.  Fors  = 1, 
this  distribution  reduces  to  the  Pearson  type  III,  and  closely  resembles  Pareto’s  second  approximation; 
for  s = — 1,  it  reduces  to  the  Pearson  type  V.  The  number  of  incomes  n and  their  arithmetic  mean  m are 
given  by  n = / ^y  dx  = c • |s|  • I'<pi/ypand  m = h + r<p+s)/yT<pi.  The  modal  value  of  x is  v = h + [(p-s)/y]s 
if  p — s>0:  otherwise,  the  frequency  curve  is  monotone  decreasing.  The  degree  of  skewness  (schiaccia- 
mentoi  increases  with  increase  in  (v-hl/<m-h)  = (p-slTfpl/Fip+s)  or  in  A=(p-s)  [ ft p */f< p — s» | 1 s.  When 
P~s  > 0,  |A|<1,  but  when  p-s  < 0,  A can  take  any  negative  value,  however  large.  The  author  therefore 
calculates  q = 1 - 2A,  which  has  sign  opposite  to  that  of  A and  decreases  as  A increases,  varying  from  + 1 
to  - 1 . He  calls  q the  determinant  of  the  curve.  The  Lorenz  curve  is  contained  in  the  triangle  OAB  with 
vertices  O )0,0),  A ( 1,0)  and  B ( 1,1).  The  line  OB  is  called  the  line  of  equidistribution . The  area  contained 
between  the  Lorenz  curve  and  the  line  of  equidistribution  is  called  the  area  of  concentration  and  the  ratio 
r of  that  area  to  the  area  1 1/2)  of  triangle  OAB  is  called  the  ratio  of  concentration  [Gini  ( 1914a)].  Let  S be 
the  area  of  the  portion  of  triangle  OAB  outside  the  area  of  concentration.  Then  r = 1 -2S,  so  that,  as  S 
varies  from  0 to  1/2,  r varies  from  1 to  0,  and  either  r or  S can  be  used  as  a measure  of  concentration  of 
income.  For  Amoroso’s  distribution,  r = [(m-h)/m]{l -2H(p,s)},  where  H(p,s)  = [l/rip)r(p+s)]  Jo 
e_xxp_1dx  /»  e~*  tp+s"'dt.  The  author  proves  the  recurrence  formula  H(p,s)=H(p,s-l ) -D2p+s-  l)/22p+s~' 
riplHp+s),  where  H(p,0)  = 1/2.  He  uses  this  result  to  find  H(p,s)  and,  from  it,  r for  the  special  cases  s = 
+ 1 (Pearson  type  III)  and  s = -1  (Pearson  type  V). 

Reference:  Gini  (1914a). 

Citations:  Gini  (1926),  Gumbel  (1928),  d’Addario  (1930,  1931,  1932),  Gini  (1932),  Pietra  (1932a), 
Castellano  < 1933a,  1935),  Pietra  1 1935a),  d’Addario  < 1936),  Gini  < 1936),  Bresciani-Turroni  ( 1939),  Gini 
(1939),  Davis  (1941). 

* Archibald,  R.  C.  (1925).  Benjamin  Peirce.  V.  Biographical  sketch.  American  Mathematical  Monthly  32, 
8-30. 

Summary:  On  page  13  the  author  writes:  "In  order  to  bring  out  more  clearly  the  place  Peirce  occupies  in 
the  development  of  American  mathematics  it  seems  desirable  to  comment  ...  on  four  of  the  subjects 
which  he  discussed  in  a notable  manner:  1.  criterion  for  the  rejection  of  doubtful  observations;  . . . (the 
other  three  are  not  relevant  to  the  present  study].  1.  'Peirce’s  criterion,’  as  the  term  has  appeared  in 
scientific  literature,  had  as  its  object  the  solution  of  a delicate  and  practically  important  problem  of 
probability;  this  problem  is:  ’Being  given  certain  observations  of  which  the  greater  part  is  to  be  regarded 
as  normal  and  subject  to  the  ordinary  law  of  error  adopted  in  the  method  of  least  squares,  while  a smaller 
unknown  portion  is  abnormal,  and  subject  to  some  obscure  source  of  error,  to  ascertain  the  most  probable 
hypothesis  as  to  the  partition  of  the  observations  into  normal  and  abnormal.’  This  criterion  has  been 
regarded  as  one  of  Peirce’s  best  contributions  to  science. . . . The  excessive  brevity  of  Peirce’s  statement 
concerning  the  criterion,  when  it  appeared  in  1852,  resulted  in  frequent  misunderstandings.  The  tables 
which  Gould  published  three  years  later  facilitated  its  application.  But  it  was  not  until  1878  that  Peirce 
somewhat  remedied  his  original  statement  by  giving  fuller  explanations.  In  1920,  however.  R.  M. 
Stewart  proved  the  statement  fallacious.” 

References:  Peirce  ( 1852),  Gould  ( 1855),  Airy  ( 1856),  Winlock  ( 1856),  Chauvenet  ( 1863),  Stone  1 1868), 
Glaisher  ( 1873),  Stone  ( 1873b),  Glaisher  ( 1874),  Stone  ( 1874),  Peirce  ( 1878),  Stewart  ( 1920a),  Coolidge 
(1925). 

Citation:  Rider  (1933). 
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Bottema,  O.  (1925).  Over  de  toevallige  verdeeling  van  een  lijnsegment.  A/ieutc  Arc hief  voor  Wiskunde  (2) 
15,  22-27.  (JFM  51,  400). 


Summary:  A line  segment  of  unit  length  is  divided  into  n parts  by  ( n - 1 ) points  chosen  at  random.  Let  y, 
be  the  length  of  the  i,h  longest  of  the  n parts  (i  = 1,  2, . . . , n).  Then  the  mean  value  of  y,  is  y,  = 
(l/n)[l/n  + l/(n-l>  + . . . + 1/i],  an  expression  given  by  Mantel  (1915).  The  mean  value  of  the  mlh  power  of 
y,  is  given  by  y,m  = [m!(n-l)!/  (m  + n-1)!)  2{l/[ne‘(n-l)£'2 . . . i<’n_'+l]},  where  the  summation  is  over  all 
sets  of  values  of  the  ek’s  (k=  1,2,  . . . ,n-i  + l)  such  that  e,  + e2  + . . . + en_1+1  = m.  As  a special  case,  we 
have  y,2  = [l/n(n  + l)l  {l/n2  + l/(n  — l)2  + . . . + 1/i2  + [1/n  + l/( n — 1 ) + . . . + 1/i]2}.  It  follows  that  the 
variance  of y,  is  given  by  vary,  = y7  - y,2  = [l/n(n  + l)]  {l/n2+  l/(n-l)2  + . . . + 1/i2  - (l/n)[l/n  + l/(n-l) 
+ . . . + 1/i]2}.  Similarly,  the  mean  value  of  the  product  of  y,  and  yt  (where  i<j,  so  that  y^yp  is  given  by 
yy>[J/n(n  + l)]{l/n2  + l/(n-l)2  + . . . + 1/j2  + [1/n  + l/(  n — 1)  + . , . + 1/i]  [l/n  + l/(n-l ) -t-  . , . + 1/j]}.  It 
follows  that  the  correlation  between  y,  and  y,  is  given  by  r„  = [y,y,-  y,-  y,]/\/var  y,  • var  y.  = -f  1/n2  + 
l/(n-l)2  + . . . + 1/j2  - ( l/n)[l/n  + l/( n — 1 ) + . . . + 1/i]  [1/n  + l/( n - 1 ) + . . . + 1/j]}/ {1/n2  +l/(n-l)2  + . . . 
+ 1/i2- (l/n)[l/n  + l/( n — 1 ) + . . . + 1/i]2}1'2  {1/n2  + l/(n-l)2  + . . . + 1/j2- ( 1/n)  [1/n  + l/(n-l>  + . . . + 

l/j]2>12- 

Reference:  Mantel  (1915). 

* Coolidge,  Julian  Lowell  ( 1925).  An  Introduction  to  Mathematical  Probability.  Oxford  University  Press, 
Oxford-New  York.  (JFM  51,  380).  Reprinted  1962  by  Dover  Publications,  Inc.,  New  York.  German 
edition,  B.  G.  Teubner,  Leipzig,  1927.  (JFM  53,  491-492). 

Summary:  Portions  of  Chapter  VII  (pp.  101-129)  on  "Errors  of  Observation”  are  relevant  to  our  subject. 
Section  1 ( pp.  101-1 13)  of  this  chapter  deals  with  determination  of  the  "best  value”.  On  pp.  112-113the 
author  defines  the  median  as  "the  middle  term  in  order  of  magnitude  of  an  odd  number  of  terms  and  the 
average  of  the  middle  terms  of  an  even  number  of  terms.”  He  states  the  following  theorem,  which  he 
attributes  to  Fechner  ( 1874):  "The  sum  of  the  numerical  values  of  the  divergences  of  a number  from  a 
given  series  of  numbers  will  be  a minimum  if  the  number  in  question  be  the  median.”  Section  2 
(pp.  113-124)  deals  with  the  Gaussian  law  of  error,  for  which  the  author  gives  essentially  Gauss’  first 
deduction  [Gauss  (1809)],  with  passing  mention  of  that  of  Hagen  ( 1837 ) based  on  the  composition  of 
elementary  errors.  Section  3 (pp.  125-129)  is  devoted  to  doubtful  observations.  The  author  reviews  the 
contributions  of  a number  of  authors,  including  Bertrand,  Peirce,  Airy,  Winlock,  Stewart,  Chauvenet, 
Stone,  and  Glaisher  (see  references  belowi.  Apparently  [see  Rider  ( 1933),  p.  10]  the  author  would  agree 
with  the  criticism  of  Stone’s  criterion  offered  by  Edgeworth  ( 1887a),  whom  he  does  not  mention. 

References:  Gauss!  1809),  Hagen  ( 1837),  Peirce ( 1852),  Airy  ( 1856),  Winlock  ( 1856), Chauvenet  ( 1863), 
Stone  ( 1868),  Glaisher  ( 1873),  Stone  ( 1873b),  Fechner  ( 1874),  Glaisher  ( 1874),  Stone  ( 1874),  Bertrand 
( 1889),  Poincare  ( 1896),  Czuber  ( 1899,  1903),  Stewart  ( 1920a),  Keynes  ( 1921). 

Citations:  Archibald  ( 1925),  Shewhart  ( 1931 ),  Rider  ( 1933),  Eyraud  ( 1935),  Gumhel  1 1935-36).  Bruen 
( 1938),  Simon  ( 1941 ). 

* Goedseels,  E.  1 1925).  Expose  Rigoreux  de  la  Methode  des  Moindres  Carres.  Ceuterick,  Louvain.  Review 
by  L.  Alliaume,  Revue  des  Questions  Scientifiques  (4)  8,  527-528.  (JFM  51,  397).  Abstract.  Coniptes 
Rendus  de  l Association  Francaise  pour  I'Avancement  des  Sciences  (Grenoble,  1925),  146-147.  Supple- 
ment, Annales  de  la  Societe  Scientifique  de  Bruxelles  45  (1926),  (1),  242-245.  (JFM  52,  524). 

Summary:  This  brochure  was  published  in  lieu  of  a fifth  edition  of  the  author’s  book  (Goedseels  ( 1909)]. 
It  contains  two  parts,  a new  exposition  of  the  method  of  least  squares  (Chapter  l-III)  and  an  adaptation  of 
this  method  (Chapter  IV)  to  the  problem  forming  the  object  of  Cauchy’s  method.  In  the  first  part,  the 
author  considers  n equations  in  three  unknowns  x.  y,  z:  a,x  + b,v  + c,z  = m,  + r,  (i  = 1,  2 n). 
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The  quantities  rj  are  the  errors  affecting  the  equations,  which  evidently  have  finite  upper  bounds.  The 
author  denotes  by  M any  upper  bound  whatever  of  the  errors  r„  remarking  that  in  practice  one  tries  to 
give  M as  small  a value  as  possible.  He  denotes  by  X,  Y and  Z the  solutions  of  the  least-squares  normal 
equations,  and  by  R,  the  corresponding  values  of  r,.  Finally,  he  denotes  by  R the  root-mean-square  error. 
Two  new  notions,  the  quadratic  approximation  (see  Note)  and  the  indicating  hyperbola,  allow  him  to 
treat  the  method  of  least  squares  rigorously.  He  distinguishes  three  cases:  R = M,  R < M and  R > M.  In 
the  case  R = M,  which  he  considers  the  most  interesting,  he  shows  that  the  least-squares  solutions  X,  Y, 
Z are  the  exact  values  of  the  unknowns.  In  the  case  R < M,  which  is  the  usual  case,  he  shows  that  the 
least-squares  solutions  are  the  most  approximative  (quadratically ) of  the  unknowns  and  have  approxi- 
mations of  the  form  Q\/M2  - ft2  where  Q is  a value  given  in  the  supplement.  Finally,  he  shows  that  the 
case  R > M is  absurd,  occurring  when  observers  attribute  to  their  observations  a degree  of  precision 
which  they  do  not  have.  He  states  that  one  usually  thinks  that  conditional  equations  are  better  the  closer 
R is  to  zero,  but  that  his  work  establishes  that  they  are  better  the  closer  R is,  not  to  zero,  but  to  M.  In  the 
supplement,  the  author  proves  the  following  theorem:  When  one  introduces  one  or  more  new  items 
( unknowns)  into  the  conditional  equations,  and  lets  all  the  old  terms  remain,  the  new  root-mean-square 
error  R2  is  less  than  R,,  the  old  root-mean-square  error.  He  gives  further  discussion  of  the  indicating 
hyperbola,  of  which  the  ordinates  of  the  upper  branch  are  the  upper  bounds  of  x (or  y or  z)  and  the 
ordinates  of  the  lower  branch  are  the  lower  bounds.  In  the  case  R = M,  the  indicating  hyperbola  has  an 
asymptote  parallel  to  the  axis  with  ordinate  equal  to  X.  In  the  case  R < M,  it  has  two  branches  with 
ordinates  X + QVM2  — R2  and  X - QVM2-  R2.  The  most  approximative  value  (quadratically)  is  X and 
the  quadratic  approximation  is  Q\M2-R2.  In  the  absurd  case  R > M,  the  ordinates  of  the  two  branches 
of  the  indicating  hyperbola  vary  from  -*  to  +*. 

Note:  According  to  the  review  by  Alliaume,  the  author  developed  the  quadratic  approximation  because 
practitioners  found  the  calculations  required  by  the  most  approximative  method  (or  the  method  of 
minimum  approximation,  as  the  case  may  be)  too  laborious. 

Reference:  Goedseels  (1909)  [1914). 

Citation:  Alliaume  (1927a). 

* Irwin,  J.  O.  ( 1925a ).  The  further  theory  of  Francis  Galton’s  individual  difference  problem.  Biometrika  1 7, 
100-128.  (JFM  51,  391-392). 

Summary:  Assuming  a normal  distribution  of  the  underlying  population,  the  author  finds  the  mean 
difference  between  the  plh  and  q'h  individuals  in  order  of  magnitude  (from  largest  to  smallest)  of  a sample 
of  size  n to  be  Mean  (xp-  xq)  = Mean  xp-  Mean  xq  = JTX  {I„  (n-q  + l,q)  - Ia  (n-p  + l,p)}dx,  where  Ix(r,s) 
is  the  incomplete  Beta-function  ratio.  The  r,h  moment  about  the  origin  of  the  frequency  distribution  of 
differences  between  the  p,h  and  ip  + l),h  individuals,  where  a = <f>( u)  du,  a'  = /_*  d>(u)du,  d>( u)  = 

e"u'2/\27r,  is  found  to  be  p.r'=  {|rir-l)n!]/[(n-p)l  p!||  /**  /_*  ( 1 -a)p  ( 1 -a')n"p  (x -y)r‘- dx  dy.  A 
complicated  expression  for  the  actual  frequency  distribution  of  the  difference  is  obtained.  A useful 
approximation  is  obtained  for  the  frequency  distributions  of  differences  between  the  first  and  second  and 
between  the  second  and  third  individuals  in  order  of  magnitude,  it  being  shown  that  these  distributions 
are  closely  represented  by  J-shaped  curves  of  the  form  y = y„  exp  {- Vi  [(x  + h)2  - h2 )/  s2 }-.  Values  ofy0,  h 
and  s (X  in  the  author’s  notation)  are  tabulated  for  p = 1,2  and  n = 3,10,50,100,500,1000;  also  p = 1.  n = 2 
and  p = 2,  n = 1200,  use  being  made  of  the  incomplete  normal  moment  function  / (1  \ 2n-)e  x'-xrdx, 

where  h'  = h/s. 

References:  Galton  < 1902),  Pearson  (1902). 

Citations:  Irwin  ( t925b),  Pearson  ( 1925),  Tippett  ( 1925),  Pearson  ( 1926).  Rider  ( 1933),  Sastry  ( 1935), 
Thompson  ( 1 935 ).  Cramer  ( 1946 ),  Kendall  (1946).  Wilks  (1948),  Godwin  ( 1949a, b). 
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* Irwin,  J.  O.  (1925b).  On  a criterion  for  the  rejection  of  outlying  observations.  Biometrika  17,  238-250. 
(JFM  51,  398). 

Summary:  The  author  proposes  a criterion  based  on  the  frequency  distribution  of  the  differences 
between  the  p,hand  (p  + l),h  individuals  in  order  of  magnitude  in  a random  sample  of  size  n from  a normal 
population.  Using  the  approximation  he  developed  in  an  earlier  paper  [Irwin  ( 1925a)],  he  calculates  the 
probabilities  that  the  differences  between  the  first  and  second  and  between  the  second  and  third 
individuals  should  be  greater  than  A times  the  standard  deviation  of  the  sampled  population.  If  these 
probabilities  become  too  small,  he  advocates  rejecting  the  first  (the  last)  or  the  first  two  (the  last  two) 
individuals  as  not  belonging  to  the  same  homogeneous  group  as  the  remainder,  so  that  a table  of  this 
probability  for  varying  values  of  A provides  a criterion  for  the  rejection  of  outlying  observations.  If  <r  is 
the  standard  deviation  of  the  sampled  population  and  P(A)  is  the  probability  that  a difference  will  be 
greater  than  Atr,  the  author  shows  that  P(  A)  = / £■+*■  e~lV2  dt/  J9.  e~|2'2dt,  where  h = h s,  Aa  = A's  and  h 
and  s are  tabulated  in  the  earlier  paper  [Irwin  ( 1925a)]  for  various  values  of  n and  p = 1,2.  He  tabulates 
Pp(A),  the  probability  that  the  difference  between  the  p,h  and  (p  + l),h  individuals  in  order  of  magnitude 
exceeds  Act,  for  p = 1,2;  n = 2 [for  p = 1 only],  3,10(10)1001 100)1000;  A = .1(.  1)5.0.  On  page  240  he  states: 
"It  is  a matter  of  opinion,  which  the  mathematician  cannot  settle,  how  small  P(A)  must  be  before  it  is 
justifiable  to  reject  the  observation,  but  about  .05  seems  reasonable  while  .01  is  perhaps  on  the  side  of 
caution.”  In  deciding  whether  to  reject  one  observation  one  uses  Table  II  [P,(A)],  and  if  there  are  two 
outlying  observations  rather  close  together  and  then  a large  gap,  one  uses  Table  III  [P2(  A)]  in  deciding 
whether  to  reject  both.  The  author  works  out  three  numerical  examples  in  which  he  compares  the 
performance  of  his  criterion  with  that  of  the  criteria  of  Peirce  (1852)  and  Chauvenet  (1863). 

References:  Airy  (1856),  Chauvenet  (1863),  Pearson  (1902),  Irwin  (1925a). 

Citations:  Student  (1927),  Pearson  (1931),  Rider  (1933),  McKay  (1935),  Thompson  (1935),  Kendall 
(1946),  Nair  (1948b). 

* Levy,  Paul  (1925).  Calcul  des  Probabilities.  Gauthier-Villars,  Paris.  (JFM  51,  380). 

Summary:  Part  2,  beginning  on  page  135,  deals  with  the  mathematical  theory  of  probability.  Chapter 
VII  ipp.  278-294)  treats  the  theory  of  errors.  Of  particular  interest  is  Section  64  (pp.  285-288),  which  is 
concerned  with  the  determination  of  parameters  of  precision.  On  page  286,  the  author  states:  "The 
parameter  of  precision  is  a quantity  which  it  is  useful  to  know  approximately,  and  simple  and  nearly 

correct  formulas  are  the  best.  The  simplest  procedure,  given  n approximate  values  x„  x2 xn  of  the 

same  quantity  X,  consists  of  discarding  the  25'7r  of  the  values  which  are  the  largest,  and  the  smallest  in 
the  same  proportion.  The  length  of  the  interval  containing  the  values  retained  should  be  approximately 
equal  to  a [a  = o-x/2,  where  cr  is  the  standard  deviation  ],  or  more  exactly  to  0.95a,  twice  the  probable  error 
of  artillerymen,  for  the  law  of  Gauss.  One  then  deduces  a.  If  for  example  n 12,  one  discards  on  the  one 
hand  the  smallest  values  x,,  x2,  x;„  on  the  other  hand  the  largest  x,,„  xM.  x,2.  The  interval  containing  the 
values  retained  is  x9-x4.  It  is  evidently  preferable  to  take  as  extremities!  4 this  interval  (x,  + x4)  2 and  ( xs 
+ x10/2,  and  to  define  a by  the  formula  (x„  + x„()/2  - (x:,  + x,)  2 = 0.95a.  If  n = 10,  one  is  led  similarly  to 
write  x„  - xs  = 0.95a.  One  can  also  discard  the  extreme  values  in  a different  proportion."  (Compiler’s 
translation.)  Section  66  (pp.  291-293)  deals  with  the  method  of  least  squares:  the  author  does  not  present 
any  alternative  methods. 

Comments:  The  reader  will  note  that  the  author  gives  two  methods  of  determining  the  quartiles  (and 
from  them  the  interquartile  range  and  the  semi-interquartile  range  or  quartile  deviation).  Later  |see 
comments  on  the  paper  by  Hojo  ( 1931)]  we  shall  present  reasons  for  preferring  a third  method. 

Citations:  Frechet  (1927),  Cramer  (1928),  Levy  (1929),  d’Addario’  ( 1931 1,  de  Finetti  (1932),  Cantelli 
( 1933),  de  Finetti  1 1933),  Nevman  ( 1937b),  Kendall  ( 1943),  Cramer  1 1946).  Kendall  ( 1946i. 
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Pearson,  Karl  ( 1925).  On  the  multiple  correlation  of  brothers,  being  a note  on  Mr,  J.  O.  Irwin’s  memoir, 
and  on  my  statement  of  the  application  of  Galton’s  difference  problem  to  the  determination  of  the  degree 
of  relationship  of  brothers,  made  in  August  1902.  Biornetrika  17,  129-141.  (JFM  51,  412). 


* 


Summary:  The  author  corrects  a misinterpretation  by  Irwin  ( 1925a)  of  a statement  made  by  the  author 
in  an  earlier  paper  [Pearson  ( 1902)]  concerning  the  application  of  the  difference  problem  of  Galton  ( 1902 ) 
to  the  determination  of  the  degree  of  relationship  of  brothers.  He  makes  use  of  the  theory  developed  by 
Irwin  ( 1925a)  in  the  course  of  working  out  numerical  examples  illustrating  what  he  meant  by  his  earlier 
statement  and  expanding  upon  it. 

References:  Galton  (1902),  Pearson  (1902),  Irwin  (1925a). 


* 


Pietra,  G.  ( 1925).  The  theory  of  statistical  relations  with  special  reference  to  cyclical  series.  Metron 
(3-4),  383-557.  (JFM  51,  381). 


4 


Summary:  In  the  introduction  the  author  summarizes  several  measures  of  connection,  concordance, 
and  dissimilarity,  proposed  by  Gini  in  a series  of  publications  during  the  period  1912-18,  for  seriations 
(successions  of  quantities  which  measure  the  intensity  of  a character  classified  according  to  the  inten- 
sities of  another  character)  or  series  (successions  of  quantities  which  measure  the  intensity  of  a 
character  classified  according  to  the  qualities  of  another  character  to  the  successive  modalities  of  which 
a succession  of  numbers  may  correspond).  In  Part  I the  author  deals  with  dissimilarity  between  cyclical 
series  and  in  Part  II  with  connection  and  concordance  between  cyclical  series,  thus  extending  Gini's 
results  to  the  case  of  cyclical  series.  Given  two  groups  of  n ordered  quantities  a,s*  a2^  . . . 5*ar5* 
. . . san_.r+,3*  . . . s*a„  and  b,sb23=  . . . ^ brs  . . . bn_r+,5*  . . . bn,  the  quantities  ar  and  br  are  said  to  be 
cograduate , while  the  quantities  arand  bn_r+1  (or  an_rT,  and  br)  are  said  to  b econtragraduate.  Then  sums 
of  absolute  values  or  of  squares  of  n differences  of  quantities,  one  from  each  group  (chosen  without 
repetition)  are  least  when  cograduate  quantities  are  paired  and  greatest  when  contragraduate  quan- 
tities are  paired.  That  is,  jar-  b,  is  a minimum  and  Hnr=I  |ar-bn_r+,|  is  a maximum.  Likewise 
Inr=,  (ar-br)2  is  a minimum  and  Sy=l  (ar-bn_r^,)2  is  a maximum.  The  simple  index  of  dissimilarity  is  D = 

( 1/n)  £"=I  |a(  — b,[  and  the  quadratic  index  of  dissimilarity  is  2D  = v'(  l/nlS'L,  ( a,  — b,  )2.  The  author  gives 
analogous  indices  of  dissimilarity  between  deviations  from  the  arithmetic  mean,  the  quadratic  mean  or 
the  median.  As  an  index  of  variability,  the  author  suggests  simple  or  quadratic  mean  difference  with  or 
without  repetition.  Measures  of  the  connection  or  the  concordance  between  two  characters  arranged  in  a 
bivariate  frequency  table  are  based  on  the  indices  of  dissimilarity  between  the  cell  frequencies  in  a 
column  (row)  and  the  corresponding  row  (column)  totals.  None  of  these  indices  as  such  is  applicable  to 
cyclical  series,  but  the  author  finds  analogues  which  are  applicable  in  this  case.  He  gives  several 
numerical  examples  involving  relations  between  wind  directions  and  months  or  seasons  of  the  year  or 
hours  of  the  day  and  between  months  of  birth  of  mothers  and  sons. 


References:  Gini  1 1912,  1914a, b,  1915a, b,  1916a, b,  1917,  1918). 


Citations:  Gini  ( 1926),  Gini  & Galvani  ( 1929),  de  Finetti  & Paciello  ( 1930),  de  Gloria  ( 19301,  de  Finetti 
(1931a),  Castellano  (1935),  Dodd  (1940),  Pizzetti  (1940,  1941a),  Kendall  < 1 946 1 . 

* Reilly,  Joseph;  Rae.  William  Norman;  Wheeler,  Thomas  Sherlock  ( 1925).  Physico-Chemical  Methods.  D. 
van  Nostrand,  New  York. 

Summary:  Chapter  II  <pp.  3-19),  which  deals  with  experimental  errors,  is  the  only  part  of  this  book 
which  is  relevant  to  our  subject.  The  following  statement  (p.  10 1 is  of  special  interest:  "A  number  of  rules 
have  been  suggested  for  the  rejection  of  observations.  Perhaps  the  best  of  these  is  Wright  and  Hayford’s 
[second  edition  1 1906)  of  the  book  by  Wright  1 1884)|  rule:  ’Reject  each  observation  for  which  the  residual 
exceeds  5 times  the  P.  E.  for  a single  determination.  Examine  carefully  each  observation  for  which  the 
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residual  exceeds  3.5  times  the  P.  E.  and  reject  it  if  any  of  the  accompanying  conditions  are  such  as  to 
produce  lack  of  confidence.’”  On  pp.  12-13,  the  authors  explain  the  determination  of  empirical  constants 
by  the  method  of  least  squares;  they  do  not  present  any  alternative  methods. 

Reference:  Wright  (1884)  [Wright  & Hayford  < 1906 >]. 

* Tippett,  L.  H.  C.  (1925).  On  the  extreme  individuals  and  the  range  of  samples  taken  from  a normal 
population.  Biornetrika  17,  364-387.  (JFM  51,  392). 

Summary:  The  probability  integral  of  the  largest  of  n individuals  from  a normal  population  is  given  as 
/*"  f'x)dx  = a„n  where  ap  = /*£  d>(x)dx,  and  d>(x)  = e~x2'2/  \rTn.  The  mean  (5DP),  standard  deviation 
(4DP),  and  fi,  and  fi.,  (3DP)  are  given  for  the  distribution  of  the  largest  of  n individuals  in  samples  from  a 
normal  population  for  n = 2,5,10,20,60,100,200,500,1000.  Values  of  the  extreme  variate  (4DP)  occurring 
with  limiting  probabilities  of  5#  and  Y7c  in  samples  of  size  n are  given  for  n = 10,20, 
50,100,200.500.1000.  The  mean  range  is  given  as  w=/ ' . {1 -( 1 -a)n-an}dx.  The  mlh  moment  (about  the 
mean)  of  the  range  is  given  as  nm  = S";i;(  — 1 )s  {( n — 1 )!  [(s  + l )!  ( n — 2 — s)!  ] } ( - w)m  + ( - w)m  1 I"^(  - 1 )s  {n !/ 
[(s  + ll!  (n-s-ll!]}m  / \ i l-a,n_s_l)  a,*’1  dx2+  m(m-l)  £"=o  ( -l)s  {n!/  [(s+li!  (n-s-1)!]}  f*x  /_** 
(l-a,n_s_1)  an5+1  (x,-xn-wim  - dx,  dxn.  For  even  values  of  n,  this  reduces  to  / am  = m(m-l)  J*i 
{l-a!n  -( 1 -an)n  +(«,-  an)n}(x,-xn-wim2dxi  dxn-(m-l)(  -w)m.  The  probability  integral  (7DP)  of  the 
distribution  of  the  largest  individual  in  samples  of  size  n from  a normal  population  is  tabulated  for  n = 
3,5,10:  x = -2. 6(0. 2)5. 8;  n = 20.30,50:  x = -0.1(0.1)6.0;  n = 100(100)1000:  x = 1.0(0.116.5.  The  mean 
range  (5DP)  is  tabulated  for  samples  of  size  n = 2(1)1000  and  c r (3DP),  /3,  (3DP),  and  /32  (3DP)  for  the 
distribution  of  range  are  given  for  samples  of  size  n = 2,10,20,60,100,200,500,1000.  The  author  remarks 
in  a footnote  that  little  reliance  can  be  placed  on  the  last  figure  of  the  values  for  /3,  and  /32  in  the  latter 
table.  It  turns  out  [see  Pearson  (1926)]  that  in  some  cases  the  next-to-last  figure  is  inaccurate. 

References:  Pearson  (1902,  1920),  von  Bortkiewicz  (1922a),  Dodd  (1923),  Splawa-Neyman  (1923), 
Irwin  ( 1925a). 

Citations:  Pearson  ( 1926>,  Peirce  ( 1926),  Student  ( 1927),  Fisher  & Tippett  ( 1928),  Neyman  & Pearson 
( 1928),  Pearson  & Adyanthaya  ( 1928).  Sophister  ( 1928),  Pearson  & Adyanthaya  ( 1929),  Rider  ( 1929), 
Hojo  ( 1931),  Pearson  (1931 ),  Pearson  & Pearson  ( 1931 1,  Shewhart  ( 1931 ),  Pearson  ( 1932),  Dodge  ( 1933), 
Rider  (1933),  Davies  & Pearson  (1934),  Gumbel  (1934g,  1935a,  1935-36),  Pearson  & Haines  (1935), 
Sastry  ( 1935 ),  Snedecor  (1937),  Newman  (1939),  Daniels  (1941),  Simon  (1941),  Tucker  (1941),  Beard 
1 1942),  Hartley  (1942),  Pearson  & Hartley  (1942),  Kendall  (1943),  Knudsen  (1943),  Gumbel  (1944, 
1945a),  Gurney  ( 1945),  Tucker  ( 1945a. b),  Cramer  ( 1946i.  Daly  ( 1946),  Kendall  1 1946),  Mosteller  ( 1946), 
Egudin  ( 1947 ),  Eisenhart,  Hastay  & Wallis  1 1947 ),  Elfving  ( 1947 1,  Grubbs  & Weaver  ( 1947),  Gumbel 
1 1947 ),  Gurney  ( 1947 ),  Lord  ( 1947 ),  Cox  ( 1948),  Epstein  ( 1948a),  Frankel  ( 1948),  Nair  ( 1948b),  Wilks 
( 1948),  Godwin  ( 1949b (.  Howell  ( 1949). 

* Chadwick,  W.  B.  ( 1926).  Concerning  the  probability  curves  of  n points  taken  at  random  on  a straight  line 
segment  of  constant  length.  American  Mathematical  Monthly  33,  444-449.  (JFM  52,  527). 

Summary:  Consider  n points  uniformly  and  independently  distributed  on  a straight  line  segment  of 
length  a.  which  we  may,  without  loss  of  generality,  take  to  be  the  segment  from  the  origin  to  the  point 
(a,0).  Let  Pk  be  the  k,h  from  the  left  of  the  n points.  The  author  proves  the  foil  /wing  results:  ( 1 > The 
probability  curve  of  Pk  has  a zero  of  the  ( k — 1 )th  order  at  the  origin  and  a zero  of  the  ( n-kith  order  at  the 

point  ia.0).  (2)  The  probability  curve  of  Pk  (k  = 1,2 n)  isofdegreein  - 1 ).  (3)  The  probability  curve  of  Pk 

is  given  by y = [in  an)( n - 1 ) (n - 2) . . . <n  — k-e  1 )<k  — 1 >!J(a  — x>nkxk' 1 = ina")  multiplied  bv  the  k,h  term  in 
the  binomial  expansion  [(a  - xi  + x[n  '.  (4i  The  maximum  ordinate  of  this  curve  is  the  one  corresponding 
to  the  abscissa  x = a(k  — 1)  (n  — 1)  [this  modal  value  of  x is  found  by  setting  dy  dx  = 0 and  solving  for  x]. 
Thus  the  abscissas  of  the  n points  divide  the  x-axis  from  the  origin  to  ia.0)  into  in  - 1 ) equal  parts  [with 
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one  point  at  the  origin  and  one  at  (a,0)].  (5)  The  corresponding  ordinates  are  given  by  the  equation  y = 
n(n-l)(n-2) . . . <n— k-t-l)(n  — k)n_k(k  — l)k_,/a(k  — l)!(n  — l)n_1.  (6)  The  n maximum  points  lie  on  the  curve 
y = (a-xi  m-ma-xia  (a -z),n-‘,,a-x,/a  z,n~I>x/adz,  which  is  continuous  for  -a/(n-l)<x<na/(n-l), 

and  they  are  symmetric  with  respect  to  the  line  x = a/2.  (7)  Each  one  of  the  n probability  curves  intersects 
every  other  one  once  and  only  once  in  the  region  under  consideration,  except  for  intersections  at  the 
origin  and  at  (a,0).  The  author  works  out  a numerical  example  ( n =5 ) for  which  he  determines  the 
probability  curves,  their  maximum  points,  the  curve  on  which  the  maximum  points  lie,  and  the  points  of 
intersection  of  the  probability  curves. 

* Estienne,  J.  E.  (1926-27).  Introduction  a une  theorie  rationnelle  des  erreurs  d’observation.  Revue 
d’Artillerie  97  (1926),  421-441;  98  (1926),  542-562;  100  (1927),  471-487. 

Summary:  The  author  proposes  replacing  the  classical  theory  of  errors  of  observation  based  on  the 
arithmetic  mean  and  the  method  of  least  squares  by  what  he  calls  a rational  theory  based  on  the  median 
and  the  method  of  least  (absolute)  first  powers,  which  he  derives  from  the  notion  that,  for  a conscientious 
observer,  every  measurement  has  the  same  subjective  probability  1/2  of  being  too  large  as  of  being  too 
small.  He  states  (p.  439  of  the  first  installment);  "When  one  wishes  to  characterize  by  a single  number  a 
quantity  G,  constant  or  variable,  following  discordant  measurements,  of  which  each  one  inspires  a priori 
the  same  confidence,  the  choice  of  the  median  m is  imperative.  If  G is  constant,  the  choice  is  imperative 
because  m is  the  most  probable  value  of  G.  If  G has  varied  during  the  course  of  the  operations,  the  same 
choice  is  again  imperative  for  the  reasons  . . . : ( 1 ) The  number  m is  probably  closer  than  any  other  one  of 
the  measurements  taken  at  random;  ( 2 ) The  sum  S of  the  absolute  deviations  of  the  measurements  from  a 
number  a is  a minimum  when  a = m;  (3)  The  median  value  always  corresponds  to  the  same  state  of  the 
quantity,  whatever  be  the  characteristic  x or  d>(x)  adopted  to  estimate  this  quantity.”  (Compiler’s 
translation).  Interestingly  enough,  the  author  does  not  take  the  next  logical  step  and  propose  replacing 
the  Gaussian  law  of  error  by  Laplace’s  first  law  of  error.  Instead,  he  insists  that  his  so-called  rational 
theory  is  consistent  with  any  one  of  a whole  family  of  error  laws,  including  the  Gaussian  law,  which  may 
be  used  to  approximate  the  unknown  true  law.  He  continues  (p.  439):  "If  one  wishes  to  deduce  approxi- 
mately the  subjective  probability  c to  attribute  to  the  statement  that  the  median  m of  n measurements  of 
a quantity  presumed  constant  differs  by  less  than  « from  the  median  M which  results  from  a large 
number  of  observations  made  under  similar  conditions,  one  can  generally  apply  the  classical  formula  c = 
0(he),  h being  given  by  the  formulal/hv/7r=S/n.”  He  also  proposes  to  treat  the  case  of  systematic  errors, 
which  Gauss  ( 1823)  specifically  excluded  from  his  treatment,  by  taking  the  median  of  the  medians  of 
repeated  measurements  under  each  of  several  conditions.  In  the  second  installment,  he  proposes  a 
method  of  combining  m linear  equations  in  n unknowns  (2n>m>n)  based  on  his  rational  theory.  Even 
when  the  restriction  m<2n  is  satisfied,  his  method  does  not  appear  to  be  practical.  In  the  third 
installment,  he  insists  that  the  importance  of  an  error,  at  least  in  many  cases,  is  proportional  to  its 
absolute  value  and  not  to  its  square  as  postulated  by  Gauss  ( 1823);  that,  however  numerous  be  a set  of 
measurements  taken  to  the  nearest  unit,  they  cannot  provide  well  founded  reasons  to  adopt  a value 
stated  to  a fraction  of  that  unit;  that  the  accuracy  of  a set  of  measurements  cannot  he  judged  by  their 
consistency,  since  there  may  be  systematic  errors;  and,  finally,  that  time  and  money  are  better  spent  in 
perfecting  measuring  instruments  so  as  to  obtain  more  accurate  observations  than  in  increasing  the 
number  of  observations. 

References:  Gauss  ( 1809.  1823),  Estienne  ( 1890). 

Citation:  Estienne  (1927). 

* Gini.  Corrado  ( 1926).  Contributions  of  Italy  to  modern  statistical  methods.  Journal  of  the  Royal  Statisti- 
cal Society  89,  703-724.  (JFM  52,  39). 

Summary:  Among  the  contributions  mentioned  are  those  of  the  author  [Gini  ( 1912,  1914a  (]  on  the  mean 
difference  and  its  relation  to  the  mean  deviation  from  the  arithmetic  mean  or  from  the  median, 
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concerning  which  he  writes  (p.  711):  "Statisticians  had  already  taken  from  the  physical  and  astronomi- 
cal sciences  the  concept  of  deviations  from  an  average  in  order  to  measure  the  variability  of  the 
characters.  The  method  answers  well  when  the  average  represents  a really  existing  objective  value,  from 
which  the  measurements  furnished  by  observation  diverge  owing  to  accidental  errors,  or  at  least  when  it 
represents  a typical  value,  as  in  the  Gaussian  distribution.  Butin  many  other  cases,  as  in  the  series  of  the 
prices  of  a commodity  at  different  times  or  in  different  places,  the  average  from  which  the  deviations  are 
taken  has  not  such  a meaning,  and  the  problem  of  the  measurement  of  variability  does  not  consist 
therefore  in  determining  how  much  the  different  measurements  differ  from  an  average,  but  how  much 
the  different  magnitudes  differ  among  themselves.  Therefore,  the  notion  of  the  mean  of  all  possible 
differences  was  introduced  and  has  already  been  used  by  several  authors  in  the  field  of  economic  and 
demographic  phenomena.”  The  author  also  reviews  the  work  of  Italian  statisticians  on  indices  of 
concentration  [Gini  ( 1909,  1910,  1912,  1914a),  Savorgnan  ( 1915),  Ricci  ( 1916),  Amoroso  ( 1925)],  indices 
of  dissimilarity  [Gini  (1914b),  Pietra  (1925)],  relations  between  cograduate  quantities  [Gini  (1914b, 
1917)],  and  measures  of  concordance  and  discordance  [Gini  (1915a,b,  1916a, b)]. 

References:  Pareto  ( 1897),  Gini  ( 1909,  1910,  1912,  1914a, b,  1915a,b),  Pietra  ( 1915),  Savorgnan  ( 1915), 
Gini  (1916a, b),  Ricci  (1916),  Gini  (1917),  Amoroso  (1925),  Pietra  (1925). 

Citations:  Gini  & Galvani  ( 1929),  von  Bortkiewicz  ( 1931 ),  Castellano  ( 1935),  Gini  ( 1936),  Davis ( 1941 ). 

* Jarvis,  C.  S.  ( 1926).  Flood  flow  characteristics.  Transactions  of  the  American  Society  of  Civil  Engineers 
89,  985-1032;  discussion,  1033-1104. 

Summary:  The  paper  itself  is  not  directly  relevant  to  a study  of  order  statistics,  but  parts  of  the 
discussion  are  relevant,  especially  the  comments  by  E.  W.  Lane,  Weston  E.  Fuller,  and  Robert  E.  Horton. 
Lane  points  out  that  the  many  factors  which  combine  to  cause  floods  may  be  divided  into  two  groups:  ( 1 ) 
Those  depending  on  the  physiography  of  the  basin  in  question;  and  (2)  those  depending  on  the  weather. 
Jarvis  considers  only  the  former,  which  are  constant  for  a given  point  on  a given  stream,  but  Lane  insists 
that  one  must  also  take  account,  as  Fuller  ( 1914)  has  done,  of  the  latter,  which  are  variable,  but  follow 
some  probability  law.  Lane  proposes  an  equation  of  the  form  Q = K(  log  I +B),  where  Q is  the  discharge,  in 
second-feet  per  square  mile,  which  would  be  equalled  or  exceeded  on  the  average  once  in  I years,  K is  a 
constant  for  the  station  in  question;  and  B is  a constant  for  all  the  streams  in  a given  area.  If  one  denotes 
by  Qi  the  magnitude  of  a flood  with  an  average  interval  of  one  year  (the  "one-year  flood”),  then  Q,  = KB 
or  K = Q,/B,  so  that  Q = ( Q,/B )( log  I+B)  = Q,[l+(  1/B)  log  I],  which  is  of  the  same  form  as  the  Fuller 
formula:  Q = CA08  (1+0.8  log  T).  Lane  states  that  his  method  is  almost  identical  with  that  used  by 
Horton  in  his  contribution  to  the  discussion  of  the  paper  by  Fuller  ( 1914),  but  differs  from  it  in  that  Lane 
takes  into  account  not  only  the  largest  flood  in  each  year,  but  all  floods  on  the  stream,  which  he  considers 
to  be  an  improvement.  Lane  holds  that  the  average  interval  I between  floods  of  a given  magnitude 
(return  period)  is  more  meaningful  that  the  interval  1/2  (used  by  Fuller)  for  which  the  chances  of  such  a 
flood  occurring  or  not  occurring  are  equal,  but  Fuller  disagrees.  This  disagreement  affects  also  the  choice 
of  plotting  positions  on  probability  paper.  Horton  insists  that  there  is  a finite  upper  limit  onthe  size  of  a 
flood,  so  that  one  should  use  a formula  such  as  the  one  he  developed  in  an  earlier  paper  |Horton  ( 1924)], 
which  reflects  this  fact,  rather  than  the  Fuller  or  Lane  formulas,  which  do  not. 

References:  Fuller  ( 1914),  Horton  ( 1924). 

Citations:  Foster  ( 1936),  Saville  ( 1936),  Gumbel  ( 1941a). 


* Pearson,  Egon  S.  ( 1926).  A further  note  on  the  distribution  of  range  in  samples  taken  from  a normal 
population.  Biometrika  18,  173-194.  (JFM  52,  531). 
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Summary:  The  author  applies  geometric  methods  to  extend  the  work  of  Tippett  ( 1925).  For  n = 2(  1)6,  he 
tabulates  the  following  momental  constants  of  the  distribution  of  the  largest  value  u and  the  smallest 
value  v in  a random  sample  of  size  n from  a standard  normal  population  [N(  0,1)]:  Mean,  o\  /n2,  M3.  P*  (6DP) 
and  /3,,  (3-,  (4DPi  for  the  marginal  distribution  of  u;  Cross-products  pn,p,2,  Pi3,  P22  and  correlation 
coefficient  r (all  to  6DP).  For  the  range  w=u-v,  he  tabulates  the  mean  (5DP),  standard  deviation,  /3,  and 
/3,  (all  to  4DP)  for  n = 2(  1)6  and  the  mean  (5DP),  standard  deviation  and  /3,  (3DP),  and  p.,  (2DP)  for  n = 
10,20,60,100,200,500,1000.  Also  included  are  graphs  from  which  values  of  these  moment  constants  can 
be  read  approximately  for  other  values  of  n and  a note  on  the  relation  between  wn  = mean  range  and  Xn  i) 
= mean  difference  between  plh  and  (p  + l)lh  order  statistics  of  a sample  of  size  n. 

References:  Irwin  (1925a),  Tippett  (1925). 

Citations:  Student  ( 1927),  Neyman  & Pearson  ( 1928),  Pearson  & Adyanthaya  ( 1928),  Sophister  ( 1928), 
Hojo  il931),  K.  Pearson  (1931),  E.  S.  Pearson  (1932),  Jeffreys  (1938).  Newman  (1939),  Simon  (1941), 
Hartley  ( 1942),  Pearson  & Hartley  ( 1942),  Kendall  ( 1943,  1946),  Egudin  ( 1947),  Elfving  ( 1947),  Gumbel 
(1947),  Lord  (1947),  Nair  (1947),  Cox  (1948,  1949),  Godwin  (1949b),  Gumbel  (1949). 

* Peirce,  Frederick  Thomas  ( 1926).  Tensile  strength  for  cotton  yarns  v. — "The  weakest  link”— theorems 
on  the  strength  of  long  and  of  composite  specimens.  Journal  of  the  Textile  Institute  17,  T355-T368. 

Summary:  Epstein  (1948a),  pp.  140-141,  has  given  the  following  excellent  summary:  "As  far  as  is 
known  to  the  present  author,  the  first  worker  to  realize  the  close  connection  between  the  strength  of  a 
specimen  and  the  distribution  of  smallest  values  was  F.  T.  Peirce  [( 1926 ) I of  the  British  Cotton  Industry 
Research  Association.  To  use  his  own  words:  It  is  a truism,  of  which  the  mathematical  implications  are 
of  no  little  interest,  that  the  strength  of  a chain  is  that  of  its  weakest  link.'  This  sentence  states  in 
compact  form  the  essence  of  the  assumed  model.  Peirce  was  led  to  this  problem  in  connection  with  some 
researches  on  the  construction  of  reliable  procedures  for  the  testing  of  yarn.  In  order  to  accomplish  this 
primary  aim  it  was  essential  to  study  the  effect  of  certain  variables  which  one  might  expect  on  a priori 
grounds  to  be  capable  of  greatly  influencing  the  results  unless  properly  controlled.  Among  the  factors 
considered  was  the  length  of  the  specimen.  It  was  observed,  for  example,  that  if  specimens  of  some  fixed 
length  ( broke  under  normally  distributed  loads,  then  specimens  of  length  nC  where  n is  an  integrer 
greater  than  one,  will  break  under  loads  whose  distribution  is  negatively  skewed  the  larger  the  value  of 
n.  | The  author  determines  the  decrease  in  the  mode  and  the  median  of  the  tensile  strength  corresponding 
to  an  n-fold  increase  in  length,  and  estimates  the  corresponding  decrease  in  the  mean  by  making  use  of 
the  fact  that  the  difference  between  the  mean  and  the  mode  is  approximately  three  times  that  between 
the  mean  and  the  median.  | Peirce  wished  to  account  for  this  phenomenon,  which  is  incidentally  a 
characteristic  of  breaking  strength  and  thus  was  led  to  the  formulation  of  his  ’chain'  model  and  to  the 
equivalent  statistical  problem.  It  is  interesting  that  the  paper  by  Peirce  was  published  at  the  time  when 
the  first  basic  statistical  researches  on  the  distribution  of  extreme  values  were  carried  out  by  the  British 
statistician.  Tippett  [( 1925)  |.  Peirce  mentions  explicitly  in  his  paper  that  the  theoretical  work  of  Tippett 
is  of  importance  in  obtaining  quantitative  results  concerning  the  distribution  of  breaking  strengths." 

Note:  Apparently  neither  Peirce  nor  Epstein  was  aware  of  the  work  of  Chaplin  (1880,  1882). 

References:  Whittaker  & Robinson  (1924),  Tippett  il925). 

Citations:  Daniels  1 1945),  Gurney  1 1945,  1947),  Gurney  & Pearson  (1947).  Epstein  ( 1 948a,b).  Epstein  & 
Brooks  (1948),  Higuchi.  Deeper  & Davis  (1948),  Peterson  1 1949b). 

Saibante.  Mario  (1926).  I profitti  delle  societa  per  azioni  e la  concentrazione  dei  capitali  industriali 
Metron  6 1 1).  165-201. 
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Summary:  The  author  defines  an  index  of  cograduation  Cab  = [S'1.,  |pai-p0i|  , |pal-phl|)/  (n2/2)  (or 
ln2  + l)/2  for  n odd],  where  pal  is  the  i,h  smallest  of  n values  of  character  A and  p^  and  pbl  are  respectively 
the  ilh  largest  and  ilh  smallest  of  the  n corresponding  values  of  character  B.  The  numerator  of  the 
expression  forCah  is  thus  the  sum  of  n absolute  differences  of  contragraduate  quantities  minus  the  sum  of 
n corresponding  absolute  differences  of  cograduate  quantities  (see  Gini  ( 1914b,  191 5a  1 1.  He  also  discus- 
ses the  ratio  of  concentration  R |see  Gini  ( 1914a)],  He  gives  two  measures  of  the  difference  between  two 
ratios  of  concentration,  R.lLand  Ra,  (expressed  as  percentages!:  D = <Ra„  - Raj )/  Rai(  100  - R.,,i  and  D'  = 
(Ra2_  Ra,!/  \ Ra,  (100  - R^),  proposed  by  Vinci  (1918)  and  by  Gini,  respectively. 

References:  Gini  (1914a),  Vinci  (1918). 

Citations:  Saibante  (1928),  Gini  (1930,  1936,  1939),  Davis  (1941). 

* Alliaume,  M.  ( 1927a).  La  notion  d’approximation  a posteriori  de  plusieurs  mesures  d’une  memo  grand- 
eur et  les  consequences  de  cette  notion  pour  la  theorie  des  erreurs.  Annates  de  la  Socieie  Scientifique  de 
Bruxelles  (A)  47  (1),  5-14.  (JFM  53,  505). 

Summary:  A quantity  has  been  measured  n times  with  the  results  m,,  m2, . . . mn  (arranged  in  ascending 
order).  All  results  are  a priori  equally  precise.  Both  the  most  approximative  method  and  the  method  of 
minimum  approximation  [see  Goedseels  ( 1909)]  yield  the  midrange  ( m,  + m„i/2  as  the  best  value  of  the 
measured  quantity  that  one  can  obtain  from  the  n measurements.  Practitioners  are  reluctant  to  accept 
this  result,  protesting  that  it  is  based  on  precisely  those  values  which  one  has  the  greatest  reason  to 
believe  inexact.  The  author  introduces  an  a posteriori  approximation  in  an  attempt  to  interpret  these 
objections  mathematically  and  to  satisfy  them.  Let  fx  be  that  value  adopted  in  a first  calculation, 
whatever  the  reason  for  adopting  it.  Let  P be  a positive  number  which  is  called  the  a posteriori 
approximation  factor.  The  a posteriori  approximation  of  a measurement  m,  is  taken  to  be  a linear 
function  of  the  absolute  value  of  the  difference  l/i-m,),  consisting  of  a constant  term  denoted  by  M and  a 
first  degree  term  with  coefficient  P.  If  m,  is  less  than  fi,  the  possible  values  m of  the  measured  quantity,  if 
one  takes  into  account  only  the  ilh  observation,  satisfy  the  double  inequality  -M-  (/u-m,)  Psm  - m,  s 
M+  (/x-nrqlP;  on  the  contrary,  if  m,  is  greater  than  fi,  it  is  necessary  to  write  -M-  (m,-|u>  P 
«M+  (m,-/x)P.  The  author  shows  that  it  is  when  the  coefficient  P is  greater  than  one  that  the  a priori 
approximation  is  sufficiently  obliterated  by  the  a posteriori  approximation  so  that  the  most  advantage- 
ous final  value  is  no  longer  the  midrange.  When  practitioners  reject  this  final  value,  it  is  necessary  to 
admit  that  they  assign  to  P a value  greater  than  one,  which  leads  to  the  following  result:  When  one 
wishes  to  interpose  the  a posteriori  approximation  in  employing  several  measurements  of  the  same 
quantity  with  the  same  a priori  approximation,  taking  account  of  the  manner  in  which  the  measure- 
ments are  distributed  in  the  series  of  numbers,  it  is  necessary  to  adopt,  as  the  most  advantageous  final 
value,  half  the  sum  of  the  two  closest  values;  when  several  pairs  of  consecutive  measurements  define 
equal  intervals,  one  applies  this  rule  to  those  of  which  the  mean  is  closest  to  half  the  sum  of  the  extreme 
values.  The  author  states  that  this  conclusion  is  generally  capable  of  setting  in  accord  the  practitioners 
who  allow  themselves  to  reject  measurements  of  which  they  esteem  the  results  too  divergent  and  those 
whom  the  arbitrary  character  of  this  estimation  prevents  from  rejecting  any  observation  whatever 
carried  out  under  satisfactory  conditions. 

References:  Boudin  1 1865)  [1916],  Goedseels  ( 1909),  Mansion  ( 1913),  Goedseels  1 1925). 

* Alliaume,  M.  ( 1927b).  Sur  la  methode  la  plus  approximative  de  la  theorie  des  erreurs.  Annales  de  la 
Socieie  Scientifique  de  Bruxelles  (A)  47  il),  60-68.  (JFM  53,  505). 

Summary:  After  n indirect  measurements  affecting  simultaneously  two  unknowns,  x and  y,  the 
equations  of  observation,  complete  with  residues,  are  of  the  linear  form  (or  reduce  to  the  linear  form)  a,x 
+ b,y— m,  = k|r,  < i = 1 ,2 n),  with  the  conditions  -R^sr^+R’.  for  the  approximation  factor  R.  The 
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numerical  value  of  the  factor  R forms  part  of  the  data  of  the  problem  posed  by  the  practitioner.  It  is 
limited  only  by  the  condition  of  being  at  least  equal  to  a quantity  R„,  the  minimum  approximation  factor, 
calculable  from  the  numbers  a„  b„  m(,  k,.  The  substitution  R = R0  defines  the  method  of  minimum 
approximation.  It  can  happen,  on  the  contrary,  that  the  value  of  R proposed  by  the  practitioner  surpasses 
R„  sufficiently  so  that  certain  simplifications  become  possible  in  the  application  of  the  most  approxima- 
tive method.  The  author  defines  two  numbers  R,  and  R2  such  that  it  suffices  that  the  approximation 
factor  adopted  is  at  least  equal  to  the  smaller  of  the  two.  He  does  this  first  for  the  special  case  in  which, 
the  final  unknowns  being  u and  v,  the  equations  of  observation  are  u + i v — m,  = 0 (i  = 1,  2, . . .,  n).  Then 
R,  is  the  smallest  value  of  the  approximation  factor  for  which  there  exist  values  of  u which  render 
decreasing  (or  stationary)  the  lower  and  upper  bounds  of  v obtained  by  solving  the  inequalities  -M,s  u 
+ i v-m^  M|,  where  M,  = ( fj.  + ei)R  and  n and  v are  positive  coefficients  for  which  it  is  natural  that  the 
practitioner  should  adopt  the  absolute  values  of  the  roots  of  the  equations  of  observation.  Similarly,  R2  is 
the  smallest  value  of  the  approximation  factor  for  which  there  exist  values  of  u which  render  those 
bounds  increasing  (or  stationary).  The  calculation  of  R(>  is  long  and  tedious.  If,  in  order  to  avoid  this 
calculation,  one  wishes  to  admit  a larger  approximation,  this  can  be  done  by  stopping  at  either  R,  or  R2,  to 
which  correspond  expressions  for  the  final  values  of  the  unknowns  which  are  very  simple,  and  which  are 
found,  once  for  all,  in  literal  form.  Lastly,  the  author  shows  how  to  proceed  from  the  special  case  to  the 
general  case. 

* Burgess,  Robert  Wilbur  ( 1927).  Introduction  to  the  Mathematics  of  Statistics.  Houghton  Mifflin  Company, 
Boston-New  York-Chicago-Dallas-San  Francisco;  The  Riverside  Press,  Cambridge.  (JFM  53,  510 — 
listing  only).  Review,  Bulletin  of  the  American  Mathematical  Society  34  (1928),  372-373. 

Summary:  Chapter  V (pp.  80-107)  deals  with  averages  and  their  use.  The  author  defines  the  arithmetic 
mean  (with  equal  or  unequal  weights),  the  median,  the  mode,  the  harmonic  mean,  and  the  geometric 
mean  and  shows  how  to  compute  each  of  them  from  grouped  and  ungrouped  data.  He  notes  that,  for  a 
certain  type  of  frequency  curves  [the  Pearson  system,  especially  the  Pearson  Type  III] , it  is  very  nearly 
true  that  3(  Mean -Median)  =Mean -Mode.  In  comparing  the  various  averages,  he  considers  the  ease  of 
computation  and  manipulation  and  the  effect  of  extreme  observations.  He  notes  that  the  median  is 
usually  the  easiest  to  compute,  but  that  the  arithmetic  mean  is  much  better  than  the  median  or  the  mode 
as  a basis  for  algebraic  discussion.  On  page  101  he  states:"Ifa  few  unusually  large  or  small  items  are 
included,  as  often  happens  in  wage  or  salary  distributions,  the  median  may  be  desirable  as  a substitute 
for  or  in  addition  to  the  arithmetic  mean.”  Chapter  VII  (pp.  135-154)  deals  with  measures  of  dispersion. 
The  author  defines  the  range  R,  the  quartile  deviation  Q,  the  mean  deviation  (or  average  deviation)  A, 
the  standard  deviation  y,  and  the  coefficient  of  variation  and  shows  how  to  compute  them  for  grouped 
and  ungrouped  data.  On  page  135  he  states:  "One  of  the  commonest  of  these  measures  is  the  range,  the 
interval  from  the  smallest  to  the  largest  item  in  the  distribution.  This  measure  is  in  common  use,  though 
not  favored  scientifically.”  The  quartile  deviation  of  N observations  is  defined  as  half  the  difference 
between  the  first  quartile  and  the  third  quartile,  which  are  defined,  by  analogy  with  the  median  [the 
( N + 1 )/2  ordered  value ],  as  the  ( N + 1 )/4  and  3(  N + 1 )/4  ordered  values.  If  N + 1 is  not  an  integral  multiple 
of  4,  interpolation  between  adjacent  ordered  values  is  required  in  computing  the  quartiles.  Other 
quantiles  ( tertiles,  deciles,  and  percentiles)  are  defined  analogously.  On  pages  138-139  the  author  states: 
"An  important  property  of  the  mean  deviation  is  that  it  is  a minimum  about  the  median-,  this  will  be 
proved  in  a later  section  [page  143].  In  spite  of  this  property,  the  mean  deviation  is  more  often  taken 
about  the  mean  than  about  the  median."  On  page  147,  he  gives  a table  of  the  ratios  A/cr,  Q la  and  Q/A  for 
various  theoretical  and  observed  distributions,  from  which  he  concludes  (page  152):  "As  a general  thing, 
the  mean  deviation  is  about  four  fifths,  and  the  quartile  deviation  about  two  thirds,  of  the  standard 
deviation.” 

Citations:  Eells  ( 1930),  Shewhart  ( 1931 ),  Yang  < 1933). 

* Estienne.  J.  E.  < 1927 1.  Expose  d'une  theorie  rationnelle  des  erreurs  d'observation.  Bulletin  de  la  Societe 
Mathematique  de  France  55  (2),  24-25  (Comptes  Rendus  des  Seances);  discussion,  25-26.  (JFM  53,  508). 
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Summary:  The  following  summary  of  the  author’s  communication  is  given  on  pp.  24-25:  "General 
Estienne  criticizes  first  the  principles  on  which  the  theory  of  errors  rests.  He  denies  the  value  of  the 
notion  of  the  law  of  error  on  which  this  theory  rests;  according  to  him,  the  probability  of  such  and  such 
value  of  the  error  is  not  something  well  defined.  He  denies  the  value  of  the  arithmetic  mean  of  Gauss;  he 
denies  even  that  one  can  deduce  by  any  method  from  a series  of  measurements  a value  more  precise  than 
that  which  can  result  from  a single  measurement.  He  proposes  a theory  based  on  the  notion  of  the 
conscientious  observer  who  has  no  more  reason  to  be  mistaken  in  one  direction  than  the  other.  When  a 
series  of  measurements  has  been  accomplished,  if  they  are  not  equally  precise,  he  takes  account  of  only 
the  most  precise.  If  they  are  equally  precise,  he  chooses  the  median  value,  such  that,  among  the  values 
found,  there  will  be  the  same  number  of  values  larger  than  the  median  as  of  values  smaller.  He  indicates 
several  simple  properties  of  the  median  value  which  appear  to  him  to  justify  the  role  which  it  plays  in 
this  notion;  he  insists  especially  that  the  value  chosen  does  not  change  if  one  changes  the  independent 
variable,  contrary  to  what  happens  in  the  classical  theory.  But  he  does  not  think,  however,  that  in  any 
case  one  can  gain  a decimal  by  adopting  the  median  value.  A complete  exposition  of  the  ideas  of  General 
Estienne  has  been  published  [Estienne  (1926-27)].  . . (Compiler’s  translation).  Paul  Levy,  one  of  five 
persons  contributing  to  the  discussion,  declares  that  it  is  incontestable  that  one  can  increase  the 
precision  by  the  repetition  of  measurements  provided  that  the  error  is  not  systematic.  Although  he  does 
not  agree  exactly  with  the  set  of  ideas  expounded  by  Gen.  Estienne,  he  does  not  believe  that  his 
conclusions  are  devoid  of  practical  value.  He  states  that  in  numerous  cases,  theory  and  experience 
confirm  the  law  of  Gauss,  in  which  case  absolutely  rigorous  reasoning  shows  that  the  arithmetic  mean  of 
equally  precise  measurements  is  the  best  value  to  take,  the  standard  error  of  the  median  being  259c 
greater  than  that  of  the  mean.  When  the  law  of  Gauss  does  not  apply,  the  median  may  be  more  precise 
than  the  mean.  But  it  is  better  to  discard  a definite  proportion  of  the  extreme  measurements  and  to  take 
the  mean  of  those  retained.  This  method  includes  both  the  classical  method  and  that  of  Gen.  Estienne  as 
special  cases. 

Reference:  Estienne  (1926-27). 

* Frechet,  Maurice  (1927).  Sur  la  loi  de  probability  de  l’ecart  maximum.  Rocznik  Polskie  Towarzystwo 
Matematiczne  lAnnales  de  la  Societe  Bfilonaise  de  Mathematique  (Cracow)]  6,  93-116.  (JFM  54,  562). 

Summary:  The  author  gives  a new  exposition  of  the  theory  of  errors  based  on  the  probability  law  of  the 
maximum  deviation  instead  of  that  of  the  sum  of  a number  of  errors  as  in  the  exposition  of  Levy  ( 1925).  In 
the  author’s  theory,  the  role  of  the  integral  of  Laplace,  ( l/\  "irl  /e-*2  dx,  is  taken,  in  the  reduced  form  of 
the  cumulative  distribution  function,  by  the  function  2_x_,'(a>0).  The  expression  for  the  probability 
density  function  equal  in  the  first  case  to  ( l/\/w)e_x2dX  is  here  aX-"-1  2-x_’’  log  2 ■ dX  = a(log  2)  dX/X,,  + l 
2>'x°.  One  notices  that  this  probability  is  zero  for  X = 0 and  maximum  for  a value  of  X / 0.  The  author 
remarks  that  his  exposition  distinguishes  very  nicely  the  respective  roles  of  two  conditions  studied  by 
Levy.  The  condition  of  a normal  family  has  the  effect  of  creating  a class  of  cumulative  distribution 
functions  equally  near  at  infinity  to  that  of  Gauss  and  containing  the  law  of  probability  of  error  of  the 
sum  of  a finite  or  infinite  number  of  partial  errors.  It  is  the  second  condition:  M„'Bn  small  [where  Mn 
=max  ( A,,  A2.  . . , An)  and  B„“  = A,“  + A.2“  + . . . + An°,  A,  (i  = 1,  2, ....  n)  being  independent  elementary 
errors]  because  of  which  the  resultant  error  of  n errors  follows  approximately  the  law  of  Gauss,  not  only 
at  infinity,  but  everywhere. 

Comments:  The  following  quotation  from  Gumbel  [( 1958a),  p.  3]  attests  to  the  importance  of  this  paper: 
"The  first  paper  based  on  the  concept  of  a type  of  initial  distributions  different  from  the  normal  one  is  due 
to  M.  Frechet  ( 1927 ).  He  was  also  the  first  to  obtain  an  asymptotic  distribution  of  the  largest  value.  More 
important,  he  showed  that  largest  values  taken  from  different  initial  distributions  sharing  a common 
property  may  have  a common  asymptotic  distribution.  He  introduced  the  stability  postulate  according  to 
which  trie  distribution  of  the  largest  value  should  be  equal  to  the  initial  one,  except  for  a linear 
transformation.  Frechet’s  paper,  published  in  a remote  journal,  never  gained  the  recognition  it  merited. 
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This  was  due  to  the  fact  that  the  type  of  initial  distributions  considered  is  not  very  frequent.' 
Reference:  Levy  (1925). 


Citations:  Levy  (1929),  Gumbel  ( 1935a, b,  1935-36,  19390,  Gnedenko  (1941),  Gumbel  (1941a), 
Gnedenko  ( 1943),  Gumbel  ( 1946b),  Wilks  ( 1948),  Juncosa  ( 1949). 

* Friedrich,  Konrad  ( 1927).  Ueber  Punktgenauigkeit.  Zeitschrift  fur  Vermessungswesen  56,  33-41, 65-79. 


Summary:  The  author  recalls  that,  as  is  known,  the  theorem  of  Schreiber  (1882)  holds  not  only  for  a 
single  function,  e.g.  the  side  of  a triangle,  but  also  for  the  mean  error  of  a point,  which  depends  on  two 
functions.  He  states  the  following  extension  of  Schreiber’s  theorem:  For  a given  position  of  a new  point  in 
a network  of  triangles,  one  obtains  the  most  favorable  weight  distribution  for  the  estimate  of  the  point  by 
making  the  error  ellipse  a circle  by  using  the  smallest  number  of  excess  observed  quantities  (angles, 
lengths',  or,  in  case  this  is  not  possible,  without  such  excess  measurements.  He  gives  several  applica- 
tions of  the  extended  Schreiber  theorem. 

Citation:  Friedrich  (1937). 

* Galvani,  Luigi  (1927).  Dei  limiti  a cui  tendono  alcune  medic.  Bollettino  della  Unione  Matematica 
Italiana  6 (4),  173-179. 

Summary:  The  author  recalls  that  Dunkel  ( 1909)  generalized  the  geometric  mean.  Letyn(x)  = [(a,*  + a2x 
+ . . . + anx)/  n]1  x,  where  a,  > 0 (i  = 1,  2,  . . . , n)  and  x is  real.  For  x = — 1,  x = 1 and  x = 2,  y„(x)  is  the 
harmonic  mean,  the  arithmetic  mean,  and  the  quadratic  mean,  respectively.  Dunkel  showed  that  limx^  „ 
y„(x)  = n\  a,  a2 ...  an  (the  geometric  mean  of  the  a,).  He  also  showed  that  lim  x__x  yn(xi  = min  (a,,a2, 

. . . , an)  and  lim  yn<x)  = max(a„a2, ...,  an).  Thus,  ifa,  « a2  ...«  a„isan  ordered  sample  from  some 
distribution  (known  or  unknown),  lim  x_  *yn(x)  = a,  (the  first  order  statistic)  and  lim  x_,  Xy„(x)  = an(the 
n,h  order  statistic).  The  author  gives  further  generalizations,  but  they  are  not  relevant  to  a study  of  order 
statistics. 

Reference:  Dunkel  (1909). 

Citations:  Galvani  (1931),  Cisbani  (1938),  Dodd  (1940),  Zappa  (1940),  Boldrini  ( 1942 ). 

* Goodrich,  R.  D.  (1927).  Straight  line  plotting  of  skew  frequency  data.  Transactions  of  the  American 
Society  of  Civil  Engineers  91,  1-43;  discussion,  44-118. 

Summary:  In  his  synopsis  (pp.  1-2),  the  author  states:  "...  This  paper  deals  with  the  application  of  new 
equations  for  both  the  'Integral'  or  'Duration'  Curve  and  the  'Frequency'  or  'Differential'  Curve;  and  for 
expressing  the  variations  in  the  occurrence  of  phenomena  which  follow  'Skew  Frequency  Laws'  as  to 
their  distribution.  These  equations  are  particularly  applicable  to  the  plotting  of  hydraulic  data  (rainfall 
and  run-off  i having  a limited  number  of  observations  in  the  series. . . . Numerous  examples  of  the  use  of 
these  equations  in  the  plotting  of  curves  on  a new  type  of  skew  frequency  paper  are  shown.  Ordinary  and 
logarithmic  coordinate  paper  may  also  be  used.  These  curves  cover  a greater  variety  of  conditions  than 
have  heretofore  been  presented.  Curves  are  plotted  with  equal  facility  when  either  or  both  the  coefficient 
of  variation  and  the  coefficient  of  skew  are  negative  as  well  as  when  the  mode  is  greater  than  the  mean. 
On-  -a  me  plotting  paper  is  used  when  either  one  or  both  of  the  limits  are  finite.  The  equations  can  also  be 
ipplied  to  the  representation  of  certain  population  curves.”  On  pp.  10-11  the  author  discusses  factors  for 
I i--ifv  mg  frequency  curves,  including  the  quartile  deviation  Q = (Q:,  - Q,)/2  and  the  quartile  ratio 
1 ) ’G  W I w here  (J,.  (}2.  and  (j , are  the  quart  iles  (C}2=  median '1,  both  of  which  were  discussed  by 
. • ■ 1**17  p I 4 T 1 On  page  14.  he  discusses  plotting  positions  on  probability  paper.  For  the  ilh 

• *•  t i- imple  of -ize  n.  he  proposes  1 2i  - 1 1 2n;  in  a footnote,  he  mentions  that  if  one  uses  i n,  it 

•-  1 ■ (•■••»  the  l.i't  point  The  discussion  includes  contributions  by  several  well-known 
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hydrologists  and  statisticians,  including  H.  Alden  Foster,  W.  A.  Shewhart,  L.  Standish  Hall,  Arne 
Fisher,  Allen  Hazen,  and  the  author.  Shewhart  (p.  53 1 discusses  the  precision  of  the  median  and  the 
quartile  deviation  relative  to  that  of  the  mean  and  the  standard  deviation,  respectively,  for  a normal 
distribution.  There  is  frequent  mention,  both  in  the  paper  itself  and  in  the  discussion,  of  the  normal 
curve,  with  references  to  the  work  of  Adrain  1I8O8),  Gauss  (1809),  and  Hagen  (1837),  and  of  skew 
frequency  curves,  with  references  to  the  work  of  Pearson  ( 1895)  and  Kaptevn  ( 1903)  [Kapteyn  & van 
Uven  (1916)]. 

References:  Adrain  (1808),  Gauss  (1809),  Hagen  (1837),  Pearson  (1895),  Kapteyn  (1903)  [Kapteyn  & 
van  Uven  (1916)],  Yule  1 19 1 1 ) [1917],  Fuller  (1914),  Hazen  (1914),  Brunt  (1917),  Pearson  ( 1920),  Hall 
(1921),  Foster  (1924). 

Citations:  Hazen  ( 1930),  Foster)  1934),  Slade  1 1934),  Foster  ( 1936),  Saville  ( 1936),  Beard  ( 1942),  Lane  & 
Lei  (1949). 

* Gumbel,  E.  J.  ( 1927).  Ein  Mass  der  Konzentration  bei  pekuniaren  Verteilungen.  Archiv  fur  Sozialwis- 
senschaft  unci  Sozialpolitik  58,  113-139. 

Summary:  The  author  defines  a measure  of  concentration  for  pecuniary  distributions  (e.g.,  income  and 
wealth).  The  independent  variable  is  called  x and  <fe(x)dx  is  the  relative  frequency  in  the  interval  x to  x + 
dx,  c,  and  c2  being  the  lower  and  upper  limits  of  the  distribution  of  x.  If  the  variable  of  integration  is 
denoted  by  z,  the  area  of  the  distribution  is  = /**  <f>(  z)dz  = 1(1).  The  first  moment  about  the  origin,  in 
practice  denoted  as  the  arithmetic  mean,  is  defined  by  g,  = x = z</>(z)dz.  The  relative  portion  of  the 

variable  up  to  x,  also  denoted  as  the  incomplete  first  moment,  amounts  to  uix)  = /J  zjiizidz'x  (2).  We 
have  then  0 5 u 5 1,  ifc,  s x s c».  The  proportion  of  the  population  up  to  the  value  x of  the  variable 
amounts  to  v(x)  = Jj  rf>(z)dz(3l,  where  again  0=s  v ==  1,  if  c , s x =s  c.2.  Now  in  order  to  determine  how  great 
a part  of  the  population  corresponds  to  a given  part  of  the  first  moment,  we  eliminate  x from  (2)  and  (3). 
The  equation  so  obtained,  v = flu)  (4),  is  denoted  as  the  concentration  equation  and  its  graphical 
representation  as  the  concentration  curve.  The  area  under  the  concentration  curve  is  I = v du.  The 
area  between  the  concentration  curve  and  the  line  v = u,  the  optimum  concentration  curve  correspond- 
ing to  equal  income  (or  wealth),  is  I - 1/2.  The  author  defines  the  measure  of  concentration  £ = (I  - 
1 /2)/(  1/2)  =21  — 1,  so  that  £ = 0 corresponds  to  the  optimum  and  £ = 1 to  the  infinitely  concentrated 
distribution.  He  finds  the  value  of  £ for  the  special  and  general  Pareto  distributions,  and  applies  the 
results  to  distributions  of  income  in  Austria,  Prussia  and  Japan.  He  also  applies  his  measure  of 
concentration  to  the  distribution  of  energy  of  gas  molecules.  In  a footnote,  he  remarks  that  the  investiga- 
tions of  Amoroso,  Gini,  Lorenz  and  Watkins  first  became  known  to  him  during  the  printing  of  this  paper. 

Reference:  Winkler  (1924). 

Citations:  Gumbel  ( 1928),  von  Bortkiewicz  ( 1931 ),  Gini  1 1932),  Pietra  ( 1932a).  Castellano  ( 1933a). 

* Jordan,  Charles  < 1927).  Stcitistique  Mathematique.  Gauthier- Vi  liars.  Paris.  ( JFM  57,  509 — listing  only). 
Review,  Bulletin  of  the  American  Mathematical  Society  34  ( 1928),  375-377. 

Summary:  Chapter  VI  ipp.  150-179)  deals  with  various  means,  including  the  arithmetic,  geometric  and 
harmonic  means  (A,  G and  H,  respectively),  the  median  M (and  other  quantiles — specifically  the 
quartiles.  deciles,  and  centilesl  and  the  mode  M„.  There  is  also  a discussion  of  measures  of  dispersion 
(standard  deviation  <r.  mean  deviation  and  quartile  deviation  p).  of  asymmetry  [the  quartile  measure 
S = (tii+Ci,  — 2M.  C}|),  Pearson’s  measure  S,  =( A — M„ ) <r  'i(A-M)  it  and  =o:,2.  where  is  the 

standard  third  moment  | and  of  kurtosis  (/32=  the  standard  fourth  moment).  The  author  defines  the 
median  of  an  even  number  of  values  as  any  value  at  all  between  the  two  middle  ones  when  arranged  in 
order  of  magnitude,  but  notes  that,  to  give  it  a definite  value,  it  is  often  taken  to  he  the  value  midway 
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between  them.  He  also  gives  the  new  definition  proposed  by  Jackson  ( 1921).  He  states  that  the  median, 
whose  introduction  he  attributes  (incorrectly)  to  Cournot  ( 1843),  is  one  of  the  most  important  constants 
of  a series  of  observations,  being  especially  useful  when  the  individual  values  are  difficult  to  measure, 
but  easy  to  arrange  in  order  of  magnitude.  He  notes  that  the  "mean  man”  of  Quetelet  is  actually  the 
median  man,  that  the  median  can  be  calculated  for  grouped  data  with  open-ended  intervals  at  the 
extremes,  and  that  it  is  not  influenced  by  extreme  observations,  as  is  the  arithmetic  mean.  If  the  median 
is  large,  one  knows  that  at  least  half  the  observations  are  large,  but  a large  mean  may  be  caused  solely  by 
one  or  a few  very  large  observations.  The  median,  however,  has  the  defect  that  if  one  knows  the  medians 
of  two  sets  of  observations,  one  cannot  find  from  them  the  median  of  the  combined  sets.  The  author  gives 
two  numerical  examples  of  the  use  of  the  median.  He  shows  that  the  sum  of  the  absolute  deviations  of  a 
set  of  observations  is  less  when  taken  from  the  median  than  from  any  other  value.  The  author’s 
definitions  of  other  quantiles  are  the  standard  ones;  he  mentions  also  the  definitions  of  Jackson  ( 1923) 
analogous  to  his  definition  of  the  median.  He  notes  the  empirical  relation  A -M0=  3(  A-M)  among  mean, 
median  and  mode  first  observed  by  Karl  Pearson  (1895).  He  defines  the  mean  deviation  \ in  terms  of 
deviations  from  the  median,  thus  making  it  a minimum,  and  the  standard  deviation  a and  the  quartile 
deviation  pin  the  usual  manner.  As  measures  of  relative  dispersion,  he  mentions  2 p/(  Q,  +Q3)  and  y/M,  as 
well  as  the  usual  coefficient  of  variation  cr/A. 

References:  Quetelet  (1835)  [1869],  Cournot  (1843),  Bowley  (1901)  [1920],  Czuber  (1921),  Jackson 
(1921,  1923). 

Citations:  Gibrat  (1930),  d’Addario  (1931),  Shewhart  (1931),  Barral  Souto  (1938),  Kendall  (1943, 
1946). 

* "Student”  [W.  S.  Gosset]  ( 1927).  Errors  of  routine  analysis.  Biometrika  19,  151-164.  Reprinted  1942  in 
Student’s  Collected  Papers  (ed.  E.  S.  Pearson  and  John  Wishart),  pp.  135-149.  Cambridge  University 
Press,  Cambridge,  England. 

Summary:  Using  the  results  of  Tippett  ( 1925)  and  E.  S.  Pearson  ( 1926),  the  author  finds  the  equations  of 
curves  fitted  to  the  distributions  of  ranges  in  samples  of  size  n =2(  1 )6, 10,20,60  from  a standard  normal 
population.  As  an  application  he  proposes  (pp.  161-162)  the  following  rule  for  the  treatment  of  discordant 
observations,  a use  suggested  by  Irwin  ( 1925b):  "Let  Wn  be  the  limit  at  which  with  a sample  of  size  n,  the 
chance  of  obtaining  a greater  range  than  W„  is  p (say  .05),  then  if  wn  the  actual  range  of  a sample  be 
greater  than  Wn  repetition  should  be  made.  Let  wn+1  be  the  range  of  the  new  sample  including  the 
repetition,  then  if  wn+1<  Wn+,  the  mean  of  the  n + l results  should  be  accepted.  If,  on  the  other  hand, 
wn+l>  Wn+1  the  most  outlying  observation  should  be  rejected,  and  if  then  the  resulting  wn  < Wn  the  mean 
of  these  n should  be  accepted,  but  if  not,  a further  repetition  should  be  made  and  the  whole  n+2 
observations  examined  afresh,  and  so  on  until  a sample  of  at  least  n is  obtained  lying  within  the  required 
limits.”  An  example  of  the  use  of  this  rule  is  given. 

References:  Irwin  (1925b),  Tippett  (1925),  E.  S.  Pearson  (1926). 

Citations:  Pearson  & Adyanthaya  (1928),  Sophister  (1928),  K.  Pearson  (1931),  E.  S.  Pearson  (1932), 
Pearson  & Haines  (1935),  Pearson  & Chandra  Sekar  (1936),  Newman  (1939),  Pearson  (1939),  Simon 
(1941),  Knudsen  (1943),  Pearson  & Hartley  (1943),  Kendall  (1946),  Gumbel  (1947),  Nair  (1948b),  Cox 
(1949). 

* Tucker,  John,  Jr.  ( 1927 ).  The  compressive  strength  dispersion  of  materials,  with  applications.  Journal  of 
the  Franklin  Institute  204,  751-781. 


Summary:  In  connection  with  a study  of  the  dispersion  of  the  compressive  strength  of  materials 
(columns  of  Portland  cement  mortar  and  concrete),  the  author  considers  various  measures  of  dispersion 
(absolute  and  relative),  including  the  mean  difference,  which  he  attributes  to  [von]  Andrae  ((1869, 
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1872)].  He  also  includes  a section  on  the  variation  in  strength  with  length  of  columns.  He  presents  the 
"weakest  link”  theory,  according  to  which  the  strength  of  a column  n units  long  is  the  strength  of  the 
weakest  of  the  n individual  units,  so  that  the  average  strength  decreases  with  the  length.  He  points  out, 
however,  that  this  theory  applies  only  when  the  unit  length  is  chosen  so  that  failure  of  a specimen  of  unit 
length  will  occur  in  exactly  the  same  manner  as  the  failure  of  the  column.  Since  failure  of  a short 
concrete  column  normally  occurs  by  skew  in  a plane  inclined  at  approximately  35°  to  the  column  axis,  the 
theory  is  invalidated  if  unit  length/diameter  < k = 1.5. 

References:  [von  Andrae  (1869,  1872)]. 

Citations:  Tucker  (1941,  1945a,b),  Frankel  (1948). 

* von  Verschuer,  Otmar  (1927).  Die  vererbungsbiologische  Zwillingsforschung.  Ergebnisse  der  inneren 
Medizin  und  Kinderheilkunde  31,  35-120. 

Summary:  In  a comparative  study  of  differences  in  various  measures  between  identical  and  between 
fraternal  twins,  the  author  makes  routine  use  (pp.  93-95)  of  various  measures  of  variability,  including 
the  mean  difference. 

Citation:  Lenz  & von  Verschuer  (1928). 

* Bartels,  J.  (1928).  Die  Schwankungsweite  als  Funktion  der  Beobachtungsdauer.  Meteorologische 
Zeitschrift  45,  489-490. 

Summary:  The  author  notes  that  Koppen  (1928)  has  considered  the  question  of  how  the  difference 
between  the  highest  and  lowest  yearly  totals  of  precipitation  at  a station  (the  range)  depends  on  the 
length  of  the  period  of  observation,  and  states  that  Koppen’s  conjecture  that  the  desired  functional 
relation  must  result  from  general  statistical  considerations  is  correct,  as  can  be  shown  by  extension  of  an 
observation  of  Helmert  (1872)  [1907,  p.  364]  concerning  greatest  errors.  Let  n be  the  number  of 
observations  and  g the  standard  deviation  of  a series  of  observations  obeying  the  Gaussian  law  of  error. 
The  most  probable  number  of  observations  that  deviate  in  absolute  value  from  the  mean  by  more  than  b 
is,  with  9(t)=(2/\/ir)  /J,  e~‘2  dt,  given  by  n[l  - 0(b//x\/2)].  The  lower  limit  a of  the  interval  in  which  the 
largest  absolute  deviation  is  to  be  expected  to  lie  will  thus,  with  a=alg,  be  given  by  1 - 0(a/\/2)  = 1/n. 
This  equation  can  be  solved  for  a with  the  aid  of  tables  for  0(t).  The  expected  value  of  the  greatest 
deviation  is  g=(2/\/7r)  /^v2  tg  \/2  e~'2  dt/[l  - 0(a/\/2)]  = g\/2/n  e_aJ/2/(  1/n),  so  that  y = gig  =nV2/7r 
e-a!/2  The  range  g wjj[  be  defined  as  the  difference  of  the  highest  and  lowest  observations.  Out  of  n 
observations  with  standard  deviation  g,  n(  n - 1 )/2  differences  can  be  formed,  of  which  the  mean  square  is 
equal  to  2/n2.  Thus  one  obtains  cr  = S//iby  multiplying  by  \/2  the  value  of  y corresponding  to  n(n-l)/2.  An 
estimate  a*  for  a is  constructed  from  the  following  plausible  but  not  rigorous  consideration.  By 
symmetry  the  two  absolute  largest  errors  are  equally  large,  one  positive  and  the  other  negative;  cr * for  n 
observations  is  therefore  double  the  value  of  y for  n/2  observations.  Naturally  always  o-<2y;  for  large  n, 
1/n  = 1 - 01  a/\/2)  = n/2/tt  e'“2'2  holds  asymptotically,  so  y la  — » 1.  The  i,h  largest  observation  is  greater 
than  f}{  g,  if  1 - 0(j3,/V 2)  = i/n;  /3,  is  thus  equal  to  the  a corresponding  to  n/i.  Since  the  proportional 
increase  of  a in  passing  from  n/i  to  n,  with  fixed  i,  tends  to  0,  it  follows  that  asymptotically  (a+j3i)/a  =2; 
consequently,  since  cr  = a+p\  and  a— *y,  we  have  also  asymptotically  cr  = 2y,  as  is  already  discernible, 
from  a table  given  by  the  author,  for  large  values  of  n.  The  author  compares  his  theoretical  values  with 
Koppen’s  empirical  ones. 

References:  Jordan  (1869),  Helmert  (1872)  [1907],  Koppen  (1928). 

Citation:  Birkeland  & Frogner  (1935). 
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* Birkeland,  B.  J.  (1928).  Altere  meteorologische  Beobachtungen  in  Bergen:  Luftdruck  und  Temperatur 
seit  100  Jahren.  Geofysiske  Publikasjoner  (Oslo)  5 (8),  1-56. 


Summary:  This  publication  does  not  appear  to  contain  anything  of  theoretical  interest.  It  does  contain 
extensive  records  of  pressure  and  temperature  in  Bergen,  Norway  over  a period  of  more  than  100  years, 
including  monthly  maximum  and  minimum  temperatures  and  pressures  ipp.  30-31,  39-47)  and 
maximum  and  minimum  monthly  averages  of  temperature  and  pressure  for  each  calendar  month  over  a 
period  of  years  (pp.  34,  36);  also  mean  maxima  and  minima,  absolute  maxima  and  minima,  etc. 


Citation:  Barricelli  (1943). 

* Bowley,  A.  L.  (1928).  F.  Y.  Edgeworth's  Contributions  to  Mathematical  Statistics.  Royal  Statistical 
Society,  London.  (JFM  54,  573). 

Summary:  This  work  contains  a summary  and  an  annotated  bibliography  (74  items)  of  Edgeworth’s 
contributions,  including  important  work  on  the  law  of  error  and  the  choice  of  means,  with  special 
emphasis  on  the  median.  In  the  latter  connection,  the  author  writes  (pp.  101-102):  "The  median  has  the 
disadvantages  that  its  standard  deviation  of  error  ( 1 divided  by  2\ /n  times  the  greatest  ordinate  where 
the  area  of  the  frequency  curve  is  unity ) is  greater  by  2571  than  that  of  the  arithmetic  mean  in  the  normal 
curve.  This  excess  is  not,  however,  serious  in  the  rough  measurements  of  credibility  with  which  we  are 
generally  concerned  in  statistics,  and  in  some  non-normal  curves  the  median  is  more  accurate  than  the 
arithmetic  mean.  ...  It  has  the  well-known  advantage  that  it  can  be  computed  when  the  measurements 
away  from  the  centre  are  known  only  roughly,  and  generally  in  graded  observations  interpolation  isonlv 
needed  in  the  central  parts  ....  If  no  graduation  is  necessary  the  median  is  evidently  the  easiest  mean  to 
compute,  and  if  the  maximum  ordinate  is  known  its  probable  error  can  at  once  be  written  down.  As  is 
well  known,  the  median  is  that  position  which  makes  the  sum  of  the  deviations  from  it  (all  taken  as 
positive)  a minimum,  the  test  of  least  detriment  suggested  by  Laplace.  . . . Finally,  if  a mean  is  required 
of  discordant  observations,  where  discordance  signifies  that  the  observations  are  taken  from  facility 
curves  with  different  moduli,  there  is  'a  peculiar  propriety  in  the  use  of  the  Median’  ....  For  these 
reasons  Edgeworth  attached  great  importance  to  the  median  in  a considerable  number  of  problems.  His 
advocacy  extends  to  its  use  for  two  or  more  unknowns  . . . .”  The  last  statement  is  exemplified  bv  seven 
pages  (pp.  103-109)  on  the  method  of  situation  of  Laplace  ( 1812 ) 1 18 18  ] and  its  extension  to  two  or  more 
unknowns  by  Edgeworth  ( 1887b, c,  1888,  1923). 

References:  Laplace  (1812),  Venn  ( 1866),  Edgeworth  ( 1883a, b,  1885,  1886a, b,  1887a. b.c.d.e.f.  1887-90. 
1888,  1893,  1898,  1905,  1911),  Yule  (1911),  Edgeworth  (1913),  Keynes  (1921).  Edgeworth  (1923). 

Citations:  Rhodes  (1930),  Bruen  (1938),  Kendall  (1943,  1946). 

* Cramer,  Harald  (1928).  On  the  composition  of  elementary  errors.  Skandinavisk  Aktuarietidskrift  M, 
13-74,  141-180.  (JFM  54,  557). 

Summary:  This  paper  is  divided  into  two  parts,  the  first  on  mathematical  deductions  and  the  second  on 
statistical  applications.  In  the  second  part  the  author  introduces  what  is  now  called  the  Cramer-von 
Mises  statistic.  He  writes  (pp.  142-145):  "It  has  been  proved  in  I that,  if  our  variable  can  be  regarded  as 
the  sum  of  a large  number  of  mutually  independent  components,  we  have  under  certain  further 
conditions  an  asymptotic  expansion  ( 1 ) F(x)  = <l>(x)  + P,(‘l>)  + P._,(<1>)  + . . . . where  <Jxx)  = ( 1 \ 2tt(  / \ e ,2 
dt  while.  . . the  P,  are  linear  expressions  in  the  derivatives  of  <lxx):  (2)  P,(<I>i  (I  3iSd>‘;il(xl,  P2(<l>l  ^(1  3) 
E <t>l4’(x>+(  1 18) S2 d>"”(x),  P;,( ) = T<his’(x)+ ( 1 9iE S<l>l7’(xi  + ( 1 162)S',<l>'!,'(xi. . . |whereS  = -p.3/2cr1.E  = 
1 1/8)  ( /u4/<r4-3),  and  T = -( 1 120)  ( g% -10p:,  <r'K g,  being  the  i'h  central  moment  and  it  the  standard 
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deviation]..  . . Let  us  firstsuppose  that  we  know  the'true  values’  ofm|the  mean  |,  »r,/x;l,/x,, . . .and  that, in 
a series  of  n mutually  independent  observations,  we  have  found  the  values  x,,  x2, . . . x„  of  the  variable  X. 
Let  us  put  v=  the  number  of  those  Xj  which  are  <m  -t-irx,  where  x is  a given  quantity  such  that  no  x,  is 
exactly  equal  to  m +<rx.  . . . Hence  if  n is  large  and  if  we  mark,  for  a set  of  values  of  x,  the  corresponding 
points  y = vl  n in  a diagram,  these  points  will  give  us  an  idea  of  the  shape  of  the  curve  y = Fix),  which  rises 
from  0 to  1 as  x increases  from  -x  to  + x.  In  the  case  of  a statistical  variable  generated  by  elementary 
components,  this  curve  will  more  or  less  approach  to  the  normal  curve  y = <l>(x>  and  we  are  particularly 
interested  in  any  systematic  deviations  shown  from  this  form.  These  deviations  are  often  very  small 
compared  with  the  w'hole  range  of  the  ordinates  of  the  curves,  and  so  an  inconveniently  large  figure  is 
required  if  we  want  to  make  a detailed  examination  of  the  deviations.  In  order  to  simplify  this 
examination,  we  form  the  differences  A,(x)  = vl n -«|>ix)  and  mark  the  corresponding  points  y = A ,< x ) in 
our  diagram  where,  now,  the  scale  of  the  ordinates  may  be  taken  much  larger  without  causing  any 
inconvenient  dimensions  of  the  figure.  If  the  expansion  1 1 ) holds,  the  curve  v = P,i  <t>)  ought  to  show  a 
tolerably  good  fit  to  the  points  y = A,(x>.  A further  test  on  the  expansion  is  supplied  by  the  differences 
A.jix)  = A,ix)-P,(<l»  =vl n -<l>(x)  — P,( <l>)  and  the  corresponding  points  y = A2(xt  which  ought  to  agree 
with  the  curve  y = P2(<t>).  —If  there  are  still  systematic  deviations,  we  may  obviously  continue  in  the 
same  way  and  form  the  differences  A:,(xi  = A2(  x ) — P2(  <t>)  = v n --<!>(  x)-P1(<t>)-P2(<t>>  that  may  be  compared 
with  the  curve  y = P,f<t>),  and  so  on.  If  the  expansion  1 1)  holds,  the  fit  to  the  observed  data  must  be 
improved  as  we  pass  from  the  normal  curve  to  the  curves  y = <I>  + P,.  y = <t>  + P,+  P2,  . . . , and  so  the 
differences  A,(x),  A2ix), ....  will,  on  the  average,  form  a decreasing  sequence.  As  a standard  forjudging 
the  values  of  the  differences  found  in  an  actual  case  we  shall  choose  the  absolutely  convergent  integrals  J, 
= f xx  | A ,( x ) p dx  that  can  be  approximately  calculated  if  the  values  of  x for  which  A,ix)  is  known  lie 
sufficiently  close  together.  . . .”  Expressions  are  given  on  page  147  for  the  mathematical  expectations  of 
J,  li  = 1,2,3). 

References:  Kapteyn  1 1903)  [Kapteyn  & van  Uven  1 1916) |,  Edgeworth  ( 1905),  Charlier  < 1906.  1910 
1 1920 1 ),  Levy  ( 1925). 

Citations:  Levy  (1929),  Stefiensen  (1930),  Wold  (1935),  Neyman  (1937a),  Gumbel  (1942a).  Kendall 
( 1943).  Cramer  ( 1946),  Kendall  ( 1946),  von  Mises  ( 1947). 

* Dufton,  A.  F.  ( 1928).  Correlation.  Nature  121,  866. 

Summary:  The  author  states:  "For  the  determination  of  a linear  function  of  X approximating  to  Y for  a 
range  of  corresponding  values  ( X,Y ),  a graphic  method  is  desirable.  If  the  plotted  points  are  divided  into 
two  classes  bv  the  median  of  X,  in  each  case,  the  same  number  of  points  should  lie  on  each  side  of  the 
required  line,  which  is  thus  found  by  inspection.  The  method  is  much  more  expeditious  than  that  of  least 
squares.  It  appears,  moreover,  to  be  free  from  undue  bias  by  outlying  values.  For  the  values  plotted  in 
P ig.  1 [the  points  ( 1,7),  (2,6),  (3,7),  (3,9),  (5,4),  (5,5),  (6,6),  (7,2),  (8,3),  ( 8,5),  (9,3),  ( 10,2),  ( 10,4)  and  ( 1 1,1 1 1, 
the  straight  line  is  Y = (40-3X>  5,  with  a mean  deviation  of  1.00.  The  method  of  least  squares  gives 
Y (1940-137X1  236,  with  a mean  deviation  of  1.05." 

Comments:  The  compiler  of  this  bibliography  has  recently  shown  by  counterexamples  that  the  condi- 
tion proposed  by  Dufton  (that,  on  each  side  of  the  median  of  X.  there  be  an  equal  number  of  points  on  each 
side  of  the  line)  is  neither  necessary  nor  sufficient  to  minimize  the  mean  deviation,  as  inferred  by  Bruen 
( 19381,  who  calls  Dufton's  method  "the  method  of  . . . least  deviations  sums." 

Citation:  Bruen  < 1938). 

Fisher,  R.  A.:  Tippett,  L.  H.  C.  ( 1928).  Limiting  forms  of  the  frequency  distribution  of  the  largest  or 
smallest  member  of  a sample.  Proceedings  of  the  Cambridge  Philosophical  Society  24,  180-190. 1 3 F M 54, 
560). 
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Summary:  "The  limiting  distribution,  when  n is  large,  of  the  greatest  or  least  of  a sample  of  n,  must 
satisfy  a functional  equation  which  limits  its  form  to  one  of  two  main  types.  Of  these  one  has,  apart  from 
size  and  position,  a single  parameter  h,  while  the  other  is  the  limit  to  which  it  tends  when  h tends  to  zero. 
The  appropriate  limiting  distribution  in  any  case  may  be  found  from  the  manner  in  which  the  probabil- 
ity of  exceeding  any  value  x tends  to  zero  as  x is  increased.  For  the  normal  distribution  the  limiting 
distribution  has  h=0.  From  the  normal  distribution  the  limiting  distribution  is  approached  with 
extreme  slowness;  the  final  series  of  forms  passed  through  as  the  ultimate  form  is  approached  may  be 
represented  by  the  series  of  limiting  distributions  in  which  h tends  to  zero  in  a definite  manner  as  n 
increases  to  infinity.  Numerical  values  are  given  for  the  comparison  of  the  actual  with  the  penultimate 
distributions  for  samples  of  60  to  1000,  and  of  the  penultimate  with  the  ultimate  distributions  for  larger 
samples.”  (Authors’  summary,  p.  190). 

Reference:  Tippett  (1925). 

Citations:  Gumbel  (1933c),  de  Finetti  (1934),  Gumbel  ( 1934b, g,  1935a, d,  1935-36),  von  Mises  (1936), 
Gumbel  ( 1937a, b,  1939f)l,  Cochran  (1941),  Daniels  (1941),  Gnedenko  ( 1941),  Gumbel  ( 1941a,  1942c), 
Kimball  (1942),  Gnedenko  (1943),  Gumbel  ( 1943a, c),  Kendall  (1943),  Gumbel  (1944,  1945a),  Cramer 
(1946),  Gumbel  (1946b),  Kendall  (1946),  Kimball  (1946a),  Mosteller  (1946),  Elfving  ( 1947 ),  Gumbel 
( 1947),  Gurney  & Pearson  ( 1947),  Cox  ( 1948),  Epstein  ( 1948a,b),  Epstein  & Brooks  ( 1948 1,  Wilks  ( 1948), 
Gumbel  (1949),  Juncosa  (1949),  Langbein  (1949),  Press  (1949). 

* Gumbel,  E.  J.  (1928).  Das  Konzentrationsmass.  Allgemeines  Statistisches  Archiv  18,  279-300. 

Summary:  In  Section  1 of  this  paper,  the  author  summarizes  and  extends  the  results  on  the  concentra- 
tion curve  and  the  measure  of  concentration  £ [Gini’s  concentration  ratio  R]  developed  in  his  earlier 
paper  [Gumbel  ( 1927)]  and  much  earlier,  in  slightly  different  form,  by  Lorenz  ( 1905)  and  by  Gini  ( 1914a). 
In  Section  2,  he  shows  that  £ is  equal  to  the  mean  difference  divided  by  twice  the  mean  tx).  For  a 
monotone  decreasing  distribution  (p.d.f. ) between  the  limits  c,  and  c2,  he  shows  that  ^ > 1/3  — c,/3x:  for 
distributions  beginning  at  c,  = 0,  this  inequality  reduces  to  £ > 1/3.  For  a monotone  increasing 
distribution  (p.d.f.)  starting  with  the  value  0 at  c,  = 0,  he  shows  that  £ > (c2  - x)/3x.  Following  Gini,  he 
also  develops  an  addition  theorem  for  incompletely  known  distributions  (for  which  either  the  beginning 
or  the  end  is  not  known).  In  Section  3,  he  computes  £ for  the  linear  distribution  with  p.d.f.  </>(x)  = a - bx, 
which  is  trapezoidal  except  in  special  cases,  in  which  it  may  be  right  triangular  <c2  = a bora  = 0,  b <0,  c, 
= 0)  or  even  uniform  (b  = 0).  In  Section  4,  he  computes  C,  for  the  exponential,  half-normal  and  Maxwell 
distributions,  and  then  proceeds  to  compute  the  mean  of  the  absolute  differences  of  the  velocities  of  gas 
molecules,  assuming  that  the  velocity  follows  a Maxwell  distribution.  In  Section  5,  he  summarizes  his 
results,  noting  that  when  c,  = 0,  £ is  1/3  for  the  uniform  distribution,  0.2  for  the  linear  increasing 
distribution  la  = 0,  b < 0),  0.4  for  the  linear  decreasing  distribution  (c2  = a/b),  \ 2 - 1 = 0.41421  for  the 
half-normal  distribution,  and  0.5  for  the  exponential  distribution. 

References:  Lorenz  ( 1905),  Gini  ( 1912,  1914a),  Amoroso  ( 1925),  Gumbel  ( 1927). 

Citations:  von  Bortkiewicz  ( 1931),  Gini  1 1932),  Castellano  ( 1933a>,  Gini  ( 1936 ),  Pizzetti  < 1941a). 

* Koppen,  W.  (1928).  Die  Schwankungen  der  jahrlichen  Regenmenge.  Meteorologische  Zeitschrifl  45, 
281-291. 

Summary:  The  author  investigates  the  influence  of  the  length  of  the  observation  period  i in  years)  and 
the  average  annual  rainfall  on  the  range  of  a series  of  observations  on  annual  rainfall,  and  obtains 
empirical  relations  based  on  extensive  data.  As  an  example,  he  finds  that  the  range  of  the  annual  rainfall 
in  Great  Britain  increases  bv  about  1(KJ  of  the  average  annual  rainfall  whenever  the  period  of  observa- 
tion is  doubled.  He  indicates  the  need  for  a theoretic  study  of  the  relation  between  the  range  and  the 
number  of  observations. 
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Citations:  Bartels  (1928),  Birkeland  & Frogner  (1935). 


* Lenz,  F.;  von  Verschuer,  O.  ( 1928).  Zur  Bestimmung  des  Anteils  von  Erbanlage  und  Umwelt  an  der 
Variabilitat.  Archiv  fiir  Rassen-  und  Gesellschafts-Biologie  20  (4),  425-428. 

Summary:  The  authors  give  the  following  formula  for  the  mean  difference  d for  grouped  data:  d = 2x[p, 
(p2+  2p:)  + 3p^  + . . . + [k  - 1 )pk>  + p2  (p.,  + 2p4  + . . . + [k  -2|pk)  + ...-)  pk_,  • pk]/  n ■ (n  - 1),  where  p,  = 
number  of  observations  in  i,h  class  (i  = 1,  2,  . . . , k),  k = number  of  classes,  x = difference  between 
successive  class  marks,  and  n = total  number  of  observations  [2^,  p,J.  They  state  that  for  large  samples 
from  a binomial  distribution,  the  relation  between  d and  the  mean  deviation  e (from  the  arithmetic 
mean)  is  given  by  e/d  = 0.7. 

Reference:  von  Verschuer  (1927). 

Citations:  Gottschick  (1939),  Pizzetti  (1941a). 

* Neyman,  J.;  Pearson,  E.  S.  ( 1928).  On  the  use  and  interpretation  of  certain  test  criteria  for  purposes  of 
statistical  inference.  Parts  I,  II.  Biometrika  20A,  175-240,  263-294.  ( JFM  54,  565-566). 

Summary:  Test  criteria  for  samples  from  normal,  rectangular,  and  exponential  populations  are  consi- 
dered in  Part  I.  The  greatest  attention  is  given  to  the  normal  case  (pp.  178-208),  which  is  the  one  of  least 
interest  in  our  study.  The  rectangular  case  (pp.  208-211)  is  of  more  interest,  since  it  is  here  that  test 
criteria  based  on  the  range  can  be  used  to  advantage.  Consider  a sample,  with  midrange  G and  range  W, 
assumed  to  have  come  from  some  rectangular  population.  We  wish  to  test  the  hypothesis  that  the 
midrange  is  g and  the  range  is  w,  against  the  alternative  hypothesis  that  the  range  and  midrange  are  w' 
and  g',  respectively.  If  the  criterion  of  likelihood  is  used,  the  authors  state  (p.  209):  ".  . . we  need  consider 
only  the  range  of  the  sample,  and  our  confidence  in  the  hypothesis  will  increase  as  W— *w.  If  W>w  or  any 
of  the  observations  in  the  sample  fall  outside  . . . (the  interval  (g  -w/2,  g + w/2)],  then  of  course  the 
hypothesis  becomes  impossible.”  The  probability  integral  of  the  sample  range  W is  given  by  Pw  = 
{nw-in-l>W  Wn~'/wn,  while  that  of  z'  = 2(G-g)/W  is  given  by  Pz.  = ( 1 -t-z' )_n^'.  The  mean,  standard 
deviation,  /3,,  and  /32  for  W Ut  (ar=  standard  deviation)  are  tabulated  for  samples  of  size  n =3,4,6,10,20 
from  rectangular  and  normal  distributions.  A comparison  is  made  of  tests  based  on  rectangular  and 
normal  assumptions.  Formulas  are  given  on  p.  217  for  the  moment  constants  of  the  range  for  samples 
from  a rectangular  distribution.  The  only  part  of  the  treatment  of  the  exponential  case  (pp.  221-230) 
which  is  relevant  to  our  study  is  the  section  on  tests  for  random  intervals.  Whitworth  ( 1867)  has  shown 
that  the  intervals  of  time  between  random  events  which  happen  on  the  average  once  in  time  c follow  the 
one-parameter  negative  exponential  distribution  with  pdf  fit)  = ( l/c)e~tc.  Morant  ( 1921)  has  extended 
this  idea  to  the  case  in  which  there  is  a closed  period  of  length  b after  an  event  before  another  can  occur. 
In  this  case  the  intervals  between  events  follow  the  two-parameter  negative  exponential  distribution 
with  pdf  fit)  = ( 1/c)  e _lt~hl  c.  Let  t,,  t2, . . . , t,  be  the  times  of  occurrence  of  v = n + 1 successive  observations 

of  an  event,  and  let  i ,,  i2 in  be  the  n intervals  between  occurrences.  Let  i,  be  the  shortest  of  these 

intervals.  On  pp.  226-227  the  authors  show  how  to  test  the  hypothesis  that  the  intervals  are  random  with 
closed  period  b,  using  the  test  statistic  z"  = x,/{ , where  x,  = is-b  and  < =(i,+  i2  + . . . + in)/  n-is,  = ( tv  — t, )/ 
n-is,  and  its  probability  integral  P, ■■  = ( 1 +z")~n*'.  Part  II  does  not  contain  anything  relevant  to  our 
study. 

References:  Whitworth  < 1 867 ),  Morant  < 1 92 1 ),  Fisher  < 1 922 ),  Tippett  (1925),  Pearson  (1926). 

Citations:  Pearson  & Advanthaya  (1928),  Sophister  (1928),  Pearson  & Adyanthava  (1929),  Rider 
( 1929),  Pearson  & Pearson  ( 1931),  Shewhart  ( 1931 ),  Craig  ( 1932a),  Pearson  & Pearson  ( 1932),  Craig 
1 1933),  McKay  & Pearson  1 1933),  Olds  ( 1935),  Sastrv  ( 1935),  Nair  ( 1936),  Pearson  & Chandra  Sekar 
1 1936i.  Sukhatme  1 1936),  Gumbel  ( 1942ai,  Rajalakshman  ( 1943),  Wilks  ( 1943),  Geary  < 1944),  Cramer 
( 1946),  Kendall  < 1946).  Bickerstaff  ( 1947),  Lehmann  ( 1947),  Nair  ( 1948a),  Rao  ( 1948). 
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OgrodnikofT,  Kyrill  i 1 928 ).  On  the  occurrence  of  discordant  observations  and  a new  method  of  treating 
them.  Monthly  Notices  of  the  Royal  Astronomical  Society  88,  523-582.  (JFM  52.  520;  55,  918). 


Summary:  The  author  divides  methods  for  the  treatment  of  discordant  observations  into  two  groups:  1 1 i 
those  in  which  it  is  assumed  that  each  observer,  no  matter  how  skilled,  occasionally  makes  observations 
which  are  affected  by  blunders  and  not  merely  by  errors  following  a certain  law,  the  aim  of  these  methods 
being  to  detect  and  reject  the  observations  resulting  from  blunders;  (2)  those  in  which  no  observation  is 
rejected,  but  smaller  weights  are  ascribed  to  observations  which  differ  greatly  from  the  mean  value.  The 
first  group  includes  the  methods  of  Peirce  ( 1852i,  Chauvenet  1 18631,  and  Stone  ( 1 868 ).  Objections  to 
these  methods  have  been  raised  by  mathematicians  (see.  e.g.,  Bertrand  < 1889 1]  on  theoretical  grounds 
and  by  astronomers  on  practical  grounds.  The  second  group  includes  the  methods  of  De  Morgan  ( 1847 ), 
Glaisher  ( 1 873 1,  Newcomb  < 1 886 »,  Stewart  1 1920b)  (1923),  and  the  author,  who  summarizes  his  own 
method  as  follows  (p.  524>:  "In  the  present  paper  I show  that  if  the  mean  error  changes  during  the 
observations,  the  resultant  frequency  curve  of  residuals  must  show  an  excess  of  large  residuals  as 
compared  with  what  is  predicted  by  a Gaussian  law,  and  I introduce  the  notion  of  mean  weights'  of 
observations  differing  by  the  same  amount  from  the  mean  value  of  the  unknown  quantity.  For  the 
determination  of  these  weights  I give  a simple  formula  which  permits  their  calculation  without  solving 
the  integral  equation  which  appears  when  we  assume  the  observed  frequency  curve  to  be  composed  of 
Gaussian  ones.  The  weights  prove  to  be  diminishing  with  increasing  deviations."  The  author  notes  that 
Czuber  (1891a)  gives  "a  very  instructive  history  of  the  question." 

References:  De  Morgan  ( 1847),  Peirce  ( 1852),  Chauvenet  ( 1863),  Stone  ( 1868),  Glaisher  ( 1873),  New- 
comb 1I8861,  Bertrand  (18891,  Czuber  (1891a),  Stewart  (1920b)  (1923 1. 

* Pearson,  Egon  S.;  Advanthaya,  N.  K.  ( 1928).  The  distribution  of  frequency  constants  in  small  samples 
from  symmetrical  populations  (preliminary  notice).  Biometrika  20A,  356-360.  (JFM  54,  566). 

Summary:  For  samples  of  size  n from  a rectangular  population  with  range  w (standard  deviation  it  = 
w 2\  3i,  formulas  for  the  frequency  constants  ( mean,  standard  deviation,  0,,  and  fin  of  the  sample  range 
have  been  given  by  Neyman  and  Pearson  ( 1928),  p.  217.  The  standard  errors  of  the  center  i midrange)  G 
and  of  the  median  M are  given  by  = <r\  6/(n  + l)(n+2),  <rNI  = <r\  3/(n+2)  for  n odd.  and  aM  = 
it\  3n/(n  + l)(n  + 2)  for  n even.  For  samples  from  a normal  population,  the  frequency  constants  of  the 
range  have  been  tabulated  by  Pearson  (1926).  p.  192,  while  the  standard  errors  of  the  median  (for 
samples  of  size  n 2(  1 >5  only  | and  of  the  midrange  are  calculated  by  the  authors  from  integrals  given  by 
Pearson  ( 1926).  p.  178,  and  from  the  formula  <r,;  = <ru  \ < l + r,n)  2,  where  tru  and  r,„  have  been  given  by 
Tippett  (1925i.  For  the  rectangular  and  normal  populations  (02  = 1.8  and  3.0.  respectively  I,  the 
theoretical  values  of  the  mean  and  standard  deviation  of  the  range  (in  terms  of  the  population  standard 
deviation  ,r>.  of  0,  and  0.,  for  the  range,  and  of  the  standard  errors  of  the  midrange  and  the  median  (as 
multiples  of  the  standard  error  of  the  mean,  it  \ n>  are  tabulated  on  p.  359  for  n = 2,3.4,5,10,20,  with  the 
exception  noted  above  in  the  case  of  the  median.  Values  of  the  same  constants,  obtained  by  experimental 
sampling,  for  n 2.5. 10,20  are  given  in  the  same  table  for  three  other  symmetric  populations.  Pearson 
Type  II  (jS2  = 2.5001,  Type  VII 1 0.,  4. 122),  and  Type  VII  i/32  = 7.069).  |Forn  2,  values  of  0,  and  0.,  for  the 

range  are  missing,  and  theoretical  values  (all  equal  to  1.000)  are  given  for  the  standard  errors  of  the 
midrange  and  the  median.  | On  p.  360,  the  authors  tabulate  (to  3 DP)  the  probability  (theoretical  for  0.,  = 
1.80,  3.00  and  empirical  for  0.,  - 2.50,  4.12.  7.07)  that  the  range  of  a sample  of  size  n =2.5,10.20  exceeds 
k<r.  k = 1(1)11. 

References:  Tippett  1 1925),  Pearson  i 1926).  Student  1 1927),  Neyman  & Pearson  ( 1928). 


Citations:  Pearson  & Advanthaya  < 1929).  Kider  ( 1929).  Hojo  ( 1931 ).  Pearson  1 1931 1,  Craig  1 1932b), 
Davies  & Pearson  1 1934).  Kendall  1 1943),  Cranier  ( 1946),  Kendall  ( 1 946 ) . Bickerstaff  ( 1947 ),  Plackett 
(1947). 
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* Saibante,  Mario  (1928).  La  concentrazione  della  popolazione.  Metron  7 (2),  53-99. 

Summary:  The  author  gives  a theoretical  discussion  of  the  Pareto  distribution  and  the  parameter  a of 
that  distribution,  which  is  often  used  as  an  index  of  concentration,  along  with  Gini’s  index  of  concentra- 
tion 5 and  his  ratio  of  concentration  R.  He  proposes  the  use  of  a,  8 and  R to  measure  the  concentration  of 
population  in  large  cities,  and  calculates  their  values  for  several  countries.  As  expected,  the  values  of  8 
and  R are  highly  correlated  (positively)  and  both  are  highly  correlated  (negatively)  with  a.  Increasing 
values  of  8 and  R and  decreasing  values  of  a are  associated  with  increasing  concentration  of  the 
population  in  large  cities.  The  author  also  examines  the  relation  of  these  measures  to  population  density 
(negatively  correlated  with  8 and  R and  positively  correlated  with  a)  and  average  wealth  (positively 
correlated  with  8 and  R and  negatively  correlated  with  a).  As  a measure  of  correlation,  the  author  uses 
Gini’s  index  of  cograduation  instead  of  the  Pearsonian  product-moment  correlation  coefficient. 

References:  Pareto  (1897),  Gini  (1910)  [1922],  1914a),  Saibante  (1926). 

Citations:  Castellano  (1935),  Gini  (1936),  Davis  (1941). 

* "Sophister”  (1928).  Discussion  of  small  samples  drawn  from  an  infinite  skew  population.  Biometrikci 
20 A,  389-423.  (JFM  54,  567). 

Summary:  The  author  reports  the  results  of  drawing  1000  random  samples  of  each  of  two  sizes  (5  and  20) 
from  a Pearson  Type  III  distribution,  y =y„e~xx7.  The  parts  of  this  paper  which  are  relevant  to  our  study 
are  Section  3 (pp.  394-395)  and  the  accompanying  Table  2 (p.  396)  and  Diagrams  III  and  IV  (pp.  397-3981, 
which  deal  with  distributions  of  ranges  of  the  above  mentioned  samples.  For  each  sample  size,  the  author 
fits  a normal  curve  and  the  best  fitting  Pearson  curve  (Type  VI  for  n=20  and  Type  I for  n = 5>  to  the 
distribution  of  ranges.  The  fit  of  the  normal  curve  is  satisfactory  for  n=5,  but  not  for  n=20. 

References:  K.  Pearson  ( 1895),  Tippett  ( 1925),  E.  S.  Pearson  ( 1926),  "Student”  ( 19271,  Nevman  & Pearson 
(1928). 

Citations:  Pearson  & Advanthaya  ( 1929),  Rider  ( 1929),  K.  Pearson  ( 1931),  E.  S.  Pearson  ( 1939),  Kendall 
(1946). 

* Fisher,  R.  A.  (1929).  Tests  of  significance  in  harmonic  analysis.  Proceedings  of  the  Royal  Society  of 
London  (A)  125,  54-59.  (JFM  55,  950 — listing  only).  Reprinted  1950  as  Paper  No.  16  of  R.  A.  Fisher's 
Contributions  to  Mathematical  Statistics.  John  Wiley  & Sons,  Inc.,  New  York:  Chapman  & Hall.  Ltd. 
London. 

Summary:  The  following  portions  are  relevant  to  our  study:  "The  practice  of  picking  out  the  larger 
values  of  x,  not  in  advance,  but  by  reason  of  their  exceptional  magnitude,  requires  as  Sir  Gilbert  Walker 
[( 19 14 ) 1 has  shown,  an  important  modification  of  the  test  of  significance.  For,  if  we  wish  to  test  the 
significance  of  the  largest  observed  value  of  x,  we  must  compare  the  value  observed  with  the  sampling 
distribution  of  the  largest  of  n independent  values,  and  not  with  that  of  any  one  value  chosen  in  advance. 
If  P stand  for  the  probability  which  we  adopt,  as  sufficiently  small  to  be  used  as  a criterion  of  significance, 
the  corresponding  value  of  x will  be  given  by  e xc  = P [where  c is  the  mean  value  of  x[.  for  any  particular 
term,  but  if  x is  chosen  to  be  the  largest  of  n independent  values,  it  is  necessary  that  the  probability 
should  be  1 -P  that  all  the  n values  shall  be  less  than  x.  so  that  ( 1 -e  xc>n  = 1 -P  is  the  equation  which 
determines  the  least  value  of  x to  be  judged  significant.  This  is  the  criterion  derived  by  Walker."  ip.  55).” 

. . . The  probability  that  the  largest  of  the  n terms  [as  a fraction  of  the  total  | should  exceed  g is,  so  long  as 
this  probability  is  small,  naturally  not  far  from  n times  the  values  given  bv  |P=(  1 -gin  the  probability 
that  any  one  harmonic  term  as  a fraction  of  the  total  exceeds  g|,  and  has  been  shown  to  be  exactly 
P = n(  1 -g)n -1  -...+(  — )k  '{n!/k!(n-k)!}(  1 -kg)n~'.  where  k is  the  largest  integer  less  than  1 g."  tp.  58). 
An  author’s  note  and  a table  of  5rl  and  \'i  critical  values  ofgforn  =5<  1 )50  have  been  added  to  the  reprint. 
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Reference:  Walker  ( 1914). 


Citations:  Fisher  & Yates  (1938),  Fisher  (1939,  1940),  Garwood  (1940),  Chandra  Sekar  & Francis 
( 1941 ),  Cochran  ( 1941 ),  Davis  ( 1941 ),  Finney  ( 1941 ),  Greenwood  ( 1946i,  Kendall  1 1946),  Hartley  ( 1949). 

* Gini,  Corrado;  Galvani,  Luigi  ( 1929).  Di  talune  estensioni  dei  concetti  di  media  ai  caratteri  qualitativi. 
Metron  8 (1-2),  3-209.  (JFM  56,  1084).  Partial  English  translation  by  A.  J.  Lotka,  Journal  of  the 
American  Statistical  Association  25  (1930),  448-450. 

Summary:  The  following  statements  (pp.  136-138),  translated  by  A.  J.  Lotka  and  published  by  F.  A. 
Ross  [(1930),  pp.  448-450],  are  relevant:  "The  customary  definition  of  the  median  in  a linear  series, 
implying  the  existence  of  a greatest  and  of  a least  variate,  cannot  have  any  meaning  for  a two- 
dimensional  series,  because  the  dyads  of  variates  ( Xj,  Y; ) of  such  a series  cannot  be  arranged  in  order  of 
magnitude.’  If,  on  the  other  hand,  we  designate  as  median  that  pair  of  variates  X and  Y represented  by 
the  point  (x,y)  for  which  the  following  relation  holds  0!x,  y)=  X;  , \ lx*  -x)2+  (y,  — y)-T,=  min.  the  radical 
being  taken  with  a positive  sign,  then  this  term  has  a definite  meaning.  ( Ts  apparently  represents  a 
frequency.]  ...  It  is  to  be  observed  that  in  contradistinction  from  what  is  the  case  for  the  arithmetic 
mean,  the  definition  of  the  median  of  a series  in  two  dimensions  cannot  be  made  to_depend  on  that  of  the 
median  of  an  ordinal  series.  In  fact,  if  we  consider  respectively  the  medians  X and  Y of . . . two  series  . . . 
we  cannot  conclude  that  the  dyad  of  variates  ( X,Y ) constitutes  the  median  of  the  given  two-dimensional 
series  in  the  sense  set  forth  above. . . . The 'median  center' . . .,  as  it  is  ordinarily  defined  with  reference  to 
the  distribution  of  population  in  a territory,  is  the  point  of  intersection  of  the  meridian  and  the  parallel  so 
chosen  that  each  separately  divides  this  distribution  into  two  parts  containing  equal  numbers.  Evi- 
dently the  'median  center’  so  defined  not  only  lacks  the  characteristic  property  of  a median,  namely  of 
making  a minimum  the  sum  of  the  absolute  displacements,  but  furthermore,  the  median  thus  defined  is 
not  invariant  with  regard  to  the  system  of  coordinates  to  which  the  points  of  the  plane  are  referred;  that 
is  to  say,  if  these  points  were  referred  to  coordinates  other  than  latitude  and  longitude,  the  median  center 
thus  obtained  would  be  different  from  that  defined  in  terms  of  latitude  and  longitude.  Our  definition  of 
the  median,  on  the  contrary,  has  a purely  objective  meaning  with  regard  to  the  distribution  under 
consideration.  . . . The  point  in  which  a population  can  be  concentrated  with  the  minimum  aggregate 
travel  from  the  present  location  is  precisely  that  which  constitutes  the  median  in  the  sense  of  the 
definition  given  by  us  [and  not,  as  stated  in  various  publications  of  the  U.  S.  Bureau  of  the  Census,  the 
center  of  population  (center  of  gravity),  for  which  it  is  not  the  sum  of  the  displacements  but  the  sum  of 
their  squares  which  is  a minimum,  or  the  'median  point’,  as  defined  in  those  publications]’’.  The  above 
quotation  is  but  one  example  of  the  authors’  use  of  what  they  call  the  "principle  of  maintenance  of  formal 
laws”  to  extend  the  customary  definition  of  the  median.  In  Sections  27-30  (pp.  83-96),  they  use  this 

principle  to  define  the  median  of  a series  of  values  X,ii  1,2 s!  with  corresponding  frequencies  Y,. 

where  the  X,  are  not  ordered  in  the  usual  sense  but  are  cyclically  ordered,  so  that  the  usual  definition  is 
meaningless,  as  the  value  X which  minimizes  jX-X.iY,. 

References:  Galton  ( 1875),  Gini  (1912,  1914b,  1915a, b,  1918),  Pietra  ( 1925),  Gini  ( 1926). 

Citations:  Gini  ( 1930),  Ross  ( 1930),  Galvani  1 19331,  Gini,  Boldrini,  Galvani  & Venere  ( 1933),  Griffin 
( 1933),  Scates  1 1933),  Cisbani  ( 1938),  Dodd  ( 1940),  Kendall  1 1943,  1946). 

* de  Gleria,  Amadio  (1929).  Una  abbreviazione  nel  calcolo  della  differenza  media.  Rivista  Italiana  di 
Statistica.  Economia  e Finanziaria  1(4),  383-384. 

Summary:  Let  a,  s as  s . . . s a„  be  an  ordered  series  |e.g.  the  order  statistics  of  a sample  of  size  n from 

some  population  (specified  or  unspecified)  |.  Lets,  a,,s._,  a,  + a.j s„  = a,  + a2  + . . . + an:  S = s,  + s2 

+ ...+  sn;  s' i = an,  s'2  = a„  + a„ s'n=an+an  a,;  S'  =s’,  + s'2  + ...+  s'n.  Czuber  (1914)  has 

proposed  the  following  formulas  for  calculating  the  mean  difference  A and  the  mean  difference  with 
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repetition  AK:  A = 2(S'  — S )/n(  n — 1 ) and  A„  = 2(  S ' -S)/n2.  The  author  makes  use  of  the  obvious  relation  S 
+ S'  = (n  + l)  ajOrS’ = (n  + 1)  i'l=1  a,  - S to  reduce  Czuber’s formulas  to  A = 2{(n  + 1 1 Sn  t a,  - 2S }/ 
n(n-l)  and  AR  = 2{(n  + l>  2^,  a,  - 2S}/  n2. 

References:  Gini  (1912),  Czuber  (1914). 

Citations:  de  Finetti  & Paciello  (1930),  de  Finetti  (1931a),  Pietra  (1932a),  Pizzetti  ( 1941a, c). 

* Levy,  Paul  (1929).  Sur  quelques  travaux  relatifs  a la  theorie  des  erreurs.  Bulletin  des  Sciences 
Mathematiques  (2)  53,  11-32.  (JFM  55,  917). 

Summary:  The  second  law  of  large  numbers  can  be  stated  roughly  as  follows:  The  sum  of  a large  number 
of  variables  (errors)  which  are  independent  and  very  small  obeys  the  law  of  Gauss.  One  of  the  necessary 
hypotheses  is  that  each  of  the  errors  has  a finite  standard  deviation  which,  by  neglecting  an  additive 
constant,  one  can  represent  by  iTqx,,  mi  denoting  a positive  constant  and  x,  a reduced  variable  (i.e.,  one 
with  zero  mean  and  unit  variance).  The  author  shows  that  the  maximum  deviation  considered  by 
Frechet  ( 1927)  is  almost  surely  finite  if  the  series  m“+m2“+. . .+m„“  + . . . (0<a<2)  is  convergent  and  almost 
surely  infinite  if  that  series  is  divergent.  In  the  latter  case,  the  method  of  least  squares  cannot  be 
rigorously  justified,  and  the  arithmetic  mean  is  not  necessarily  the  best  average.  In  that  case,  the  author 
states  that  it  is  natural  to  discard,  in  a definite  proportion,  the  largest  and  smallest  values  and  take  the 
mean  of  the  values  retained,  a method  which  is  good  in  every  case  and  gives  a standard  error  asymptoti- 
cally equal  to  a/v  n,  a depending  on  the  law  of  error  and  the  ratio  of  the  number  of  values  retained  to  the 
total  number  of  measurements.  He  goes  on  to  say  that  one  may  wish  to  determine  that  ratio  so  as  to 
minimize  a,  but  that  it  is  not  necessary  to  do  this  exactly,  since  a varies  slowly  in  the  vicinity  of  the 
minimum.  He  also  mentions  General  Estienne  s proposal  that  only  one  value,  the  median,  be  retained. 
This  method,  he  says,  is  less  precise  than  the  preceding  one,  but  has  the  advantage  of  being  simple  to  use 
in  practice,  e.g.  in  artillery  fire. 

References:  Levy  ( 1925),  Frechet  ( 1927),  Cramer  ( 1928). 

* Pearson.  Egon  S.;  Adyanthaya,  N.  K.  (1929).  The  distribution  of  frequency  constants  in  small  samples 
from  non-normal  symmetrical  and  skew  populations.  Biometrika  21,  259-286.  (JFM  55,  922). 

Summary:  The  only  part  of  this  paper  relevant  to  our  study  is  Section  6 ( pp.  280-286).  On  pp.  280-281  the 
authors  state:  "In  a recent  paper  [Neyman  & Pearson  ( 1928),  p.  212]  it  was  shown  that  in  sampling  from  a 
rectangular  population  the  appropriate  criterion  to  use  in  testing  a hypothesis  regarding  the  position  of 
the  mean,  a,  was  not  z but  the  ratio  z'  = < G — a )/( R/2 ),  where  u and  v are  the  highest  and  lowest  values  of 
the  variable  in  the  sample,  G is  the  sample  'centre',  = (u  + vt/2,  R is  the  sample  range,  = u-v.  The 
theoretical  distribution  ofz'  in  samples  of  n from  this  population  was  obtained,  and  it  was  suggested  that 
perhaps  it  might  be  of  wider  application,  just  as  'Student's'  z-distribution  has  been  found  to  be  adequate 
for  populations  differing  considerably  from  the  normal.  Further  analysis,  however,  soon  showed  that  the 
'rectangular  theory’  z'-distribution  would  not  be  appropriate  for  samples  from  the  populations  of 
common  statistical  experience."  Approximate  distributions  of  z'  in  samples  of  5 and  10  from  a normal 
population  are  found  and  curves  are  fitted  to  them  to  obtain  ’normal  theory’ z’-curves.  The  sensitivities  of 
z and  z'  tests  are  compared,  not  only  for  the  normal  population  but  for  three  neighboring  non-normal 
populations  with  /3,  = 0.0,  [j.2  = 2.5;  /3,  = 0.0,  /32  =4.1  and  /3,  = 0.2,  = 3.3.  As  might  be  expected,  "for 

samples  of  5 the  z- test  is  not  very  much  more  sensitive  than  the  z '-test,  but . . . when  n has  increased  to  10 
the  former  has  a very  marked  advantage.  The  difference  is  least  for  the  platykurtic  population.”  (p.  284). 

References:  Tippett  (1925),  Neyman  & Pearson  (1928).  Pearson  & Adyanthaya  (1928),  "Sophister” 
(1928),  Rider  (1929). 
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Citations:  Kendal]  (1946),  Tukey  (1948b,  1949b),  Walsh  (1949b). 

Rider,  Paul  R.  ( 1929).  On  the  distribution  of  the  ratio  of  mean  to  standard  deviation  in  small  samples 
from  non-normal  universes.  Biometrika  21,  124-143.  (JFM  55,  304,  921).  Abstract,  Bulletin  of  the 
American  Mathematical  Society  35,  440. 

Summary:  A substantial  part  of  this  paper  (the  part  described  in  the  title)  does  not  involve  order 
statistics.  The  relevant  portions  are  those  comparing  the  distributions  of  various  statistics  in  small 
samples  from  discrete  rectangular  populations  with  varying  number  of  classes  with  the  corresponding 
distributions,  previously  worked  out  by  other  authors,  for  samples  from  continuous  populations.  The 
author’s  results  for  discrete  populations  are  compared  with  those  of  Pearson  & Adyanthaya  < 1 928 ) for 
the  median,  of  Neyman  & Pearson  ( 1928)  for  the  range,  and  of  Dodd  ( 1922)  for  the  extreme  average 
(midrange).  Results  are  also  given  for  the  distributions  of  greatest  and  least  variates  in  samples  from 
discrete  rectangular  populations.  On  p.  139  the  author  states  the  following  general  conclusions:  "A 
number  of  statistical  parameters  (mean,  median,  range,  extreme  average,  greatest  variate  and  least 
variate)  in  samples  from  a rectangular  universe  are  distributed  in  polynomials,  which  are  apparently, 
except  in  the  case  of  greatest  variate  and  least  variate,  of  degree  one  less  than  the  number  in  the  sample. 
There  appears  to  be  little  difference  in  the  distributions  of  these  variates  when  the  universe  is  continu- 
ous and  when  it  is  discrete.” 

References:  Dodd  (1922),  Tippett  (1925),  Neyman  & Pearson  ( 1928),  Pearson  & Adyanthaya  (1928). 
Sophister  ( 1928). 

Citations:  Pearson  & Adyanthaya  ( 1929),  Shewhart  (1931),  Craig  (1932a,  1933).  Olds  (1935).  Kendall 
(1946),  Bickerstaff  (1947). 

* Smith,  David  Eugene  ( 1929).  A Source  Book  in  Mathematics.  McGraw-Hill  Book  Company,  Inc..  New 
York-London.  (JFM  55,  583-585). 

Summary:  The  section  on  the  field  of  probability  (pp.  546-604)  contains  translations  of  all  or  portions  of 
five  classical  works,  including  those  of  Legendre  ( 1805),  pp.  72-75,  on  the  method  of  least  squares  and  of 
Laplace  (1812),  pp.  304-327,  on  the  probability  of  errors  in  the  mean  results  of  a great  number  of 
observations,  etc.  The  former  was  translated  by  Henry  A.  Ruger  and  Helen  M.  Walker  and  the  latter  by 
Julian  L.  C.  A.  Gys. 

References:  Legendre  (1805),  Gauss  (1809),  Laplace  ( 1812). 

* Wilson,  Edwin  B.;  Hilferty,  Margaret  M.  1 1929).  Note  on  C.  S.  Peirce's  experimental  discussion  of  the 
laws  of  error.  Proceedings  of  the  National  Academy  of  Sciences  (USA)  15  (2),  120-125.  (JFM  55,  303). 

Summary:  The  authors  re-examine  an  extensive  series  of  observations  for  which  C.  S.  Peirce  ( 1873) 
concluded  that  the  normal  law  was  verified,  and  reach  the  opposite  conclusion.  Peirce's  data  consist  of 
about  500  observations  each  day  for  24  different  days.  The  authors  give  the  standard  deviations  of  the 
median  and  of  the  mean  for  each  day,  and  proceed  to  compare  them,  reaching  the  following  conclusions 
( p.  124 ):  "The  ordinary  statement  based  on  the  normal  law  is  that  the  determination  of  the  median  is  25^ 
worse  than  that  of  the  mean.  A comparison  of  the  standard  deviations  of  the  median  and  mean  . . . shows 
that  for  these  observations  the  median  is  better  determined  than  the  mean  on  13  days,  worse  determined 
on  9 days,  and  equally  well  determined  on  2 days.  Roughly  speaking  this  means  that  mean  and  median 
are  on  the  whole  equally  well  determined." 

Comments:  The  authors  use  their  results  as  evidence  that  the  data  have  not  come  from  a normal 
distribution:  the  results  also  tend  to  show,  as  confirmed  by  theory  |see.  e.g.,  Gumbel  ( 1937c>],  that  for 
some  distributions  the  median  is  more  precise  than  the  mean. 
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References:  Peirce  < 1873 *,  Poincare  (1896)  [1912|. 

Citations:  Luyten  < 1932),  Frechet  (1935),  Gumbel  (1937c),  Frechet  (1941). 

::  d'Addario,  R.  ( 1930 ).  Un'indagine  sulla  dinamica  distributiva.  Rivista  Italiana  2 (3),  269-304. 

Summary:  The  author  points  out  that  Pareto’s  equation  i Nx  = A;x“)  is  that  of  a [cumulative]  distribu- 
tion curve,  while  Gini’s  [Ns/N  = (Rx/R)^|  is  that  of  a curve  of  concentration,  and  he  therefore  asks  why 
one  should  be  confused  with  the  other.  The  first  gives  the  number  of  individuals  having  an  income 
greater  than  a specified  value  x,  while  the  second  gives  the  fraction  of  the  total  number  of  individuals 
having  a specified  fraction  of  the  total  income.  He  also  discusses  Gini’s  ratio  of  concentration  R and  its 
relation  to  the  ratio  S of  half  the  mean  deviation  i from  the  arithmetic  mean)  to  the  arithmetic  mean.  He 
states  that  it  is  easy  to  demonstrate,  for  a given  distribution,  that  R > S (see  Pietra  ( 1915),  Ricci  ( 1916)]. 
He  calculates  R and  S and  plots  the  curve  of  concentration  for  industrial  and  commercial  income  and  for 
professional  income  in  the  city  of  Taranto  in  the  years  1908,  1914,  1922  and  1928.  Lastly,  he  discusses 
the  relation  between  cograduate  quantities  and  corresponding  quantities  [Gini  ( 1917 1]  and  applies  it  to 
incomes  of  individuals  in  a population  at  widely  separated  times. 

References:  Pareto  (1897),  Lorenz  (1905),  Gini  (1909,  1910),  Mortara  (1911),  Gini  (1914a),  Pietra 
< 1915),  Ricci  ( 1916),  Gini  ( 1917),  Amoroso  ( 1925). 

Citations:  d’Addario  (1932),  Castellano  (1935),  Bresciani-Turroni  (1939). 

* Eells. Walter  Crosby)  1930).  A mistaken  conception  of  the  center  of  population.  Journal  of  the  American 
Statistical  Association  25,  33-40. 

Summary:  The  author  ipp.  33-34)  quotes  at  length  from  p.  5 of  the  Census  Bureau  bulletin  by  Sloane 
) 1923),  italicizing  the  following  sentences:  "If  all  the  people  in  the  United  States  were  to  be  assembled  at 
one  place,  the  center  of  population  would  be  the  point  which  they  could  reach  with  the  minimum 
aggregate  travel,  assuming  that  they  all  travelled  in  direct  lines  from  their  residence  to  the  meeting 
place.  No  such  statement  holds  of  the  median  point.”  He  notes  that  the  same  statement  is  found  in 
various  other  Census  Bureau  reports  on  the  Fourteenth  Census  ( 1920 1 and  the  Thirteenth  Census 
1 1910).  He  remarks  ip.  35):  "It  cannot  be  denied  that  the  form  of  statement  used  in  the  quotations  in 
italics  from  the  census  gives  a much  more  picturesque,  vivid,  and  popular  definition  of  the  center  of 
population  than  does  the  more  abstract  and  mathematical  definition  of  it  as  the  centroid  or  center  of 
gravity.  But  unfortunately  it  lacks  one  rather  essential  attribute — truthfulness.  Before  demonstrating 
its  falsity,  however,  it  may  be  of  importance  to  consider  a little  further  the  historyofthe  interesting  point 
known  as  the  center  of  population  and  of  the  closely  related  median  point'.”  He  points  out  that  the 
erroneous  statement  concerning  minimum  aggregate  travel  is  not  found  in  the  1900  census  or  in  any 
earlier  ones,  although  treatment  of  the  center  of  population  goes  as  far  back  as  an  1874  Census  Bureau 
publication  on  the  ninth  ( 1870)  census,  in  which  it  is  defined  correctly  as  the  center  of  gravity  of  the 
population.  He  states  that  the  "median  point”  was  first  computed  for  the  1900  census,  at  which  time  it 
was  also  computed  for  1880  and  1890  for  comparison.  He  considers  three  examples  of  small  populations, 
and  finds  that  for  two  of  them  the  aggregate  distance  from  the  median  point  is  less  than  that  from  the 
center  of  gravity,  while  the  opposite  is  true  for  the  other  one.  Thus  neither  of  these  points  has  in  general 
the  minimum  distance  property.  The  author  considers  the  problem  of  what  is  the  true  point  of  minimum 
aggregate  travel,  but  is  able  to  solve  it  only  for  the  very  special  case  of  three  points  forming  an  isoscles 
triangle. 

References:  Bow  lev  (1901)  [ 1902 1.  King  ( 1912),  Sloane  ( 1 923 1,  Burgess  (1927). 

Citations:  Ross  (1930),  Gini.  Boldrini,  Galvani  & Venere  (1933),  Scates  (1933). 
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* de  Finetti,  B.;  Paciello,  U.  (1930).  Calcolo  della  differenze  media.  Metron  8 (3),  89-94. 

Summary:  The  authors  discuss  various  methods  of  computing  the  mean  difference.  Let  a,  s a2 « . . . « an 
be  a sample  of  size  n from  some  (specified  or  unspecified)  population.  Gini  (1912)  gave  the  following 
formula  for  calculating  the  mean  difference  A and/or  the  mean  difference  with  repetition  AK:  A«  = [( n - 
l)/n)A  = ( 1/n2 ) (n  + 1 - 2i)|a,  - a„_1+,|.  Czuber  (1914)  gave  the  formula  A,t  = [in  - 1 )/n]A  = (2/n2)  (S' 

- S),  where  S = s,  + s2  + . . . + sn,  s,  = a,  + a2  + . . . + a„  S'  = s',  + s'2  + . . . + s'n,  s',  = an  + an_,  + . . . + 
an_j,.,.  A further  simplification,  which  the  authors  mention  but  do  not  specify,  was  given  by  de  Gleria 
(1929).  The  authors  note  that  Gini  (1914a)  showed  that  AK  = [(n-l)/n]  A=2AR,  where  A is  the 
arithmetic  mean  of  the  a,’s  and  R is  the  ratio  of  concentration,  so  another  way  to  find  A„  and/or  A is  first 
to  calculate  A and  R and  then  use  the  above  relation.  The  authors  go  back  to  the  basic  definitions,  A„  = 
“".j=n  la*  ~ ail/n2  anc*  A = 1 ",J=,|a,  - a,|/n(n-  1).  They  use  the  relation  I"J=1  |a,  - a,|  = 2£'lJj=l  (a,  - a,), 
where  S'  extends  over  only  those  values  of  i and  j such  that  i > j.  Then  they  show  that  S'"jM  (a,-  a,)  = 
Zh=i  h(  n - h)  (ah*,  - ah).  Substituting  these  results  back  into  the  defining  formulas  givesAK=2S[JI',  h(  n — 
h)  (ah+,  - ah)/n2  and  A = 2SUl!  h(n  - h)  (ah+,-  ah )/  n(n-l).  The  authors  also  adapt  their  formulas  to 
grouped  data,  and  use  them  to  calculate  the  mean  difference  in  the  birth  rates  for  the  16  Compartments 
of  Italy  in  1921,  weighted  according  to  the  population  of  each  Compartment. 

References:  Gini  (1912),  jCzuber  (1914)),  Gini  (1914a),  Pietra  (1925),  de  Gleria  ( 1929 >. 

Citations:  de  Gleria  ( 1930),  de  Finetti  (1931a),  Yntema  ( 1933),  Pizzetti  ( 1941a,c),  Kendall  1 1943, 1946). 

* Fogelson,  S.  ( 1930).  Sur  la  determination  de  la  mediane.  Revue  Trirnestrielle  de  Statistique  (Warsaw)  7 
(2),  1- 

Summary:  Gumbel  ( 1937c)  states  that  the  author  shows  that,  for  any  distribution  having  finite  mean 
and  standard  deviation,  the  median  of  a sample  of  size  N is  asymptotically  normally  distributed  (as 
N — > x). 

Note:  The  compiler  has  been  unable  to  obtain  a copy  of  this  paper,  and  hence  has  had  to  rely  upon  the 
paper  by  Gumbel  ( 1937c)  for  information  about  it. 

Citations:  Gumbel  (1935a,  1937c). 

* Gibrat,  Robert  ( 1930).  Une  loi  des  repartitions  economiques:  l'effet  proportionnel.  Bulletin  de  la  Statis- 
tique Generate  de  la  France  19  (4)  469-513. 

Summary:  The  author  reviews  the  Pearson  system  of  frequency  curves,  Kapteyn's  skew  frequency 
curves,  and  other  theoretical  distribution  curves.  He  proposes  that  the  lognormal  law  (which  he  calls  the 
law  of  proportional  effect)  be  used  instead  of  Pareto’s  law  to  approximate  distributions  of  salaries, 
incomes,  inheritances,  etc.,  as  well  as  the  concentration  of  enterprises.  The  equation  that  he  gives  for  the 
law  of  proportional  effect,  y = ( 1 / v zr ) exp  {-(a  log  (x-x„)  + b]2},  is  not  a proper  density  function  [see 
Note  below  |.  He  discusses  three  methods  of  estimating  the  parameters  of  this  and  other  distributions: 
the  method  of  least  squares,  the  method  of  Cauchy,  and  Pearson's  method  of  moments.  He  states  that  the 
method  of  moments  exaggerates  the  effect  of  extreme  observations.  He  proposes  use  of  the  parameter  a of 
the  lognormal  distribution  to  define  an  index  of  concentration  C = 100/a.  He  shows  that,  for  the 
lognormal  distribution,  log  ( M - x„)  = -b'a,  log  i A - x0)  = 1 '4  a2  loge  - b/a  and  log  ( M„-x„)  = - l/2a2  loge 

- b/a,  where  A arithmetic  mean,  M median  and  M„  = mode.  He  states  in  a footnote  (p.  505i  that  he 
has  proved  the  formulas  C 45.5  1)  and  C 105  log  q , q,.  where  D = ( q;I  — q,)/M,  q , and  q,  being  the  upper 
and  lower  quartiles. 
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Note:  It  has  been  pointed  out  by  d'Addario  ( 1931 > that  Gibrat  omitted  the  factor  a log  e/(x  ~x„>  needed  on 
the  right-hand  side  of  his  equation  to  make  it  a proper  density  function.  This  omission  did  not  affect  his 
results  for  log  (M-x„>,  log  <A-x„)  and  log  Mc>-x„),  which  are  consistent  with  d’Addario’s  results,  as 
Gibrat  ( 1931  > has  pointed  out.  It  is  of  interest  that  log  ( M-x„)  lies  one-third  of  the  way  from  log  < A-x„i  to 
log(M0-x0),  which  is  reminiscent  of  the  rule  of  thumb  (see,  e.g.  Pearson  ( 1895 1 and  Yule  ( 1896a  i]  that  the 
distance  between  the  mean  and  the  median  is  approximately  one-third  of  that  between  the  mean  and  the 
mode. 

References:  Pareto  (1897),  Bowlev  (1901),  Kapteyn  (1903),  Jordan  (1927). 

Citations:  d'Addario  (1931),  Gibrat  (1931,  1932a, b),  Castellano  (1935). 

* Gini,  Corrado  1 1930).  Sul  massimo  degli  indici  di  variabilita  assoluta  e sulle  sue  applicazione  agli  indici 
di  variabilita  e al  rapporto  di  concentrazione.  Metron  8(3),  3-65. 

Summary:  The  author  defines  the  maximum  of  an  index  of  variability  (for  a series  of  nonnegative 
quantities,  e.g.  sample  observations]  as  the  value  which  this  index  assumes  in  the  case  of  maximum 
inequality  of  the  quantities  in  the  series.  For  a series  of  n quantities,  the  maximum  inequality  occurs 
when  one  quantity  is  T = nA  (where  A = arithmetic  mean)  and  the  rest  are  equal  to  zero.  The  maxima  of 
six  common  indices  are  given  by  Max‘SA  = 2[< n — 1 )/n ] A,  Max‘SN1  = A,  Max  2SA  = \ n-1  A,  Max  2SM  = 
\ n A,  Max  A = 2A,  Max  AR  = 2[(n-l)/n]A,  where  1SA  = simple  mean  deviation  from  the  arithmetic 
mean,  ‘SM  = simple  mean  deviation  from  the  median,  2SA  = quadratic  mean  deviation  from  the 
arithmetic  mean,  2SN,  = quadratic  mean  deviation  from  the  median,  A = mean  difference  (without 
repetition)  and  A„  = mean  difference  with  repetition.  If  the  upper  limit  (maximum  sample  value)  is  L ( < 
nA),  the  author  gives  different  (more  complicated)  formulas  for  the  maxima.  He  also  discusses  the  curve 
of  concentration,  the  area  of  concentration  and  the  ratio  of  concentration  (R)  in  relation  to  the  indices  of 
variability.  In  particular,  he  gives  maximum  values  of  the  six  indices  of  variability  considered  above 
when  R is  specified  (in  relation  to  A or  M).  He  also  discusses  unweighted  and  weighted  arithmetic  means 
and  medians,  and  calculates  their  values  for  birth,  marriage  and  death  rates  of  the  16  Compartments  of 
Italy  during  the  period  1920-1923.  The  weighted  (according  to  population)  arithmetic  mean  is  equal  to 
the  value  for  the  whole  nation,  and  the  weighted  median  is  much  closer  to  this  value  than  either  of  the 
unweighted  measures.  The  author  also  applies  the  formulas  for  the  case  L <nA  to  obtain  maximum 
values,  for  the  same  demographic  data,  of  the  six  indices  of  variability  discussed  earlier. 


References:  Gini  ( 1912,  1914a),  Vinci  ( 1918).  Saibante  ( 1926),  Gini  & Galvani  1 1929). 

Citations:  Galvani  ( 1931,  1932),  Gini  1 1932),  Castellano  ( 1933a),  Yntema  ( 1933),  Pietra  ( 1935a),  Wold 
(1935),  Gini  (1936,  1939),  de  Vergottini  (1940),  Davis  (1941),  Kendall  ( 1 946 1. 

* de  Gleria,  Amadio  ( 1930).  Sul  calcolo  della  differenza  media.  Rivista  Italiana  di  Statistica.  Economia  e 
Finanziaria  2 (2),  155-161. 

Summary:  The  author  points  out  that  the  simplification  of  Czuber’s  formula  for  calculating  the  mean 
difference  which  he  gave  in  his  earlier  note  |de  Gleria  ( 1 929 ) ( is  not  applicable  to  grouped  data.  He  gives 
an  analogous  formula  forgrouped  data:  A - 2{(i^_,  f,  + l><-"_,  f(  a,  * — 2S } (-"_,  fj  ( , f,  - li.wherea, 
is  the  class  mark  and  f,  is  the  frequency  of  the  i,h  class  (i  = 1,2, ....  n = number  of  classes)  and  2S  = il?  ( f( 
a((  f,  + 1 + 2i.kI1l. , fk).  He  applies  this  formula  to  calculate  the  mean  difference  of  the  age  differences  of 
newly  married  couples  in  Italy  in  the  year  1914. 

References:  Gini  ( 1912,  1914a).  Pietra  1 1915.  1 925 ).  de  Finetti  & Paciello  ( 1930). 

Citations:  de  Finetti  1 1931a),  Pietra  1 1932a),  Pizzetti  1 1941a, c). 
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* Hazen,  Allen  ( 1930 ).  Flood  Flows.  A Study  of  Frequencies  and  Magnitudes.  John  Wiley  & Sons,  Inc.,  New 
York;  Chapman  & Hall,  Ltd.,  London. 

Summary:  Material  relevant  to  our  study  is  found  in  Chapters  III  ( Method  of  Plotting  Annual  Floods), 
VII  (The  Coefficient  of  Skew),  and  VIII  (Drawing  a Smooth  Curve).  In  Chapter  III  (pp.  13-18),  the  author 
gives  a discussion  of  probability  paper  and  proposes  P = ( 2m  - 1 )/2n  as  a plotting  position  for  the  m,h  order 
statistic  of  a sample  of  size  n.  In  Chapter  VII  ( pp.  42-47 ),  he  summarizes  the  work  of  Foster  ( 1924 ) and 
Goodrich  ( 1927)  on  skew  curves.  In  Chapter  VIII  (pp.  48-59),  which  is  based  largely  on  the  work  of  Foster, 
he  gives  instructions  for  plotting  logarithmic  skew  curves  and  Pearson  Type  I and  Type  III  skew  curves, 
making  use  of  Tables  II-IV  (pp.  188-189)  in  the  Appendix. 

References:  Hazen  (1914),  Foster  (1924),  Goodrich  (1927). 

Citations:  Foster  (1934),  Slade  (1934),  Foster  (1936),  Grassberger  (1936),  Saville  (1936),  Gumbel 
(1937-38),  Kimball  (1938),  Creager  (1939),  Gumbel  (1939c),  Grant  (1940),  Gumbel  1 1941a, bi.  Beard 
(1942),  Gumbel  (1942c),  Kimball  (1942),  Gumbel  ( 1943a, b,  1945a. b).  Lane  & Lei  (1949). 


Lidstone,  G.  J.  ( 1930).  Notes  on  Professor  Steffensen's  first  lecture.  Journal  of  the  Institute  of  Actuaries 
61,  340-353.  ( JFM  56,  1095). 

Summary:  The  author  comments  on  three  main  topics  discussed  by  Steffensen  ( 1930)  in  his  first  lecture: 
( 1 ) the  limit  of  life:  (2i  mortality  tables  giving  the  same  policy  values;  and  (3)  frequency  constants.  Only 
the  first  of  these  is  relevant  to  a study  of  order  statistics.  The  following  comments  are  pertinent:  "in  para. 
5 of  his  first  lecture  the  Professor  deals  rather  severely  with  the  classical  text-book  doctrine  . . . that 
there  is  an  age  w(the  'limit  of  life')  at  and  beyond  which  t s=  0.  He  in  fact  considers  that 'this  point  of  view 
contains  a fallacy'.”  (p.  340).  "Our  conclusion  is  that  the  classic  doctrine  of  a>  is  not  to  be  stigmatized  as  a 
fallacy,  but  is  properly  to  be  regarded  as  prescribing  the  most  suitable  form  of  the  idealistic  continuous 
curve  which — in  spite  of  the  inherent  difficulties  to  which  reference  has  been  made — we  find  it  theoreti- 
cally convenient  to  adopt  for  the  representation  of  ( x.”  (p.  343). 

References:  De  Morgan  ( 1847 1,  Bertrand  ( 1889i.  Poincare  ( 1896),  Brunt  (1917),  Whittaker  & Robinson 
( 1924),  Steffensen  ( 1930). 

Citations:  Steffensen  ( 1931 ),  Insolera  ( 1933). 

March.  Lucien  ( 1930).  Les  Principes  de  la  Methode  Statistique.  Librairie  Felix  Alcan,  Paris. 

Summary:  Chapter  XI  (pp.  264-288)  deals  with  various  types  of  averages,  including  the  arithmetic 
mean,  the  median,  the  quadratic  mean,  the  cubic  mean,  the  biquadratic  (quartic)  mean,  the  harmonic 
mean,  the  logarithmic  mean,  and  the  geometric  mean,  as  well  as  means  of  ratios,  means  of  grouped  data, 
and  weighted  means.  The  author  discusses  their  properties  and  their  relations  to  each  other.  Chapter  XII 
(pp.  289-322)  deals  with  measures  of  variability,  including  the  interquartile  range,  the  mean  difference, 
the  standard  deviation,  and  the  mean  deviation.  He  defines  not  only  the  usual  positional  measures 
(quantiles,  such  as  median,  quartiles.  deciles,  percentiles,  etc. ) which  divide  the  number  of  individuals 
possessing  a character  into  equal  parts  according  to  the  amount  of  it  they  possess,  but  also  the 
corresponding  values  (quantals,  such  as  medial,  quartal,  etc.)  which  divide  the  aggregate  amount 
possessed  into  equal  parts.  For  example,  the  median  income  is  that  income  such  that  the  same  number  of 
individuals  have  greater  income  as  have  less,  while  the  medial  income  is  that  income  such  that  the 
aggregate  income  of  those  individuals  having  greater  income  is  the  same  as  that  of  those  having  less. 
The  difference  between  the  median  and  the  medial  is  called  the  intermediant.  In  Chapter  XIX  (pp. 
503-524),  the  author  considers  comparisons  according  to  the  order  of  magnitude  of  the  elements,  both 
qualitative  i ranks'  and  quantitative  i order  statistics).  Among  the  latter,  he  discusses  the  interquantile 
and  interquantal  distances  and  their  ratios  to  the  median  or  the  medial. 


Reference:  Gini  (1912). 


Citations:  von  Bortkiewicz  ( 1931 1,  Gini  < 1932),  Julin  < 1933 1,  Anderson  (1935),  Castellano  (1935). 

de  Montessus  de  Ballore,  R.  (1930).  Moyennes.  Revue  Generate  de. s Sciences  Pures  et  Appliquees  41, 
49-53.  i JFM  56.  448). 

Summary:  The  author  discusses  various  averages  or  means,  including  the  arithmetic  mean,  the  mode, 
the  median,  the  geometric  mean,  and  the  harmonic  mean.  He  defines  the  median  in  the  usual  way  and 
shows  how  to  compute  the  median  for  grouped  data  by  linear  interpolation  between  the  limits  of  the  class 
containing  it.  He  states,  however,  that  no  analytic  method  is  known  for  determining  the  median 
rigorously,  even  in  the  simplest  cases.  He  observes  that  treatises  on  statistics  give  the  empirical  relation 
M„+  2Ma  = 3M  between  the  mode  M„.  the  arithmetic  mean  Ma,  and  the  median  M,  but  points  out  that 
precise  calculations  cannot  be  based  on  that  relation.  He  states  that  the  sum  of  the  absolute  values  of  the 
deviations  is  a minimum  when  taken  from  the  median,  but  opines  that  this  fact  is  of  much  less  practical 
interest  than  the  analogous  proposition  concerning  (the  sum  of  squares  of  deviations  from  ] the  arithme- 
tic mean.  He  defines  the  quartiles  and  other  quantiles,  and  computes  the  former  for  a set  of  grouped  data. 

Peterson,  R.  E.  ( 1930).  Fatigue  tests  of  small  specimens  with  particular  reference  to  size  effect.  Transac- 
tions of  the  American  Society  for  Steel  Treating.  18,  1041-1053;  discussion,  1053-1056. 

Summary:  The  author  describes  a small  fatigue  testing  machine  weighing  ten  pounds  and  taking  a test 
specimen  fifty  thousandths  of  an  inch  in  diameter  at  the  critical  section.  He  compares  the  results  of 
fatigue  tests  on  this  machine  with  those  of  similar  tests  on  larger  machines  using  larger  specimens.  For 
ordinary  steels  he  finds,  contrary  to  what  one  would  expect  from  the  theory  developed  by  Griffith  ( 1920), 
that  there  is  no  appreciable  size  effect  up  to  two-inch  diameter.  For  cast  iron  specimens,  he  finds, 
however,  that  there  is  a considerable  size  effect;  in  the  discussion.  R.  L.  Templin  reports  a similar  result 
for  cast  aluminum. 

Reference:  Griffith  < 1920). 

Citations:  Fowler  ( 1945 ),  Oding  (1946). 

Rhodes,  E.  C.  (1930).  Reducing  observations  bv  the  method  of  minimum  deviations.  Philosophical 
Magazine  (7)  9,  974-992.  (JFM  56,  477). 

Summary:  The  author  states  ipp.  974-978):  "The  writer  recently  was  desirous  of  smoothing  out  the 
fluctuations  in  |a|  seriesof  figures  1 17  pairs  of  values  of  x = — 8(  1 ) + 8 and  y j . . . . A parabola  was  fitted  by 
the  method  of  Least  Squares  ....  The  result  was  not  considered  altogether  satisfactory.  ...  It  was 
considered  that  the  parabola  was  a bad  fit.  Two  reasons  suggested  themselves  for  this:  first,  the  original 
data  from  which  the  series  was  obtained  did  not  involve  absolutely  random  fluctuations;  second,  the 
parabola  might  not  be  the  best  curve  for  use  in  smoothing  ....  It  was  . . . decided  to  concentrate  on  the 
first  consideration,  which  meant  that  although  we  had  obtained  the  parabola  of  best  fit  by  the  criterion  of 
least  squares,  yet  it  might  not  really  be  the  best  parabola  which  would  smooth  out  the  fluctuations  in  the 
series.  This  led  us  to  the  question  of  what  other  methods  of  fitting  there  were  available,  and  Edgeworth's 
description  of  the  use  of  medians  in  this  connexion  led  to  the  attempt  to  fit  by  the  method  of  Minimum 
Deviations.  This  method  may  be  briefly  described.  Suppose  the  equation  to  the  parabola  isy  = an+  a,x  + 

a2x2,  and  the  given  y’s  are  v „,  y y y,„  v, v*.  then  instead  of.  as  in  the  method  of  Least 

Squares,  making  S'"  H ia,,+  a,x  + a2x2  - y\ i2  a minimum,  we  make  S'"  „ a„+  a,x  + a2x2-ys|  a 

minimum.  His  | Edgeworth  s]  description  of  the  method  and  his  arguments  in  its  favour  are  briefly 
summarized  | by | Bowley  |(1928>|.  pp.  103  et  seq..  and  are  exposed  by  Edgeworth  (G888,  1923)]. 
Unfortunately  Edgeworth  confined  himself  in  the  working  of  the  method  to  a reliance  on  a diagram  (he 


used  as  illustrations  the  problem  of  two  variables),  which  means  in  practice  a rather  laborious  piece  of 
work,  and  apparently  did  not  notice  that  the  method  could  be  applied  in  a more  simple  manner.  . . . The 
simpler  method  is  as  follows: — Suppose  we  are  dealing  with  a series  of  deviations,  say,  involving  three 
unknowns,  A,u  + B,v  + C,  w + D„  A2  u + B2v  + C2  w + D2, . . . Anu  + Bn  v + Cn  w + D„,  and  we  want  to  find 
values  of  u,  v,  w which  make  S!'=,  iA,  u + B,  v + C.w  + D„|  a minimum.  First,  find  for  what  values  of  v and 
w the  expression  is  a minimum  w hen  u is  given  by  -i  B,  v + Cr  w + Dr)/Ar,  i.e.  find  a local  minimum  point 
in  the  plane  Ar  u + Br  v + Cr  w + Dr  = 0,  where  r is  any  one  of  the  values  of  s from  1 to  n.  This  reduces  the 
problem  to  one  involving  two  variables  only,  i.e.  what  values  of  v and  w will  make  Sj1;,1  E,  v + F,  w + G,|  a 
minimum,  where  the  E's,  F’s,  G'sare  obtained  from  the  A's,  B’s,  C’s,  D’s.  To  solve  this,  find  for  what  value 
of  w the  expression  is  a minimum  when  v is  given  by  -<F„  w + G„)/  E,„  i.e.  find  a local  minimum  point  in 
the  line  E,,  v + Fp  w + G,,  = 0,  where  p is  any  one  of  the  values  of  t from  1 to  n - 1 . This  reduces  simply  to 
the  problem  offinding  a weighted  median..  . . Then  | the  | pointof  intersection  of . . . three  planes  [A,  u + 
B,  v + C,  w + D,  =0,  Amu  + Bmv  + Cmw  + Dm  = 0,  Anu  + Bnv  + C„w  + Dn  = 0]  is  the  true  minimum  point, 
and  the  values  u,v,  w obtained  from  solving  these  equations  make  S"=,  |Asu  + Bsv  + Csw  + D„j  a minimum. 

References:  Edgeworth  1 1888,  1923),  Bowley  (1928). 

Citations:  Bruen  (1938),  Singleton  (1940). 

* Ross,  Frank  Alexander  ( 1930).  Editor’s  note  on  the  center  of  population  and  point  of  minimum  travel. 
Journal  of  the  American  Statistical  Association  25,  447-452. 

Summary:  The  author  summarizes  correspondence  concerning  the  paper  by  Eells  ( 1930)  which  has 
come  to  the  Editor's  office.  He  begins  (pp.  447-448)  with  a letter  from  Professor  Corrado  Gini  calling 
attention  to  an  article  by  Gini  & Galvani  ( 1929)  in  which  "the  problem  of  the  determination  of  point  of 
minimum  aggregate  travel  for  a population  . . . has  been  fully  discussed  and  the  general  solution  has 
been  given”  and  "it  is  also  noted  that  the  designation  of ’median  point’  should  properly  be  given  to  the 
point  of  minimum  aggregate  travel,  and  not  to  the  intersection  of  two  orthogonal  median  lines,  which 
intersection  is  not  invariant  with  respect  to  the  system  of  coordinates  to  which  the  points  of  the  plane  are 
referred."  He  continues  (pp.  448-450)  with  a translation  by  A.  J.  Lotka  of  the  relevant  portion  of  the 
article  by  Gini  & Galvani  ( 1929).  He  reports  correspondence  indicating  that  the  fallacy  pointed  out  bv 
Professor  Eells  was  fully  understood  by  the  close  of  1926,  and  that  the  erroneous  statements  will  be 
eliminated  from  the  Census  Bureau  report  on  the  1930  census.  He  notes  that  Hayford  1 1902)  stated  that 
the  location  of  the  median  point  might  vary  according  to  the  pair  of  lines  chosen  as  axes.  He  reports 
general  solutions  by  E.  B.  Wilson  of  the  problem  of  minimum  distance  for  the  special  cases  of  any  three  or 
any  four  points.  In  closing,  he  states  ip.  452):  "There  is  still  needed  a practical  method  of  procedure  for 
locating  the  point  of  minimum  travel  for  the  case  of  actual  multi-point  populations,  as  Professors  Gini  and 
Galvani  have  not  as  yet  published  anything  beyond  the  original  formulation,  and  since  their  splendid 
and  scholarly  treatment  does  not  give  us  means  for  locating  the  point”. 

References:  Hayford  < 1902),  Sloane  ( 1923),  Gini  & Galvani  ( 1929).  Eells  ( 1930). 

Citations:  Galvani  ( 1933),  Gini.  Boldrini,  Galvani  & Venere  ( 1933).  Griffin  1 1933),  Scates  ( 1933). 

* Scarborough,  James  B.  (1930).  Numerical  Mathematical  Analysis.  Johns  Hopkins  Press.  Baltimore. 
Second  edition.  1950:  fourth  edition.  1958. 

Summary:  In  Chapter  XIV.  the  author  discusses  the  normal  law  of  error  and  the  principle  of  least 
squares.  He  points  out  at  the  outset  that  all  measurements  are  subject  to  three  kinds  of  errors:  constant 
or  systematic  errors,  mistakes  or  blunders,  and  accidental  errors.  The  mathematical  theory  of  errors 
deals  only  with  accidental  errors,  which  are  those  whose  causes  are  unknown  and  indeterminate.  They 
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are  usually  small,  and  follow  the  laws  of  chance.  Often  (but  not  always)  they  are  well  approximated  by 
the  normal  law  of  error,  which  the  author  discusses  at  length,  along  with  the  associated  principle  of  least 
squares,  which  leads  to  choice  of  the  arithmetic  mean  as  the  best  average  of  a number  of  observations, 
with  weights  proportional  to  the  squares  of  the  precision  indices  h*  = l/a-jV?.  In  Chapter  XV,  the  author 
discusses  the  precision  of  measurements,  which  can  be  estimated  by  the  [root]  mean  square  error 
[standard  deviation  tr],  the  probable  error  (P.E. ),  or  the  average  [absolute]  error.  In  Art.  141,  he  gives  the 
following  rule  [cf.  Wright  (1884)]  for  rejecting  outlying  observations:  "Find  the  mean  of  all  the  mea- 
surements (including  the  'wild’  one)  and  find  the  residual  for  each.  Compute  the  P.E.  of  a single 
measurement  ....  Reject  any  measurement  whose  residual  exceeds  5 times  the  P.E.  of  a single 
measurement."  In  Chapter  XVI,  which  deals  with  empirical  formulas,  the  author  compares  three  fitting 
methods:  the  graphic  method  ( method  of  selected  points),  the  method  of  averages,  and  the  method  of  least 
squares.  He  does  not  recommend  the  method  of  selected  points  except  for  obtaining  approximate  values 
or  in  cases  where  the  results  obtainable  by  this  method  are  as  accurate  as  the  data  used.  The  method  of 
averages  involves  grouping  the  residual  equations  into  as  many  groups  as  there  are  constants  in  the 
assumed  formula,  with  each  group  containing  as  nearly  as  possible  the  same  number  of  residuals,  then 
setting  the  sum  of  the  residuals  in  each  group  equal  to  zero,  and  solving  the  resulting  equations.  The 
residual  equations  can  be  grouped  in  several  ways,  each  giving  a different  result.  The  best  formula  is 
obtained  by  grouping  in  consecutive  order  of  the  values  of  [one  of]  the  independent  variable[s].  The 
author  states  that  when  the  number  of  residual  equations  is  large  enough  to  allow  three  or  more  to  each 
group,  the  method  of  averages  can  be  depended  on  to  give  good  results,  but  that  otherwise  we  should 
always  use  the  method  of  least  squares,  which  gives  only  one  formula,  which  is  always  the  best  possible 
one  [if  the  errors  follow  the  normal  law].  He  discusses  least  squares  regression  in  detail,  including 
computational  procedures,  weighted  residuals,  non-linear  formulas,  both  variables  subject  to  error,  and 
finding  the  best  type  of  formula. 

Note:  All  references  in  the  above  summary  to  specific  chapters  and  articles  are  to  those  in  the  second 
1 1950)  edition. 

References:  Chauvenet  (1863),  Whitworth  (1867). 

* Steffensen,  J.  F.  1 1930).  Some  Recent  Researches  in  the  Theory  of  Statistics  and  Actuarial  Science. 
Cambridge  University  Press,  Cambridge,  England.  (JFM  56,  1095). 

Summary:  This  monograph  consists  of  three  lectures  delivered  at  the  University  of  London.  The 
relevant  material  is  found  in  that  part  of  Lecture  1 dealing  with  the  "oldest  age",  concerning  which  the 
author  writes  (pp.  5-7):  "What  the  textbooks  say  about  the  function  is  as  a rule  not  expressed  with 
sufficient  reserve,  and  is  even  in  many  cases  positively  misleading.  Without  going  into  details  about  the 
various  forms  of  vagueness  or  inaccuracy  1 have  observed,  I think  it  safe  to  assert  that  an  ordinary 
student  reading  a textbook  for  the  first  time  may  be  led  to  form  the  following  opinions  on  the  nature  of 
the  table  of  ( „.  Assume  that  ( „ persons  are  born  and  that  we  follow  these  persons  from  their  birth  till  their 
death,  the  number  of  those  who  are  alive  after  x years  being  denoted  by  t v They  will  certainly  all  die 
within  a finite  time.  There  is  therefore  an  "oldest  age”  io  such  that  t 0 for  x<<o,  and  t x = 0 for  x?^o.  No 
question  of  convergence  arises,  for  we  have  simply  /*  f x dx  = /“  ( x dx,  the  limits  of  integration  being  in 
reality  finite.  If  an  analytical  expression  is  assumed  for  t x,  it  may  safely  be  assumed  that  / * is  so  small 
that  it  can  be  neglected.  Our  student  is  confirmed  in  this  view  when  he  discovers  that  the  table  of  ( s is 
stated  in  integral  numbers,  commencing  with,  say,  100.000  persons  at  the  lowest  age  and  terminating 
with  0 at  an  age  about  100  years.  But  this  point  of  view  contains  a fallacy.  It  is  true  that  any  given  finite 
number  of  persons  must  all  die  within  a finite  time  or,  to  put  it  more  precisely,  the  probability  that  one  or 
more  of  them  will  survive  indefinitely  is  zero.  This  follows  from  the  . . . fact  that  tpv[  = t x*,  ( J — ► 0 when 
t— » x.  But  the  greater  the  number  of  persons  is,  the  greater  will  also  be  the  number  of  them  who  may  still 
be  alive  at  age  100  or  any  other  assigned  age,  and  it  is  therefore  quite  impossible  to  maintain  the 
existence  of  a definite  'oldest  age’  <o  within  which  everybody  must  certainly  die.  Let  us,  to  put  it 
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mathematically,  assume  for  a moment  that  <o  is  the  upper  limit  which  human  life  can  attain.  Then  we 
have  admitted  that  it  is  possible  that  a person  may  be  alive  at  the  age  01-17,  where  rj  is  a quantity  which 
we  may  choose  as  small  as  we  please,  for  instance  equal  to  one  second.  But  at  the  exact  age  <0,  or  one 
second  later,  that  person  must,  according  to  hypothesis,  necessarily  be  dead.  Does  anyone  really  believe 
that  there  is  an  age  co  with  this  miraculous  peculiarity?  . . . An  entirely  different  point  of  view  from  the 
one  we  have  discussed  is  that  in  actually  constructing  a table  of  t x it  is  necessary  to  stop  at  a certain  age 
which  we  may  still  call  co,  although  it  has  nothing  to  do  with  an  'oldest  age'  in  the  abstract  sense  of  the 
word." 

References:  Cramer  ( 1928). 

Citations:  Lidstone  1 1930),  Insolera  ( 1931 ),  Shewhart  ( 1931 1.  Steffensen  1 1931 1.  Gumbel  1 1933f>,  Insol- 
era ( 1933),  de  Finetti  1 1934).  Gumbel  ( 1934g,  1935d>,  Insolera  1 1935),  Gumbel  1 1936c,  1936-37.  1937a), 
Kendall  ( 1943,  1946). 

* d’Addario,  R.  (1931).  La  curve  dei  redditi.  Rivista  Italiana  di  Statistiea  3,  140-161. 

Summary:  The  author  points  out  that  the  factor  a log  e 1 x - h)  should  be  included  on  the  right-hand  side 
of  the  equation  y = ( l/\  7r)e  |u  '“K1*  hl  +bli  given  by  Gibrat  ( 1930)  as  the  probability  density  function  of  the 
law  of  proportional  effect  (log-normal  lawi.  He  states  that  this  analytic  error  vitiates  Gibrat's  treatment 
at  the  base.  Using  the  correct  form  y = {(a  log  e )/  [ix-h)\  7r]}e  |al“K'x  h'*bl2,  the  author  calculates  the 
mode  v = h + 10  1 -«'Iok  1‘  l>  «,  the  arithmetic  mean  A=h+  101  4»;  *'  h and  the  median  M = h + 10  h «,  and 

notes  that  v<M<A.  He  also  calculates  the  quartiles  (j,  h + 10  <>.4769 a ba  and  Q:1  = h + 100  4789n  h«and 
the  standard  deviation  a = ( A-h)  ( 101  2«'-  loK  e - 1 ) 1 (2.  Since  the  distribution  law  under  consideration  is 
obtained  from  the  normal  lawy  =(  l/\  77)  e_z2  by  making  the  transformation  z =a  log  ix  - h)  + b.  the  author 
takes  three  values  z,(  z2,  and  z:,  of  z in  arithmetic  progression  (with  common  difference  d - z2-z,  =z,-z2) 
and  the  corresponding  values  of  x,  which  are  related  by  the  equations  z,=  a log  1 x,  — hi  + b.  i = 1,2,3  and 
proceeds  to  solve  for  the  values  of  the  parameters,  obtaining  a=d/(log  ( x,-x2)  - logix2  x , ) ], 
h=(X|X:,=  x22)/( x,  + x:l-2x2),  b=Zi-a  lojg< x,  — h > for  i = 1,  2,  or  3.  He  prefers  this  analytic  method  of 
estimating  the  parameters  to  Gibrat's  graphical  method.  He  applies  his  method  to  several  sets  of  data  on 
incomes,  and  shows  that  in  each  case  the  lognormal  distribution  gives  a better  fit  to  the  data  than  does 
the  Pareto  distribution,  often  used  for  incomes. 

References:  Pareto  ( 1897 1,  Bowley  ( 1901 ),  Kapteyn  ( 1903).  Amoroso  ( 1925),  Levy  ( 1 925 1.  Jordan  (1927), 
Gibrat  ( 1930). 

Citations:  Gibrat  ( 1931,  1932b),  d'Addario  1 1934a). 

* von  Bortkiewicz,  L.  ( 1931 ).  Die  Disparitatsmasse  der  Einkommenstatistik.  < French  summary  1.  Bulletin 
de  I'lnstitut  International  de  Statistique  25  (3),  189-298:  discussion.  299-320M. 

Summary:  The  author  discusses  various  measures  of  the  disparity  (concentration  | of  income.  In  his  first 
section,  he  considers  the  Lorenz  curve  and  the  relative  mean  difference  q u m.  where  u is  the  mean 
difference  and  m is  the  arithmetic  mean.  He  shows  that  q 4A,  where  \ is  the  area  of  concentration 
between  the  Lorenz  curve  and  the  line  of  equidistribution.  He  gives  formulas  for  computing  u (and.  from 
it.  17I,  and  traces  the  use  of  17  as  a measure  of  disparity  back  to  Furlan  (1911 1.  He  notes  that  Gini  ( 1914a) 
was  aware  of  the  relation  between  17  and  K.  and  that  Czuber  1 1891a.  1899.  1903  1 1914 ) 1 traced  the  use  of 
the  mean  difference  hack  to  Jordan  ( 1869)  and  pointed  out  that  Breger  ( 1881 1 (apparently  indepen- 
dently) had  the  same  idea.  In  his  second  section,  he  treats  the  relative  mean  deviation  H 1 1 he  ratio  of  the 
mean  deviation  (from  the  arithmetic  mean)  to  the  arithmetic  mean|  and  shows  that  X »/  4 ^ 2 0 - <i-  2. 
He  also  considers  the  quadratic  mean  deviation  from  the  arithmetic  mean  (standard  deviation  <r  1 and 
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the  quadratic  mean  difference  y,  which  satisfy  the  relation  y = ir\  2.  In  his  third  section,  he  deals  with 
the  Pareto  constant  a as  a measure  of  disparity  and  the  true  meaning  of  the  Pareto  formula.  He  points 
out  that  the  measures  17  and  ft  do  not  assume  any  particular  distribution  of  income,  whereas  « assumes  a 
Pareto  distribution.  Under  this  assumption,  he  shows  that  17  = 2/(2a-  1 1.  Gini’s  index  of  concentration  is 
relegated  to  a footnote  (p.  226).  His  fourth  section  is  devoted  to  the  case  of  specific  distributions 
[exponential,  straight  line  (trapezoidal)  and  polar  (double  spike)]  and  his  fifth  to  intrafractional  and 
interfractional  mean  differences.  If  incomes  of  the  population  under  consideration  lie  between  the  limits 
h and  k and  if  h < x,  < k,  then  the  mean  difference  u,  between  incomes  less  than  x,  and  the  mean 
difference  uu  between  incomes  greater  than  x,  are  called  intrafractional  mean  differences  and  the  mean 
difference  u( between  pairs  of  incomes,  one  greater  than  x*  and  the  other  less  than  x,,  is  called  the 
interfractional  mean  difference.  His  sixth  and  final  section  (supplements  and  conclusions!  includes  a 
discussion  of  the  Holmes  (1892)  measure  of  concentration  of  wealth  (or  income).  Let  x'  be  the  usual 
median  of  income  (the  value  such  that  the  numbers  of  incomes  above  and  below  x’  are  equal  1 and  let  x"  be 
the  income  such  that  the  total  amounts  of  incomes  above  and  below  x"  are  equal,  which  Holmes  also  calls 
a median  [and  March  (I960)  calls  the  medial].  Then  x"  - x'  [called  the  intermediant  by  March]  is 
Holmes'  measure.  The  author  defines  the  relative  measure  e = )x"  - x'i/2m,  where  m is  the  arithmetic 
mean,  and  shows  that,  under  the  assumption  of  a Pareto  distribution,  e = [(a  — 1 > «]  (“  1 \ 2 - "\  2), 
where  a is  the  Pareto  constant.  He  also  discusses  the  index  of  concentration  8 = a/(a  - 1 ) of  Gini  ( 1910), 
the  relative  quartile  deviation  (x:i  - x,)/m.  where  x:t  and  x,  are  the  upper  and  lower  quartiles.  the 
measure  of  relative  variability  p = ix;1-  x,  1 (x:l  + x,i  of  Bowley  ( 1901 ) 1 1920],  and  the  measure  of  disparity 
<0  = ( x ':t  - xV'lx'.i  + x'|),  where  x',  and  x'  , are  quartals  defined  analogously  to  the  medial.  The  discussion 
consists  of  comments  bv  Gini,  Savorgnan  and  Pietra  and  a rejoinder  bv  the  author,  followed  bv  a long 
note  by  Gini  and  a short  one  by  Pietra.  Gini  points  out  that  several  results  presented  by  the  author  as 
new  were  given  by  him  |Gini  ] in  a paper  |Gini  1 1912)  | which  the  author  does  not  mention  and  in  others 
which  he  does,  and  that  Czuber's  statement,  quoted  by  the  author,  about  Breger  ( 1881 1 is  incorrect — 
what  Breger  actually  considered  was  the  mean  successive  difference. 

References:  Jordan  (1869).  Breger  (1881).  Czuber  1 1891a),  Holmes  (1892i,  Pareto  (1897).  Czuber 
1 1899).  Bowley  ( 1901 1 1 1920],  Czuber  ( 1903)  (1914 1,  Holmes  (1905),  Lorenz  1 1905),  Watkins  ( 1905. 1908), 
Gini  1 1910),  Furlan  1 191 1 1,  Gini  1 { 1912},  1914a),  Savorgnan  1 1915),  Ricci  1 1916).  {Weinberg  ( 1916i}. 
Dalton  1 1920).  {Julin  1 1921)}.  Winkler  ( 1924),  {Gini  ( 19261},  Gumbel  ( 1927.  1928).  {March  1 1930)}. 

Citations:  Gini  (1932),  Pietra  ( 1932a. b),  Yntema  (1933).  Anderson  ( 1935 1,  Castellano  (1935).  Pietra 
(1935a).  Bresciani-Turroni  (1937.  1939).  Davis  (1941),  Pizzetti  (1941a). 

Edgett,  G.  L.  1 1931 1.  Frequency  distributions  with  given  statistics  which  are  not  all  moments.  Metron  9 
(2),  25-35.  1 JFM  57,  1484).  Abstract.  Bulletin  of  the  American  Mathematical  Society  37,  677. 

Summary:  The  author  finds  analytical  representations  for  the  following  frequency  curves  having 
specified  values  (the  same  as  fora  set  of  observed  data)  of  certain  statistics  | parameters]  which  are  not  all 
moments:  1 1 1 Pearson  curve  with  specified  mean,  median,  mode,  and  standard  deviation;  ‘ 2 > Pearson 
Type  111  curve  with  specified  mean,  median,  and  mode;  (3)  Edgeworth  series  with  specified  mean, 
median,  third  quartile.  and  standard  deviation.  He  compares  the  theoretical  and  observed  frequencies, 
using  Pearson's  test  of  goodness  of  fit.  The  fit  is  excellent  in  the  first  and  third  cases,  poor  in  1 lie  second. 

Comments:  The  population  median  and  third  quartile  are  not  order  stat  1st  ics  |not  statist ics  at  all  in  the 
modern  sense,  though  the  author  uses  that  name  for  them|.  This  paper  is  relevant  to  our  study  only 
because  the  sample  median  is  involved  in  each  case,  and  the  sample  third  quartile  in  the  third  case.  The 
poor  fit  in  the  second  case  presumably  indicates  that  the  data  may  not  have  come  from  a Pearson  Type  III 
distribution,  not  that  there  is  anything  wrong  with  the  method  of  fitting  used  by  the  author. 

Citation:  Kendall  (1946) 
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* de  Finetti,  Bruno  1 1931a).  Sui  metodi  proposti  per  il  calcolo  della  differenza  media.  Metron  9(1),  47-52. 

Summary:  The  author  notes  that,  while  other  authors  [Jordan  < 1869,  1872),  von  Andrae  < 1869,  1872), 
Helmert  ( 1876a)]  used  the  mean  difference  in  calculating  probabilities  relative  to  the  theory  of  errors  of 
observation,  Gini  ( 1912 ) was  the  first  to  propose  its  use  as  an  index  of  variability.  He  reviews  four 
methods  of  calculating  the  mean  difference  or  | x,  -Xj|  =n(n-l ) A = n-AK,  where  A and  A„  are  the 
mean  differences  without  and  with  repetition,  for  an  ordered  sample  x,  « x2  =£  ...  s xn  of  size  n:  1 1 ) The 
method  of  Gini  (1912).  Formula:  ££J=1  x,  — xjj  = i1'  , d|,„.,+1  |x,  -xn_,»,j,  where  d, = n + 1 -2i|.  [See 
Note  below).  (2)  Method  of  de  Finetti  & Paciello  1 1930).  Formula:  j=l  jx,  - Xj  = 2 L":,'i(n-i>  (x,.,  -x(). 
(3)  Method  of  Gini  1 1914a)  and  Czuber  ( 1914).  Formula:  l1)  J=1  |x,  — Xj|  = 2( S'  - Si,  where  S = E"=l 
(n  — i-eliXj,  S'  = — 7~i  > x,.  Since  S +S'  = ( n + 1 1 1"  x,  = m n + 1 iM,  where  M = aiithmetic  mean  of  x,.  x2, 

. . . , xn,  the  following  identities  hold:  2(S'  - S)  = 2(S'  + S)  - 4S  = 2n(  n + 1 ) M - 4S:  2< S'  — S)  = 4S'  - 2(S' 
+ Si  = 4S’  - 2n(  n + 1 iM.  (4i  The  graphical  method  of  Gini  ( 1914a).  Formula:  AK  = [(n-lln]A  = 2MR, 
where  R is  determined  graphically  as  the  area  of  concentration  (area  between  the  Lorenz  curve  and  the 
line  of  equidistribution).  The  author  offers  the  opinion  that  the  most  convenient  formula  for  calculating 
the  mean  difference  is  1"  | t lx,  — Xjj  = 4 i x,  - 2n(n  + liM  = nm-1)  A = n-A,(. 

Note:  Gini  ( 1912)  [see  also  de  Finetti  & Paciello  < 1930) | incorrectly  defineddi  n to  be  n + 1 -2i.  which 
would  give  1"  . , |x,  - Xj|  = 0,  since  there  would  be  [ n 2 1 pairs  of  nonzero  summands,  the  numbers  of  each 
pair  being  equal  in  magnitude  but  opposite  in  sign. 

References:  von  Andrae  ( 1869),  Jordan  (1869),  von  Andrae  ( 1872),  Jordan  (1872),  Helmert  (1876a), 
Gini  ( 1912),  Czuber  ( 1914),  Gini  ( 1914a),  Pietra  ( 1915,  1925).  de  Gleria  ( 1929),  de  Finetti  & Paciello 
( 1930),  de  Gleria  ( 1930). 

Citations:  Anderson  (1935),  Castellano  (1935),  Wold  (1935),  Kendall  (1946). 

* de  Finetti,  Bruno  (1931b).  Sul  concetto  di  media.  Giornale  dell'lstituto  Italiano  degli  Attuari  2 (3), 
369-396.  ( JFM  57,  609). 

Summary:  The  author  studies  various  types  of  mean  or  average  and  their  properties.  He  defines 
internal  means,  monotone  means,  associative  means,  homogeneous  means,  and  translative  means.  He 
shows  (p.  381 ) that  the  median  is  monotone  but  not  associative  and  (p.  392)  that  the  power  means  are 
associative  and  homogeneous.  He  points  out  that  the  power  mean  of  order  m is  the  arithmetic  mean  for 
m = l.  the  harmonic  mean  for  m = -l,  the  quadratic  mean  for  m = 2,  and  that  its  limit  as  m— *0  is  the 
geometric  mean. 

Comments:  The  author  defines  the  mlh  power  mean  of  a set  of  non-negative  real  numbers  as  the  ( 1 m )lh 
power  of  the  sum  of  their  m,h  powers.  This  definition  differs  from  that  of  Fechner  1 1874),  which  is  the 
usual  one. 

Citations:  Barral  Sou  to  1 1938i.  Dodd  1 1940).  Boldrini  ( 1942). 

Galvani,  L (1931).  Contributi  alia  determinazione  degli  indici  di  variabilita  per  alcuni  tipi  di  dis- 
trihuzione.  Metron  9 1 1 1.  3-46. 

Summary:  The  author  reviews  the  theory  of  various  measures  of  central  tendency,  variability  and 
concentration  and  appjies  this  theory  to  continuous  distributions  in  general  and  to  linear  distributions 
in  particular.  Measures  of  central  tendency  considered  include  the  generalized  geometric  mean  G = 
xr  </)(  x i <lx  J-1  r of  Dunkel  < 1909).  where  </>ixi  is  the  p.d.f,  which  is  positive  for  a < x < b and  zero 
ot  her  wise.  For  r 1 , 0.  1 . 2,  the  value  of  G coincides  with  the  harmonic  mean,  the  geometric  mean,  the 
arithmetic  mean  A,  and  the  quadratic  mean  (},  respectively.  As  r — » — x.  G — * a and  as  r — » + x,  G — » b.  The 
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author  also  considers  the  median  M,  which  is  the  value  from  which  the  mean  (absolute)  deviation  is  a 
minimum,  a result  which  he  attributes  to  Laplace.  In  addition  to  the  median,  he  considers  quantiles  (in 
particular  quartiles.  quintiles  and  deciles  i as  measures  of  position.  Measures  of  variability  considered 
include  the  quadratic  mean  deviation  (standard  deviation!  (from  the  arithmetic  mean)  <r,  the  mean 
(absolute)  deviation  from  the  arithmetic  mean  (r/A)  or  from  the  median  (tjm),  the  simple  mean  difference 
A,  and  the  quadratic  mean  difference  2A.  He  shows  that  2A2  = ‘2a2,  a relation  first  proved  by  Gini  ( 1912), 
and  that  the  maximum  value  of  A for  a set  of  n positive  values  with  mean  A is  2A,  which  occurs  when  all 
but  one  of  the  values  are  concentrated  at  0 and  the  other  one  is  at  nA.  Measures  of  concentration 
considered  include  the  area  of  concentration  and  the  ratio  of  concentration  R = 2 (area  of  concentration) 
= A/2A.  If  <t>< x>  denotes  the  proportion  of  the  population  having  wealth  not  greater  than  x,  and  'Fix) 
denotes  the  proportion  of  the  wealth  possessed  by  that  part  of  the  population,  then  a plot  of  'L  (vertically) 
vs.  <t>  i horizontally ) yields  the  lower  curve  of  concentration  and  a plot  of  <t>  (vertically  > vs.  'L  (horizontally) 
yields  the  upper  curve  of  concentration.  In  either  case  the  area  between  the  curve  of  concentration  and 
the  line  of  equidistribution  is  the  area  of  concentration.  The  author  tabulates  the  arithmetic  mean  A,  the 
quadratic  mean  Q,  the  median  M,  the  quartiles  and  the  deciles,  also  the  simple  mean  (absolute) 
deviation  from  A and  from  M,  the  standard  deviation  a,  the  variance  cr2,  the  simple  mean  difference  A, 
the  quadratic  mean  difference  2A,  the  ratio  of  concentration  R = A/2A  and  the  simple  mean  deviation 
relative  to  A,  tja/2A  for  m = -2  (0.2)  2 for  a linear  i right  triangular,  trapezoidal  or  uniform  i distribution 
of  the  form  d>(  x)  = mx  — ( m — 2)/2,  0<x<l.Healso  calculates  the  various  measures  of  central  tendency, 
variability  and  concentration  for  actual  data  from  the  1921  census  of  England  and  Wales.  Finally,  he 
considers  the  corresponding  weighted  measures  (where  the  weights  may  be  the  frequencies  for  grouped 
data)  and  gives  examples  of  their  use. 

References:  Lorenz  (1905),  Dunkel  (1909),  Gini  (1912,  1914a),  Pietra  (1915),  Galvani  (1927),  Gini 
(1930). 

Citations:  Gini  (1932),  Pietra  (1932a.  1935a).  Wold  (1935).  Gini  (1936),  Kendall  (1946). 

Gibrat.  Robert  ( 1931 ).  Une  loi  des  repartitions  economiques.  Rivista  Italianci  di  Statistica  3,  332-334. 

Summary:  The  author  admits  that  the  passage  from  his  earlier  paper  (Gibrat  ( 1930)]  reproduced  and 
criticized  by  d'Addario  i 1931 1 could,  if  considered  out  of  context,  lead  to  the  impression  that  in  the 
integral  1 1 \ 771  /'  e '"dz.  in  replacing  the  variable  z by  x,  where  z=a  log  (x-h>+b,  he  neglected  to 
replace  the  differential  dz  by  a log  e dx  ( x — h » . But  he  says  it  is  astonishing  to  him  that  d'Addario  would 
assume  that  he  had  made  such  an  error  without  considering  the  rest  of  his  memoir,  which  shows  clearly 
that  he  had  made  the  correct  change  of  variable,  but  inadvertently  omitted  the  factor  a loge  (x-h)  from 
the  equation  in  question.  As  evidence  of  this,  he  cites  the  facts  that  1 1 ) on  p.  472  of  his  earlier  paper  he 
gave  the  differential  equation  y ’ y = (a  + b log  x)  x for  the  curve  type:  (2)  his  graphical  adjustment  (curve 
fit  1 on  the  same  page  is  consistent  with  the  correct  formula:  and  (3)  most  astonishing  of  all.  on  page  473 
he  gave  expressions  for  the  mean,  the  median  and  the  mode  which  are  absolutely  identical  with  those 
given  by  d'Addario  ( 1931),  pp.  143-147,  except  that  x„  was  used  instead  of  h. 

References:  Gibrat  1 1930).  d'Addario  1 1931). 
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Hojo.Tokishige  ( 1931).  Distribution  of  the  median,  quartiles,  and  interquartile  distance  in  samples  from 
a normal  population.  Biornetrika  23,  315-360;  appendix  by  Karl  Pearson,  361-363.  (JFM  57,  633,  634). 


Summary:  In  defining  the  sample  median,  M,  and  the  sample  quartiles,  (J,  and  of  a sample  of  size  n, 
the  author  distinguishes  four  cases  according  as  (i)  n=4m,  (ii)  n=4m  + 1,  (iii)  n=4m+2,  (iv)  n=4m+3. 
His  definitions  for  these  cases  are  as  follows:  (i)  Q,  = (xm  + xm+,i  2.  M=(x2m  + x2m* , )/ 2,  Q;i  = (x.lm+  x:lm_ , )/2; 
tii>  Q,=  <xm  + xm.t>/2,  M =x2m.,.(J,=  (x:lm.,+  x;,m+2)/2;  tiii)  Q,  = xm.„  M=  )x,m,,  + x2m.,»  2.  (J:,=  x,m.2; 
(iv)  Q,  = xm+1,  M =x2m+2,  Q;(=  x;!m+:„  where  x,  denotes  the  i'h  order  statistic.  He  summarizes  his  results  as 
follows  (pp.  359-360):  "The  object  of  this  paper  has  been  to  examine  the  sampling  variation  of  the  median, 
quartiles  and  interquartile  distance  in  samples  from  a normal  population,  and  to  show  how  their 
distributions  in  the  case  of  very  small  samples  tend  towards  the  limiting  forms.  The  sampling  distribu- 
tion of  the  median  is  very  nearly  normal  in  all  cases:  it  provides  a somewhat  less  reliable  estimate  of  the 
position  of  the  population  mean  than  the  sample  mean  does.  In  this  connection  . . comparison  of  three 
'central  estimates’  is  of  interest.  . . . The  mean  is  definitely  the  most  reliable;  for  very  small  samples 
there  is  little  to  choose  in  accuracy  between  the  median  and  the  centre  [midrange].  For  large  samples 
however  the  centre  becomes  relatively  increasingly  unreliable,  while  the  standard  error  of  the  median 
has  almost  attained  its  limiting  value  by  the  time  n=20.  . . . The  distribution  of  the  quartile  is  not  so 
closely  normal  as  that  of  the  median. . . . The  results  . . . suggest  that  by  the  time  n = 10  the  assumption  of 
normality  would  not  lead  to  serious  error.  The  standard  error  of  the  quartile  is  somewhat  greater  than 
that  of  the  median,  tending  to  a limiting  value  of  1.36266-  \ n as  against  1.25336-  \ n [<r=  population 
standard  deviation).  . . . The  distribution  of  the  interquartile  distance  is  definitely  skew  in  small 
samples;  the  longer  tail  of  the  distribution  being  towards  the  larger  values  of  the  measure.  . . . But  the 
distribution  tends  to  the  normal  slowly  as  n increases.  A method  [unbiased)  of  estimating  the  population 
standard  deviation. 6\  from  the  interquartile  distance.  Q,  has  been  considered  ....  It  is  not,  however,  as 
reliable  an  estimate  as  that  which  can  be  obtained  from  the  sample  standard  deviation  s,  and  in  large 
samples  its  standard  error  tends  to  be  1.6495  X S.E.  of  s."  In  his  appendix.  Pearson  considers  a different 
approximation  than  that  used  by  Hojo  to  the  standard  error  of  the  median. 

Comments:  The  compiler  prefers  to  define  the  median  and  the  quartiles  so  that  they  divide  the 
population  into  four  intervals  each  with  equal  probability  1 4.  viz.  Qi=  x,n . j ,4,  M =x,n . , , 2,  Q 1=  X;t  n- 1 )• 
where  a fractional  subscript  indicates  interpolation  between  adjacent  order  statistics.  This  definition 
agrees  with  Hojo’s  except  for  the  quartiles  in  cases  1 ii  and  (iii  > above,  for  which  it  yields:  ( i)  Q,  = (3xm  + 
xm.i»  4.  Q:,=ix:lnl+  3x:lm„)  4;  (iii)  Q,  = <xm+  3x„,,,i  4.  Q:1  = (3x,m*2  + x;lm.;,i  4. 

References:  K.  Pearson  1 1920),  Tippett  1 1925*.  E.  S.  Pearson  1 1926).  Pearson  & Advanthava  ( 1 928 1. 

Citations:  Pearson  & Pearson  (1931.  1932),  Hojo  (1933),  Romanovsky  (1933i,  Nair  (1936).  Paulson 
1 1940),  Kendall  1 1943,  1946),  BickerstafT ' 1947),  Jacobson  1 1947 ),  Pillai  1 1948i,  Godwin  1 1949b),  Howell 
(1949). 

Horst.  Paul  1 1931 1.  A proof  that  the  point  from  which  the  sum  of'the  absolute  deviations  is  a minimum  is 
the  median.  • Journal  nf  Educational  Psychology  22,  463-464. 

Summary: The  author  gives  the  following  proof  that  the  point  from  which  the  sum  of  the  absolute 

deviations  is  a minimum  is  the  median:  "We  have  given  a statistical  series,  X ,.X2,X  Xm..Xm. ...  X„ 

arranged  in  order  of  magnitude,  where  all  the  values  up  through  Xm  lie  below  any  point  P.  and  all  the 
values  above  Xm  lie  above  this  point.  Then  the  average  deviation  about  P will  be  AD,.  ' 1 N >|X1’  ' P X , ( 
- Xjk,  (P  X , > | (l/N)[mP-2l'  X,-  (n-m)P+  2J,..,  X,)  [which  gives  ) ADP  (1/Nl  [2^,  X,-  2?  X,- 

1 2m  - n )P|  1 1 1...  . Now  we  wish  to  determine  P in  1 1 1 so  that  AD,,  will  be  a minimum.  To  do  this  we  simply 
differentiate  ( 1 1 with  respect  to  P and  equate  the  derivative  to  zero.  Thus  di  AD,.' dP  i2m  iu  N 0 
(2).  Then  solving  for  m in  terms  of  n we  have  simply  m ■ 1 1 2 in  c 3 *.  That  is.  half  the  values  are  below  P and 
half  above,  which  is.  of  course,  the  definition  of  the  median.  Hence  that  point  from  which  the  sum  of  the 
absolute  deviations  is  a minimum  is  the  median." 
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Comments:  The  author’s  notation  would  be  improved  by  replacing  N by  n,  since  both  denote  the  number 
of  items  in  the  series. 


Reference:  Yule  1 1911 ). 

Citation:  Bruen  ( 1938  *. 

* Insolera,  Filadelfo  ( 1931  >.  On  the  oldest  age.  Giornale  di  Matematica  Finanziaria  13  [(2)  1],  39-44.  ( JFM 
57,  651). 

Summary:  The  author  begins  (p.  39)  with  the  one-sentence  summary:  "The  A.  |author]  shortly  shows 
some  remarkable  consequences  of  the  definition  of  oldest  age,  given  in  a previous  paper  of  his  (Insolera 
( 1930)]”.  He  continues  ipp.  39-42):  "According  to  some  authors,  the  oldest  age  would  be  that  value  w to 
which  all  the  possible  ages  of  life  have  tendency,  without  ever  reaching  it.  The  oldest  age.  as  extreme, 
would,  therefore,  not  be  a part  of  the  succession  of  the  true  ages  of  life,  but  it  would  represent  a proper 
upper  limit  to  such  succession:  that  is  to  say,  it  would  be  the  least  of  the  values  not  possible.  Therefore,  as 
one  cannot  affirm,  in  a general  abstract  way,  which  may  be  the  last  of  ages  possible — like  Steffensen 
[( 1930)]  well  observes — it  may,  consequently,  be  permitted  us  to  add  that  it  will  not  be  possible  to  say 
which  is  the  first  of  the  ages  not  possible.  . . . We  wish  to  avoid  such  imponderable  notion  of  oldest  age, 
that  remains,  in  reality,  far  away  from  every  satisfactory  practical  concentration.  So  much,  the  more  we 
desire  it,  as  the  serious  methodological  inconvenience  can  easily  be  overcome  if  only  one  will  recognize 
that  the  oldest  age,  by  the  fact  of  being  extreme,  is  none  the  less  a possible  true  and  real  age  of  life.  By 
this,  the  oldest  age,  better  than  an  upper  limit  of  the  possible  ages,  is  to  be  considered  as  the  highest  age 
possible.  . . . On  the  other  hand,  one  cannot  understand  why  to  this  conception  must  correspond  a unique 
and  sole  finished  value  of  the  oldest  age,  for  every  group  of  population  on  all  parts  of  the  world  and  in  all 
time  of  history:  a conception  which  some  ascribe  to  us,  but  of  which  we  have  really  never  thought.  . . .It  is 
just  a logical  synthesis  of  the  former  considerations,  and  admitting  the  continuity  of  the  phenomenon, 
that  we  have  found  ourselves  inducted  [induced  (?)  ] to  propose  as  definition  of  the  oldest  age  that  value  to 
of  age  x such  that  in  its  closest  left  neighbourhood,  the  number  of  dead  approaches  to  the  number  of  living 
there  considered,  as  x approaches  to  w.  ...  As  a first  consequence  of  the  previous  definition  of  the  oldest 
age,  if  it  is  admitted  that  the  existence  and  continuity  of  a function  fix)  for  persons  alive  at  age  x<ai, 
results  quite  naturally,  the  existence  of  a right  discontinuity  of  fix)  in  the  point  x=<«,  that  is  to  say  1 1) 
Ltx— <u  ()f<  x)  = flop  ^0,(2)  Ltx_(0+Of  (x ) = 0. . . . As  a second  consequence  of  the  previous  definition  of  the 
oldest  age,  we  are  able  to  demonstrate  that  force  of  mortality  is  always  smaller  than  the  unity,  for  x<cu. 
and  reachs  [sic  | the  unity  when  x increases  until  < o In  the  remainder  of  the  paper,  the  author  gives  a 
third,  more  complicated,  consequence,  and  uses  it  to  calculate  the  oldest  age  <o  for  each  of  six  mortality 
tables. 

Reference:  Steffensen  1 1930). 

Citations:  Insolera  1 1933),  de  Finetti  1 1934).  Insolera  1 1934.  1935),  Gumbel  1 1936-37,  1937a). 

Kolmogoroff.  A.  N.  1 1931).  La  methode  de  la  mediane  dans  la  theorie  des  erreurs.  i Russian.  French 
summary).  Recueil  Mathematique  de  la  Snciete  Mathematique  de  Moscou  38 1 3-4).  47-50.  (JFM  57.  1482 ). 

Summary:  "Let  fix)  dx  be  the  probability  of  an  error  between  x and  x+dx,  m the  median  of  this 
distribution  and  m„  the  median  of  the  n in=2k  + l ) observations.  The  distribution  law  for  the  quantity 
H„=  ( mn-  m)\  n tends,  as  n— »*.  toward  the  law  of  Gauss  with  the  dispersion  <rm  = 1 |2  f(  mi|.  if  only  fix)  is 
continuous  and  fim)^0.”  (Compiler’s  translation  of  author's  French  summary,  p.  50). 

Reference:  Haag  1 1 924 1. 

Citation:  Gumbel  1 1937c). 


203 

L . A 


* Logan.  K.  H.:  Grodsky,  V.  A.  ( 1931 ).  Soil  corrosion  studies,  1930.  Rates  of  corrosion  and  pitting  of  bare 
ferrous  specimens.  Journal  of  Research  of  the  National  Bureau  of  Standards  7,  1-35.  (Research  Paper 
RP329). 

Summary:  The  authors  report  the  results  of  examinations  of  1,300  specimens  of  ferrous  pipe  materials 
removed  from  70  test  locations  during  1930  by  the  National  Bureau  of  Standards  after  having  been 
buried  in  various  soils.  The  following  portion  ip.  5i  of  their  report  is  relevant  to  our  study:  "Differences  in 
size  interfere  with  the  comparison  of  materials.  When  small  areas  are  concerned,  other  things  being 
equal,  it  is  probable  that  the  deepest  pit  will  be  found  on  the  largest  area.  This  is  illustrated  in  [a]  table 
. . . which  gives  the  average  rates  of  penetration  of  the  deepest  pits  on  two  materials  for  which  both 
1 ' j-inch  and  3-inch  specimens  were  included.  The  averages  cover  specimens  removed  at  the  close  of . . . 2, 
4,  6,  and  8 year  periods,  respectively.  ...  In  each  case  the  3-inch  specimens  showed  deeper  pits  than  the 
corresponding  1 '/2-inch  specimens.” 

Comments:  The  larger  the  area,  the  greater  will  be  the  number  of  pits  (the  sample  size),  and  hence  also 
the  expected  depth  of  the  deepest  pit  (largest  order  statistic). 


Citation:  Logan  (1936). 

* von  Mises,  Richard  (1931).  Vorlesungen  aus  dem  Gehiete  der  Angewandten  Mathematik.  1 Band. 
Wahrscheinlichkeitsrechnung  und  ihre  Anwendung  in  der  Statistik  und  Theoretischen  Physik.  Franz 
Dputicke.  Leipzig-Wien.  Reprint,  Rosenberg,  New  York  1945. 

Summary:  In  a section  (pp.  233-240)  on  elementary  descriptive  statistics,  the  author  defines  the 
median,  quartiles,  deciles,  and  percentiles.  He  defines  the  median  of  m observations  as  the  [(m  + l)/2],h 
ordered  value  if  m is  odd,  the  arithmetic  mean  of  the  (m/2)lh  and  the  [(m  + l)/2],h  ordered  vaiues  if  m is 
even.  For  a sample  of  size  m=4n,  he  defines  the  first  quartile  as  the  arithmetic  mean  of  the  n,h  and 
( n + 1 ),h  ordered  values  [or  sometimes  simply  the  nlh|,  the  second  quartile  as  equal  to  the  median,  and  the 
third  quartile  as  the  arithmetic  mean  of  the  (3n),h  and  the  (3n  + 1 >Ih  ordered  values  [or  the  (3n)lh  ordered 
value  itself |.  On  page  317,  he  proposes  or=  /\(x)e2(xtdx,  where  e(xt  = m [Six)  - V(x)[.  m is  the  sample  size, 
and  A<  x ) is  a positive  weight  function,  as  a measure  of  the  discrepancy  between  observed  and  theoretical 
cumulative  distribution  functions  Six)  and  V(x>,  respectively.  On  succeeding  pages  he  finds  the  mean 
and  the  standard  deviation  of  <n2.  Thus  he  extends  the  work  of  Cramer  ( 1928),  apparently  unknown  to 
him  at  the  time,  in  two  wavs:  ( 1)  he  allows  unequal  weights;  and  (2)  he  finds  the  standard  deviation  as 
well  as  the  mean.  He  goes  on  to  show  that  the  distribution  of  or  approaches  normality  as  the  sample  size 
m increases,  and  illustrates  the  use  of  or  as  a criterion  of  goodness  of  fit  (agreement  between  observed  and 
theoretical  distributions)  competing  with  the  ^-criterion  of  Karl  Pearson.  There  is  also  a chapter  on  the 
theory  of  errors  and  adjustment  of  observations  in  which  the  author  follows  the  approach  of  Gauss!  1809, 
1823). 

References:  Gauss  ( 1809,  1823),  Helmert  1 18721  [ 1 907 1,  Charlier  ( 1910)  [1920], 

Citations:  Czuber  ( 1921 ).  Gumhel  ( 1933g),  KolmogorofT ( 19:13).  Rosin  & Rammler  ( 1934),  Wold  ( 1935), 
Smirnoff  (1936).  Gumbel  ( 1937a, b),  Neyman  (1937a),  Smirnoff  (1937a).  Arley  & Buch  (1940).  von 
Schelling  (1941),  Gumbel  1 1942a).  Wilks  1 1943).  Smirnov  1 1944).  Cramer  1 1946),  Freudenthal  ( 1946), 
Kendall  (1946),  von  Mises  (1947),  Feller  ( 1948). 

Pearson.  Karl  (editor)  < 1931 ).  Tables  for  Statisticians  and  Biometricians.  Part  2.  Cambridge  University 
Press  (for  the  Biometrika  Trustees),  Cambridge.  England. 
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Summary:  Among  the  numerous  tables,  each  with  accompanying  introductory  material,  included  in 
this  volume,  the  following  are  relevant  to  our  subject:  Tables  XVI1I-XX,  Criteria  for  Rejection  of 
Out  lying  Observations  (Probability  Integral,  Chau  venet's  and  Irwin’s  Methods),  pp.  cv-cx  i introduction) 
and  159-161  (tables!;  Tables  XXI,  XXI  bis,  and  XXII,  The  Distribution  of  the  Extreme  Individuals  and  of 
the  Range  in  Samples  from  a Normal  Population,  pp.  cx-cxix  and  162-166;  and  Tables  XXII1-XXIV. 
Tables  of  the  Distribution  of  Range,  Median  and  Mid-point  between  Extreme  Observations  i Cent  re  i in 
Small  Samples,  pp.  cxix-cxxi  and  167-168. 

References:  Chauvenet  ( 186, 'll,  Irwin  ( 1925b),  Tippett  1 1925),  E.  S.  Pearson  1 1926i.  Student  1 1927  i. 
Pearson  & Adyanthaya  ( 1928 ),  "Sophister"  1 1928). 

Citations:  Pearson  & Pearson  ( 1981 ),  Shewhart  ( 1981 ),  Jeffreys  ( 1982b).  Pearson  i 1982i,  Rider  ' 1933), 
Davies  & Pearson  1 1934),  McKay  ( 1985),  Pearson  1 1935),  Pearson  & Chandra  Sekar  ( 1986'.  Neyman 
( 1937a),  Snedecor  1 1937),  Newman  ( 1939),  Simon  1 1941 ),  Thompson  (1941),  Hartley  1 1942),  Pearson  & 
Hartley  (1942),  Knudsen  (1943),  Baker  (1946).  Cramer  (1946i,  Kendall  (1946),  Mosteller  '1946'. 
Eisenhart,  Hastav  & Wallis  (1947),  G umbel  ( 1947 ),  Lord  i 1947 1,  Placket t ( 1947 1,  Cox  1 1948 1.  Epstein 
( 1948a).  Cox  ( 1949),  Shone  i 1949). 

* Pearson,  Karl;  Pearson,  Margaret  V.  ( 1931 ).  On  the  mean  character  and  variance  of  a ranked  indiv  idual. 
and  on  the  mean  and  variance  of  the  intervals  between  ranked  individuals.  Part  I.  Symmetrical 
distributions  (normal  and  rectangular).  Biometrika  23,  364-397.  (JEM  57.633). 

Summary:  The  authors  summarize  their  results  as  follows  ipp.  396-397):  I bis  paper  is  to  be  looked 
upon  as  an  Appendix  to  the  paper  by  Professor  Hojo  |(  1931 1 ).  Approximate  formulae  have  been  obtained 
for  finding  the  mean  value  of  any  rank  in  samples  of  size  n taken  from  a normal  population  land  also  for 
the  standard  deviation  and  higher  moments  of  any  rank  and  for  the  correlation  of  two  ranks].  We  are 
thus  able  to  give  a general  solution  of  Galton’s  problem  [Galton  ( 1902)|,  namely  that  of  finding  the  mean 
interval  between  any  two  individuals  in  a ranked  series,  and  of  finding  the  standard  error  of  that 
interval.  . . . |Exaet  formulae  are  given  for  the  above  quantities  for  samples  from  a rectangular  popula- 
tion. | The  ordinary  definition  of  the  quart  ile  when  it  does  not  fall  on  a rank,  i.e.  to  take  it  as  hall  the  sum 
of  the  characters  in  the  adjacent  ranks,  is  shown  to  be  unsatisfactory,  and  a method  of  improving  it  is 
provided.  At  the  same  time  there  is  no  special  advantage  in  the  use  of  the  quart  ile,  and  the  discovery  of 
its  standard  error  where  it  does  not  fall  on  a rank  is  very  laborious.  It  is  part  of  t be  old  and  rather  vicious 
practice  of  using  the  'probable  error',  which  has  given  to  the  quartile  a prominence  in  ranking  which  it 
does  not  deserve.  Any  pair  of  mirror-ranks  in  its  neighborhood  will  give  practically  as  good  a value  for 
the  median,  and  we  can  go  a good  way  out  from  t he  quart iles  and  continue  to  better  our  est i mate  of  the 
standard  deviation.  The  memoir  also  enables  us  to  determine,  when  the  mean  is  known,  the  error  we  are 
not  likely  to  exceed  in  supposing  the  character  of  the  individual  in  the  s'"  rank  to  be  that  of  the 
corresponding  individual  in  the  sampled  population. " 

Comments:  The  definition  of  the  quart  iles  proposed  by  the  authors  is  that  of  t he  com  pi  ler  |see  comments 
on  the  paper  by  Hojo  ( 1931 1|  with  in  + I ' replaced  by  n Either  of  these  definitions  gives  more  consistent 
results  than  does  Hojo's  definition. 

References:  Pearson  1 1895),  Galton  < 1902).  Pearson  i 1902,  1920),  Tippett  ' 1925i,  Neyman  X-  Pearson 
1 1928),  Hojo  1 1931),  Pearson  ( 1931 ). 

Citations:  Pearson  & Pearson  ' 1932),  Hojo  i 1933).  Romanovskv  1 1933).  Nair  1 19401)).  Kaialakshman 
11941),  G umbel  (1942a.  1943a),  Kendall  (1943).  Kaialakshman  i 1 943 1.  Kendall  19  16'.  Biekerstafl 
( 1947).  Godwin  1 1949b). 


Reinkober.  ().  i 1931 1.  Die  Xerreissfestigkeit  dunner  (Juarzfaden.  Physikttlist  lir  /rilsrlinfl  32.  2 18  250 


Summary:  "In  the  systematic  investigation  of  the  tensile  strength  of  thin  quartz  glass  threads  ranging 
in  diameter  from  100  to  ljia  strong  increase  in  strength  (per  unit  cross-sectional  area  | with  decreasing 
diameter  becomes  evident,  that  is  comprehended  through  accumulation  of  quantitative  measurements 
that  point  to  a decisive  influence  of  surface  tension  on  the  increase  in  strength.  The  strength  measured 
for  a single  thread  increases  with  decreasing  thread  length,  which  is  explained  by  the  fact  that  in  the 
structure  of  the  material  numerous  derangements  are  present,  of  which  the  most  marked  tends  to  break 
first.  Freshly  produced  threads  show  an  appreciably  greater  tensile  strength  than  old  ones.  The  influ- 
ence of  surface  tension  is  explained  by  the  fact  that  these  materials  softened  bv  drawing  first  solidify 
undisturbed  and  therefore  possess  a greater  strength  than  the  later  solidifying  and  disturbed-spot 
permeated  interior  of  the  thread.”  (Compiler’s  translation  of  author's  summary,  p.  250. i 

Reference:  Griffith  i1920i. 

Citations:  Kontorova  1 19401,  Kontorova  & Frenkel  ( 1941 ». 

Shewhart.  W.  A.  i 1921).  Economic  Control  of  Quality  of  Manufactured  Product.  D.  van  Nostrand 
Company.  Inc.,  New  York. 

Summary:  In  view  of  the  later  prominence  of  the  sample  range  in  statistical  quality  control,  it  is 
somewhat  surprising  that  the  range  and  other  measures  based  on  order  statistics  play  only  a small  role 
in  this  pioneering  work  on  the  subject.  On  pp.  197-199  the  author  discusses  the  use  of  the  median  and  the 
midrange  as  measures  of  central  tendency  instead  of  the  arithmetic  mean.  On  pp.  201-205  he  discusses 
the  use  of  the  range  as  a measure  of  dispersion  instead  of  the  standard  deviation.  He  also  studies 
differences  between  successive  ordered  sample  values.  To  fill  gaps  in  the  distribution  theory  for  these 
substitute  measures  of  central  tendency  and  dispersion,  he  obtains  empirical  distributions  of  them  for 
1000  samples  each  of  size  4 from  a normal  population  and  compares  them  with  theoretical  and  empirical 
distributions  of  the  mean  and  standard  deviation,  giving  mean,  standard  deviation,  skewness,  and 
flatness  (kurtosis  or  elongationi  for  each  distribution.  He  observes  (p.  205)  that  control  limits  based  on 
the  sample  range  are  less  robust  to  departures  from  normality  of  the  underlying  distribution  than  are 
those  based  on  the  standard  deviation. 

References:  Jevons  ( 1874),  Bowlev  ( 1901 ) 1 1926 1,  Edgeworth  1 1905.  1911),  Yule  ( 191 1 1 1 19:10 1.  Brunt 
( 1917),  Keynes  ( 1921 ).  Fisher  1 1922),  Whittaker  & Robinson  ( 1924).  Coolidge  1 1925).  Tippett  1 1925). 
Burgess  1 1927).  Jordan  1 1927),  Neyman  & Pearson  i 1928),  Rider  1 1929).  StefTensen  1 19:10).  Pearson 
1 19:11). 

Citations:  Dodge  )19:i2.  1933 1,  Davies  & Pearson  (19:14).  Pearson  i 19.15).  Pearson  & Haines  1 19:15). 
Eisenhart  (19:19).  Grant  (1940),  Simon  1 1 94 1 ).  Wilks  1 1 94 1 . 1942).  Denting  1 194:1).  Knudsen  (194.li. 
Wilks  ( 194.1),  Wing,  Price  & Douglass  i 1944i,  Grant  1 1946).  Kendall  1 1946).  Howell  ' 1949'. 

Steffensen,  J.  F.  ( 1 93 1 1.  Notes  on  the  life  table  and  the  limit  of  life.  •Journal  of  the  Institute  of  Actuaries  62 
1 1 ),  99-104:  discussion.  104-108.  (JFM  57.  65:1). 


Summary:  In  this  paper  the  author  responds  as  follows  i pp.  99- 101 ) to  criticism  by  Kidstone  ( 19.10'  of  his 
earlier  lectures  |StefTensen  ) 1 930 ) |:  ",  . . In  order  to  distinguish  clearly  between  the  life  table  and  a 
number  of  persons  followed  from  their  birth  to  their  death.  I shall  denote  the  latter  by  \v;  so  that  t x is  a 
theoretical  function  but  \x  a number  of  real  people  and  therefore  necessarily  integral  and  discontinuous. 
1 propose  first  to  investigate  the  relation  between  \x  and  t v I presume  that  Mr.  Didst  one  and  I can  agree 
about  the  following  definition  of  the  probability  of  death:  If  out  of  Ex  exposed  0X  die  within  a year,  then 
Ex  is  an  observed  relative  frequency  of  death;  and  qx  is  the  limit  to  which  this  relative  frequency  i> 
supposed  to  tend  if  the  number  of  exposed  Ex  increases  indefinitely.  Assuming  then  that  we  agree  about 
the  definition  of 'probability',  the  fund  ion  t v may  be  derived  from  the  numbers  \x  as  follows.  Out  of  \„ 


new-born  individuals,  Ay  are  according  to  the  definition  of  \x  alive  after  x years.  It  is  important  to  note 
that  it  is  not  at  all  necessary  for  x to  be  an  integer  in  order  that  \v  shall  exist.  The  quotient  \x  A„  is  a 
relative  frequency  which,  for  increasing  A„,  is  supposed  to  tend  to  a limit  This  limit  is  the  probability 
that  a new-born  baby  will  be  alive  after  x years.  Hence  we  have,  in  symbols  xp„  = limv_x  Av  ( 1 >.  The 
function  ty  is  essentially  the  same  thing  as  xp„.  But  as  in  the  applications  not  / x itself  but  only  /x.,  t x 
matters,  we  may  multiply  t^  bv  an  arbitrary  constant  and  write  = k xp„  (2).  Hence  is  the 
mathematical  expectation  of  lives  existing  after  x years  out  of  k new-born  individuals,  and  there  is 
evidently  no  reason  why  this  expectation  should  always  be  an  integral  number.  But  seeing  that  k may  be 
chosen  at  liberty,  it  has  become  customary  in  England  (though  not  in  the  writer's  country  | Denmark]!  to 
choose  this  constant  so  that  the  radix  of  the  table  becomes  a convenient  integer,  say  100,000.  In  that  case 
f x may,  throughout  the  greater  part  of  the  table,  with  sufficient  approximation  be  represented  by  an 
integer.  But  as  far  as  I can  see,  this  is  just  what  happens.  On  p.  341  of  Mr.  Lidstone's  notes  we  find  as 
assertion  1 1>:  'It  is  impossible  for  t ^ to  be  a continuous  curve  diminishing  by  infinitesimal  decrements;' 
and  immediately  after,  as  assertion  (2),  it  is  considered  an  objection  that  if  an  'Oldest  Age’  does  not  exist, 
'so  that  f x exists  however  great  x may  be,  then  we  must  eventually  reach  a point  at  and  beyond  which  t x 
represents  a fractional  number  of  lives.’  Assertion  ( 1 1 would  have  been  correct,  if  instead  of  t x had  been 
written  As.  It  would,  in  my  opinion,  also  be  correct,  if  after  t x the  word  'not'  were  inserted.  As  it  stands,  it 
is  not  difficult  to  show  that  it  is  incorrect,  if  the  above  definition  of  t ^ is  accepted,  as  I think  it  must  be. . . . 
The  presence  of  an  arbitrary  factor  k in  ( 2)  is  a permanent  reminder  of  the  fact  that  we  have  no  longer  to 
do  with  a group  of  people  actually  dying  out;  for  by  a suitable  choice  of  k we  can  always  arrange  that  the 
value  of  is  at  any  specified  age  is  any  number  we  please.  This  remark  has  a certain  bearing  on  the 
question  of  the  existence  of  an  'Oldest  Age’  which  can  under  no  circumstances  be  exceeded.  For  while  a 
table  finishing  off  with,  say  C>im  = 1,  = 0 may  on  the  surface  look  a possible  one.  a table  terminating 

with  G(„,  = 1,000.000,  t.,m  =0  would  look  quite  impossible,  even  if  it  is  in  reality  the  same  table,  only  with 
the  radix  multiplied  by  one  million.  . . In  his  rejoinder,  Lidstone  (p.  104)  remarks;  "There  is  no  doubt 
room  for  both  doctrines,  and  I wish  only  for  liberty  to  adopt  whichever  seems  the  more  suitable." 

References:  Lidstone  (1930),  Steffensen  (1930). 

Citations:  Gumbel  1 1935d,  1936-37,  1937^). 

"Student"  | W.  S.  Gosset]  ( 1931 ).  Yield  trials.  Bailliere's  Encyclopaedia  of  Scientific  Agriculture  2,  1342ff. 
Reprinted  in  "Student’s"  Collected  Papers  led.  E.  S.  Pearson  and  John  Wishart ).  pp.  150-168.  Cambridge 
University  Press,  Cambridge,  England,  1942. 

Summary:  Most  of  this  article  is  irrelevant  to  our  study,  but  the  following  passage  « pp.  164-165  of 
reprint  i is  relevant:  "It  should  be  noticed  . . . that  the  formula  which  we  have  used  in  comparing  | strains] 
B and  I)  is  that  which  it  is  correct  to  use  when  there  are  hut  two  means  to  compare:  it  would  be  right  to  use 
it,  for  example,  if  we  have  a number  of  trials  of  B and  D in  different  places  or  seasons,  and  we  wish  to 
examine  the  whole  series  of  comparisons  of  B and  D.  If,  however,  there  is  no  particular  reason  why  we 
should  compare  these  two  rather  than  any  other  pair,  it  is  clear  that  the  chance  of  obtaining  a large 
difference  between  some  pair  or  other  is  greater  the  larger  the  number  of  possible  pairs.  To  meet  this 
Fisher  suggests  that  the  mean  of  each  strain  should  be  compared  with  the  general  mean,  and  that  the 
strains  should  be  divided  in  this  way  into  (a)  those  significantly  greater  than  the  mean;  ibi  those  not 
differing  significantly  from  the  mean;  and  ic)  those  significantly  less  than  the  mean.  The  appropriate 
standard  deviation  to  use.  if  <r  he  the  standard  deviation  oft  he  random  error  of  a single  plot  and  there  are 
n repetitions  and  m strains,  is  <r\  m-1  \ mn.” 

Comments:  The  passage  quoted  above  shows  that  the  author  had  already  an  awareness  of  the  problem 
of  multiple  comparisons,  but  as  yet  no  clear  idea  as  to  how  to  solve  it — see  Pearson  1 1939). 


Reference:  Yule  1 191 1 ). 


Citations:  Pearson  i 1939),  Kendall  (1946). 


d'Addario.  Raffaele  1 1 932 *.  Intorno  alia  curva  dei  redditi  di  Amoroso.  Rivista  Italiana  di  Slatistica  4, 
89-108. 

Summary:  The  author  discusses  the  equation  for  the  distribution  of  income  proposed  by  Amoroso 
( 1925):  y = ke  v,x  h|1  s(x-h)'P  sl*  ih  < x < x;  k.  h,  y,  p essentially  positive  constants).  He  recalls  that 
Amoroso  pointed  out  that  if  y = h =0ands  = 1,  Amoroso's  equation  reduces  to  the  first  approximation  of 
Pareto,  if  s = 1,  it  reduces  to  Pearson’s  type  III.  which  corresponds  to  Pareto’s  second  approximation;  if  s 
= - 1,  it  reduces  to  Pearson’s  type  V.  If  p - s =s  0,  the  curve  is  monotone  decreasing;  if  p -s>0,ithasa 
maximum  (model  at  the  point  ft  = h + [(p-si  y]s.  Let  N be  the  total  number  of  incomes.  C be  their 
aggregate  amount,  and  A = C N be  the  mean  income.  Amoroso  showed  that  N = k|s|I'( p > y1’  and  A = h + 
I'(p  + si  y'i'(p)  If  p - s > 0,  an  index  of  asymmetry  or  of  concentration  of  income  is  given  by  p = ( A - Ht  i A 
■h>  - 1 (p  - s)s  I'(pi  Pip  + si,  which  varies  between  a lower  limit  of  Oand  an  upper  limit  of  1.  Amoroso, 
in  order  to  have  an  index  valid  for  p - s < 0 as  well  as  for  p - s > 0.  defined  a second  quantity  q = 1 — 
21’  " 11  p 1 ’ , which  he  called  determinant  of  the  curve.  The  author  refers  to  p and  q as  measures 

of  the  concentration  of  income  earners  ( Ital.,  redditieri  i in  contrast  to  the  measures  of  concentration  of 
income  (Ital..  redditi ) H = ± (t  A -hr  A]  ( I —2H(p,sl]  (Gini’s  ratio  of  concentration!  and  S = ± |(  A-h)  A) 
|he.p+s-l)  - It  e.p  — 1 ) J,  where  Hip.s)  is  the  value  defined  by  Amoroso  and  I ( > is  the  incomplete 
Gamma  function  ratio. 

Comments:  Expressing  S in  terms  of  the  incomplete  Gamma  function  ratio  is  one  of  the  few  original 
contributions  of  the  author;  most  of  the  remainder  of  the  paper  is  merely  a summary  (albeit  an  excellent 
one)  of  the  work  of  Amoroso  ( 1925). 

References:  Pareto  i 1897).  Lorenz  (1905).  Persons  < 1909b  Gini  (1914a).  Pietra  il915t.  Ricci  (1916), 
Amoroso  ( 1925),  d’Addario  1 1980). 

Citation:  Castellano  (1935). 

Craig,  Allen  T.  1 1 932a).  On  the  distributions  of  certain  statistics.  American  ■Journal  of  Mathematics  54, 
353-366.  (.JEM  58.  1 163).  Abstract.  Bulletin  of  the  American  Mathematical  Society  37  ( 1931  >.  26.  (JFM 
57.  664 — listing  only). 

Summary:  The  author  proves  the  following  results  i pp.  364-365 1 concerning  the  distributions  of  sample 
median,  first  quart  ile,  and  range:  "Let  fi  x > be  the  probability  function  of  the  variable  x and  let  </>,(£  i be  the 
probability  funct  ion  of  the  median  £ of  samples  of  n 2 m - 1 If  fix)  is  a probability  function  of  the  third 
kind  [range  (0,ai|.  <f>, i(ri  is  a probability  function  of  the  third  kind  and  </>.,(  £)  = [<  2m + 1 1!  ( m ! > - 1 
[J,f  f(t)dt|m  [/"  fi  t >dt  |m  fif).  If  ft  x ) is  a probability  function  of  the  first  or  second  kind  [range  < -x.x ) or 
(0,x)|,  (/>,  if  i remains  unchanged  except  that  the  limits  of  integration  are  - x,  £ and  £.  x respectively  for  a 
function  of  the  first  kind  and  0,  ( and  (.  x respectively  for  a function  of  the  second  kind.  The  probability 
function  of  the  lower  quart  i le  r;  of  samples  of  n=4m  + l drawn  from  a universe  represented  by  f(  x i where 
fix ) is  of  the  second  kind  is  clearly  </>r,(  17)  = [(4m  + 1)!  1 ml  1 (3ml )]  | J',7  f(  t 'dt  )'"|JV  f'  * 'dt  ft  17 1.  Similar  forms 
of  A- 1 rp  hold  for  probability  functions  of  the  first  and  third  kinds.  It  is  obvious  t hat  the  distribution  of  any 
statistic  which  is  defined  as  that  value  of  the  variate  which  exceeds,  and  is  exceeded  by,  specified 
numbers  of  items  in  the  sample,  may  he  determined  in  this  manner.  . . . Let  fix)  he  the  probability 
funct  ion  of  the  variable  x and  let  </>,,(  W ' he  the  probability  funct  ion  of  the  range  W of  samples  of  n items.  If 
('( x > is  a probability  function  of  the  third  kind.  </>,;(  \V  1 is  a probability  function  of  the  third  kind  and 
<h, i'Wi  n(n  1 1/“  fixifix  Wi[J’^  « 0 x »d x |"  -dx." 

Comments:  The  author  does  not  state  his  definition  of  the  lower  quartile.  hut  it  is  obvious  from  the 
expression  he  gives  for  its  probability  function  that  he  defines  it . for  samples  of  size  4m  + 1 . as  the  (m  + 1 Ith 
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order  statistic.  For  alternate  definitions,  see  the  summaries  of  and  comments  on  the  papers  by  Hojo 
(1931)  and  Pearson  & Pearson  (1931). 


i 

I 


References:  Laplace  ( 1812),  Helmert  ( 1876b>,  Czuber  ( 1891a),  Dodd  1 1922),  Neyman  & Pearson  1 1928), 
Rider  (1929). 

Citations:  Olds  (1935),  Paulson  (1940),  Mood  (1941).  Wilks  ( 1943 ).  Bickerstaff  ( 1947 ).  Wilks  (1948). 

* Craig,  Allen  T.  ( 1932b).  Distributions  of  functions  of  middle  items  (abstract).  Bulletin  of  the  American 
Mathematical  Society  38,  813.  (JFM  58,  580 — listing  only). 

Summary:  "In  the  present  paper,  laws  of  probability  are  determined  in  accord  with  which  various 
functions  of  the  middle  n items  of  samples  consisting  of  (2k+n)  items  are  distributed.  Among  the 
functions  considered  are  the  arithmetic  mean,  the  average  of  the  extreme  values,  and  the  range.  _An 
experimental  study  of  certain  aspects  of  this  problem  has  been  made  by  E.  S.  Pearson  1&  Adyanthava 
(1928)]."  i Abstract,  p.  813). 

Reference:  Pearson  [&  Adyanthaya)  ( 1928). 

* Dodge,  H.  F.  (1932).  Statistical  control  in  sampling  inspection.  American  Machinist  76,  1085-1088, 
1129-1131. 

Summary:  After  explaining  the  conventional  variables  criterion  based  on  the  sample  mean  and  the 
sample  standard  deviation,  the  author  continues  (p.  1 130):  "There  are  many  other  variables  criteria  that 
might  be  chosen,  involving  the  average  alone  or  the  average  and  standard  deviation  jointly.  For 
example,  one  that  has  proved  to  be  quite  satisfactory  . . . and  easy  to  use  in  practice  provides  a maximum 
allowable  'range’  for  each  magnitude  of  observed  average,  where  the  range  is  the  difference  between  the 
largest  and  the  smallest  observation  in  the  sample  and  is  used  as  an  estimate  of  the  standard  deviation. 
He  also  presents  an  attributes  criterion  which  accepts  a lot  if  no  test  specimen  falls  below  the  minimum 
limit. 

Reference:  Shewhart  ( 1931). 

Citations:  Dodge  ( 1933),  Daly  ( 1946),  Grant  ( 1946). 

* de  Finetti,  Bruno  (1932).  Sulla  legge  di  probability  degli  estremi.  Metron  9 (3-4),  127-138.  iJFM  57, 
1485). 

Summary:  "We  consider  the  law  of  probability  of  the  maximum  (minimum)  value  among  those  of  n 
independent  random  variables  following  the  same  law,  and  study  especially  its  asymptotic  behavior  as  n 
increases."  (Compiler’s  translation  of  author's  summary,  p.  127).  In  Table  I (pp.  135-136)  the  author 
gives  the  probability  density  function  of  the  maximum  value  of  n independent  random  variables 

following  the  reduced  normal  law  for  n = 1,2 10.  In  Table  II  ( p.  137 1 he  gives  the  median  value  of  the 

maximum  among  n independent  random  variables  following  the  reduced  normal  law  for 
n = 1 ( l)50l  10)500i  100)1000.  ( 1.1.2.1.5,2.2.5,3.4.5,6.7.8.91  x UP"". 

References:  Bertrand  ( 1889).  Levy  < 1925). 

Citations:  de  Finetti  (1934),  Gumbel  ( 1934g,  1935a,  1935-36),  Smirnoff  ( 1935),  Gnedenko  (1943), 
Kendall  ( 1946). 

Galvani.  L.  1 1932).  Sulle  curve  di  concentrazione  relative  a carratteri  non  limit  at  i e limitati.  (French 
summary).  Metron  10,  61-73. 
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Summary:  The  author  writes  (French  summary,  p.  73,  as  translated  by  the  compiler):  "Professor  Gini 
[( 1930,  1932)]  has  shown  that,  given  a certain  distribution  of  a quantitative  character,  its  concentration 
curve,  and  therefore  also  the  concentration  ratio,  vary  according  to  whether  one  assumes  that  the 
character  in  question  is  unbounded,  or  whether  it  is  bounded  below  or  above  or  on  both  sides.  The  same 
author  has  shown  that  in  the  first  case  the  concentration  ratio  is  determined  by  A/2A,  where  A 
represents  the  mean  difference  and  A the  arithmetic  mean  of  the  character,  whereas  in  the  last  three 
cases,  in  order  to  calculate  the  value  of  R exactly,  it  is  necessary  to  apply  to  the  denominator  2A  a 
suitable  correction  coefficient.  In  this  note,  we  first  formulate  several  observations  on  the  influence 
which  the  concentration  ratio  undergoes  when  one  applies  certain  transformations  to  the  given  distribu- 
tion. A particular  study  is  then  explained  on  the  analytical  and  geometric  problem  of  transforming  the 
concentration  curve,  relative  to  a bounded  character,  into  the  corresponding  reduced  curve,  that  is  to 
say,  into  a concentration  curve  having  the  same  concentration  ratio,  but  which  one  can  consider  as 
relating  to  an  unbounded  quantitative  character.” 

References:  Lorenz  (1905),  Gini  (1914a,  1930,  1932). 

Citations:  Castellano  (1933a),  Wold  (1935),  Kendall  (1946). 

* Garver,  Raymond  (1932).  Concerning  the  limits  of  a measure  of  skewness.  Annals  of  Mathematical 
Statistics  3,  358-360.  (JFM  58,  1165). 

Summary:  The  author  gives  a different  proof  than  that  of  Hotelling  & Solomons  ( 1932)  that  the  measure 
of  skewness  s,  defined  by  s=(  mean -median)/  standard  deviation,  cannot  be  greater  than  unity  in 
absolute  value. 

Reference:  Hotelling  & Solomons  (1932). 

* Gibrat,  Robert  ( 1932a).  Sur  l’ajustement  mathematique  des  courbes  de  debits  d'un  cours  d'eau.  Comptes 
Rendus  de  iAcademie  des  Sciences  de  Paris  194,  843-845;  Revue  Generate  de  I'Rlectricite  31,  664-665. 
(JFM  58,  1161). 

Summary:  Let  t be  the  number  of  days  during  a period  of  T days  for  which  the  observed  discharge  of  a 
stream  is  less  than  or  equal  to  q.  The  author  proposes,  as  an  adjustment  formula  for  the  cumulative 
distribution  function  of  the  discharge,  t/T  = ( l/y/ir ) fix  e7'  dz,  z = a log(q-q„)+  b,  where  a,b,  and  q„are 
three  constants  which  are  determined  so  as  to  make  the  adjustment  the  best  possible.  The  author  calls 
this  the  law  of  proportional  effect,  but  it  is  really  nothing  but  the  log-normal  law;  the  author  himself 
observes  that  the  frequency  curve  of  the  logarithms  of  discharges  in  excess  of  the  minimum  discharge  q(( 
is  a normal  curve.  The  author  proposes  as  an  index  of  irregularity  of  a stream  the  quantity  100/a.  He 
states  that  it  is  easy  to  show  that  one  has  the  relation  log  [(Q-q0>/  (S-q,,)]  = l/4a2  log  e,  where  Q is  the 
mean  discharge  and  S is  the  median  discharge.  He  gives  an  example  (daily  discharges  during  the  year 
1917  of  the  Truyere  at  the  bridge  of  Cadene)  in  which  the  law  of  proportional  effect  fits  the  data  much 
better  than  the  usual  parabolic  law  q = A + Ktn. 

Reference:  Kapteyn  (1903),  Gibrat  (1930). 

Citations:  Gibrat  ( 1932b),  Coutagne  ( 1937). 

Gibrat,  Robert  1 1932b ).  Amenagement  hydroelectrique  des  cours  d’eau:  Statistique  mathematique  et 
calcul  de  probability.  Revue  Generate  de  I'fUlectricite  32  1 15-16),  493-501. 
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Summary:  The  author  applies  the  methods  of  mathematical  statistics  and  probabil  ity  to  problems  posed 
by  hydroelectric  harnessing  of  streams.  He  calls  attention  to  the  fact  that  the  life  of  a dam  depends  on  the 
maximum  flood  which  it  can  withstand  without  damage.  Another  problem  he  considers  is  the  storage 
capacity  that  must  be  provided  on  a river  in  order  to  assure,  with  a given  probability,  a specified 
[minimum]  production  of  energy.  He  shows  that  data  on  daily  discharges  of  a stream  and  monthly 
rainfall,  as  well  as  other  types  of  data  (economic,  demographic,  etc. I are  well  fitted  by  the  law  of 
proportional  effect  (lognormal  law).  He  shows  how  to  fit  the  three  constants  a,b,q„of  this  law  [see  Gibrat 
( 1932a)]  and  apply  it  to  problems  in  hydraulic  engineering.  Important  roles  are  played  by  the  median 
discharge  and  the  characteristic  largest  and  characteristic  smallest  (low-water  mark)  discharges.  He 
defines  the  latter  as  the  values  which  the  daily  discharge  exceeds  or  falls  below  ten  days  per  year;  they 
are  sometimes  approximated  by  taking  the  arithmetic  means  of  the  30  highest  and  of  the  30  lowest  daily 
discharges  during  the  year. 

References:  Gibrat  (1930),  d’Addario  (1931),  Gibrat  (1932a). 

Citations:  Foster  (1934),  Grassberger  (1936),  Gumbel  (1937-38,  1941a,  1943c). 

* Gini,  Corrado  (1932).  Intorno  alle  curve  di  concentrazione.  (French  summary).  Metron  9 (3-4),  3-76. 

Summary:  The  author  discusses  various  measures  of  concentration,  including  ( 1 ) the  mean  difference 
divided  by  twice  the  arithmetic  mean,  (2)  the  mean  deviation  from  the  arithmetic  mean  divided  by  twice 
the  arithmetic  mean,  and  (3)  the  mean  deviation  from  the  median  divided  by  twice  the  arithmetic  mean. 
He  gives  a number  of  references  on  measures  of  variability  (including  the  mean  difference)  and  of 
concentration. 

References:  Bowley  (1901)  [1920],  Dettori  (1912),  Gini  (1912),  Czuber  (1914),  Gini  (1914a),  Pietra 
(1915),  Savorgnan  (1915),  Ricci  (1916),  Dalton  (1920),  Julin  (1921),  Amoroso  (1925),  Gumbel  (1927, 
1928),  Gini  (1930),  March  (1930),  von  Bortkiewicz  (1931),  Galvani  (1931). 

Citations:  Galvani  ( 1932),  Pietra  ( 1932a),  Castellano  ( 1933a,  1935),  Pietra  ( 1935a, b).  Wold  1 1935),  Gini 
( 1936),  Nair  ( 1936),  Davis  ( 1941 ),  Kendall  ( 1946). 

* Grassberger,  Hans  ( 1932).  Die  Anwendung  der  Wahrscheinlichkeitsrechnung  auf  die  Wasserftihrung 
der  Gewasser.  Die  Wasserwirtschaft  (Vienna)  25,  16-22,  31-33,  55-60. 

Summary:  The  author  shows,  as  other  writers  have  done,  that  the  lognormal  distribution  provides  a 
good  fit  to  data  on  the  discharge  of  a large  river.  He  goes  a step  further  than  previous  writers  by 
introducing  the  hypothesis  that  the  largest  value  of  a sample  from  a lognormal  distribution  itself  follows 
a lognormal  distribution.  He  does  not  attempt  a mathematical  proof  of  this  hypothesis,  but  he  does  verify 
empirically  that  the  lognormal  distribution  fits  quite  well  the  data  for  the  annual  floods  (largest  daily 
discharges)  of  three  Austrian  rivers  during  the  period  1897-1930. 

References:  Fechner  ( 1897),  Czuber  ( 1903). 

Citations:  Grassberger  (1933.  1936),  Gumbel  (1936a),  Coutagne  (1937),  Gumbel  (1937-38). 

* Gumbel.  E.  J.  ( 1932).  L’age  limite.  ( Resume).  Bulletin  de  la  Societe  Mathematique  de  France  ( Paris)  60 
(3-4),  34-35. 


Summary:  "The  problem  of  the  limiting  age,  for  the  solution  of  which  very  artificial  methods  have  been 
proposed,  admits  a solution  based  on  the  calculus  of  probabilities  when  one  regards  the  life  table  as  a 
distribution  of  deaths  according  to  the  ages  at  the  moment  of  death  and  assumes  only  that  this 
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distribution  tends  asymptotically  to  zero.  By  applying  a formula  established  by  von  Mises,  one  calculates 
the  probable  value  of  the  limiting  age  by  /(x)  = 1/N  where  /(x)  is  the  number  surviving  and  N is 
proportional  to  the  number  of  observations  which  have  been  employed  in  the  construction  of  the  table. 
But,  moreover,  one  can  calculate  by  the  same  formula  an  approximate  value  for  the  most  probable 
limiting  age.  Then  one  can  assume  that  the  distribution  of  the  limiting  age,  that  is  that  the  probability 
that  this  age  has  a given  value,  is  Gaussian.  By  applying  the  theory  of  Lexis  to  the  life  table,  that  is  by 
considering  the  end  of  the  distribution  of  deaths  according  to  ages  as  a Gaussian  distribution,  one  can 
calculate  the  probable  value  of  the  limiting  age  and  its  mean  error.  The  limiting  age  increases  very 
slowly  with  N,  while  its  mean  error  decreases.  When  one  compares  these  theoretical  values  with  the 
observations,  one  obtains  very  satisfactory  results.  This  theory  can  also  be  applied  to  the  probable  age  of 
the  youngest  of  the  m oldest,  for  example  of  the  ten  oldest  persons.  For  the  distribution  of  this  limiting 
age,  the  probable  value  is  again  equal  to  the  most  probable  value.  The  calculation  of  the  mean  error  of 
this  age  leads  to  the  law  of  rare  events.  The  mean  error  decreases  as  the  number  m increases.  Finally,  by 
reversing  the  question,  one  can  calculate  the  probable  number  of  those  who,  for  a given  population, 
attain  the  age  of  100  years,  ordinarily  considered  as  the  limiting  age.  In  all  these  calculations,  one  uses 
only  the  number  of  observations  of  the  normal  age  £ , the  probability  that  a new-born  will  attain  this  age 
/(f),  and  the  expectation  of  life  at  this  age  E(f),  values  which  are  given  in  every  conveniently  calculated 
life  table.”  (pp.  34-35,  compiler’s  translation). 

Citations:  Gumbel  (1933f,g,  1934d,f,g,  1935a, c,  1937a,  1939f). 

* Hotelling,  Harold;  Solomons,  Leonard  M.  (1932).  The  limits  of  a measure  of  skewness.  Annals  of 
Mathematical  Statistics  3,  141-142.  (JFM  58,  1165). 

Summary:  The  authors  show  that  the  value  of  the  measure  of  skewness  s = (mean  -median)/  (standard 
deviation)  necessarily  lies  between  - I and  1. 


Citation:  Garver  (1932). 

* Jeffreys,  Harold  1 1932a).  An  alternative  to  the  rejection  of  observations.  Proceedings  of  Royal  Society  of 
London  (A)  137,  78-87.  (JFM  58,  569). 

Summary:  "A  method  is  given  for  dealing  with  sets  of  observations,  appreciable  fractions  of  which  are 
affected  by  abnormal  errors.  The  probability  of  an  error  is  taken  to  be  given  jointly  bv  two  normal 
|Gaussian]  laws,  one  for  the  normal  and  the  other  for  the  abnormal  errors,  and  a method  of  solution  for 
the  five  unknowns  is  provided.  An  approximate  solution  may  also  be  obtained  by  a method  of  weighting, 
the  weight  of  an  observation  being  a continuous  function  of  its  deviation."  (Author's  summary,  p.  87). 
The  author  states  (p.  79):  "The  distribution  of  the  probability  of  error  is  . . . taken  to  be  f(xr)=(  1 -mi 
( h/\  jt>  e h'lxr  *|!  + mik/v^ie  ki|xr  This  expresses  the  conditions  ( 1 1 that  if  x is  the  true  value  the 
probability,  given  x,  that  an  observation  will  lie  between  xrand  xr  + dxr  isf(xr)dxr;  (2i  the  probability  that 
an  observation  will  be  affected  by  the  abnormal  error  is  m;  (3)  the  normal  observations  follow  a normal 
law  with  modulus  of  precision  h;  (4)  the  abnormal  ones  follow  another  normal  law  with  modulus  k.  but 
are  subject  also  to  an  unknown  systematic  error  y.  Our  problem  is  to  find  the  most  probable  value  of  x. 

and  incidentally  y,  from  a given  set  of  observed  values  x,.  x2 xn.”  The  author's  method  makes  no  use 

of  the  order  of  the  observations;  he  does,  however,  discuss  the  methods  of  Peirce  and  Chauvenet,  and  he 
recommends  the  latter  in  cases  in  which  there  is  a single  discordant  observation. 

Remarks:  Rider  ( 1933)  states  (p.  19):  "The  principal  advantage  of  Jeffreys'  method  seems  to  be  that 
large  deviations  have  little  weight  in  determining  the  value  of  x.  and  that  small  deviations  have  little 
weight  in  determining  x + v.  Also  the  weight  of  an  observation  is  a continuous  function  of  its  deviation." 
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Reference:  Chauvenet  ( 1863). 

Citation:  Rider  1 1933). 

Jeffreys.  Harold  i 1932b).  On  the  theory  of  errors  and  least  squares.  Proceedings  of  the  Royal  Society  of 
London  < A > 138,  48-55.  (JFM  58,  1160). 

Summary:  The  following  portion  tpp.  48-49)  is  relevant:  "The  normal  law  of  error  is  supposed  to  hold, 
but  the  true  value  x and  the  precision  constant  h are  unknown.  Two  measures  are  made:  what  is  the 
probability  that  the  third  observation  will  lie  between  them?  The  answer  is  easily  seen  to  be  one-third. 
For  the  law  says  nothing  about  the  order  of  occurrence  of  errors  of  different  amounts,  and  therefore  the 
middle  one  in  magnitude  is  equally  likely  to  be  the  first,  second,  or  third  made  (provided,  of  course,  that 
we  know  nothing  about  the  probable  range  of  error  already).”  The  author  proceeds  to  find  the  distribu- 
tion of  prior  probability  which  will  give  this  result. 

Reference:  K.  Pearson  (1931). 

Citations:  Bartlett  ( 1933),  Fisher  ( 1933),  Jeffreys  ( 1933),  Fisher  1 1£34),  Bond  1 1935),  Thompson  ( 1936). 

Luyten,  Willem  J.  ( 1932).  Notes  on  stellar  statistics.  V:  On  the  use  of  the  first  Laplacean  error  curve. 
Proceedings  of  the  National  Academy  of  Sciences  tUSAi  18,  360-365.  (JFM  58,  569). 

Summary:  The  author  points  out  that  the  Gaussian  law  of  error,  which  was  once  accepted  without 
question,  is  no  longer  taken  for  granted.  Wilson  & Hilferty  ( 1929),  for  example,  have  shown  that  data 
originally  used  by  C.  S.  Peirce  to  show  that  the  normal  law  does  hold  cannot  be  satisfactorily  represented 
bv  the  normal  law.  The  author  considers  data  on  the  differences  of  pairs  of  measures  of  the  distance  of 
double  stars.  He  computes  mean,  standard  deviation,  median,  quartiles,  and  quartile  deviation,  plots  the 
data  on  probability  paper,  and  fits  normal,  Charlier  Type  A.  Pearson  Type  IV.  and  Laplace’s  first  error 
curves  to  the  data.  He  concludes  that  Laplace's  first  error  curve  fits  much  better  than  his  second  (the 
normal  curve).  He  points  out  (p.  365)  that,»as  a corollary  to  the  use  of  the  first  Laplacean  curve,  it  is  no 
longer  the  arithmetic  mean  and  the  standard  deviation  but  the  median  and  arithmetic  mean  error  [mean 
deviation  from  the  median]  that  are  the  significant  constants  of  the  distribution. 

Reference:  Wilson  & Hilferty  ( 1 929 ). 


Pearson.  Egon  S.  ( 1932).  The  percentage  limits  for  the  distribution  of  range  in  samples  from  a normal 
population.  (nslOO).  Biometrika  24,  404-417.  (JFM  58,  1169). 

Summary:  The  author  begins  ( p.  404 1 with  the  following  summary:  "The  Table  A given  on  p.  416  below 
represents  an  attempt  to  summarize  in  most  convenient  form  for  practical  use  the  recent  work  on  the 
distribution  of  range  in  samples  from  a normal  population.  It  deals  only  with  the  case  of  samples  of  100  or 
less.  The  accompanying  discussion  may  be  divided  into  three  parts:  (li  The  method  of  computation  of 
Table  A.  (See  p.  416).  (2)  Experimental  checks  on  the  adequacy  of  the  approximations  involved.  (3)  Il- 
lustrations of  the  use  of  Table  A.  In  addition  to  the  value  of  mean  and  standard  deviation,  of  which  the 
former  has  already  been  completely  and  the  latter  partially  tabled,  the  present  Table  gives  certain 
percentage  limits,  namely  the  values  of  the  range  which  will  (a)  not  be  attained,  and  ib>  be  exceeded,  in 
0.5' r , Vi  , 50 , and  10O  of  random  samples.  The  unit  is  throughout  the  population  standard  deviation." 
On  pp.  405-407,  the  author  adds:  "The  complete  set  of  values  of  w was  given  by  Tippett  |i  1925)],  but  cr„ 
had  only  been  computed  for  n = 2, 3, 4, 5,6. 10.20,60.100.  Three  additional  values  were  therefore  computed 
at  n 30.  45  and  75  by  the  same  process  of  cubature  as  that  employed  by  Tippett.  . . . From  this 
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framework  the  intermediate  values  of  trw  shown  in  Table  A [3DP]  were  readily  obtained  . . . |and|  finally 
the  limits,  wp.” 

References:  Tippett  (1925),  E.  S.  Pearson  (1926),  "Student"  (1927),  K.  Pearson  (1931). 

Citations:  Dodge  (1933),  McKay  & Pearson  (1933),  Rider  (1933),  Davies  & Pearson  ( 1 934 1,  McKay 
( 1935),  Pearson  & Haines  ( 1935),  Sukhatme  ( 1936),  Snedecor  ( 1937),  Newman  ( 1939).  Hartley  ( 1 942 ), 
Pearson  & Hartley  (1942),  Kendall  (1943,  1946),  Egudin  (1947),  Elfving  (1947),  Grubbs  & Weaver 
( 1947 ),  Lord  ( 1947  >. 

* Pearson,  Karl;  Pearson,  Margaret  V.  ( 1932).  On  the  mean  character  and  variance  of  a ranked  individual, 
and  on  the  mean  and  variance  of  the  intervals  between  ranked  individuals.  Part  II.  Case  of  certain  skew 
curves.  Biometrika  24,  203-279.  (JFM  58,  1170). 

Summary:  After  some  preliminaries  on  the  hypergamma  and  hyperbeta  functions  (including  a 12DP 
table  of  dibeta,  tribeta,  tetrabeta,  and  pentabeta  functions  for  n = 1(  1 ) 100  ],  a detailed  study  is  made  of  the 
moments  and  product  moments  of  order  statistics,  intervals  between  order  statistics,  medians,  quartiles, 
and  interquartile  distances  for  the  exponential  distribution.  This  is  followed  by  a study,  in  somewhat 
less  detail,  of  the  same  quantities  for  various  members  of  the  Pearson  family  of  frequency  curves 
satisfying  the  biquadratic  /3,( 8/3-2  — 9/3,- 12)  (/3,+3)2  - ( 10/3.,-  12/3,-  18)2(4/32-  3/3, 1=0.  For  the  exponen- 
tial distribution,  finite  series  are  given  for  the  moments;  e.g..  the  mean  of  the  q,h  order  statistic  of  a 
sample  of  size  n is  given  as  1/n  + 1/ln  — 1)+  . . . + 1 /(n  -q  + 1 ).  On  p.  278  the  authors  state:  "Certain  broad 
principles  . . . arise  from  our  work.  For  example:  (a)  The  correlation  between  adjacent  rank-variates  is 
high,  but  the  correlation  between  adjacent  (and  a fortiori  non-adjacent)  rank-intervals  is  small,  and  for 
many  purposes  negligible.  (b)The  partial  correlation  of  any  two  rank- variates,  or  any  two  rank- 
intervals  for  a constant  rank-variate  or  a constant  rank-interval  lying  between  them  is  zero,  ic)  The 
order  of  the  variabilities  of  rank-intervals  as  measured  by  their  standard  deviations  is  much  the  same  as 
the  order  of  the  intervals  themselves.  There  is  equality  in  the  case  of  the  exponential  curve,  and  this 
property  extends  approximately  fora  considerable  range  on  either  side  of  it.  (d)  Gal  ton’s  Ratio,  namely  2 
to  1,  for  the  ratio  of  the  first  rank-interval  to  the  second  in  the  case  of  the  end  of  the  curve  with  lesser 
frequency  [exact  for  the  exponential  distribution]  is  approximately  true  for  a large  number  of  curves, 
(e)  In  samples  from  a curve  of  finite  range  the  correlations  of  adjacent  interrank  intervals  are  negative: 
in  samples  of  one  with  unlimited  range  they  are  positive,  (f)  In  cases  where  there  is  much  predominance 
of  mediocrity,  the  interval  between  the  first  and  second  ranks  may  be  ten  or  more  times  the  interval 
between  mediocre  individuals.  . . .” 

References:  Whitworth  (1867)  [1901 1.  Pearson  (1895).  Galton  (1902),  Pearson  (1920).  Nevman  & 
Pearson  ( 1928),  Hojo  ( 1931 ),  Pearson  & Pearson  ( 1931 1. 

Citations:  Nair  ( 1940b),  Gumbel  (1942a,  1943a).  Rajalakshman  (1943).  Kendall  (1946). 

* Pietra,  Gaetano  (1932a).  Nuovi  contributi  alia  metodologia  degli  indici  di  variabiiita  e di  concen- 
trazione.  Atti  del  Reale  latituto  Veneto  di  Scienze,  Lettere  ed  Arti  91  (2).  989-1008. 

Summary:  The  author  begins  with  a review  of  the  controversy  between  von  Bortkiewicz  on  the  one  hand 
and  Gini.  Savorgnan  and  himself  on  the  other  [see  discussion  of  the  paper  by  von  Bortkiewicz  1 1931 1] 
concerning  priority  of  work  on  the  mean  difference  and  related  measures  of  variability  and  concentra- 
tion. Then  he  gives  graphical  representations  of  the  simple  mean  deviation  from  the  arithmetic  mean 
•SA,  the  simple  mean  deviation  from  the  median  SM  and  the  mean  difference  with  repetition  A„  = 
[( n - 1 1'nJA,  where  A is  the  mean  difference  without  repetition.  He  presents  the  simplified  formula  of  de 
Gleria  ( 1929)  for  computing  A„  (and  hence  also  A ).  He  points  out  that  the  graphical  representations  do 
not  extend  to  the  case  of  grouped  data  and  that  de  Gloria’s  formula  requires  modification  in  this  case  [see 
de  Gleria  1 1930  > ).  He  then  turns  to  consideration  of  the  concentration  curve  and  the  concentration  ratio. 


214 


Let  y,=sy2=s  . . . =£y„  be  a series  of  ordered  values  and  let  £J=1  y,/2y  y,  = qr  and  r/n  = pr.  If  the  points  tpr. 
qr)  (r  = 1,  2,  . . . , n)  are  plotted  in  Cartesian  coordinates  and  connected  by  a smooth  curve,  this  curve  is 
the  concentration  curve.  If  n is  sufficiently  large  and  if  the  values  ofy  are  given  by  y = fix),  where  x = in, 
then  the  concentration  curve  is  given  by  </>( x t = J','  f(xi  dx//,1,  fix)  dx.  If  A is  the  mean  difference  of  the 
values  y,  and  A is  the  arithmetic  mean,  then  A/2A  = 1 —2 <b < x ) dx  and  this  ratio,  called  the 
concentration  ratio  R,  is  equal  to  twice  the  area  between  the  concentration  curve  and  the  line  of 
equidistribution.  The  author  gives  three  expressions  R,  R'  and  R"  for  the  concentration  ratio  of  grouped 
data;  R is  the  exact  value  under  the  assumption  that  all  the  values  in  each  class  are  concentrated  at  the 
class  mark,  R'  is  an  approximation  under  the  assumption  that  the  sum  of  the  values  in  each  class  is 
known,  and  R"  is  an  approximation  under  the  assumption  that  the  values  in  each  class  are  equally 
spaced  between  the  class  limits.  He  also  gives  a graphical  method  of  approximation  to  R.  He  points  out 
that  the  tangent  to  the  concentration  curve  at  the  arithmetic  mean  A is  parallel  to  the  line  of  equidis- 
tribution (slope  1)  and  that  the  slope  of  the  tangent  at  the  median  M is  equal  to  M A.  He  applies  his 
results  to  data  on  real  estate  transfers  in  various  countries. 


References:  Gini  ( 1912).  Czuber  ( 191-4),  Gini  1 1914a),  Pietra  ( 1915).  Savorgnan  ( 1915),  Ricci  1 1916). 
Amoroso  ( 1925),  Gumbel  1 1927 ).  de  Gleria  ( 1929,  1930),  von  Bortkiewicz  ( 1931 ).  Galvani  1 1931 1.  Gini 
1 1932),  Pietra  ( 1932b). 

Citations:  Dominedo  1 1934),  Pietra  ( 1935a, hi,  Kendall  ( 1946 ). 

* Pietra,  G.  ( 1932b).  Contributions  a la  methodologie  du  calcul  du  rapport  de  concentration.  Bulletin  de 
I'lnstitut  International  de  Statistique  26  i2),  568-574. 

Summary:  This  article  is  essentially  a condensed  version  of  the  preceding  one  [Pietra  ( 1932a)),  with  the 
polemics  and  certain  other  material  omitted  and  some  additional  material  on  the  construction  of  the 
concentration  curve  and  on  the  graphical  method  of  approximating  the  concentration  ratio  R included. 

References:  Gini  ( 1914a),  Pietra  < 1915),  Ricci  ( 191 6 ).  von  Bortkiewicz  ( 1931 ). 

Citations:  Pietra  1 1932a,  1935a). 

Alexandrov.  A.  P.:  Zurkov,  S.  N.  ( 1933).  The  Phenemerton  of  the  Brittle  Rupture  ( Russian  i.  Moscow- 
Leningrad. 

Summary:  The  authors  offer  a qualitative  explanation  of  the  fact  that  the  average  value  of  the  brittle 
strength  does  not  remain  constant,  but  depends  in  a regular  way  upon  the  size  of  the  specimens  tested, 
diminishing  as  the  latter  increases;  namely,  that  the  dependence  of  the  strength  of  a fiber  upon  its 
diameter  is  due  to  the  inhomogeneous  structure  of  the  material. 

Comments:  The  compiler  has  been  unable  to  obtain  a copy  of  this  book,  and  has  therefore  had  to  depend 
on  information  given  by  other  writers,  especially  Kontorova  & Frenkel  1 1941 1 [Frenkel  & Kontorova 
1 1 943 ) |.  who  credit  the  authors  with  being  the  first  to  remark  that  the  observed  mechanism  [noted  by 
earlier  writers,  including  Griffith  ( 1 920 • | can  be  interpreted  in  a purely  statistical  way:  the  larger  the 
size  of  the  specimen,  the  more  frequently  will  particularly  "dangerous"  defects  [surface  cracks)  be 
encountered  in  it. 

Citations:  Kontorova  i 1 940),  Kontorova  & Frenkel  i 194 1 1.  Davidenkov.  Shevandin  & Witt mann  i 1 947  i. 

Bartlett.  M.  S.  1 1933 1.  Probability  and  chance  in  the  t heory  of  statist  ics.  Proeeedinps  of  the  Roy  id  Society 
of  London  (A)  141,  518-534.  i.JFM  59.  1207 — listing  only). 
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Summary:  The  author  recalls  that  Jeffreys!  1932b ) has  stated  that  the  probability  that  the  third  of  three 
observations  from  a normal  population  shall  lie  between  the  other  two,  when  the  population  mean  and 
standard  deviation  are  unknown,  is  1/3,  while  Fisher  1 1933)  has  commented  that  "for  any  particular 
population , the  probability  will  generally  be  larger  when  the  first  two  observations  are  far  apart  than 
when  they  are  near  together,"  but  that  the  probability  that  x:!  lies  between  x,  and  x2,  averaged  over  all 
possible  values  of  x,  and  x2,  is  1/3.  The  author  observes  that  Jeffreys  and  Fisher  are  not  talking  about  the 
same  thing,  and  their  results  bear  little  relation  to  each  other.  He  proceeds  to  comment  further 
concerning  Jeffreys’  results,  as  follows  (p.  527 1:  "For  he  (Jeffreys)  says  'the  law  says  nothing  about  the 
order  of  occurrence  of  errors  of  different  amounts,  and  therefore  the  middle  one  in  magnitude  is  equally 
likely  to  be  the  first,  second,  or  third  made  (provided,  of  course,  that  we  know  nothing  about  the  probable 
range  of  error  already).’  But  even  if  we  know  all  about  the  distribution  of  error  beforehand,  the  three 
observations  will  be  different  in  value,  and  it  is  still  equally  likely  that  the  middle  observation  should 
happen  to  be  the  first,  second,  or  third  made.  Thus,  whether  we  know  the  range  of  error  or  not.  the 
probability  that  the  middle  one  in  magnitude  of  three  observations  was  the  third  one  made  is  1 3.  But 
this  tells  us  nothing  about  the  probability  that,  given  two  observations,  a third  observation  will  be  the 
middle  one;  as  we  have  seen,  if  we  know  the  range  of  error,  this  probability  will  be  a function  of  the  values 
of  the  first  two  observations;  if  w'e  do  not  know  the  range  of  error,  its  value  is  still  undetermined.  In  a 
footnote  (pp.  527-528),  the  author  states  that  Jeffreys  agrees  that  his  original  argument  is  hardly 
sufficient,  and  gives  his  own  interpretation  of  the  essential  point  of  Jeffreys’  argument,  which  is  that  if 
the  range  of  error  is  completely  unknown,  the  probability  that  x:1  lies  between  x,  and  x2  is  independent  of 
x,  and  x2  (and  in  particular  of  x,  -x2i,  which  means  that  "if  we  were  completely  ignorant  of  the  range  of 
error  beforehand,  the  apparent  magnitude  of  x,-x2.  since  it  depends  on  what  scale  we  have  adopted, 
cannot  give  us  any  information  whether  x:1  is  likely  to  fall  within  the  interval  ix,,x2)  or  not.” 

References:  Gauss  1 1809),  Venn  1 1866)  [ 1888 1.  Keynes  < 1921 ).  Fisher  ( 1922).  Jeffreys  < 1932b),  Fisher 
(1S331. 

Citations:  Fisher  ( 1934),  Jeffreys  1 1934).  Thompson  1 1936),  Kendall  i 1946). 

Baticle,  Edgar  < 1933a).  Le  prohleme  de  la  repartition.  It  1.  Compters  Rendu  is  de  I'Academie  des  Sciences  de 
Paris  196,  1945-1946.  (JFM  59.  508). 


Summary:  The  problem  considered  is  that  of  determining  the  probability  col'  that  k of  n non-negative 

variables  x,  ( i = 1 .2 n)  such  that  x , + x2  + . . . + xn  = a are  greater  than  a quantity  aa  (a<l  i.  Instead  of 

continuous  variables,  the  author  initially  considers  m objects  and  seeks  the  probability  that,  these  m 
objects  having  been  divided  into  n lots,  k of  these  lots  contain  more  than  p objects.  After  passing  to 
continuous  variables  by  setting  p = <*m.  where  m— **  the  author  obtains  |see  note  below]  the  following 


system  of  equations  giving  the  probabilities  <ok  . «<»  , 


greater  than  «a:  (J)  1 1 -k«)n  ■=  ^ + ) kk-,i  oj"m  + 
«,^2  + . . . ,(h,;2)|i-(k+2min*1  = o/-.2  + 


w"  of  having  k,  k + 1,  k-<-2.  . . . variables 

' kn-,>  |l-(k  + Da]n  '=  + 

By  setting  k = 1 in  the  first  of  these  equations. 


one  finds  that  the  expected  number  of  the  n variables  which  exceed  <»a  is  k m I -a)n  '. 


Note:  The  compiler  has  corrected  an  obvious  error  in  the  first  equation  in  the  system. 


Comments:  The  result  sought  is  the  probability  that  if  an  interval  )0.a>  of  length  a is  divided  into  n 
segments  by  i n - 1 > points  chosen  at  random,  k of  the  n segments  will  be  of  length  greater  than  oa  <«<1 ). 
Since  the  points  of  division  are  the  order  statistics  of  a sample  of  size  in  - 1 1 from  a uniform  distribution 
on  the  interval  (0,a>,  this  note  is  relevant  to  our  subject. 


Citations:  Baticle  i 1933b.  1935),  Garwood  i 1940). 
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* Baticle,  Edgar  ( 1933b).  Leproblemedela  repartition.  Ill  I.  Comptes  Rendus  de  V Academic des Sciences  de 
Paris  197,  632-634.  (JFM  59,  508). 

Summary:  The  author  rewrites  the  system  of  equations  of  the  preceding  note  [Baticle  ( 1933a  i],  dropping 
the  superscript  a and  beginning  with  the  equation  in  a>„,  as  follows:  <o„  = (1  - na)"~‘,  <o„^,+  („",)  w„  = <„",) 

1 1 -in  - 1 ia]"“ ton_3  + („li)  (i)„  , + (n"2)a>n  = (nn2)  [1  — (n—  2>a)n  _l By  making  successive  substitutions, 

he  finds  wk  = I ")  {( 1 -k«)n_l  — (nykl  [ 1 — ( k + 1 ) a|n_1  + ( n~k)  1 1 — ( k+2>  a}*1-2  — . . . }.  When  n is  large  and  a is 
small,  a good  approximation  is  given  by  wk  = <k)  [il-an~l|k  [1-  ( 1 -a)"'1)"  k- 

Reference:  Baticle  (1933a). 

Citations:  Baticle  (1935),  Garwood  1 1940). 

* Cantelli,  F.  P.  (1933).  Sulla  determinazione  empirica  delle  leggi  di  probability.  Giornale  dell’lstituto 
Italiann  degli  Attuari  4,  421-424.  (JFM  59,  1166). 

Summary:  The  author  shows  how  to  extend  the  results  of  Glivenko  1 1933)  to  the  case  in  which  the 
theoretical  cumulative  distribution  function  has  discontinuities. 

References:  Levy  (1925),  de  Finetti  (1933),  Glivenko  (1933). 

Citation:  Kendall  (1946). 

' Castellano,  Vittorio  (1933a).  Sulle  relazioni  fra  curve  di  frequenza  e curve  di  concentrazione  e sui 
rapporti  di  concentrazione  corrispondenti  a determinate  distribuzioni.  Metron  10,  (4),  3-60. 

Summary:  In  the  first  section  (pp.  4-20),  the  author  discusses  various  generalities  concerning  the  curve 
of  concentration  and  the  ratio  of  concentration.  Given  a statistical  distribution  of  a character,  let  q be  the 
minimum  fraction  of  the  total  number  of  elements  n,  which  defines  q as  a function  that  is  unique, 
continuous  and  increasing  with  p.  If  one  assumes  p as  the  abscissa  and  q as  the  ordinate  of  a point  of  a 
Cartesian  system,  the  point  ( p,q ) describes  a curve,  as  p varies,  which  is  called  the  curve  of  concentration, 
and  which  lies  entirely  within  the  right  triangle  whose  vertices  are  (0,0),  (1,0)  and  (1,1).  The  area 
between  this  curve  and  the  line  of  equidistribut  ion  joining  i0,0>  and  ( 1,1 ) is  called  the  area  of  concentra- 
tion. Let  ( and  L be  the  lower  and  upper  limits  of  the  value  of  the  character  and  let  m be  the  total  amount 
of  the  character  for  all  n elements.  The  area  of  maximum  concentration,  for  every  distribution,  is  the 
area  of  the  triangle  determined  by  the  line  of  equidistribution  and  the  extreme  tangents  of  the  curve  of 
concentration,  whose  point  of  intersection  has  abscissa  p = [l-(n/m)L]/  [(n/m)<f-Ll].  For  L = x.the  area 
of  maximum  concentration  is  ( 1/2  )[1  -(n/mlf  1;  for  L finite,  it  is  ( 1/2)[1  -(n/mlf  ] [(L-m  nl/(L-f )].  If  one 
sets  m/n  = A (the  average  amount  of  the  character  per  element),  the  area  of  maximum  concentration  is 
given  by  Gini's  formula,  ( 1/2 )( 1 — ( /A)  [( L— a )/( L — t >1,  which  can  also  be  written  in  the  form  ( 1 — f A ) 

( 1 -A/L)  2(  1 — / /L).  Then  the  ratio  of  concentration  R is  given  bv  R = [2A(L-f )/( A -t  ) ( L— A)]  S,  where  S 
is  the  area  of  concentration.  The  second  section  (pp.  20-59)  deals  with  analytical  determination  of  the 
curve  of  concentration  relative  to  various  types  of  distributions  [uniform,  linear  (trapezoidal),  polygonal, 
circular,  elliptic,  hyperbolic,  Pareto,  exponential  and  normal  [ and  calculation  of  the  ratio  of  concentra- 
tion. 

References:  Gini  ( 1914a),  Pietra  1 1915),  Amoroso  1 1925),  Gumbel  ( 1927,  1928).  Gini  1 1930),  Galvani 
( 1932),  Gini  (1932). 

Citations:  Castellano  1 1933b),  Pietra  ( 1935b),  Wold  ( 1935)..  Gini  i 1936).  Davis  (1941).  Kendall  i 1946). 
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Castellano,  V.  (1933b).  Sulla  interpretazione  dinamica  del  rapporto  di  concentrazione.  Giornale  dell' 
Istituto  Italiano  degli  Attuari  4,  268-274.  (JFM  59,  1 169 1;  Alii  del  Riunione  della  Socield  Ilaliana  per  il 
Progresso  delle  Science  21  (2),  149-151.  (JFM  59,  1 206 1. 

Summary:  The  author  discusses  the  deformation  which  the  curve  of  concentration  undergoes  as  the  law 
of  distribution  of  the  character  changes  and,  in  the  light  of  its  significance,  he  arrives  at  the  following 
dynamic  interpretation  of  the  ratio  of  concentration:  The  ratio  of  concentration  is  the  integral  of  the  flux 
when  one  sets  the  maximum  value  which  it  can  assume  equal  to  1.  It  represents  the  proportion  of  the 
income  (or  other  transferrable  character)  which  must  be  transferred  from  the  richest  to  the  poorest  in 
order  to  obtain  a uniform  distribution. 

References:  Dalton  ( 1920),  Castellano  ( 1933a). 

Citations:  Castellano  (19351,  de  Vergottini  (1940),  Kendall  (1946). 

* Craig,  Allen  T.  (1933).  On  the  correlation  between  certain  averages  from  small  samples.  Annuls  of 
Mathematical  Statistics  4,  127-142.  (JFM  59,  1178). 

Summary:  The  author  gives  expressions  in  terms  of  double  integrals  for  the  joint  p.d.f.  of  the  arithmetic 
mean  x and  the  range  W for  samples  of  sizes  3 and  4 from  populations  having  probability  functions  of  the 
first,  second,  and  third  kinds  |i.e.  having  ranges  ( -x,  +xi,  (0,  +xi,  and  (0.  k>,k  > 0,  respectively).  He 
gives  similar  expressions  for  the  joint  p.d.f.'s  of  the  arithmetic  mean  x and  the  median  ( for  samples  of 
sizes  3 and  5 and  of  the  median  ( and  the  range  W for  samples  of  size  ( 2m  -I-  1 ) for  probability  functions  of 
the  three  kinds:  also  for  the  joint  p.d.f.  of  the  median  ( and  the  lower  quartile  17  for  samples  of  size  (4m  + 
1 ) for  probability  functions  of  the  second  kind.  As  illustrations  (second  and  third  kinds,  respectively),  he 
considers  the  exponential  density  f)x>  =e  s iO^x^x)  and  the  uniform  density  f(x)  =1  k i0<xski.  For 
the  former,  for  samples  of  three  items,  the  regression  of  VV  on  x is  linear  with  correlation  r = \ 15  5, the 
regression  of  f on  x is  linear  with  r=5\  267  89,  while  the  regression  of  W on  £ is  non-linear.  For  the  latter, 
for  samples  of  three  items,  the  regression  curves  of  W on  x and  of  £ on  x are  continuous,  but  the  regression 
is  non-linear  for  k 3 s x s 2k/3,  while  £ and  W are  uncorrelated. 

References:  Neyman  & Pearson  (1928),  Rider  (1929). 

* Crowe,  P.  R.  (1933).  The  analysis  of  rainfall  probability.  A graphical  method  and  its  application  to 
European  data.  Scottish  Geographical  Magazine  49.  73-91. 

Summary:  The  author  proposes  a graphical  method,  based  on  the  median  and  the  quartiles,  of  repre- 
senting the  distribution  of  monthly  rainfalls.  He  compares  the  median  with  the  mean  and  the  mode,  and 
the  quartile  deviation  with  the  standard  deviation  and  the  mean  deviation,  giving  advantages  and 
disadvantages  of  each  from  the  viewpoint  of  the  climatologist. 

Reference:  Bowley  1 1901). 

Citations:  Crowe  1 1936),  Mathews  1 1936),  Savur  ( 1937a,  b). 

Dodge.  H.  F.  (Chairman);  other  members  of  Manual  Committee  of  Subcommittee  IX  on  Interpre- 
tation and  Presentation  of  Data,  of  Committee  E-l  on  Methods  of  Testing.  American  Society  forTesting 
Materials  (1933).  ASTM  Manual  on  Presentation  of  Data.  American  Society  for  Testing  Materials, 
Philadelphia:  Supplements  A and  B.  1935.  Revised  1951  by  ASTM  Technical  Committee  E-ll  on 
Quality  Control  of  Materials  1 HE.  Dodge,  chairman  1 as  ASTM  Manual  on  (Quality  Control  of  Materials. 
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Summary:  The  revision  is  divided  into  three  parts  which  are  respectively  revisions  of  the  original 
manual  and  of  the  two  supplements:  Part  I (Presentation  of  Data);  Part  II  (Presenting  ± Limits  of 
Uncertainty  of  an  Observed  Averagel;  and  Part  III  (Control  Chart  Method  of  Analysis  and  Presentation 
of  Data).  The  range  is  introduced  in  Part  I and  is  used  extensively  in  Part  III.  Table  B2  ip.  115t  gives 
factors  for  computing  control  limits  based  on  the  range  for  samples  of  size  n = 2i  1 i25. 

References:  Yule  (1911),  Hazen  (1914),  Whittaker  & Robinson  ( 1924 1,  Tippett  ( 1925),  Shewhart  (1931), 
Dodge  ( 1932),  E.  S.  Pearson  ( 1932,  1935),  {Simon  1 1941 ),  Dudding  & Jennett  ( 1942),  Grant  ( 1946),  Hoel 
( 1946),  Mosteller  ( 1946)}. 

Citations:  Simon  (1941),  Wing,  Price  & Douglass  (1944),  Grant  i1946i,  Tanenhaus  i1947i.  Peterson 
( 1949a). 

* Eddington,  A.  S.  (19331.  Notes  on  the  method  of  least  squares.  Proceedings  of  the  Physical  Society 
(London)  45,  271-282;  discussion,  282-287.  (JEM  59,  544'. 

Summary:  The  author  endeavors,  without  introducing  inverse  probability,  to  controvert  two  prevalent 
ideas:  ( 1 1 that  the  method  of  least  squares  is  only  justified  if  the  errors  of  observation  have  a Gaussian 
dstribution,  and  (2)  that  the  orthodox  theory  of  errors  does  not  sanction  any  of  the  other  methods  of 
ct  mbining  observations  that  are  often  used  in  practice.  He  criticizes  the  common  assumption  that  the 
object  of  the  theory  of  combination  of  observations  is  to  find  the  most  probable  calue  of  the  quantity  x that 
is  under  discussion,  and  asserts  that  what  the  physicist  desires  is  the  most  accurate  determination  of  x.  or 
sometimes  merely  one  which  is  accurate  enough,  i.e.  which  reaches  some  specified  degree  of  accuracy.  He 
adopts  the  mean  square  error  of  x as  the  best  general  criterion  of  the  accuracy  of  x.  He  employs  the 
method  of  Laplace  ( 1811a)  to  find  the  most  accurate  determination  of  x from  a set  of  equations  of 

condition  ape  + bry  + cp.  - pr(r  = l,2 n),  where  p,  has  an  error  derived  from  any  symmetrical 

error-distribution.  His  result  agrees  with  that  given  by  the  method  of  least  squares,  and  is  a linear 
combination  of  all  the  pr's.  though  he  admits  that,  in  the  case  of  only  one  unknown,  the  median,  which  is 
not  of  this  form,  may  be  more  accurate  than  the  arithmetic  mean.  e.g.  when  the  error-distribution  is 
Laplace's  first.  He  asserts  that  the  method  of  least  squares  is  justified  even  when  the  error-distribution  is 
non-Gaussian.  because  any  required  Gaussian  assumption  applies  to  the  error  of  x and  not  to  the  errors 
of  observation.  The  following  statement  ipp.  276-277)  is  of  interest:  "It  is  well  worth  while  to  place  our 
theory  of  combination  of  observations  on  a basis  which  is  not  restricted  to  observations  obeying  the 
Gaussian  law,  for  exceptions  to  this  law  are  not  entirely  trivial.  It  is  well  known  that  there  is  a widely 
prevalent  cause  tending  to  make  observational  errors  follow  the  Gaussian  law.  viz.  the  combination  of  a 
large  number  of  sources  of  small  errors:  but  it  is  not  so  well  known  that  there  is  a widely  prevalent  cause 
tending  to  bring  about  systematic  deviation  from  the  Gaussian  law,  viz.  heterogeneity  of  observational 
material.  This  last  cause  operates  when  the  data  are  supplied  bv  a number  of  observers  of  different  skill 
or  by  the  same  observer  working  under  conditions  which  have  varied.  It  gives  an  error  law  with  an  excess 
of  large  and  small  errors  and  a defect  of  intermediate  errors,  in  comparison  with  the  Gaussian  distribu- 
tion: analytically,  the  ratio  of  the  fourth  moment  to  the  second  moment  is  greater  than  in  the  Gaussian 
law."  The  author  also  considers  simplified  methods,  e.g.  the  method  of  thirds — fitting  a straight  line  by 
connecting  the  centroids  of  the  first  third  and  the  last  third  of  the  data  points,  arranged  in  order  of 
increasing  abscissas,  and  ignoring  the  middle  third. 

Reference:  Laplace  1 181  la). 

Citation:  Hulme  & Svtnms  ( 1939). 

Faulhaber,  R.  1 1933).  Ober  den  Einfluss  des  Probestabdurchmessers  auf  die  Biegeschwingungsfestigkeit 
von  Stahl.  Mitteilungen  des  Forschungsinstitut  der  Vereinigte  Stahlwerke  Aktiengcsellschaft  3,  153-172. 
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Summary:  "The  influence  of  the  test-rod  diameter  on  the  vibratory  bending  strength  of  rods  with 
various  surface  defects  is  investigated.  For  tests  of  polished  rods  a smaller  vibratory  strength  is  found 
with  increasing  diameter,  and  so  much  the  more  so,  the  greater  the  tensile  strength  is.  The  ratio  of  the 
vibratory  bending  strength  to  the  tensile  strength,  established  at  about  0.5  for  the  hitherto  usual 
measurements  of  test  rods  under  13  mm.  in  diameter,  falls  as  low  as  0.35  for  tests  of  eutectic  carbon  steel 
rods  of  27  mm.  diameter.  All  values  hitherto  established  with  small  rods  for  the  vibratory  strength  under 
bending  and  clearly  also  under  torsion  are  therefore  to  be  regarded  only  as  comparative  values,  in  no 
case  as  absolute  indices  of  the  material,  and  used  for  measurement  only  with  caution.  For  tests  of  bars 
with  notched  surfaces,  graphs  show  the  bending  strength  in  relation  to  the  kernel  diameter,  the  depth  of 
the  notch  or.  ordinary  and  logarithmic  scales,  and  the  ratios  of  the  notch  depth  to  the  kernel  diameter  or 
to  the  outer  diameter  with  constant  kernel  diameter  for  each  particular  curve.  The  vibratory  bending 
strength  for  large  notch  depths  and  sharp  notches  tends  to  decrease  asymptotically  to  a minimum  value 
clearly  characteristic  of  the  material."  (From  the  author’s  summary,  p.  170,  as  translated  bv  the 
compiler). 

Citations:  Faulhaber.  Buchholtz  & Schulz  (19331,  Moore  & Morkovin  < 1 9412-44 1 

* Faulhaber.  Richard;  Buchholtz,  Herbert;  Schulz.  Ernst  Hermann  (19331.  Einfluss  des  Probendurch- 
messers  auf  die  Biegeschwingungsfestigkeit  von  Stahl.  Stahl  and  Eisen  53,  1106-1108. 

Summary:  "The  vibratory  bending  strength  [of  steel]  is  found  to  have  smaller  values  with  increasing 
diameter  of  the  test  specimen;  thus  no  absolute  constant  of  the  material  is  exhibited.  For  notched 
specimens  it  tends  with  increasing  diameter  for  all  notch  forms  to  the  same  minimum  value,  evidently 
characteristic  of  the  steel.”  (Compiler’s  translation  of  authors'  summary,  p.  1108). 

Comments:  The  results  reported  in  this  paper  and  the  preceding  one  [Faulhaber  (1933)]  are  in 
accordance  with  the  "weakest  link”  lor  "largest  flaw”i  concept. 

References:  Faulhaber  ( 1933). 

Citations:  Moore  & Morkovin  (1942-44),  Oding  (1946),  van  Meer  & Plantema  (1949). 

* de  Finetti,  B.  1 1933).  Sull’approssimazione  empirica  di  una  legge  di  probabilita.  Giornale  dell'lstituto 
Italiano  degli  Attuari  4,  415-20.  (JFM  59,  1166). 

Summary:  The  author  gives  another  proof  of  the  result  of  Glivenko  (1933)  that  the  cumulative 
distribution  function  Fn(x)  of  a sample  of  size  n converges  stochastically  to  the  population  cumulative 
distribution  function  Fix)  under  very  general  conditions. 

References:  Levy  1 1925),  Glivenko  1 1933),  Kolmogoroff  1 19331. 

Citations:  Cantelli  (1933),  Kendall  (1946). 

Fisher,  R.  A.  1 1933).  The  concepts  of  inverse  probability  and  fiducial  probability  referring  to  unknown 
parameters.  Proceedings  of  the  Royal  Society  of  London  i A i 139,  343-348.  i JFM  59.  1207 — listing  only ). 

Summary:  In  his  summary  (p.  348)  the  author  states:  "The  argument  of  Jeffreys  |i  1932b)  1 in  favour  of  a 
particular  frequency  distribution  a priori  for  the  precision  constant  of  a normally  distributed  variate 
rests  on  the  fallacy  that  the  probability  of  the  last  of  three  observations,  lying  between  the  previous  two. 
should  be  one-third,  irrespective  of  the  distance  apart  of  the  two  previous  observations.  ” 
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Comments:  Jeffreys'  argument  is  valid  if  and  only  if  his  hypothesis  "that  we  know  nothing  about  the 
probable  range  already”  is  literally  true.  If  the  observer  does  not  know  whether  the  standard  deviation  is 
one  or  one  million,  he  does  not  know  whether  two  observations  which  differ  by  a thousand  are,  relatively 
speaking,  near  to  each  other  or  far  apart,  and  he  cannot  improve  on  the  value  one-third  for  the 
probability  that  a third  observation  will  lie  between  them.  In  support  of  Fisher’s  position,  however,  it 
should  be  added  that  rarely,  if  ever,  does  an  observer  start  an  investigation  in  such  complete  ignorance. 

Reference:  Jeffreys  (1932b). 

Citations:  Bartlett  ( 1933),  Jeffreys  ( 1933),  Davies  & Pearson  1 1934),  Fisher  1 1934),  Thompson  1 1936), 
Snedecor  ( 1937),  Wilks  ( 1938),  Eisenhart  ( 1939),  Wilks  ( 1943),  Cramer  ( 1946),  Kendall  ( 1946). 

* Galvani,  Luigi  ( 1933 ).  Sulla  determinazone  del  centro  di  gravita  e del  centro  mediano  di  una 
popolazione,  con  applicazioni  alia  popolazione  italiana  censita  il  1°  dicembre  1921.  Metron  11  (1).  1 7-47. 
(JFM  59,  1174). 

Summary:  The  author  considers  two-dimensional  generalizations  of  the  arithmetic  mean  and  of  the 
median.  His  generalization  of  the  arithmetic  mean  is  the  center  of  gravity,  whose  coordinates  are  the 
arithmetic  means  of  the  coordinates  of  the  data  points.  His  generalization  of  the  median  is  the  point  such 
that  the  sum  of  its  distances  from  the  data  points  is  less  than  for  any  other  point.  The  author  shows 
geometrically  that  such  a point  exists,  and  that  its  position  can  be  found  by  successive  approximation. 

Comments:  Another  two-dimensional  generalization  of  the  median,  probably  more  widely  known  than 
that  proposed  by  the  author  [see  Gini  & Galvani  ( 1929),  Ross  1 1930)  j is  the  point  whose  coordinates  are 
the  medians  of  the  coordinates  of  the  data  points.  This  generalization  is  based  on  order  statistics,  but  the 
author’s  is  not.  Both  generalizations  are  useful  concepts,  but  both  have  shortcomings,  retaining  some 
but  not  all  of  the  properties  of  the  one-dimensional  median.  It  is  not  clear  to  the  compiler  which,  if  either, 
of  these  generalizations  should  be  called  the  two-dimensional  median. 

References:  Sloane  ( 1923),  Gini  & Galvani  ( 1929),  Ross  ( 1930),  Griffin  ( 1933),  Linders  ( 1933),  Scates 
(1933). 

Citation:  Gini,  Boldrini.  Galvani  & Venere  (1933). 

* Gini,  C.;  Boldrini,  M.;  Galvani,  L.;  Venere,  A.  i 1933).  Sui  centri  della  popolazione  e sulle  loro  applicaz- 
ioni. Metron  11  (2),  3-102.  (JFM  59,  1174). 

Summary:  After  having  recalled  the  definitions  and  the  properties  of  the  center  of  gravity  (or  mean 
center)  and  of  the  median  center  [as  defined  by  Gini  & Galvani  < 1 929 ) |,  the  authors  explain  their 
applications  to  the  determination  of  centers  of  population  for  the  distribution  of  the  inhabitants  of  a 
territory.  They  also  consider  the  mean  latitude  and  longitude  and  the  median  latitude  and  longitude. 
The  former  are  the  coordinates  of  the  center  of  gravity  i mean  center),  but  the  latter  are  not,  in  general, 
the  coordinates  of  the  median  center  as  defined  by  the  authors.  Moreover,  the  point  of  intersection  of 
orthogonal  lines  dividing  the  population  equally  (median  lines)  varies  with  changes  in  the  coordinate 
system.  Lastly,  the  authors  consider  the  mean  altitude  and  the  median  altitude  i above  sea  level  i of  (the 
places  of  residence  ofi  the  population. 

References:  Hayford  1 1 902 1.  Sloane  1 1923),  Gini  & Galvani  ( 1 929 ).  Eells  1 1930).  Ross  < 1 930 ).  Galvani 
( 1933),  Griffin  ( 1933),  Linders  1 1933),  Scates  1 1933). 

* Glivenko.  V.  (1933).  Sulla  determinazione  empirica  delle  leggi  di  probabilita.  Giornale  dell' Istitnto 
Italian <>  clef’ll  Attuari  4,  92-99,  (JFM  59.  1 166). 
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Summary:  "Relative  to  as series  of  independent  determinations  x„  x-,, . . . x„,  that  constitute  the  values  of 
a random  variable  x,  it  is  very  often  interesting  to  know  whether  or  not  the  variable  x obeys  a specified 
probability  law.  To  ascertain  if  it  does,  one  habitually  forms  an  empirical  probability  law  by  assigning  to 
each  of  the  values  x„  x2, . . .,  xn  the  probability  1/n  and  compares  the  theoretical  law  in  question  with  the 
empirical  law  thus  obtained,  considering  how  improbable  it  is  that  the  latter  deviates  as  much  from  the 
law  which  the  variable  x in  fact  obeys.  However,  the  indicated  hypothesis  of  improbability  is  only  stated, 
never  proved.  In  this  note  it  is  verified.”  (Compiler’s  translation  of  author's  summary,  p.  92 1.  Let  the 
cumulative  distribution  function  of  the  theoretical  probability  law  be  Vit)  = P{xst}  and  that  of  the 
observations  be  U(Xn,t).  The  author  shows  ( 1 1 that  the  probability  that  m(Xn)>X,  where  m(X„i  = sup 
jUi  Xn,t>  — V( t >|,  ( -x<t<  + x),  \ being  an  arbitrary  positive  number,  becomes  infinitesimally  small  as  n 
increases  without  limit  and  (2)  that  the  probability  that  m(X„)  does  not  tend  to  zero,  when  n increases 
without  limit,  is  zero.  He  also  finds  the  asymptotic  expression,  as  n-*x,  of  the  probability  that  mi.Xni 
exceeds  X„. 

Reference:  Kolmogoroff  (1933). 

Citations:  Cantelli  (1933),  de  Finetti  (1933),  Kolmogoroff  ( 1933),  Kozakiewicz  (1937),  VVaschakidse 
11938),  Smirnov  (1939a,  1944),  Kendall  (1946). 

Grassberger,  Hans  (1933).  Untersuchungen  fiber  die  Hochwasser  des  Jangtsekiang.  Die  Wasser- 
wirtschaft  (Vienna)  26  (6),  65-70. 

Summary:  The  author  studies  the  highest  stage  ) metersi  and  the  highest  discharge  rate  i nv'/sec)  on  the 
Yangtze  River  at  Hankow  for  each  of  the  years  1865-1928  and  1931.  He  computes  medians  as  well  as 
arithmetic  means,  and  also  fits  a lognormal  curve  to  the  data.  This  curve  appears  to  fit  quite  well,  even 
though  a very  extraordinary  flood  occurred  in  1931. 

References:  Czuber  (1903)  |1924|,  Grassberger  (1932). 

Citations:  Grassberger  (1936),  Coutagne  (1937),  Gumbel  (1937-38). 

Griffin,  F.  L.  1 1933).  The  center  of  population  for  various  continuous  distributions  of  population  over 
areas  of  various  shapes.  Metron  11  (1).  11-15.  (JFM  59.  11741. 

Summary:  The  author  states  (p.  1 1 ):  "Instead  of  the  definition  of  Center  of  Population  used  by  the  U.  S. 
Census  Bureau  (which,  admittedly,  has  a great  practical  convenience  in  numerical  computation,  but  is 
logically  unsatisfactory),  I adopt  the  definition  of  the  median  point  advocated  bv  Professors  Gini  and 
Galvani  viz.,  the  point  at  which  the  entire  population  could  assemble  with  the  minimum  aggregate  travel , 
each  individual  travelling  directly."  Before  considering  various  special  cases,  he  outlines  the  general 
theory'  as  follows  (p.  12):  "Given  a population  P distributed  over  a plane  region  R so  that  the  density  of 
population  D persons  per  square  unit  varies  in  some  continuous  manner  from  point  to  point.  The  fragment 
of  population  on  any  element  of  area  (dx  dv.  or  rdr  dfletc.)  located  at  any  point  (x,y>  or  tr.fli,  etc.,  is  thus  Ddx 
dv.  or  I)  r dr  dH  and  the  aggregate  distance  travelled  by  all  such  fragments  in  reaching  any  chosen  meeting 
point  (X|.y  ,i  or (r„0|),  etc.  is  T = f J'\  ix  — x , ) '-'  + ( v -y,i-  D dx  dv,  or  T = f / Vr2+  r,'-’-  2rr,  cos  it) -ft,)  D rdr  dtf, 
etc.,  the  integrations  being  extended  over  the  region  R.  To  minimize  T,  its  partial  derivatives  with  respect 
to  the  two  parameters  ix,  and  y„  or  r,  and  Up,  are  equated  to  zero.  This  gives  two  equations  for  the 
determination  of  the  two  parameters,  and  thus  the  Center  of  Population  is  known.  In  general  each 
equation  involves  some  definite  integrals.  In  particular  cases,  when  R and  D are  specified,  it  may  not  be 
possible  to  effect  the  integrations  exactly,  and  adequate  approximations  must  be  used.  In  any  event  it  is 
often  preferable  to  find  the  partial  derivatives  at  the  very  outset,  by  differentiating  under  the  integral  sign, 
rather  than  after  integrating  to  obtain  T." 


References:  Gini  & Galvani  |(  1 929 ) ),  Ross  i 1930). 


Citations:  Galvani  (1933),  Gini,  Boldrini,  Galvani  & Venere  (1933). 


Gumbel,  E.  J.  1 1933a).  La  plus  petite  valeur  parmi  les  plus  grandes.  Comptes  Rendus  de  VAcademie  des 
Sciences  de  Paris  196,  1857-1859.  (JFM  59,  519). 

Summary:  "Let  w(x)  be  the  distribution  of  a statistical  variable  x for  which  w(xl— »0  and  let  W(x)  be  the 
probability  of  a value  less  than  x.  What  will  be  the  smallest  value  among  the  m largest  of  N(  >>mi 
observations.  Mr.  von  Mises  [(1923))  has  given  the  conditions  under  which  the  mathematical  expecta- 
tion x„  for  the  largest  value  among  N observations  can  be  deduced  from  the  equation  W = 1 - 1 'N.  This 
result  is  only  the  special  case  m = l of  our  question:  one  can  easily  show  that  the  mathematical 
expectation  x<um  can  be  calculated,  provided  the  same  conditions  are  fulfilled,  from  the  analogous 
equation  ( 1 ) W = 1 -m/N.  In  dealing  with  the  distribution  of  the  statistical  variable  xwm(2)  w=( )mWs  m 
(1-W)m  'W,  its  most  probable  value  is  given  by  the  same  formula  on  condition  that  (3)  w’  w=  -w/ 
( 1 -W),  which  is  identical  according  to  L'Hopital’s  rule  provided  w'(x)— *—<j.  This  equality  between  the 
probable  value  [arithmetic  mean]  and  the  most  probable  value  [mode)  of  the  variable  xiu  m can  be  used  to 
calculate  a first  approximation  to  the  mean  error  irm  of  the  distribution  w considered  as  Gaussian  by  (4i 
(7m=  1/  [V2n  Nw(xwmt  t|/(m)[,  where  iMm)  is  the  well  known  |Pnisson[  law  of  rare  events.  As  a first 
approximation  the  mean  error  decreases  proportionally  to  the  square  root  of  m.  If  in  particular  wixi  is  a 
Gaussian  distribution  with  mean  value  £ and  precision  h,  the  conditions  of  von  Mises  and  condition  (3) 
are  fulfilled.  One  obtains  the  probable  and  the  most  probable  value  x^  m of  the  smallest  value  among  the 
m largest  of  N observations  from  15)  x „ = ( + t /h,  where  t _ is  calculated  from  (6)  N 2m  = 1 
(t^m'l  with  the aid  of  the  Gaussian  integral  d>.  As  a first  approximation  one  obtains  for  the  largest  values 
of  N:  t m = V In  N -In  m.  The  mean  error  is  given  by  (7)  o-m=  1/  [2  V^rn'k ( m ) h t<u  m[.  The  asymptotic 
equality  between  the  arithmetic  mean  and  the  most  probable  value  |mode|  rests  upon  the  condition 
2t%  m >>  1.  Thus  the  last  three  formulas  are  valid  only  if  the  number  of  observations  is  at  least  of  the 
order  of  magnitude  10\"  (Compiler’s  translation). 

Reference:  von  Mises  (1923). 

Citations:  Gumbel  ( 1933b, g,  1934f,  1935a,  1939f). 

Gumbel,  E.  J.  (1933b).  La  plus  petite  valeur  parmi  les  plus  grandes  et  la  plus  grande  valeur  parmi  les 
plus  petites.  Comptes  Rendus  de  /'Academic  des  Sciences  de  Paris  197,  965-967.  (JFM  59,  519*. 

Summary:  "Let  x be  the  initial  distribution  of  a statistical  variable. . . . The  smallest  value  among  the  m 
largest  [of  N values]  has  a distribution  wm  and  a mode  um.  Then  . . . the  largest  value  among  the  m 
smallest  will  have  the  distribution  wVm.,  and  the  mode  us  The  distribution  of  the  smallest  value 

among  the  m largest  is  wm=  ( )m  WN  m(  1 -Wi"1  'w,  while  the  distribution  of  the  largest  value  among 
the  m smallest  is  wN  m, , = (*)mWm  '(1-W)N  mw,  where  W is  the  probability  of  a value  smaller  than  x. 
. . . The  mode  um  of  the  smallest  value  among  the  m largest  and  the  mode  uN  m„,  of  the  mlh  value  are 
calculated  from  W(um)  = 1 -m/N,  WuiN  m.,l  = m/N  <m  = l,2,  ...)....  The  probability  densities-of  the 
modes  become,  for  large  values  of  N and  small  values  of  m,  wmlum>  = Ni/»(m)w(um),  ws  m.,(uN  m,,)  = 
NiJ/(m)w(uN„m,|),  where  ij/(m)  = mme  n'/m!  is  the  probability  of  the  mean  value  in  the  well  known 
|Poisson|  law  of  rare  events.  For  all  values  of  m,  one  will  have  then  wm(uml  wN  m,,(uN  = wium) 
w(uN_m>,).  The  quotient  of  the  probability  density  of  the  mode  of  the  smallest  value  among  the  m largest 
by  the  probability  density  of  the  mode  of  the  largest  value  among  the  m smallest  is  thus  equal  to  the 
quotient  of  these  values  themselves  in  the  initial  distribution. . . . For  x - um,  one  has  wm. , - wn,  and.  for 
x S uN  one  has  wN  m £ ws  m.,.  . . ."  (Compiler's  translation). 

Reference:  Gumbel  (1933a). 

Citations:  Gumbel  ( 1933c, d).  Evraud  (1934bi.  Gumbel  (1934a.e.f,  1935a. b.c.d.  1939fi. 


* Gumbel,  E.  J.  1 1933c).  La  distribution  limite  de  la  plus  petite  valeur  parmi  les  plus  grandes.  Comptes 
Rendus  de  I' Academic  des  Sciences  de  Paris  197,  1082-1084.  (JFM  59,  519i. 


Summary:  "For  an  unlimited  initial  distribution  wixi and  Cor  N observations,  the  distribution  wm  of  the 
smallest  value  among  the  m largest  |Gumbel  1 1933b * ] can  be  written  ( 1 1 wm=  ( „,T ',  > < 1 W — 1 »nl  1 dWx/dx, 
where  i 2>  W=/x  x w(z>dz  is  the  probability  of  a value  less  than  x.  For  an  initial  distribution  unlimited  in 
both  directions  and  symmetric  this  will  also  be  the  distribution  of  the  absolute  value  of  the  largest  value 
among  the  m smallest.  The  mode  u„,  will  be  calculated  by  (3)  W(um>  = 1-m'N,  provided  one  has  ( 4 > 
w'(  umi  w(  umi  = -wium:  (1  - Wulnii|.  In  order  to  arrive  at  the  simplest  form  of  the  distribution  (It,  which 
in  general  is  quite  complicated,  we  first  expand  Wixi  about  the  mode  um:  ( 5 1 W(xi  = Wiumi  + [ ( x -umi/  1!) 
w(um>  + [ix-um>2 /2!|  w'i umi  + . . . = 1 -m  N + i m Ni  |ix  — um)/  l!](N'miw(um>  - ( m/N ) [(x— um>2/2!)  w2(um) 
i N2'm-i  + . . . , according  to  ( 3 > and  (4).  These  are  the  first  three  terms  of  the  expansion  of  ( 6 > Vixi  = 1 - 
im  Nie  lx  u„nN  mi  provided  that  it  is  allowable  to  set  approximately  (7)  w'<—  1'  (iim)  = ( -1 1"  ( N‘ ' 1 
m1'1)  w1"  < um>  = ( -1>‘  w‘"  (umi  |1  -W  < u,n> i‘  1 u>=2,3.  . . .)  according  to  i3>.  The  formula  < 4 » is  only  the 
particular  case  of  1 7i  for  r = 2.  We  will  now  have  approximately  Wxixi  = e m‘‘  '.by  introducing  the  new- 
variable  ym  by  the  final  transformation  (8)  ym=  i N m)  w(um)  ix  - um>.  One  will  have  < 9 1 dWx(xl/  dx  = 
Nwium)e  v»  mi“  ■'  . By  applying  the  same  expansion  to  the  first  factor  of  < 1 1 one  arrives  at  1 1 W-l>m~l  = 
{[l/(l-me  .Vm/  N t ] — 1 )m  '=(mm  1 Nm  Me  m 1 ’ >'»■  for  sufficiently  large  values  of  N.  But  for  these  values 
one  has  imm_l/  Nm  M ix  = m’”  ml.  Thus  the  limiting  form  of  the  distribution  of  the  smallest  value 
among  the  m largest  will  be  ( lOi  w,„  = |mm  ( m - 1 1!)  < N mi  wiumi  e w.  me  ' , where  the  mode  um  and  the 
probability  wm(uml  of  the  distribution  < 1 1 are  retained.  For  m = 1,  one  obtains  the  final  distribution  of  the 
largest  value  1 1 1 1 w,  =N  wi  u , I e e ' , the  formula  deduced  bv  R.  A.  Fisher  |&  L.  H.  C.  Tippett  (1928 1|  by 
imposing  the  condition  that  the  variable  in  the  distribution  shall  be  a linear  function  of  the  variable  in 
the  initial  distribution.  The  curves  ( lOi  are  asymmetric.  They  decrease  to  the  left  more  rapidly  than  to 
the  right.  The  calculation  of  these  values  is  simpler  since  the  curves  are  contained  in  quite  narrow- 
intervals,  which  tighten  very  quickly  for  increasing  values  of  m.  The  distribution  of  the  smallest  value 
among  the  m largest  can  be  represented  for  a sufficient  number  of  observations  by  the  doubly  exponen- 
tial formula  ( 10 1,  provided  that  the  initial  distribution  behaves  asymptotically  as  an  exponential.  The 
formula  becomes  exact  if  the  initial  distribution  is  exponential."  (Compiler's  translation!. 

Note:  Obvious  typographical  errors  have  been  corrected  in  equations  ( 5 1 and  ( 9 1. 

References:  Fisher  & Tippett  1 19281,  Gumbel  ( 1933b). 

Citations:  Gumbel  (1933d,  1934a, e,f,g,  1935a.  1937a.  19390. 

* Gumbel,  E.  J.  1 1933d).  La  distribution  limite  de  la  plus  grande  valeur  parmi  les  plus  petites.  Camples 
Rendus  de  I' Academic  des  Sciences  de  Paris  197,  1381-1382.  iJFM  59,  519-520). 

Summary:  The  author  adapts  the  results  of  the  preceding  paper  [Gumbel  ( 1 933c)  [ to  find  the  limiting 
distribution  of  the  largest  value  among  the  smallest  values  when  the  initial  distribution  is  unlimited  to 
the  left.  It  is  not  necessary  to  give  the  details,  since,  as  the  author  states  (p.  1382 1:  "All  of  the  formulas  are 
in  strict  analogy  with  those  which  w-e  have  found  for  the  least  value  among  the  largest,  from  which  they 
can  be  derived  by  replacing  vm  by  -my  [where  ym  denotes  the  m,h  largest  value  and  nly  the  mlh  smallest]. 
For  symmetric  initial  distributions  the  distributions  of  the  smallest  values  among  the  largest  and  the 
distributions  of  the  largest  values  among  the  smallest  are  thus  simply  symmetric  with  respect  to  the  axis 
of  ordinates.” 

References:  Gumbel  ( 1933b,c). 

Citations:  Gumbel  <1934a,e,f.  1935a,c.d.  19391V 
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* Gumbel.  E.  J.  1 1933ei.  Die  Gauss' sche  Verteilung  der  Gestorbenen.  Jahrbiicher  fur  Nationalokurwmie 
und  Statistik  138  [(3)  83),  365-389. 

Summary:  This  paper  deals  with  the  question  of  fitting  a Gaussian  distribution  to  data  on  the  lives  of 
humans  (after  a transformation  due  to  Lexis)  and  of  electric  lamps.  The  only  part  relevant  to  our  study  is 
an  allusion  to  applications  to  the  question  of  the  oldest  age  (p.  389>:  "Finally  the  Lexis  theory  allows  a 
complete  clarification  of  the  question  of  the  existence  of  a limiting  age.”  This  question  is  discussed  more 
fully  in  the  next  two  papers  |Gumbel  1 1933f.g)|. 

References:  Fechner  i 1897).  Czuber  ( 1903 1 [1924). 

Citations:  Gumbel ( 1933f,g,  1934g,  1935a.  1937a,  19390. 

* Gumbel.  E.  J.  ( 19330.  Das  Alter  des  Methusalem.  Zeitschrift  fur  Schweizerische  Statistik  und  Volks- 
wirtschaft  69  (4),  516-530. 

Summary:  "We  reject  the  usual  theory  of  the  limiting  age  and  the  previously  made  suggestions  for  an 
approximate  determination.  We  assume  that  the  distribution  of  mortality  extends  to  infinity  and 
approaches  zero  only  asymptotically.  Accordingly,  we  define  the  highest  age  as  that  age  which  the 
highest  one  of  a given  finite  number  of  persons  is  expected  to  attain.  Therefore  if  a certain  formula  for 
this  calculation  is  to  be  applicable,  the  vital  force  in  it  must  go  asymptotically  to  zero.  This  is  true 
especially  for  the  Lexis  formula,  which  leads  to  the  following  procedure:  For  a certain  mortality  table  one 
ascertains  the  maximum  number  of  deaths  during  one  year  and  its  difference  from  the  two  neighboring 
values.  Thus  one  obtains  the  normal  age  (.  Further  one  ascertains  the  corresponding  probability  of 
survival  t<(  i and  life  expectancy  E(£>.  For  the  number  of  deaths  on  which  the  mortality  table  is  based, 
one  calculates  N = 2LVi£>.  Then  the  table  of  the  Gaussian  integral  gives  the  corresponding  reduced 
limiting  age  t,„.  The  corresponding  expected  limiting  age  is  given  bv  |x„,  = ( + tj  h]  and  the  standard 
error  by  fir  = 0.54222  h t(0  |.  Whereas  all  previous  suggestions  determine  the  limiting  age  with  the  help  of 
naturally  uncertain  observations  at  the  highest  ages,  our  theory  has  the  advantage  of  utilizing  only  the 
information  in  the  vicinity  of  the  norma  I*  age.  where  the  observed  number  can  by  all  means  be  regarded 
as  more  certain.  Although  the  problem  ultimately  tapers  to  the  life  of  a single  person,  thus  apparently  — 
but  only  apparently  — standing  outside  the  realm  of  probability  theory,  in  spite  of  the  simplicity  of  the 
analytical  formulation  and  in  spite  of  the  considerable  neglect  undertaken  therein',  the  agreement 
between  theory  and  practice  is  excellent.  Thus  the  numerical  examples  show  that  the  apparently 
paradoxical  conception,  according  to  which  there  is  no  finite  age  limit  as  such,  at  which  the  survival 
series  terminates,  agrees  well  with  the  theory.  Thereby  all  arguments  are  refuted  which  rest  upon  the 
existence  of  such  an  age.”  (Compiler's  translation  of  author's  summary,  p.  530 1. 

References:  Czuber  < 1 903 * |1924),  von  Bortkiewicz  ( 1922a. b).  von  Mises  (1923).  Steffensen  1 1930), 
Gumbel  1 1932.  1933e.  1934g>. 

Citations:  Gumbel  i 19341'.  1935a.  1936c.  1937a.  19390. 

Gumbel.  E.  J.  (1933gi.  Die  Verteilung  der  Gestorbenen  um  das  Normalalter.  Aktuarske  Vedv  4 (2). 
65-69.  (JFM  59.  518i. 

Summary:  This  paper,  like  a preceding  one  |Gumbel  ( 1933e»|.  deals  with  the  question  of  fitting  a 
Gaussian  distribution  to  data  on  the  lives  of  humans  (after  a transformation  due  to  Lexis)  and  of  electric 
lamps:  this  one  also  considers  data  on  the  lives  of  fruit  (lies  i Drosophila).  The  only  part  relevant  to  a 
study  of  order  statistics  is  the  following  passage  i p.  95)  on  the  question  of  the  oldest  age:  "The  conception 
based  on  this  theory  of  the  mortality  table  as  a distribution  of  deaths  allows  a solution  of  the  existence 
and  the  value  of  the  limiting  age  <o.  for  which  till  now  only  a series  of  very  artificial  suggestions  have 
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been  made.  For  this  question  is  identical  with  that  of  the  largest  value  which  is  to  be  expected  among  a 
large  number  of  observations  from  an  unlimited  distribution.  Accordingly  if  one  defines  the  limiting  age 
as  that  age  for  which  one  would  expect  that  out  of  D observations  which  form  the  basis  of  the  mortality 
table,  exactly  one  survives  to  it,  then  the  extraordinarily  simple  analytical  equation  reads  D/(cdI  = 1, 
where  it  is  assumed  only  that  the  mortality  table  satisfies  certain  conditions  which  empirically  always 
occur.  For  the  Gaussian  distribution  employed  here,  the  calculation  of  the  limiting  age  is  especially 
simple.  It  is  directly  tied  to  the  value  of  the  normal  age  treated  here,  its  empirical  probability  and  its  life 
expectancy.” 

References:  Fechner  (1897),  Czuber  (1903)  11924],  von  Mises  (1931),  Gumbel  (1932,  1933a, e). 
Citations:  Gumbel  (1934f,  1935a, d,  1936-37,  1937a,  1939f). 

Hojo,  Tokishige  ( 1933).  A further  note  on  the  relation  between  the  median  and  the  quartiles  in  small 
samples  from  a normal  population.  Biometrika  25,  79-90.  (JFM  59,  1173). 

Summary:  "In  a previous  paper  [Hojo  ( 1931)]  I have  considered  certain  properties  of  the  median  and 
quartiles  in  small  samples  from  a normal  population,  and  have  investigated  methods  of  linking  these  up 
with  the  limiting  values  in  large  samples.  The  latter  problem  has  since  been  further  investigated  by  K. 
Pearson  [&  M.  V.  Pearson  (1931)].  ...  In  the  earlier  paper  the  following  comparisons  were  made:  (1) 
Standard  error  of  mean  with  that  of  median. . . . (2)  Standard  error  of  an  estimate  of  <r  obtained  from  the 
sample  standard  deviation  with  that  of  another  estimate  obtained  from  the  interquartile  distance. ...  In 
the  present  paper  I shall  add  to  these  previous  results:  (3)  Standard  error  of  the  mid-point  between  the 
two  quartiles,  i.e.  of  1 1/2)  (q,+q2).  (4)  Standard  error  of  an  estimate  of  <r  obtained  from  the  distance 
between  a qi’.artile  and  the  median,  i.e.  from  q,-m  or  m-q,.  The  first  result  follows  from  calculations 
previously  carried  out;  for  the  second  it  is  necessary  to  determine  the  coefficient  of  correlation  rg  m 
between  quartiles  and  median."  (Introduction,  p.  79). 

References:  K.  Pearson  (1920),  Hojo  (1931),  Pearson  & Pearson  (1931). 

Citation:  Kendall  (1946i. 


Hotelling,  Harold  (1933).  Analysis  of  a complex  of  statistical  variables  into  principal  components. 
Journal  of  Educational  Psychology  24,  417-441,  498-520.  (JFM  59.  1182-1183).  Abstract,  Bulletin  ofthe 
American  Mathematical  Society  38  ( 1932),  812. 


Summary:  The  author  gives  the  following  description  (pp.  420-421)  of  the  method  of  principal  compo- 
nents: ".  . . We  begin  with  a component  y,  whose  contributions  to  the  variance  . . . have  as  great  a total  as 
possible: ...  we  next  take  a component  y2,  independent  of  y,,  whose  contribution  to  the  residual  variance 
is  as  great  as  possible;  and  ...  we  proceed  in  this  way  to  determine  the  components,  not  exceeding  n in 
number,  and  perhaps  neglecting  those  whose  contributions  to  the  total  variance  are  small."  On  pp. 
424-425  he  describes  the  procedure  for  finding  the  principal  components  as  follows:  "The  problem  of 
finding  a component  y,  which  will  account  for  as  large  as  possible  a part  of  the  total  variance  is  thus 
solved  bv  finding  the  largest  root  k,  of  the  characteristic  equation  ( 18i 
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finding  any  solution  a,,  a2, . . . , an  of  these  linear  equations  and  dividing  these  last  values  by  the  sum  of 
their  squares  and  multiplying  by  Vk,.  The  resulting  quantities  are  the  coefficients  of  y,  in  the  expres- 
sion ( 3 ) [Z|=  Va^l  giving  the  test  scores  in  terms  of  the  independent  components.  . . . When  the 
coefficients  of  the  component  y,  which  make  the  largest  contribution  to  the  total  variance,  or  of  the  q 
components  which  equally  make  maximum  contributions,  have  been  determined,  the  next  problem  is  to 
find  a component  making  a maximum  contribution  to  the  residual  portion  of  the  variance.  The  argument 
and  procedure  are  virtually  the  same  as  before.  . . .”  The  author  continues  ip.  434 1:  "The  exact  distribu- 
tion of  the  roots  of  the  characteristic  equation,  or  of  their  ratio,  can  be  found  at  once  when  n=2.  . . . For 
n>2,  this  same  distribution  may  be  used  as  a close  approximation  for  differentiating  between  any  two 
roots.” 

References:  Fisher  1 1922),  Whittaker  & Robinson  1 19241. 

Citations:  Girshick  ( 1936),  Hotelling  ( 1936a, b),  Aitken  ( 1937 ),  Bartlett  ( 1938),  Fisher  ( 1939).  Girshick 
(1939),  Wilks  (1943),  Tintner  ( 1946),  Bartlett  (1947b,  1948),  Geary  (1948). 

* Insolera,  Filadelfo  ( 1933).  Probability  e sopravivenza.  Atti  dell  Istituto  Nazionale  delle  Assicurazioni  5, 
165-182. 

Summary:  The  author  notes  that  Bohlman  ( 1909)  stated  two  postulates  underlying  the  mathematical 
theory  of  survival:  1.  For  a given  positive  number  e and  for  every  x and  y such  that  e^xsy^oi,  where  to 
represents  the  extreme  (oldest)  age,  there  exists  a probability  p(x,y>  that  an  individual  of  age  x survives 
to  age  y.  2.  The  probability  p(x,oj)  is  zero.  The  author  continues  the  discussion  of  the  oldest  age  begun  in 
his  earlier  papers  [including  Insolera  ( 1931  )|,  referring  also  to  the  lectures  of  Steffensen  ( 1930)  and  the 
notes  of  Lidstone  ( 1930)  on  the  first  of  them.  The  author  [Insolera  ( 1931 )]  proposed  as  definition  of  the 
oldest  age  that  value  u>  of  age  y such  that  in  its  closest  left  neighborhood,  the  number  of  dead  approaches 
to  the  number  of  living  there  considered,  as  y approaches  to  w,  and  showed  that  this  definition  has  the 
following  consequences:  ( 1 1 limy_x_0  p(x,y)  =?0  and  limy_x+0  p(x,y)=0;  (2)  The  force  of  mortality  is  less 
than  unity  for  x<a>  and  approaches  unity  as  x— >u>.  The  author  asserts  that  the  oldest  age  <o  is  not  a fixed 
constant,  but  depends  on  biological  characteristics  of  the  population  (varying  from  place  to  place  and 
from  time  to  time,  according  to  race,  sex,  etc.)  and  on  the  population  size  — the  larger  the  population 
considered,  the  greater  the  probability  that  at  least  one  individual  in  the  population  survives  to  age  v, 
and  hence  the  greater  the  value  of  to.  He  illustrates  this  point  by  a discussion  of  mortality  tables,  which 
usually  start  with  100,000  persons  alive  at  some  age  e,  and  give  the  number  (to  the  nearest  integeri 
surviving  to  age  x.  If  0.95  persons  out  of  every  100,000  in  the  population  survive  to  age  102  and  only  0.25 
out  of  every  100,000  to  age  103,  the  table  would  show  ( ,02  = 1 and  / ,ll;l  = 0.  so  that  the  table  would  indicate 
an  oldest  age  of  102  years  for  a population  of  100.000  persons.  However,  if  one  were  to  construct  a 
mortality  table  based  on  1,000,000  persons  starting  at  age  e,  it  would  show  2 or  3 of  them  (depending  on 
rounding)  still  alive  at  age  103  years. 

References:  Bohlmann  (1909),  Lidstone  (1930),  Steffensen  (1930),  Insolera  (1931). 

Citations:  de  Finetti  1 1934),  Insolera  1 1935),  Gumbel  ( 1936-37,  1937a),  Insolera  ( 1937-38). 

::  Jeffreys.  Harold  1 1933).  Probability,  statistics,  and  the  theory  of  errors.  Proceedings  of  the  Royal  Society 
of  London  (A)  140,  523-535.  (JFM  59.  1207  — listing  only). 

Summary:  The  author  attacks  the  method  used  by  Fisher  1 1933)  in  his  criticism  of  the  author's  earlier 
paper  [Jeffreys  ( 1932b)  |.  On  page  532,  he  writes:  "Fisher  proceeds  to  reduce  my  theory  to  absurdity  by 
integrating  with  respect  to  all  values  of  the  observed  measures.  This  procedure  involves  a fundamental 
confusion,  which  pervades  the  whole  of  his  statistical  work,  and  deprives  it  of  all  meaning.  The  essential 
distinction  in  the  problem  of  inference  is  the  distinction  between  what  we  know  and  what  we  are  trying 
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to  find  out:  between  the  data  and  the  proposition  whose  probability  on  the  data  we  are  trying  to  assess.  If 
we  have  made  two  observations,  . . . those  are  our  observations,  and  there  is  no  more  to  be  said.  To 
integrate  with  respect  to  them  and  average  a function  of  them  over  the  range  of  integration  is  an 
absolutely  meaningless  process.” 

References:  Keynes  11921),  Fisher  (1922),  Jeffreys  1 1932b),  Fisher  (1933). 

Citations:  Fisher  (1934),  Jeffreys  ( 1 934 ).  Thompson  (1936). 

Julin,  Armand  (1933).  Mediane-mediale-dominante.  I.  La  mediane.  Bcirometro  Economico  Italiano  5 
(10),  580-584. 

Summary:  Part  1 deals  with  the  median.  Most  of  it  is  almost  identical  with  the  treatment  given  in  the 
author's  book  [Julin  ( 1921 ).  pp.  405-415 1.  The  author  adds  a discussion  of  the  calculation  of  the  median 
from  grouped  data.  He  gives  two  graphical  methods,  the  one  proposed  by  Galt<  n et  al.  ( 18811  and  one 
based  on  plotting  the  cumulative  frequency  on  graph  paper  and  drawing  a horizontal  line  from  the  point 
N/2  ( N = total  frequency ) on  the  vertical  axis  to  the  point  of  intersection  with  the  cumulative  frequency 
curve  and  then,  from  that  point,  a vertical  line  to  the  horizontal  axis,  the  abscissa  of  the  point  of 
intersection  being  the  median.  He  also  gives  an  arithmetic  method.  In  closing,  he  points  out  that  the 
median,  like  the  arithmetic  mean,  enjoys  certain  mathematical  properties,  the  most  important  being 
that  it  is  the  value  from  which  the  sum  of  the  (absolute)  deviations  of  the  observations  is  a minimum.  Bv 
contrast,  he  states  that  the  mean  is  the  value  from  which  the  product  of  the  (absolute)  deviations  is  a 
minimum. 

Comments:  The  statement  that  the  product  of  the  absolute  deviations  is  a minimum  when  deviations 
are  taken  from  the  arithmetic  mean  is  false;  if  deviations  are  taken  from  any  observation,  their  product 
is  zero,  and  the  mean  may  not  coincide  with  any  one  of  the  observations.  It  is  the  sum  of  the  squares  of  the 
deviations  that  is  a minimum  when  deviations  are  taken  from  the  mean. 

Note:  Part  I deals  only  with  the  median.  The  medial  and  the  mode  are  apparently  discussed  in  the 
subsequent  parti s).  which  the  compiler  has  not  seen.  The  mode  is  discussed  by  the  author  in  his  book 
[Julin  ( 1921 )],  but  the  medial  [see  March  ( 1 930 • [ is  not. 

References:  Galton  et  al.  (1881),  Galton  (1889).  Feehner  il897>.  Bowley  (1901)  [ 1920 1,  Yule  (1911), 
March  ( 1930),  Yang  ( 1933). 

* Kolmogoroff.  A.  ( 1933 ).  Sulla  determinazione  empirica  di  una  legge  di  distribuzione.  Giornale  delils- 
tituto  Italiano  depli  Attuari  4,  83-91.  (JFM  59.  1166). 

Summary:  Let  Fix)  be  the  cumulative  distribution  function  of  a probability  distribution  and  Fn(x)  be  the 
corresponding  cumulative  distribution  function  of  a sample  of  size  n from  the  given  distribution.  Let 
<t>„i  A»  be  the  probability  that  mn=  lim  sup  |Fn(  x ) - F( x ) | < A \ n.  The  author  shows  that  d>„(  A)  is  indepen- 
dent of  Fix)  and  that  limn_T<f>„(  A)  = d>(  A)  = i.**(  - 1 )k  e 2k!A’.  A short  table,  computed  by  N.  Kogeknikov, 
gives  the  values  of  <t>(A>  [4  to  8 DP|  for  A =0.0(0.212.8. 

Comments:  The  statistic  proposed  by  the  author  is  an  alternative  to  the  Cramer-von  Mises  statistic  iv~. 
The  author  refers  to  the  work  of  von  Mises  1 1931 1.  but  apparently  both  he  and  von  Mises  were  unaware  of 
the  earlier  work  of  Cramer  ( 1928). 
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References:  von  Mises  (1931),  Glivenko  (1933). 

Citations:  de  Finetti  (1933),  Glivenko  (1933),  Kozakiewicz  (1937),  Smirnoff  (1937a),  Waschakidse 
( 1938),  Smirnov  ( 1939a,  1939b),  Kolmogoroff  ( 1941 ),  Wald  & Wolfowitz  ( 1941  (,  Scheffe  ( 1943),  Smirnov 
(1944),  Kendall  (1946),  Feller  (1948),  Wilks  (1948),  Chung  (1949),  Doob  (1949),  Kac  (1949),  Maniya 
( 1949),  Wolfowitz  ( 1949). 

* Linders,  F.  J.  (1933).  Ober  die  Berechnung  des  Schwerpunktes  und  der  Tragheitsellipse  einer  Bevol- 
kerung.  Metron  11  (1),  3-10.  (JFM  59,  1174). 

Summary:  Given  n points  (Xj,yt)  (i  = l,2 n)  in  a plane,  the  distance  of  point  i from  the  point  (X,Y)  is 

given  by  p,,  where  fj?=  ( X — xt)2-)-(  Y-y,)2.  The  author  considers  the  problem  of  choosing  the  point  (X,Y ) so 
as  to  minimize  the  sum  of  the  s,h  powers  of  the  distances  of  the  point  ( X,  Y)  from  the  n given  points.  He 
works  out  only  the  case  s=2,  for  which  the  point  (X,Y)  is  the  center  of  gravity. 

Comments:  In  the  case  s = l,  which  the  author  does  not  work  out,  the  point  t X,Y ) is  the  median  point  as 
defined  by  Gini  & Galvani  11929). 

Citations:  Galvani  (1933),  Gini.  Boldrini,  Galvani  & Venere  (1933). 

* McKay,  A.  T.;  Pearson.  E.  S.  ( 1933).  A note  on  the  distribution  of  range  in  samples  of  n.  Biometrikci  25, 
415-420.  (JFM  59,  1172). 

Summary:  "In  a recent  paper  (Pearson  ( 1932)]  one  of  the  present  writers  has  provided  a table  giving 
certain  percentage  limits  forthe  distribution  of  range  in  samples  from  a normal  population.  These  limits 
were  obtained  on  the  assumption  that  the  distribution  could  be  adequately  represented  bv  Pearson 
curves  having  the  appropriate  moment  coefficients.  The  theoretical  treatment . . . below,  while  following 
the  general  method  of  approach  previously  employed,  leads  to  certain  new  results  regarding  the  form  of 
the  range  curve  at  the  terminals,  and  also  provides  the  exact  distribution  of  range  in  the  case  of  samples 
of  3 from  a normal  population.  In  this  latter  case,  therefore,  it  makes  possible  a check  on  the  accuracy  of 
the  published  table.”  (p.  415).  Also  given  are  the  exact  distributions  of  the  range  in  samples  of  n from 
rectangular  and  straight  line  (right  triangular)  universes.  The  former  were  given  earlier  by  Neyman  & 
Pearson  ( 1928). 

References:  Neyman  & Pearson  (1928),  Pearson  (1932). 

Citations:  Pearson  & Haines  (1935),  Neyman  & Pearson  (1936).  Newman  (1939),  Hartley  (1942), 
Pearson  & Hartley  ( 1942),  Kendall  ( 19461,  Egudin  ( 1947),  Elfving  ( 1947),  Gumbel  ( 1947).  Lord  ( 1947), 
Nair  ( 1948b),  Wilks  1 1948). 

* Rhodes,  E.  C.  ( 1933 ).  Elementary  Statistical  Methods.  George  Routledge  & Sons.  Ltd.,  London.  (JFM  59. 
1162). 

Summary:  Chapter  7 ( pp.  97- 1 16 1 on  graphical  methods  and  Chapter  8 (pp.  1 17-135)  on  the  median  and 
measures  of  dispersion  contain  the  material  relevant  to  our  study.  On  p.  113  the  author  states:  "A 
cumulative  diagram  [ogive]  is  really  an  approximate  |for  grouped  data;  exact  when  the  individual 
measurements  are  known  and  used|  graphical  representation  of  the  group  of  values  of  the  character 
when  these  are  arranged  in  order  of  size  and  the  number  of  cases  summed  successively."  He  concludes 
Chapter  7 as  follows  ( p.  116):  "A  cumulative  diagram  shows  us  then,  by  means  of  vertical  ordinates,  the 
approximate  number  of  the  whole  group  possessing  less  than  (or  more  than)  any  measure  of  the 
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character  represented  on  the  horizontal  scale.  In  effect  this  kind  of  diagram  puts  in  order  of  magnitude 
the  individuals  of  the  group,  and  is  very  helpful  in  assisting  us  to  pick  out  measurements  possessed  by 
certain  individuals.  One  of  these  of  most  value  is  the  Median  measurement,  which  is  used  as  a 
representation  of  the  group.”  In  Chapter  8 he  gives  a detailed  discussion  of  the  median  and  its  calculation 
from  ungrouped  and  grouped  data  in  tabular  and  graphical  form.  He  also  discusses  various  measures  of 
dispersion,  including  three  (range,  mean  deviation  from  the  median,  and  quartile  deviation)  which  are 
based  on  order  statistics  and  two  (mean  deviation  from  the  arithmetic  mean  and  standard  deviation) 
which  are  not,  along  with  their  calculation  from  grouped  and  ungrouped  data. 

* Rider,  Paul  R.  ( 1933).  Criteria  for  Rejection  of  Observations.  Washington  University  Studies.  New  Series, 
Science  and  Technology,  No.  8. 

Summary:  After  summarizing  the  history  of  the  subject  from  Peirce  (1852)  to  Jeffreys  (1932a),  the 
author  draws  the  following  conclusion  (pp.  21-22):  "From  the  various  methods  cited  above  it  is  easy  to  see 
that  devices  for  rejecting  discordant  observations  could  be  invented  without  number.  The  choice  of  which 
to  use,  if  any,  is  largely  an  individual  matter.  If  one  is  willing  to  subscribe  to  the  hypothesis  laid  down  in 
a given  criterion,  he  should  be  willing  to  abide  by  the  result  of  applying  the  criterion  to  a set  of  data. . . . 
In  the  final  analysis  it  would  seem  that  the  question  of  the  rejection  or  retention  of  a discordant 
observation  reduces  to  a question  of  common  sense.  Certainly  the  judgment  of  an  experienced  observer 
should  be  allowed  considerable  influence  in  reaching  a decisiion  This  judgment  can  undoubtedly  be 
aided  by  the  application  of  one  or  more  tests  based  on  the  theory  of  probability,  but  any  test  which 
requires  an  inordinate  amount  of  calculation  seems  hardly  to  be  worthwhile,  aijd  the  testimony  of  any 
criterion  which  is  based  upon  a complicated  hypothesis  should  be  accepted  with  extreme  caution." 

References:  Bessel  |&  Baeyer)  (1838),  Peirce  (1852),  Gould  (1855),  Airy  (1856),  Winlock  (1856), 
Chauvenet  ( 1863)  [1876],  Stone  ( 1868),  Glaisher  ( 1873),  Stone  ( 1873b),  Glaisher  ( 1874),  Stone  ( 1874), 
Peirce  ( 1878),  Schott  ( 1878),  Edgeworth  ( 1883b),  Wright  ( 1884)  [Wright  & Hayford  ( 1906)],  Newcomb 
( 1886),  Edgeworth  1 1887a, d),  Faye  ( 1888),  Czuber  (1891a),  Saunder  ( 1903),  Brunt  ( 19171  [ 1931 1,  Stewart 
( 1920a, b),  Fisher  (1922),  Archibald  (1925),  Coolidge  (1925),  Irwin  ( 1925a, b),  Tippett  (1925),  Pearson 
(1931),  Jeffreys  (1932a),  Pearson  (1932). 

Citations:  Thompson  ( 1935),  Pearson  & Chandra  Sekar  ( 1936),  Wing,  Price  & Douglass  ( 1944),  Kendall 
(1946). 

* Romanovsky,  V.  ( 1933).  On  a property  of  the  mean  ranges  in  samples  from  a normal  population  and  on 
some  integrals  of  Prof.  T.  Hojo.  Biometrika  25,  195-197.  (JFM  59,  1173). 

Summary:  The  author  states  his  principal  result  as  follows  (p.  195):  "Studying  the  paper  of  Prof.  K. 
Pearson  [&  M.  V.  Pearson  (1931)],  I discovered  a property  of  the  mean  ranges  in  samples  taken  from  a 
normal  population  which  deserves  some  attention.  This  property  may  be  formulated  as  follows.  Let  us 
put  a„  = ( 1/  V27rl /'  ,e  *’'2dx;  then  wm  = 2mjj',x  a*"1'1  d«x,  representing  the  mean  range  in  samples  of  size 
m from  an  infinite  normal  population  with  zero  as  mean  and  unity  as  variance,  verifies  identically  the 
relation  w2m+1/  (4rn  + 2)-Cm  w2m/  4m  + Cji,  w2m_,/  (4m-2)~  ...  + ( -l)m  wmi,/  (2m+2)  [where  C[;,  = m!/ 
h!(m-h)!]for  m = 1,2,3, . . .”  The  author  proves  this  property  and  states  and  proves  certain  other  relations 
involving  the  integrals  considered  by  Hojo  (1931). 

References:  Hojo  (1931),  Pearson  & Pearson  (1931). 

Citations:  Kendall  (1946),  Egudin  (1947). 

* Scates,  Douglas  E.  ( 1933).  Locating  the  median  of  the  population  in  the  United  States.  Metron  11  ( 1 ). 
49-66. 

Summary:  The  author  notes  that  a new  interest  has  been  aroused  in  the  median  point  of  population  by  a 
new  definition  given  by  Gini  & Galvani  ( 1929).  Previously,  the  median  of  population  had  been  regarded 
as  the  intersection  of  two  orthogonal  median  lines,  usually  east-west  and  north-south  lines.  This 
definition  suffers  from  the  difficulty  that  it  is  not  invariant  with  respect  to  changes  in  the  orthogonal 


directions  of  the  median  lines  [see  Hayford  (1902)].  Chief  interest  has  centered  in  the  mean  of  the 
population  or  center  of  gravity,  which  is  the  intersection  of  two  orthogonal  mean  lines  and  which  is 
invariant  with  respect  to  changes  in  their  orthogonal  directions.  It  has  been  stated  erroneously  in 
publications  of  the  U.S.  Census  Bureau  [e.g.  Sloane  ( 1923)]  that  the  center  of  gravity  of  population  has 
the  property  that  its  aggregate  distance  from  each  person  in  the  country  is  less  than  that  of  any  other 
point;  the  fallacy  of  this  statement  has  been  pointed  out  by  Eells  ( 1930).  The  definition  of  the  median  of 
the  population  given  by  Gini  & Galvani  is  such  that  the  median,  as  defined  by  them,  has  the  property 
incorrectly  attributed  to  the  center  of  gravity.  This  property  is  analogous  to  a property  of  the  one- 
dimensional median,  namely  that  the  sum  of  the  distances  from  it  of  all  data  points  is  less  than  from  any 
other  point.  The  author  gives  a working  method,  based  on  successive  approximation,  of  finding  the 
median  as  defined  by  Gini  & Galvani,  to  be  used  pending  the  appearance  of  a more  elegant  solution.  He 
applies  the  method  to  the  1930  U.S.  census  returns. 

References:  Hayford  ( 1902),  Sloane  ( 1923),  Gini  & Galvani  ( 1929),  Eells  ( 1930),  Ross  1 1930). 
Citations:  Galvani  (1933),  Gini.  Boldrini,  Galvani  & Venere  (1933). 

* Tricomi,  F.  (1933).  Determinazione  del  valore  asintotico  di  un  certo  integrale.  Rendiconti  della  Reale 
Accademia  Nazionale  dei  Lincei  (6a)  17,  116-119.  (JFM  59,  426). 

Summary:  The  author  determines  the  asymptotic  value  of  an  integral  which  is  proportional  to  the 
mathematical  expectation  of  the  largest  value  of  a sample  of  size  m from  a Gaussian  distribution,  as 
m— >x.  The  result  shows  that  for  sufficiently  large  samples,  the  expected  value  of  the  largest  observation 
in  a sample  from  a normal  distribution  is  proportional  to  the  square  root  of  the  logarithm  of  the  sample 
size. 

Citations:  Gumbel  (1935a,  1935-36). 

* Watkins,  G.  P.  ( 1933).  An  ordinal  index  of  correlation.  Journal  of  the  American  Statistical  Association 
28.  139-151;  discussion  (letter  to  the  editor  from  Corrado  Gini),  29  (1934),  200-202. 

Summary:  The  author  defines  an  ordinal  index  of  correlation,  {[E(x,d  - y,d)  - F'2]  -[£(x,d  - yvdl  — 
F'2]}  F.  where  1 denotes  summation  with  signs  disregarded.  x,d  any  item  ( rank)  of  one  ordinal  series,  y,d 
the  corresponding  item  of  the  paired  ordinal  series,  yvd  the  item  in  the  inverted  y series  that  corresponds 
(after  inversion)  to  item  v,d  of  the  direct  series,  and  F the  maximum  possible  sum  of  differences.  In  his 
letter  to  the  editor,  Gini  points  out  that  this  formula  can  still  be  used  if  the  x’sand  y’s  are  order  statistics 
instead  of  ranks,  and  that  the  result,  {2!  |x/d  - y,d|  -£|  x,d  - yvrt|  }/F.  is  the  index  of  cograduation  which  he 
proposed  nearly  twenty  years  earlier  [see  Gini  (1916b)]. 

References:  {Gini  1 1916b)}. 

Citations:  Castellano  (1935).  Kendall  (1946). 

* Weinberg,  Wilhelm  (1933).  Die  Giite  der  Priiffunctionen  Geschwistermethode  und  Weinberg- Apert- 
Bernstein  Methode  verglichen  mit  der  direkten  Methode  bei  vollstandigem  oder  vollstandig  reprasen- 
tativem  Material.  Zeitschrift  fur  Induktive  Abstammungs-  und  Vercrhungslehre  63.  420-424.  (JFM  59, 
1186). 

Summary:  The  author  uses  the  ratio  of  the  standard  deviation  tothe  range  of  a proportion  as  a criterion 
for  comparing  three  test  functions  applied  to  a study  of  hereditary  diseases.  He  attributes  this  method  to 
von  Mises,  but  does  not  give  a specific  reference. 


231 


* Yang,  Simon  (1933).  On  partition  values.  Journal  of  the  American  Statistical  Association  28,  184-191; 
discussion,  29  (1934),  202-205.  (JFM  59,  1207 — listing  only). 

Summary:  The  author  states  (pp.  184-186):  "The  term  'partition  values’  is  here  used  to  comprise  all  such 
measures  as  the  median,  the  quartiles,  the  deciles,  the  percentiles,  and  the  like.  If  the  definitions  given 
by  various  authors  for  those  measures  be  summarized,  the  general  definition  would  be  somewhat  like 
this;  The  partition  values  are  the  magnitudes  of  those  items  in  an  array  which  divide  the  number  of 
items  thereof  into  some  specified  number  of  equal  parts.  He:e,  by  an  array  is  meant  an  arrangement  of 
ungrouped  data  according  to  magnitude. ...  If  the  space  between  every  two  adjacent  items  be  considered 
as  a unit,  the  limits  of  the  sample  array  are  half  a unit  space  beyond  each  of  the  terminating  items  .... 
Having  known  the  limits  of  a sample  array,  we  can  immediately  get  the  whole  length  of  its  base  line,  that 
is,  the  distance  between  the  two  limits  ....  Hence  a new  definition  for  partition  values  may  be  given  as 
follows:  The  partition  values  are  the  magnitudes  of  those  items  in  a sample  array,  actually  existing  or 
interpolated,  which  divide  the  whole  length  of  its  base  line  into  . . . equal  parts. . . . Hence  the  following 
general  formula  may  be  made:  Let  an  array  of  n items  be  partitioned  into  p equal  parts,  then  the  rlh 
partition  value  is  the  magnitude  of  the  (rn/p  + 1/2  )*h  item.”  The  authorpoints  out  that  this  result  agrees 
with,  but  is  much  simpler  than,  that  given  by  Bowley  ( 1901 ) [1920],  but  disagrees  (except  in  the  case  of 
the  median)  with  the  result,  viz.  the  [r(n  + 1 )/p]th  item,  given  by  King  < 1912)  [1924],  Secrist  < 191 7 1 1 1925], 
and  Burgess  (1927).  The  discussion  consists  of  open  letters  to  the  editor  by  Willford  I.  King  and  the 
author.  King  [wrongly,  in  the  opinion  of  the  compiler  (see  comments  below)]  backs  away  from  his  earlier 
result  and  agrees  that  the  author’s  is  correct. 

Comments:  The  result  given  by  King,  Secrist,  and  Burgess  is  justified  by  the  fact  that  if  an  ( n + 1 llh  item 
were  drawn  from  the  same  population,  the  probability  that  it  would  fall  below  the  smallest  cf  the  n 
sample  values  (or  above  the  largest  of  them)  is  equal  to  the  probability  that  it  would  fall  in  any  one  of  the 
gaps  between  them  (not  to  half  this  probability,  as  the  author’s  formulation  assumes). 

References:  Bowley  (1901)  [1920],  King  (1912)  [1924],  Secrist  (1917)  [1925],  Jones  (1921)  (1927], 
Burgess  ( 1927). 

Citation:  Julin  ( 1933). 

* Yntema,  Dwight  B.  ( 1933).  Measures  of  the  inequality  in  the  personal  distribution  of  wealth  or  income. 
Journal  of  the  American  Statistical  Association  28,  423-433. 

Summary:  The  author  lists  certain  qualities  a coefficient  of  inequality  should  have  in  order  to  be 
acceptable:  (1)  It  must  be  independent  of  the  number  of  persons  in  a distribution;  ( 2 ) It  must  be 
independent  of  the  unit  in  which  wealth  or  income  is  measured;  ( 3 ) It  must  characterize  each  distribution 
by  a single  definitive  value;  (4)  It  should  not  be  difficult  to  compute;  (5)  It  should  be  more  or  less 
adaptable  to  the  limitations  of  existing  data;  (6)  It  should  admit  of  interpretation  in  harmony  with  the 
connotation  of  the  word  "inequality”;  and  (7)  It  should  have  definite  limits,  preferably  0 and  1.  The 
author  lists  and  discusses  eight  plausible  coefficients  satisfying  these  conditions.  Let  Ma  represent  the 
arithmetic  mean  of  the  attribute  magnitudes  and  S the  standard  attribute:  i.e.  the  quadratic  mean  ofthe 
attribute  magnitudes.  The  eight  coefficients,  of  which  the  first  six  are  measures  of  dispersion,  are:  ( 1) 
Relative  mean  deviation  (mean  deviation  from  Ma  divided  by  Ma);  (2)  Relative  mean  difference,  with 
repetitions  (mean  difference,  with  repetitions,  divided  by  Ma);  (3)  Coefficient  of  variation  (standard 
deviation,  a,  divided  by  Ma);  (4)  Standard  deviation  devided  by  S;  (5)  Mean  deviation  of  logarithms  of 
attribute  values;  (6)  Standard  deviation  of  logarithms  of  attribute  values:  ( 7i  « = Pareto's  coefficient  of 
inequality;  and  (8)8  = Gini’s  index  of  concentration.  He  notes  that  the  relative  mean  difference,  without 
repetitions,  is  double  Gini’s  ratio  of  concentration  R,  which  is  the  area  between  the  Lorenz  curve  and  the 
line  of  equidistribution  divided  by  the  corresponding  area  (1/2)  representing  complete  inequality.  He 
shows  by  a numerical  example  using  actual  income  data  that  the  various  coefficients  considered  do  not 
agree  very  well  among  themselves,  so  one  is  forced  to  choose  among  them,  the  choice  being  determined 
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largely  by  two  factors:  1 1 ) the  completeness  of  available  data  and  (2i  the  tacit  assumption  that  inequality 
consists  in  that  aspect  of  personal  distribution  which  a given  coefficient  measures. 

References:  Pareto  ( 1897 ),  Lorenz  ( 1905),  Gini  ( 1909),  Persons  ( 1909),  Gini  1 1910,  1912,  1914a),  Ricci 
(1916i,  Dalton  ( 1920 ),  de  Finetti  & Paciello  (1930),  Gini  (1930),  von  Bortkiewicz  (1931). 

Citations:  Mortara  1 1934b),  Castellano  < 1935),  Pietra  ( 1935a),  Gini  ( 1936),  Davis  (19411. 

* d'Addario,  R ( 1934a).  Intorno  alia  validita  dei  due  teoremi  paretiani  sulla  dinamica  distributiva.  Atti 
dell'Istituto  Nazi< mate  delle  Assicurazioni  6,  179-198. 

Summary:  The  author  discusses  Pareto's  law  and  its  relation  to  the  curve  of  concentration  and  Gini’s 
index  of  concentration  5.  Let  Nx  be  the  number  of  individuals  having  income  not  less  than  x and  let  i h,  + 
x),  where  h>0,  be  the  range  of  variability  of  x.  Then  Pareto's  first  approximation  is  Nx  = k x“  , where 
k>0  and  «>1,  and  his  second  approximation  is  Nx  = k/(x  + a)",  where  k>0,  a>l,  and  a is  such  that  h + a 
> 0.  By  differentiation,  one  finds  the  equations  of  the  corresponding  frequency  curves,  y dx  =(ak/x“*1) 
dx  and  y dx  = [a  k/  (x  + a)"* 1 |dx.  Let  P and  R be  the  cumulative  number  of  incomes  (from  above)  and  the 
cumulative  amount  of  the  incomes  (from  above),  respectively.  For  Pareto’s  first  approximation,  P = kh1' 
and  R = [a/ (a- 1 )|  hP;  the  corresponding  values  for  the  second  approximation  are  P = k (h  + a)“and  R = 
[(ah  + a)/(a  — 1 )|  P.  Gini,  by  expressing  the  cumulative  frequency  of  individuals  having  incomes  not  less 
than  x,  ( 1/P)/*  y dx,  as  a function  of  the  total  amount  of  income  received  by  those  individuals!  1/R> /*  xy 
dx,  obtained  the  equation  of  the  curve  of  concentration,  ( 1/P)  /*  y dx  = ( CRS)  [ /*  x y dxf.where  8 (the 
index  of  concentration)  is  a positive  constant  greater  than  unity.  If  income  follows  Pareto’s  law,  the 
author  shows  that  a = 8/ (8-1 ).  He  also  investigates  the  situation  in  which  income  follows  the  lognormal 
law  i law  of  proportional  effect)  [see  Gibrat  ( 1930,  1931 ) and  d'Addario  ( 1931 )]  instead  of  Pareto’s  law.  He 
shows  that  if  the  minimum  income  h remains  constant,  an  increase  in  the  concentration  of  income 
produces  an  increase  in  the  mean  income  and  vice  versa  when  Pareto’s  law  holds,  but  that  this  is  no 
longer  true  in  general  when  the  lognormal  law  holds. 

References:  Pareto  1 1897',  Porru  (1912),  d’Addario  (1931). 

Citations:  Castellano  (1935),  d’Addario  (1936),  Bresciani-Turroni  (1939). 

* d'Addario,  R.  (1934b).  Sulla  Miaura  della  Concentrazione  dei  Redditi.  lstituto  Poligrafico  dello  Stato, 
Roma.  Review  by  Benedetto  Barberi,  Economia  (N.S.i  14  (1),  92-94;  review  bv  G.  Santacroce  and 
response  by  author,  Rieista  Italiana  di  Statistica  6,  946-948;  review  by  Guglielmo  Tagliacarne.  Rieista 
Bancaria  11  (1), 

Summary:  The  first  part  deals  with  the  classical  equation  of  Pareto,  the  equation  of  Amoroso,  and  the 
equation  [p  — q = kp  ( 1 — p))f.  where  p and  q have  a known  meaning  and  k and  fi  are  positive  constants 
^ 1 1 recently  proposed  by  the  author,  and  their  place  in  econometric  theory.  The  second  part  deals  with 
the  quantities  proposed  for  the  measurement  of  the  concentration  of  iii"omes,  especially  with  the  famous 
controversy  between  R (the  concentration  ratio  proposed  by  Gini)  and  S (the  mean  deviation  from  the 
arithmetic  mean  divided  by  its  upper  limit)  and  the  no  less  celebrated  one  between  the  indices  a and  8. 
The  third  and  last  part  treats  a method,  based  on  semi-invariants,  for  determining  the  parameters  of  an 
equation  and  its  limits  and  applications.  The  author  appends  to  the  review  by  Santacroce  a response 
concerning  the  solidarity  of  the  indices  S and  R,  in  the  sense  that  they  respond  in  the  same  way  to 
changes  in  the  concentration  of  income. 

Note:  The  compiler  has  not  seen  the  book  itself  or  the  review  by  Tagliacarne;  hence  the  above  summary 
is  based  solely  on  the  reviews  by  Barberi  and  Santacroce  and  the  author's  response  to  the  latter. 

Citations:  Dominedo  (1934),  Castellano  (1935),  Pietra  (1935b).  Bresciani-Turroni  (1939).  Boldrini 
1 1942). 
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Baidaff,  B.  J.;  Barral  Souto,  J.  (1934).  Cinco  valores  interesantes  de  una  media  general.  Boletin 
Materntitico  (Buenos  Aires)  7,  102-104. 


Summary:  Let  y = (2J.,  x']'/n)lm,  where  x„x:,  ...  ,xn  are  n positive  numbers  arranged  in  non- 
decreasing order:  X|«x...ss . . . *sx„.  The  authors  show  that  lirnm_  xy  = x,  | the  smallest  of  the  x,’sj,  v m = 
-l)  = n 2"_,  ( 1 x,)  (the  harmonic  mean  of  the  x/sj,  limm_oy  =' ri"=l  Xj ) 1 n (the  geometric  mean  of  the 
x,’sj,  y |(  in  = 1 ) = 2"_,  Xj/n  (the  arithmetic  mean  of  the  x/sf  and  limnwiy  = x„  (the  largest  of  the  x,’sj. 

Citations:  Baidaff  & Barral  Souto  ( 1935 1,  Barral  Souto  ( 1938). 


* Davies,  O.  L.;  Pearson,  E.  S.  (1934).  Methods  of  estimating  from  samples  the  population  standard 
deviation.  Journal  of  the  Royal  Statistical  Society,  Supplement  1,  76-93.  (JFM  63,  1098). 


Summary:  A comparison  is  made  of  the  standard  errors  in  estimating  the  population  standard  deviation 
from  the  variance,  the  standard  deviation,  the  range,  and  the  mean  deviation  (from  the  arithmetic 
mean)  of  a sample  of  size  n and  from  the  means  of  these  statistics  from  k samples  each  of  size  n, 
for  n = 2(  1 >6,  10,15,20,50  and  k = l(l)6,10,20,50.  These  estimates  are  given  respectively  by  <rVi  = 
V’S",,  (x,-xi2/  (n-1),  it,,,  = ( l/bn)  ix,-  x)2  n = s/b„,  = i ld„)  ix„-x,>  = w dn,  <r,.4  = ( 1 f„>  2"^, 

|x i x | /n  = m/f„;  <r,.t  = V'2^,  2^,  (xtl  - x,)2/ ( n — k),  a-,,,  = 2'k„  s,/ kb,,  = 2*_,  \ 2"=1  (x„  -xj)/a-  kbn,  = 
2*=1  w,/  kdn  = 2^,  (x,n  - x,,)/  kd„,  cr,.4  = 2jL,  m,/kf„  = 2"=|  |x„  - x,| /nkf„.  The  standard  errors  of  these 
estimates  (3DP)  are  given  in  Table  I for  the  values  of  n and  k mentioned  above.  The  factors  bn.  l/b„,  d„, 
l/d„,  f„,  and  l/fn  (4DP)  are  given  in  Table  II  for  n = 2(  1 (15,  and  the  moment  constants  /?,  and  fi-2  (2DP)  are 
given  in  Table  V for  estimates  <t ,. ],  a,..,,  and  <r P for  n = 2(  1)6,20  and  k = 1 ( 1)4.  The  authors  draw  the 
following  conclusions  (p.  89):  ".  . . The  majority  of  the  results  quoted  depend  on  the  assumption  that  the 
variable  character  measured  is  normally  distributed.  This  condition  need  not,  however,  be  rigorously 
satisfied.  <rf|  must  be  regarded  as  the  most  reliable  of  the  four  estimates.  There  appears  little  to  be  gained 
by  the  use  of  <rt,2-  If  the  number  of  observations  in  the  samples  or  groups  is  not  more  than  10(  ns  10),  the 
estimate  rre  from  range  is  undoubtedly  of  value  in  any  case  where  time  is  a matter  of  importance. . . . The 
estimate  from  mean  deviation  ( <rt. 1 1 appears  to  have  no  special  advantage  over  any  of  the  others.  ...  In 
cases  where  the  data  are  to  be  subjected  to  more  detailed  analysis,  the  estimate  cre|  will  naturally  be 
preferred,  since  it  forms  part  of  an  Analysis  of  Variance  procedure.  But  very  frequently  no  detailed 
analysis  is  required  and  sometimes  the  choice  is  between  a rapid  estimate  of  standard  deviation  or  none 
at  all.  In  such  cases  the  range  estimate  will  be  of  value." 


References:  Helmert  1 1876a),  Fisher  ( 1920),  Tippett  ( 19251,  E.  S.  Pearson  & Advanthaya  ( 1928),  K. 
Pearson  (1931),  Shewhart  (1931),  E.  S.  Pearson  (1932),  Fisher  (1933). 


Citations:  Pearson  i 1935).  Pearson  & Haines  ( 1935),  Nair  ( 19361,  Bose  ( 1938),  Simon  ( 1941  >,  Dudding  & 
Jennett  (1942),  Pearson  & Hartley  (1942),  Kendall  (1943).  Knudsen  (1943),  Cramer  (1946).  Kendall 
(1946),  Eisenhart  & Solomon  ( 1 947 ),  Grubbs  & Weaver  (1947),  Lord  (1947),  Wilks  (1948),  Godwin 
(1949b). 


* Dominedo,  Valentinoi  1934).  Sulla  differenza  media. Giornale degli Economisti e Rivista  cli Statistica  74. 
886-894. 


Summary:  The  author  notes  that  Gini  and  Pietra  have  illustrated  the  advantage  and  the  propriety  of 
using,  as  a measure  of  inequality,  the  mean  difference  and.  consequently,  the  ratio  of  concentration 
which  is  an  immediate  corollary  of  it.  while  Mortara  has  favored  the  use  of  the  simple  mean  deviation 
'from  the  arithmetic  mean)  and  other  authors  i Ricci  and  d'Addario)  have  favored  a measure  associated 
with  the  Pareto  distribution.  The  author  shows,  by  a geometric  proof,  that  the  mean  difference  (with 
repetitions)  A„can  he  obtained  by  repeated  application  of  the  concept  of  the  simple  mean  deviation  S.  Let 
OO  be  the  line  of  equidistrihution.  M be  the  point  on  the  Lorenz  curve  at  which  its  tangent  is  parallel  to 
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00',  C be  the  foot  of  the  perpendicular  from  M to  the  horizontal  axis  OA.  and  n be  the  number  of 
observations.  Then  AR  is  equal  to  4/n2  times  the  area  of  concentration  bounded  by  the  Lorenz  curve  and 
the  line  of  equidistribution,  while  S is  equal  to  4/n2  times  the  area  of  the  triangle  OO'M,  which  is 
inscribed  in  the  area  of  concentration.  The  ordinate  MC  divides  the  data  into  two  parts,  comprising  y and 
n-y  observations,  of  which  the  simple  mean  deviations  are  equal  to  4 y2  and  4 in-yi2.  respectively, 
times  the  areas  of  the  triangles  OGM  and  MHO',  where  G and  H are  the  points  on  the  Lorenz  curve  at 
which  the  tangents  are  parallel  to  OM  and  MO',  respectively.  Now  form  four  more  triangles  whose  bases 
are  OG,  GM,  MH  and  HO',  whose  vertices  are  the  points  on  the  Lorenz  curve  at  which  its  tangents  are 
parallel  to  the  respective  bases,  and  whose  areas,  multiplied  by  suitable  constants,  are  the  simple  mean 
deviations  of  parts  of  the  data.  If  one  continues  this  process,  the  sum  of  the  areas  of  all  the  triangles  so 
formed  approaches  the  area  of  concentration  as  a limit.  The  ratio  of  concentration  is  twice  the  area  of 
concentration,  and  A„  is  4/n2  times  the  area  of  concentration  (2/n2  times  the  ratio  of  concentration!. 

References:  Ricci  (1916),  Pietra  1 1932a),  d’Addario  (1934b),  Mortara  (1934b). 

Citations:  Mortara  ( 1934a),  Castellano  ( 1935).  Pietra  ( 1935b),  Boldrini  ( 1 942 ). 

* Eyraud,  H.  ( 1934a).  Sur  quelques  lois  d'erreurs  analogues  aux  erreurs  systematiques.  Complex  Rendus 
de  I'Accidemie  des  Sciences  de  Paris  199.  763-764.  (JFM  60,  471-4721. 

Summary:  "Let  there  be  n measurements  of  a quantity,  made  under  the  same  conditions  with  a given 
apparatus.  Arrange  these  measurements  in  non-decreasing  order  of  magnitude  ( 1 ix,sx2<X;t  . . ,<xn.In 
the  classical  theory  of  Gauss,  one  assumes  that  the  most  probable  value  of  the  measured  quantity  is  the 
mean  of  the  n measurements.  There  are  certainly  cases  where  the  law  of  error  is  different  from  the  law  of 
Gauss.  In  particular,  there  exist  determinations  for  which  only  observations  that  are  too  low  can  be 
obtained.  Such  are  for  example:  ( l)The  extreme  limit  of  the  length  of  human  life:  (2)The  weight  of  an  old 
coinage  of  which  one  has  available  only  specimens  altered  by  time.  The  fact  of  being  thus  in  a necessarily 
constant  direction  brings  such  errors,  which  would  otherwise  be  obviously  of  accidental  character, 
nearer  to  systematic  errors.  Numerous  cases  can  also  occur  where  determinations  which  are  too  low  are 
more  numerous  than  determinations  which  are  too  large  or  vice  versa.  Let  p be  a function  included 
between  0 and  1.  Suppose  n is  large  and,  for  simplicity,  such  that  np  is  an  integer;  assume  that  the  most 
probable  value  of  the  quantity  being  measured  is  an  undetermined  value  in  the  interval  ( 2)xnl,sx«xni,. ,. 
An  analysis  quite  similar  to  that  of  Gauss  leads  to  assigning  to  the  error  function  flail  the  value  (3)  fi  to)  = 
h \ p2+q2  • elh  s1  x • <«  ( for  <u<0),  fioj)  = h \ p2+q2  • e 1 h >('  \ p2+q-  ««( for  <u>0),  where  one  has  set  q = 1 - p. 
One  easily  determines,  relative  to  this  law  of  error:  The  median  error  i which  one  has  a probability  1 2 of 
surpassing)  (4>  \=  -p  log  <2pi/h\ p2  + q2.  The  mean  error  (5)  M =iq-pi  h Vp2+q2.  The  dispersion,  or 
second  moment  about  the  mean,  (6)  <r2=  1 h2.  Case  of  p =7:  - The  limiting  law  (3l  (abstraction  made  of 
passing  to  the  limiti  retains  a sense  if  one  sets  p = l,  q =0.  Among  n observations,  the  largest  measure- 
ment is  then  found  to  be  the  most  probable.  This  largest  measurement  admits  a cumulative  distribution 
function  of  which  the  expression  is  Fn(<»)  enh'"for  u><0,  Fn(u>)  - 1 for  o>>0:  it  has  the  same  form  as  that 
which  relates  to  each  observation,  but  the  precision  is  n times  as  great  ” (Compiler's  translation,  pp. 
763-764). 

* Evruad,  H.  ( 1934hi.  Sur  la  valeur  la  plus  precise  d un  distribution.  Camples  Rendus  de  t' Academic  des 
Sciences  de  Paris  199,  817-819.  (JFM  60.  463). 

Summary:  "Let  a random  variable  be  continuous  with  cumulat  ive  distribution  function  ic.d.f.  i u(  x ).  We 
set  (1)  u(x)  = l-w(xi.  We  take  at  random  n observations  of  the  variable  and  arrange  them  in  non- 
decreasing order  (2)  x,s  x.s  x , ^ - xr-  ...  s-x,:  we  seek  the  c.d.f.  of  the  ir+lilh  value.  Set  (3i  s 

=n-r- 1.  This  c.d.f.  will  be  (4)  Vr„(  x i /JJ  |n!  r'!s'  | u'v'du  For  n very  large  and  r.s  of  the  same  order  as  n, 
this  function  corresponds  to  a Gaussian  distribution.  The  integral  in  the  second  member  of  (4  > contains  a 
principal  term  which  is  that  for  which  one  has  ( 5i  r u sv  n 1.  Now  let  (6i  r i n - 1 tu,„  s =in  - 1 iv„; 
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(7)u=u„  + \(u„v„  niA,  and  substitute  into  <4i.  One  obtains,  for  n infinite,  (8)  U = ( 1 \J2n)fKx  e *J-dA, 
that  is.  a Gaussian  law  relative  to  A.  If  x0  is  the  value  of  x for  u = u„,  one  has,  assuming  the  validity  of  the 
Taylor  expansion  in  its  neighborhood.  (9)  u=u0=  (x-x„)u’„+.  . . , which  gives,  as  a first  approximation, 
( 10)  x=  x„+  V (u„v,/n)  < A/u'„);  the  standard  deviation  of  the  (r  + 1 ),h  value  is  thus  ( 1 1 ) p=(  l/u'„)  \ u„v„  n, 
the  reciprocal  of  which  measures  the  precision  of  the  (r  + 1)"1  value.  The  precision  is  maximum  when  the 
ratio  (12)  |u’n|/Vunvn  is  maximum,  while  the  dominant  |moaal]  value  (that  is,  the  value  having 
maximum  probability  density)  is  the  solution  of  u"(x)=0  and  the  central  (median)  value  (that  which  one 
has  the  same  chance  of  exceeding  as  of  not  exceeding)  makes  the  product  uv  a maximum.  It  may  happen 
that  the  precision  is  uniform  over  the  entire  range  of  the  distribution.  Then  the  function  u satisfies  the 
differential  equation  ( 1 3 ) du/dx  = i 1 pi  Vui  1 — u).  Case  where  s is  of  smaller  order  than  n . — One  sets,  in 
place  of ( 7):  ( 1 4 » u = u„  + A Vs+T/n  and  (8)  is  replaced  by  ( 15)  U = (s*e  Vs!)  Vs+1  J*x  e*ls*  !l(  1 - A \ s + l sr 
dA.  One  easily  verifies  that  A is  a random  variable  with  standard  deviation  unity”.  (Compiler's  transla- 
tion. pp.  817-819). 

References:  Haag  ( 1 924 ).  Gumbel  1 1933b). 

Citations:  Gumbel  (1935a,  1937c,  1939a). 


de  Finetti.  Bruno  (1934).  Sul  comportamento  assintotico  della  mortalita.  Rendiconti  del  Cireolo 
Matematico  di  Palermo  58,  359-366.  iJFM  60,  1183). 


Summary:  The  author  writes  ipp.  359-361 ):  "Denote  by  /(xi  the  probability  at  birth  that  an  individual 
will  die  at  age  >x;  . . . Ox)  is  the  distribution  function  of  the  random  variable  X = 'length  of  life  of  an 
individual’  = 'age  at  death  of  an  individual,’  and  is  precisely  / ( x i = Prob.  i.X>x)  1 1 he  'distribution 
function’  is  usually  defined  as  l-/(x)  = Prob.  (X=sx)|.  Obviously  the  function  t ( x > never  increases.  . . . 
Assuming  that  Ox)  is  differentiable,  set  p(x)  = -[1/Gxl]  d/ix)  dx  = -d  log  Ox)  dx.  . . . pix)  represents 
the  intensity  of  mortality,  and  thus  /a.i  x ) dx  is  the  probability  that  an  individual,  having  survived  to  age 
x.  dies  in  the  interval  (x.x+dx).  The  popular  opinion,  as  a general  rule  confirmed  by  experience,  that 
mortality  becomes  worse  as  age  increases  is  expressed  mathematically  in  the  presumption  that  pix) 
increases,  if  one  excludes  the  period  of  infancy.  . . . Assuming  that  pixi  increases,  there  are  three 
possibilities  for  the  asymptotic  behavior  of  Ox)  and  pix) as  x increases:  (a)  there  exists  an  age  <osuch  that 
/(<tii  =0  | while  O(o-e)>0  for  e>0|:  (hi  O x>>0  for  all  x.  and  pi  x)  increases  without  limit:  (3i  Oxi^O  for  all 
x.  hut  p ix)  increases  without  exceeding  an  upper  limit  p = limx_r  pix).  In  cases  (b)  and  ( c ) it  is  evident 
that  limx_x  Ox)  = 0 (since/*  pi/idz  = - log  Oxi  increases  without limit).  On  investigation  of  the  one 
remaining  case  prejudice  usually  strips  it  completely  of  any  logical  value  whatever.  Thus  one  sometimes 
considers  the  first  form  to  be  justified  by  the  observation  that  the  duration  of  human  life  cannot  be 
infinite.  On  other  occasions  the  second  and  third  cases  are  excluded  bv  an  equally  absurd  claim,  an 
absurdity  which  sounds  totally  illusory.  Enough  said  when  an  author  |Insolera  (1934>]  cannot  com- 
prehend how  pix)  can  become  greater  than  unity  and  therefore  terminates  the  curve  p/ixi  at  the  age 
where  pix>  becomes  equal  to  1 . This  evidently  follows  from  an  inexplicable  misunderstanding  in  which  a 
'probability  density"  becomes  confused  with  a probability':  pi  xidx,  not  pi  x).  is  a probability.  Moreover,  it 
makes  no  sense  to  say  that  pi  x)  is  less  than  or  greater  than  unity',  since  p(x(  is  not  a pure  number,  but  a 
physical  quantity  with  dimension  (time)  '....”  The  author  examines  the  three  cases  above,  and  rejects 
(a)  and  ibi  because  both  lead  to  the  absurd  conclusion  that  for  sufficiently  great  age  x.  the  probability  of 
surviving  any  length  of  time,  however  small  (sav  one  day)  is  zero.  This  leaves  (cl.  and  the  author 
speculates  that  p.  the  asymptotic  value  of  p.  lies  between  0.25  year  i probable  life  about  three  years)  and 
1.40  year  (probable  life  about  1 2 year).  The  term  "extreme  age"  or  "age  limit",  which  has  a precise 
meaning  for  case  ( a ),  has  no  such  meaning  for  cases  ( hi  and  i cl,  but  the  author  cites  the  work  of  Gumbel 
( 1934g)  and  Steffensen  ( 1930).  who  give  alternate  definitions. 

References:  von  Mises  i 1923).  Fisher  | & Tippett  1 1 1928).  Steffensen  1 1930. 1 1 nsolera  i 193 1 1|.  de  Finetti 
( 1932).  | [nsolera  1 1933(|.  de  Franchis  ( 1934),  Gumbel  ( 1934g>.  | Insolera  1 1934)). 


Citations:  de  Franchis  i 1934  i.  Insolera  i 1935).  Gumbel  i 1936c.  1936-37.  1937a'.  Insolera  « 1937-38 •. 


* Fisher,  R.  A.  (1934).  Probability  likelihood  and  quantity  of  information  in  the  logic  of  uncertain 
inference.  Proceedings  of  the  Royal  Society  of  London  < A ) 146,  1-8. 

Summary:  The  author  ip.l  i quotes  the  following  words  of  Jeffreys  |(  1932b),  p.  48  j:  "Two  measures  are 
made.  What  is  the  probability  that  the  third  observation  will  lie  between  them?  The  answer  is  easily 
seen  to  be  one-third.”  He  points  out  that  this  statement  is  ambiguous  and  may  have  either  of  two  distinct 
meanings,  one  true  and  the  other  demonstrably  false:  "(a)  If  sets  of  three  independent  observations  are 
taken  from  any  continuous  distribution,  the  probability  that  the  third  observation  of  any  set  shall  lie 
between  the  first  two  of  the  same  set  is  one-third.  . . . (b)  If  the  first  two  observations  are  the  same  for  all 
sets,  and  a third  observation  be  chosen  at  random  independently  for  each  set.  the  probability  that  the 
third  observation  shall  lie  between  the  first  two  is  one-third,  for  all  values  of  the  first  two  observations.” 
He  asserts  that  Jeffreys  uses  the  false  proposition  (bi  in  his  derivation,  and  proceeds  with  further 
criticism  of  Jeffreys’  theory  and  exposition  of  his  own  notions  of  likelihood,  quantity  of  information, 
maximum  likelihood  estimation,  and  sufficient  statistics. 

References:  Keynes  ( 1921),  Jeffreys  ( 1932b),  Bartlett  ( 1933),  Fisher  1 1933),  Jeffreys  ( 1933). 
Citations:  Thompson  (1936),  Kendall  ( 1946 ). 

* Foster.  H.  Alden  ( 1934).  Duration  curves.  Transactions  of  the  American  Society  of  Civil  Engineers  99, 
1213-1235;  discussion,  1236-1267. 

Summary:  The  author  begins  (p.  1213)  with  the  following  synopsis:  "The  method  of  analyzing  statistical 
data  by  means  of  the  duration  curve  [another  name  for  the  cumulative  frequency  curve  (usually 
cumulated  downward,  with  the  variable  under  study  plotted  vertically  and  the  cumulative  percentage 
horizontally)  | is  discussed  in  a general  way  in  this  paper.  The  relation  of  the  duration  curve  to  other 
statistical  curves  is  described.  The  computation  and  method  of  plotting  the  curve  are  outlined,  and  its 
mathematical  and  graphical  characteristics  are  explained  and  illustrated,  followed  by  a description  of 
graphical  methods  for  using  it.  Examples  of  its  application  to  hydro-electric  power  problems  have  been 
included  and  worked  out  in  detail.  The  paper  concludes  with  a brief  historical  review.”  On  page  1216  the 
author  states:  "The  duration  curve,  as  corfstructed  from  actual  records,  may  have  two  distinct  uses  ( 1 » If 
treated  as  a probability  curve,  it  may  be  used  to  determine  the  probability  of  occurrence  of  future  events; 
this  use  in  hydraulic  problems  was  first  proposed  by  the  late  Allen  Hazen  [i  1 9 1 4 ) [ . . .;  and  (2)  it  can  also 
be  used  separately  from  its  character  as  a probability  curve,  merely  as  a convenient  tool’ for  study  of  the 
data  ....  It  is  to  this  use  . . . that  the  present  paper  is  limited.”  The  author  uses  (2m  - 1 ) n as  the  plotting 
position  of  the  m,h  largest  (smallest!  of  n values  when  cumulating  downward  (upward).  The  discussion 
includes  contributions  by  several  persons.  C.  R.  Pettis  discusses  (pp.  1237-1240)  estimation  of  floods 
having  various  return  periods.  The  following  statements  (pp.  1248-1249)  contributed  bv  Howard  L.  Cook 
are  of  special  interest:  "There  are  three  important  statistics,  or  characterizing  values,  that  should  be 
calculated  in  all  analyses  of  stream-flow  records:  (a)  The  arithmetic  mean  or  average  flow;  ( b ) the  median 
flow;  and  ( c > the  modal  flow.  . . . Note  that,  for  a skew  frequency  curve,  the  median  always  lies  between 
the  mode  and  the  mean.  The  calculation  of  the  average  flow  is  always  made,  of  course.  The  median  flow  is 
often  noted  also,  it  being  the  50'r  flow  on  the  duration  curve;  that  is.  the  flow  that  has  one-half  the  flows 
greater  and  one-half  smaller  than  itself.  The  modal  flow,  however,  is  very  rarely  calculated  or  used, 
although  it  is  suggested  that,  for  a number  of  purposes,  it  is  the  most  valuable  of  all  characterizing 
statistics.  ...  In  connection  with  the  history  of  the  duration  curve  the  following  may  be  of  interest.  The 
cumulative  frequency  curve  is  usually  called  an  'ogive'  by  the  statisticians  and  has  been  used  in 
statistical  studies  for  many  years.  It  came  into  prominence  through  being  extensively  used  by  Sir 
Francis  Galton  in  his  studies  of  inheritance.  For  this  reason  it  is  sometimes  called  Galton’s  ogive.  The 
first  published  paper  on  the  duration  curve  of  stream  flow  seems  to  have  been  that  of  the  late  Clemens 
Herschel  |i  1878)]  . . .,  who  stated  that  the  use  of  the  curve  was  suggested  to  him  by  the  late  Joseph  P. 
Davis 
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References:  Herschel  ( 1878).  Yule  1 191 1 1,  Hazen  1 1914),  Czuber  1 1921 1.  Hall  i 1921 ).  Foster  ( 1 924 1, 
Rietz  ( 1924).  Goodrich  1 1927).  Hazen  1 19.40),  Gibrat  1 1932bi. 

Citations:  Slade  1 1934),  Foster  i 1936).  Beard  ( 1942),  Lane  & Lei  1 1949).  Langhein  1 1949). 

de  Franchis,  Michele  ( 1934).  A proposito  della  precedente  nota  del  Prof.  Bruno  di  Finetti  e in  riposta  ad 
un  libello  del  Sig.  Insolera.  Rendiconti  del  Circolo  Matematico  di  Palermo  58.  367-369.  ( JFM  60.  1 183). 

Summary:  This  note  is  a criticism,  quite  similar  to  that  of  de  Finetti ) 1934 1,  of  the  statement  by  Insolera 
( 1934)  that  the  intensity  of  mortality  p = /x(x)  Lx=age]cannot  exceed  unity.  The  author  points  out,  as  does 
de  Finetti.  that  since  n is  not  a pure  number,  but  has  dimension  (timer it  can  be  made  to  take  any  num- 
erical value  whatever  by  proper  choice  of  the  unit  of  time.  For  example,  if  /lx  = 1 for  a one-vear  period,  then 
H =5  for  a 5-vear  period. 

References:  de  Finetti  ( 1934).  Insolera  ' 1934). 

Citations:  de  Finetti  (1934).  Insolera  (1934,  1935),  Gumbel  (1936-37.  1937a). 

Gumbel,  E.  J.  ( 1934a).  L’esperance  mathematique  de  la  mlemt'  valeur.  Comptes  Rendus  de  I Academic  des 
Sciences  de  Paris  198.  33-35. 

Summary:  "The  smallest  (largest)  value  among  the  m largest  (smallest)  will  be  called  the  m,h  value 
from  above  (below).  For  an  unlimited  initial  distribution  wi.xi  and  a very  large  number  N of  observations 
the  final  distributions  of  the  mlh  values  around  their  modes  un]  and  ,nu  =uN  m . , can  be  written  in  the  un- 
ique form  ( 1 ) w = [ mnl  ( m- 1 >.']  ae  -mv  me  -',  where  the  minus  sign  applies  to  the  distribution  from  above, 
for  which  (2)  a=am  =Nw(umi  m,  and  the  final  variable  is  (3)  v=  ym=am  (x— um).  while  the  plus  sign 
applies  to  the  distribution  from  below,  i4i  mw=wx  m. , for  which  (5)  a = ma  = Nwi  mu  i m.  and  the  final  vari- 
able is  (6)  y=my  =m«(x— mu).  The  mathematical  expectation  of  the  mlh  value  expressed  in  terms  of  the 
final  variable  will  be  u = [mm/  (m  — 1)!]/**  <v  « + u)  e~m>  me-'  dv.  Then  the  difference  between  the 
mathematical  expectation  and  the  modal  mlh  value  will  be.  after  the  final  transformations  (3)  and  ( 6 ).  i 7) 
c*iu  -u>  = y,  and  one  will  have  the  mathematical  expectation  of  the  final  variable  of  the  distribution  of  the 
mthvaluey=  [mmam  — 1)!|/**  ye  m - 1 ’>■  - me  e-ydy.  By  introducing  a new  variable  by  (8)  e*'=z  m.  one 
obtains  > =+  |1  (m-1 1!|  /*  (log  z-log  m iz"11  e~z  dz.  Let  us  introduce  Gamma  functions.  One  obtains 
y = ± log  m?d  logf'i  m i dm.  One  will  have,  as  a result  of  a well-known  property  of  the  Gamma  function.  (9) 
y=  ± log  m±-y+  1™  ,'( 1 i'i.  where  y is  Euler's  constant.  By  introducing  the  index  m one  will  have  the  rela- 
tion ( 10)  ym=  -my.  which  is  a generalization  of  the  relation  um=  -mu  which  holds  only  for  symmetric  ini- 
tial distributions.  The  mathematical  expectation  of  the  final  variable  in  the  distribution  of  the  mlh  value 
from  above  is  equal  to  but  of  opposite  sign  from  the  same  quantity  for  the  mlh  value  from  below.  One 
draws  from  that,  with  the  aid  of  (2),  (5).  (7)  for  symmetric  distributions,  the  evident  relation  ill) 
u„,  = -mu.  For  m = 1.  one  obtains  the  mathematical  expectation  of  the  last  and  of  the  first  value  by  y,  =y, 
,v  = -y.  or  by  (7>  ( 12)  u,  = u,  +y  Nw(u,l.  ,u  = ,u  - y'Nw(  ,u>.  For  very  large  values  of  m one  can  set  approx- 
imately y = i 1 1 -el  -log  m.  Consequently  from  (9)  the  mathematical  expectation  of  the  mlh  value  ap- 

proaches its  mode  if  m increases  sufficiently.  That  results  naturally  from  the  fact  that  the  final  distribu- 
tion of  the  mlh  value  narrows  for  increasing  values  of  m.  In  general  one  will  have  for  the  mathematical 
expectation  u,„  and  n,u  of  the  m,h  values  from  above  and  from  below  as  a result  of  1 7 ) and  ( 9 ):  < 13)  um=u„, 
fm  N wiu,n>]  [log  m-t-y  1'"  ’(1  i>t|.  il4imu  = ,„u- |m  Nw(mu)|  [log  m+y  - 1™  I'I  i-t ].  The  mathematical 
expectation  of  the  m,h  value  approaches  the  mode  for  increasing  numbers  of  observations,  provided  that 
the  factors  m Nwium>  and  m Nwimui  increase  more  slowly  with  the  number  of  observations  than  the 
modes  themselves.  In  order  to  calculate  the  mathematical  expectation  of  the  mlh  value  with  the  aid  of 
i 13)  and  1 14).  one  has  only  to  calculate  the  mode  with  the  aid  of  the  formulas  previously  indicated  " 


References:  Gumbel  il933b.c,d>. 


Citations:  Gumbel  (1934b.c,f,  1935a. b,c,d,  19390. 


* Gumbel,  E.  J.  (1934b).  Les  moments  des  distributions  finales  de  la  premiere  et  de  la  derniere  valeur. 
Comptes  Rendus  de  VAcudemie  des  Sciences  de  Paris  198,  141-143. 


Summary:  "For  an  initial  distribution  w(x)  unlimited  in  both  directions  and  for  a large  number  of  ob- 
servations. the  final  distributions  ,w  of  the  first  and  w,  of  the  last  value  can  be  written  in  the  unique  form 
( 1 ) w=«e*v  -e’v.  It  is  necessary  to  add  the  index  1 to  the  values  of  a and  y,  to  the  left  for  the  distribution  of 
the  first  value,  and  to  the  right  for  the  distribution  of  the  last  value,  as  we  have  show  n . . . [Gumbel 
1 1934a  > I.  In  order  to  calculate  the  moments  of  order  n about  the  expected  values  of  the  two  distributions, 
it  suffices  to  calculate  the  moments  of  the  last  value,  which  will  be  expressed  in  terms  of  y , 
/+*  a"  lx— u,+  u,- li,)"  e >.  ' dy,=  /+*  (y , — yl"  e~y>- e ' dy,  since  y is  the  mathematical  expecta- 

tion of  the  last  value.  By  introducing  a new  variable  2,  defined  bv  (3)  e >.  = z,  one  obtains  <»,"  p„  , =<  — 1 1" 
/,*  (logz  + A)"e  Zdz,  which  can  be  written  a," /im.,  =<  — 1 >"  [/,T  (log  z+y)n  e,|oKz*zMP  - >,e_,-dz]|l_1.  By  intro- 
ducing the  f-function  and  by  taking  as  the  argument  of  this  function  p = l +x  ian  expression  which  has 
nothing  to  do  with  the  variable  of  the  initial  distribution)  the  n,h  moment  of  the  final  distribution  of  the 
last  value  becomes  /u.n.,  =<  — 1 tnidn  dxn)  [e>x  F(  1 +x)]x=((.  Finally  by  introducing  (4 1 e>x I'  < 1 + x>  =f(  xi,  one 
obtains  1 5)  pn  , = l — 1 1"  f*n‘  (0).  Let  us  reduce  these  nlh  derivatives  to  logarithmic  nlh  derivatives.  One 
will  have,  by  a well-known  theorem  of  analysis,  (6)  fi"1  = if1"  log  n f,  where  the  superscripts  in 

parentheses  signify  the  orders  of  the  corresponding  derivatives.  But  the  values  of  the  logarithmic 
derivatives  of  our  function  fix)  are  known  from  the  theory  of  l-functions.  In  fact,  (7  ilog'fiOi  y + [d  log 
I’*  I + x>  dx]x,„  vanishes,  whereas  for  A 3d,  one  will  have  (8)  log1**11  f(0)  = log'**1 1 F(  1 +x)x=„  = i - 1 1*  * 1 A! 
SA  . |,where  the  factors  SA  . i are  SA . i = limN_x  1 1 r**1 ).  well  known  numerical  values.  By  introduc- 
ing these  values  (7)  and  < 8 ) into  the  sum  16)  one  obtains,  with  the  aid  of  i5).  «,n  pnA  = i -1  )n  in-1 )!  i,"  j- 
< — 1 )•■  * " * («,*' p,. ) e!)Sn  ,.  By  separating  the  first  two  terms  for  which  one  has  naturally  /x„,t=  1:/U|.,  = 0. 
one  obtains  finally  (9)  o,n  p„A  = in-1  )!S„  +ln-l)!  £"~| a,*'  prA  Sn_,,/e!  For  n =2,3,4  one  will  have  the  val- 
ues already  calculated  bv  R.  A.  Fisher  [and  L.H.C.  Tippett  ( 1928)]  by  a very  laborious  process.  As  for  the 
moments  of  the  final  distribution  of  the  first  value,  one  obtains  them  by  replacing  <»,  by  The  second 
member  of  (9)  remains  the  same  for  the  moments  of  even  order  and  changes  sign  for  the  moments  of  odd 
order.  In  particular  the  standard  deviation  <r  = V/L  of  the  two  distributions  will  be  a,  <r,  = ,a  ,<r  = n \ 6. 
Therefore,  all  the  moments  of  the  final  distributions  of  the  first  and  of  the  last  value  can  be  calculated 
from  very  simple  formulas."  (Compiler's  translation,  pp.  141-143). 

References:  Fisher  |&  Tippett]  (1928).  Gumbel  (1934a). 

Citations:  Gumbel  H934f.  1935a.d.  1937a.  1939f). 


* Gumbel.  E.  J.  ( 1934c).  Les  moments  des  distributions  finales  de  la  m'™e  valeur.  Comptes  Rendus  de 
I Academic  des  Sciences  de  Paris  198.  313-315. 

Summary:  "For  an  initial  distribution  wix)  unlimited  in  both  directions  and  for  a large  number  N of  ob- 
servations. the  final  distribution  of  the  mth  value  can  be  written  in  a symbolic  manner  1 1 ) w [mn> 

1 m - 1 )!  | (*e  -mv  mi’  .a  formula  from  which  one  draws  the  distributions  of  the  m,h  value  from  above  and 
from  below  by  the  substitutions  which  we  have  described  in  a previous  communication  [Gumbel 
1 1934a  1 1.  In  order  to  calculate  the  n'h  moments  about  the  mathematical  expectations,  it  suffices  to  calcu- 
late the  nlh  moments  of  the  m'h  values  from  above,  which  will  be  expressed  in  terms  of  ym.  (2»  «n,n  pn  - 
|mm  1 m 1 )’ [J*  T '.v-vCe  ' e Vdv.  a formula  in  which  we  have  written  v instead  of ym.  By  in- 

troducing a new  variable  of  integration  by  <3i  e z m.  one  obtains  pltm  - |i-l)n  (m  1 )![/,*  'log 
z-log  m+y  i"  zm  'e  'dz.  which  can  be  written  o,„n  p„M-  |i  1 1"  F<m>|  |d"dp")  le1)'  1 > zm  ' 

e 'dz I,,  L’pon  introduction  of  the  Gamma  function  and  by  setting  for  the  variable  of  this  function 
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p = 1 +x,  the  n,h  moment  of  the  final  distribution  of  the  mlh  value  from  above  becomes  £*mn  p.„.w  = [(  - 1 )" 
F(  mi)  [( dn'dx" ) exl>  lo«  mT  (m  +x)]x=0.  By  introducing  finally  (4)  ex|y-|oK mT (m+x)/  F(x)  = d>(x),  one  obtains 
(5)  amn  /un.m=  ( - 1 )"  </>ln’(0).  We  reduce  these  n,h  derivatives  to  logarithmic  n,h  derivatives.  One  will  have 
<6 1 (/>""=  — "=o  * "»■ 1 * log  But  the  values  of  the  logarithmic  derivatives  of  our  function  are  known 

from  the  theory  of  Gamma  functions.  In  fact  (7)  log '</>( 0 ) = y-log  m +[d  log  I’lm+xt/dx  ]x=0  vanishes, 
since  for  xal,  one  will  have  log'*+l1  <£(x)  = log1  A+1T(  m +x)  = [(dIA  + l1 /dx,A  + " ) S™",' logie-t-xl-)-  log'*^1' 
ni+x)l.  By  introducing  the  logarithmic  derivatives  of  the  Gamma  functions,  one  obtains  log l'^11  d>(0)  = 
l - 1 )*\!  ( l/t-x  + l )-(  - 1 )*x!  v*  = [ ( l/rA  + 1 ),  which  we  are  going  to  write  (8)  log'A+l1  <t>( 0)=  ( — 1 )A  + 1 A! 

SA  + l m,  by  setting  S*=1  1 l/r*’ 1 )=  SA  + 1 m.  By  introducing  these  values  (7)  and  (8)  into  the  sum  (6),  one  ob- 
tains, with  the  aid  of  (5),  amn  /xnjn=  ( — 1 )n  ( n — 1 )!  £"Iq(  — p„m  Sn_r  m/i'!.  By  separating  the  first 

two  members,  for  which  one  naturally  has  p.,Lm  = l,  p,.m= 0,  one  obtains  finally  (9)a„,1’  p.„.m=(n-llSn.m 
+( n - 1 )!2"=2  “in'  For  m = 1 one  will  have  Sx  m =SA,  and  the  formula  gives  the  moments  of  the  final 

distribution  of  the  last  value.  As  for  the  moments  of  the  final  distribution  of  the  m,h  value  from  below,  one 
obtains  them  by  replacing  am  by  ma.  Except  for  that,  the  second  member  of  (9)  remains  the  same  for  the 
moments  of  even  order  and  changes  sign  for  the  moments  of  odd  order.  In  particular,  the  standard  devia- 
tion <rm=  \ ju2m  of  the  m,h  values  from  above  and  from  below  will  be  ( 10)  am  crm  = ma  mcr=  VS.,m.  Thus  the 
moments  of  the  final  distributions  of  the  m,h  values  from  above  and  from  below  can  be  derived  by  a proce- 
dure exactly  analogous  to  the  calculation  of  the  moments  of  the  final  distributions  of  the  last  and  the  first 
values."  (Compiler’s  translation,  pp.  313-315). 

Reference:  Gumbel  ) 1934a1. 

Citations:  Gumbel  (1935a,b,c,  1939f). 

* Gumbel,  E.  J.  1 1934d).  Le  paradoxe  de  l’age  limite.  Comptes  Rendus  I'Academie  des  Sciences  de  Paris  199, 
918-920. 

Summary:  "The  expected  value  u of  the  largest  value  [von  Mises  < 1923 ) J of  a Gaussian  variable  having 
mean  ( and  standard  deviation  <r,  is  ( 1)  u = £+t a/V2.  The  value  t,  calculated  for  a sufficiently  large 
number  N of  observations  by  <J>(t)  = l -2:  N,  where  <t>  represents  the  integral  of  Gauss,  tends,  for  large 
values  of  N,  toward  (2)  t=  V logN.  One  may  use  ( 1)  for  an  approximate  calculation  of  the  limiting  age  oj 
by  treating  the  age  at  the  time  of  death  as  a Gaussian  variable,  which  is  legitimate  for  high  ages.  Then  £ 
will  be  the  normal  age  where  the  density  of  mortality  is  maximum  and  13)  <t\'2 Itt  =E(£)  the  correspond- 
ing life  expectancy.  One  will  have  N = 2Df(el,  where  Oe)  is  the  probability  of  a newborn  attaining  the 
normal  age  and  D the  number  of  deaths  used  for  the  construction  of  the  table.  Then  the  limiting  age  will 
be  [Gumbel  ( 1932,  1934g)|  <4>  <ti=^+tE(f)\/7r.  Moreover  one  arrives  at  an  analogous  expression  by  ap- 
plying Gompertz’  law  to  the  mortality  table.  The  limiting  age  increases  with  the  normal  age  and  its  life 
expectancy.  But  these  two  influences  may  counterbalance  each  other.  Because  mortality  tables  having 
large  values  of  the  normal  age  have,  in  general,  small  values  of  life  expectancy  at  that  age.  These  tables 
may  he  considered  as  favorable  since  they  will  also  have  in  general  a large  value  of  life  expectancy  of  a 
newborn.  For  two  tables,  one  more  favorable  than  the  other,  having  E,<£|)<E2(f2)  and  the  same 

probabilities  0( ).  the  limiting  age,  calculated  for  the  same  number  of  observations,  will  be  larger  for  the 
less  favorable  table.  Because,  from  a number  of  observations  defined  bv  (5)  t0\  n>  <ft-f2>  [E2(f2>  - 
E,if  ,i  |.  one  will  have,  according  to  )4).  (6)  o>2>a),.  In  this  sense,  a more  favorable  table  will  have  a smaller 
longevity.  . . . The  reason  for  this  paradox  is  very  simple:  the  largest  deviation  to  be  expected  for  any  dis- 
tribution is  a multiple  of  the  standard  deviation.  But,  for  a mortality  table  unfavorable  relative  to 
another,  the  standard  deviation  will  be  larger.  Being  given  this  superiority  of  unfavorable  tables,  the 
data  on  men  living  at  a lower  level,  who  will  nevertheless  have  attained  high  ages  is  not  necessarily  de- 
void of  all  sense.  There  are  then  two  contrary  points  of  view  forjudging  a mortality  table:  the  normal  age 
and  the  limiting  age.  The  usual  criterion  is  preferable,  even  though  the  highest  normal  age  is  followed  by 
a premature’  death  of  the  last  survivor.”  (Compiler’s  translation,  pp.  918-9201. 

References:  von  Mises  1 1923 1.  Gumbel  1 1932,  1934g>. 
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Citations:  Gumbel  <1935a,c.  1936c,  1937a,  1939f>. 

* Gumbel,  E.  J,  (1934ei.  La  distribution  finale  des  valeurs  voisines  de  la  mediane.  Comptes  Rendus  de 
I’Academie  des  Sciences  de  Paris  199,  1174-1176. 

Summary:  "For  an  initial  distribution  w(x)  and  for  N observations  the  distributions  of  the  mlh  values 
from  above  and  from  below  are  (Gumbel  1 1933b > ] ( 1 ) wnlix)  = ( x )mWN  "Ml  — W)m  1 w(x>,  mw(x)  = i x mi 
( 1 - WtN‘m  Wm~  'w(x).  Let  us  introduce  m = Np.  N - m = Nq.  The  modes  um  and  nlu  of  the  mlh  values  are  the 
roots  of  1 2)  ( Np< Wiw  — [i Np  — 1 )/( 1 - Wi]w  +w''w  = 0,  [ Nq  1 1 — W )]w-  [( Np - 1 1 W|w  — w'  w=0.  For  the 
|double|  exponential  distribution  w(xl=2e  1 e x , these  equations  lead  to  ( 3 » W( um t ^q  = 1 - W( mu >.  The 
median  x of  an  initial  distribution  being  defined  by  VV  = 1 2,  one  calls  the  m,h  values  such  that  p=l  2=q 
neighbors  of  the  median.  For  an  initial  distribution  such  that  the  median  is  not  too  far  from  the  mode,  the 
third  terms  in  i2>  may  be  neglected  with  respect  to  the  other  two.  Then  the  modes  of  m,h  values  near  the 
median,  given  by  (4)  W(um)=qN/(N- 1)=  1 - W(  mu),  arise,  for  sufficiently  large  values  of  N,  from  equations 
(3)  valid  for  the  extreme  mlh  values.  The  probability  density  of  the  modes  will  be  related  for  N sufficiently 
large  by  (5)  wm(um)  w(um)  = \ N 277pq=  mw(mu)/w(miii.  For  the  Gaussian  initial  distribution.  Haag 
[1 1924  > | has  proved  that  the  final  distribution  of  m,h  values  near  the  median  is  Gaussian.  One  can  easily 
extend  this  theorem.  For  the  m,h  values  we  set  (6i  Wixl  = q +ym;  Wtx)  --  p-my,  and  we  obtain,  according  to 
1 1 >,  wm(x)dx  = [wm(um)/w(um)]i  1 ±y/q)Nl*  ( 1 ±y/p)Xl’  ‘dy  =mw(x)dx.  The  upper  ( lower)  signs  hold  for  the  left 
( right)  equation  with  the  index  m of  the  variable  v to  the  right  ( left ).  The  usual  expansion  of  the  product 
in  powers  of  y leads,  according  to  (5),  to  distributions  (7)  wm(x)dx=  \ N 2^-pq  e Ny-  iqpdy  = mw(xidx.  The 
condition  stated  above  allows  us  to  set  (8i  W(x)  = l 2+  (x-x)wix).  The  transformed  variables  will  be 
ym  = w(xt  |x-x  + iq - pt  2wix)  | =my.  It  follows  that:  The  final  distributions  of  mlh  values  near  the  median 
of  an  initial  distribution  satisfying  181  are  Gaussian,  having  in  accord  with  < 3 ) the  expected  value  and 
standard  deviation  i9>  um=  x±  iq-p)  2wixi=mu:  <rm  = 1 1 w(x)]V  pq/N  = m<r.  The  difference  between  the 
m,h  values  from  above  and  from  below  will  be  a Gaussian  distribution  with  mean  and  standard  deviation 
um-  mu  = <q-p)/  wix);  i = [1  w(x>]  V 2pq  N.  For  the  median,  which,  in  the  ordinary  sense,  is  defined 
only  for  N odd.  it  is  necessary  to  choose  a value  m such  that  N=2m-1,  that  is.  p = l 2 + 1 N.  For  suffi- 
ciently large  values,  one  obtains  a Gaussian  distribution  having,  according  to  (9),  the  standard  deviation 
(10)  irm  =1  2w(x)\N<«rm.  The  condition  (8)  holds  for  the  Gaussian  initial  distribution.  Thus  it  repro- 
duces itself  for  the  m,h  value  near  the  median.  But  one  cannot  extend  these  results  beyond  m = N 2.  Be- 
cause, like  the  Bernoulli  distribution,  the  distributions  of  mlh  values  lead  for  N— to  two  limits.  For  ex- 
treme values,  where  p— »0  orq— »0  and  W— >1  or  W— »0,  the  previous  procedure  [Gumbel  1 1933c,d  > ].  parallel 
to  the  deduction  of  Poisson,  leads  to  a doubly  exponential  distribution.  For  values  near  the  median, 
where  p~q  and  W— »q  or  W— *p,  one  returns  to  the  distribution  of  Gauss."  (Compiler's  translation,  pp. 
1174-1176). 

Comments:  In  obtaining  his  expression  for  the  standard  deviation  <r  of  the  difference  between  the  m'h 
values  from  above  and  from  below  the  author  makes  the  unwarranted  assumption  that  those  values  are 
uncorrelated. 

References:  Haag  1 1924).  Gumbel  1 1933b.c,di. 

Citations:  Gumbel  (1935a,  1937c.  1939b,c.e). 

Gumbel,  E.  J.  (1934f>.  Les  plus  grands  ages  en  Suisse.  Zeitschrift  fiir  Schweizerische  Statistik  and 
Volkswirtschaft  70  (4).  602-614. 

Summary:  From  a study  of  the  greatest  ages  attained  by  Swiss  people,  the  author  draws  the  following 
conclusions  ip.  614):  "In  our  previous  work  we  have  calculated  the  limiting  age  by  analogy  with  the 
mathematical  expectation  of  the  largest  value  for  an  unlimited  distribution  and  for  a large  number  of  ob- 
servations by  treating  the  distribution  of  deaths  according  to  age  as  Gaussian.  We  have  assumed  that  the 
final  distribution  of  the  largest  value  was  also  Gaussian.  In  this  article  knowledge  of  the  final  form  of 
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this  distribution  has  allowed  us  to  free  our  theory  from  those  assumptions  and  nevertheless  to  apply  it  to 
our  observations.  For  the  three  criteria  considered,  the  dependence  of  the  greatest  age  on  the  time  dura- 
tion considered,  the  cumulative  frequencies  of  the  greatest  ages  and  their  extreme  values,  our  theory  is 
well  verified.  This  agreement  is  possible  because  these  apparently  individual  cases  rest  upon  numerous 
observations.  This  ties  our  researches  to  the  works  of  Bortkiewicz.  When  that  author  proved  that  the 
number  of  soldiers  killed  each  year  by  a horse  followed  this  (Poisson  ] law,  he  hardly  wanted  to  add  to  our 
equine  knowledge.  Likewise  we  have  followed  the  fate  of  the  woman  who  attained  106  years  in  order  to 
show  that  extreme  values,  considered  in  general  as  arbitrary,  follow  well  the  rules  of  the  calculus  of 
probabilities,  and  that  one  can  even  verify  that — provided  the  observations  are  good."  (Compiler's  trans- 
lation!. 

References:  Gumbel  (1932,  1933a, b,c.d,f,g,  1934a, bi. 

Citations:  Gumbel  ( 1935a, d),  Insolera  (1935),  Gumbel  (1936c),  Coutagne  (1937),  Gumbel  <1937ai, 
Coutagne  ( 1939),  Gumbel  1 19391),  Barricelli  ( 1943). 

* Gumbel,  E.  J.  ( 1934g>.  L’eta  limite.  Giornale  dell'Istituto  Italiano  degli  Alluari  5,  52-79. 

Summary:  "Wre  define  the  limiting  age  as  the  age  for  which  it  is  expected  that,  among  a finite  number  of 
individual  observations,  a single  individual  will  surpass  it.  We  apply  a survival  formula  of  Lexis  to  find  a 
satisfactory  agreement  with  American  observations.”  (Compiler’s  translation  of  authors  summary, 
p.  52).  In  section  1,  the  author  gives  the  new  definition  of  limiting  age  mentioned  in  his  summary.  In  sec- 
tion 2,  he  discusses  the  median  and  the  mode  of  the  largest  value.  In  section  3,  h?  applies  the  results  to  a 
mortality  table,  and  in  section  4,  he  gives  a numerical  example.  He  tabulates  the  largest  value  which  can 
be  expected  (as  a function  of  the  sample  size  N)  under  the  hypothesis  of  a Gaussian  distribution. 

References:  Czuber  1 1903 ) 1 1924 ),  von  Bortkiewicz  i 1922a.bi,  von  Mises  1 1 923 1,  Tippett  ( 1 925 ) , Fisher 
(&  Tippett  1 (1928),  Steffensen  (1930),  de  Finetti  (1932),  Gumbel  (1932,  1933c,ei. 

Citations:  Gumbel  (1933f),  de  Finetti  (1934),  Gumbel  <1934d.  1935a, c.d,  1935-36),  Insolera  (1935), 
Gumbel  (1936c,  1936-37,  1937a,  1937-38,  1939f). 

* Insolera,  F.  (1934).  Un  premio  di  scienza  attuariale  e il  giudizio  di  un’Accademia.  Giornale  di  Mate- 
rnatica  Finanziaria  16  (4-5),  134-147. 

Summary:  In  Section  5 ( pp.  143-147),  the  author  discusses  the  extreme  (oldest  i age.  <o.  He  lists  the  titles 
of  several  of  his  earlier  papers  on  the  subject  (including  Insolera  ( 1931  >].  Let  pix.y)  be  the  probability 
that  a person  of  age  x survives  to  age  y,  continuous  for  Osxsyscu.  where  the  oldest  age  m is  the  smallest 
value  such  that  p(  x,io)=0.  Then  the  following  relations  hold:  limv_„,  npix.v  >=limv_<u  uexpl  - J;  M'Z'dz) 
- 0.  where  n is  the  intensity  of  mortality,  and  ling  ^(„*0  pi  x.v  > = 0.  The  author  asserts  that  p(y  i has  a dis- 
continuity at  (o  such  that  limv_(u  n /xiy ) = a finite  positive  quantity  (which  he  takes  to  be  1 > and  limv_M<.n 
fjliy)  = + x. 


Comments:  As  de  Finetti  1 1934)  and  de  Franchis  ( 1934 1 have  pointed  out,  the  author  is  incorrect  in  stat- 
ing that  the  upper  limit  of  the  intensity  of  mortality  is  + 1 or.  for  that  matter,  any  finite  value.  I he  inten- 
sity of  mortality  is  not  a probability,  which  has  an  upper  limit  of  + 1 . but  a probability  density,  which  has 
no  finite  upper  limit. 

Reference:  lnsolera  ( 1931  >.  de  Franchis  ( 1931 1. 


Citations:  de  Finetti  i 1934).  de  Franchis  1 1934). 
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* Jeffreys,  Harold  1 1934 1.  Probability  and  scientific  method.  Proceedings  of  the  Royal  Society  of  London 
< A > 146,  9-16. 


Summary:  The  author  makes  a further  contribution,  not  directly  relevant  to  our  study,  to  his  con- 
troversy with  Fisher  concerning  probability  and  statistical  inference.  Of  greater  interest  are  the  follow- 
ing statements  ip.  14  >:  "I  have  little  to  add  here  to  the  analysis  already  given  by  Bartlett  |i  1933 1 ] . There 
was  an  unfortunate  obscurity  in  my  paper,  which  is  partly  removed  by  a note  1 had  an  opportunity  of 
communicating  to  Bartlett.  It  is  quite  true  that  if  we  have  no  previous  observations  the  probability  of  the 
third  observation  lying  between  the  first  two  is  1 3,  whatever  the  law  of  error  and  the  distribution  of 
probability  of  a and  h [mean  and  precision  constant  |.  But  when  we  have  made  two  observations  we  have 
relevant  information;  the  mean  gives  a clue  to  the  true  value,  and  the  difference  gives  a clue  to  the  stan- 
dard error.  My  postulate  is  that  with  this  extra  knowledge  the  probability  that  the  third  observation  lies 
between  the  first  two  is  still  l 3,  and  this  is  equivalent  to  the  postulate  that  the  standard  error  is  com- 
pletely unknown  until  there  are  two  observations.  This  is  a common  case,  but  obviously  not  universal.  If 
the  standard  error  is  already  known,  the  postulate  is  untrue. 

References:  Fisher  1 1922i,  Bartlett  1 1933),  Jeffreys  < 1933). 

Citation:  Thompson  11936). 

* Mortara,  G.  (1934a).  Misure  ed  indici  delle  disuguaglianze  statistiche.  Rendiconti  del  Seminario 
Matematico  e Fisico  di  Milano  8,  83-103.  (JFM  60.  1172-1 173). 

Summary:  After  an  introduction  dealing  with  measures  and  indices  in  general,  the  author  discusses  the 
problem  of  measurement  of  statistical  variability  and  the  criteria  applied  to  its  solution.  He  makes  a 
comparative  study  of  two  principal  criteria,  the  mean  deviation  (usually  taken  from  the  arithmetic 
mean)  and  the  mean  difference.  Calculation  of  the  latter  is  facilitated  by  first  arranging  the  n observa- 
tions in  order  of  magnitude:  u,su2«  . . .sun.Next  comes  a study  of  the  application  of  the  two  criteria,  fol- 
lowed by  consideration  of  a modification  of  the  second  criterion  and  its  consequences.  This  modification 
is  the  inclusion  of  the  n zero  difference  (between  each  observation  and  itself),  making  a total  of  n- differ- 
ences instead  of  ni  n - 1 ).  The  author  gives  reasons  for  preferring  the  first  criterion,  and  insists  that  the 
single  apparent  advantage  of  the  second  criterion  ( lack  of  dependence  on  the  mean)  is  illusory,  since  the 
concept  of  the  mean,  thrown  out  the  door,  comes  back  in  through  the  window.  He  discusses  similarities 
and  differences  between  the  two  criteria  in  the  application  of  the  first  with  reference  to  the  arithmetic 
mean.  The  remainder  of  the  paper  deals  with  the  concentration  of  a statistical  series  and  its  indices,  the 
distinction  between  the  concepts  of  variability  and  of  concentration,  the  graphical  interpretation  of 
these  concepts,  and  further  discussion  of  measures  and  indices. 

References:  Dominedo  1 1934 1.  Frechet  < 1 935 ).  Pietra  (1935a). 

Citations:  de  Vergottini  1 1939.  1940).  Boldrini  (1942). 

Mortara.  Giorgio  ( 1934b).  Sulle  disuguaglianze  statistiche. ' French  summary).  Recite  de  Vlnstitut  Inter- 
national de  Statistique  2 1 1 ).  72-77;  Bulletin  de  I'lnstitut  International  de  Statistique  28  1 1935),  i2 ),  165- 
170. 

Summary:  The  author  discusses  measures  and  indices  of  inequality  and  of  concentration.  Measures  of 
inequality  can  he  based  on  one  or  the  other  of  two  definitions:  A)  one  calls  "inequality"  the  difference  be- 
tween each  datum  and  a supposed  level  of  equality  corresponding  to  a mean  of  the  data  (usually  the 
arithmetic  mean);  B)  one  calls  "inequality"  the  difference  between  each  datum  and  each  of  the  others. 
Criterion  A leads  to  an  indirect  comparison,  and  Criterion  B to  a direct  comparision.  among  the  data  of 
which  one  wishes  to  measure  the  inequality.  If  there  are  n data  points.  Criterion  A gives  n inequalities 
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and  Criterion  B gives  n(n-l).  The  sum  of  the  absolute  values  of  the  inequalities  measures  total 
inequality,  and  the  quotient  of  this  sum  by  n in  the  first  case,  or  by  nln-1 ) in  the  second,  measures  the 
arithmetic  mean  inequality  [the  mean  deviation  in  Case  A or  the  mean  difference  in  Case  B).  The  ratio 
between  the  total  inequality  and  the  sum  (or  between  the  arithmetic  mean  inequality  and  the  arithmetic 
mean)  of  n data  points  is  a measure  of  the  relative  inequality.  The  ratio  of  the  observed  value  of  the  total 
inequality  (or  the  mean  inequality)  to  the  maximum  value  which  it  can  attain  (given  the  number  of  data 
points  and  the  sum  of  the  datal  gives  a measure  of  the  degree  of  inequality.  The  choice  between  the  two 
criteria  depends  upon  theoretical  and  practical  considerations.  If  n = 2,  criterion  B is  simpler  in 
application  and  more  intuitive  in  interpretation,  but  as  n increases,  criterion  A becomes  more  advan- 
tageous. Criterion  B appears  to  have  the  advantage  of  being  independent  of  the  choice  of  a mean,  but  this 
advantage  is  illusory.  For  large  n,  one  employs  in  practice  an  arithmetic  mean  of  the  particular 
inequalities.  Moreover,  one  also  uses  a mean  in  computing  measures  of  relative  inequality.  Criterion  A 
also  has  the  advantage  of  corresponding  better  with  the  habits  of  practice  and  of  science.  Since  one  can 
obtain  measures  of  inequality  very  simply,  one  can  see  no  reason  to  use  indices  of  inequality.  The  use  of 
several  such  indices  can  lead  to  extreme  confusion,  as  in  the  case  of  the  various  indices  employed  in 
researches  on  the  inequality  of  incomes  [see,  e.g..  Yntema  (1933)].  Another  useless  complication  has 
been  caused  by  the  introduction  of  measures  or  indices  of  concentration,  since  the  idea  of  concentration 
can  easily  be  reduced  to  that  of  inequality,  defined  by  one  or  the  other  of  the  criteria  which  the  author  has 
discussed. 

Reference:  Yntema  (1933). 

Citations:  Dominedo  (1934),  Pietra  (1935b),  d’Addario  (1936),  Bresciani-Turroni  (1939),  Boldrini 
(1942),  Kendall  (1946). 

* Miinzner,  Hans  (1934).  Uber  die  Bewertung  der  Potenzmomente.  Monatshefte  fur  Mathematik  und 
Physik  41,  375-383.  (JFM  60,  1165). 

Summary:  The  author  studies  the  precision  of  the  alh  absolute  moment  (a>0)  for  the  generalized 
Gaussian  distribution  function  d>x(e)  = [hx/2n  l/y)]e-hxl«l\  ysl.  He  shows  that  the  maximum  precision  is 
attained  when  a=\-  He  points  out  that  in  the  special  case  a=X  = 2,  this  reduces  to  the  statement  that  the 
standard  deviation  is  the  most  precise  measure  of  dispersion  for  the  Gaussian  distribution,  as  shown  by 
Gauss  himself. 

Note:  Another  special  case,  not  emphasized  by  the  author,  is  a=y  = 1,  in  which  the  result  reduces  to  the 
statement  that  the  mean  deviation  is  the  most  precise  measure  of  dispersion  for  Laplace's  first  distribu- 
tion. We  have  already  seen  [Glaisher  ( 1872)  and  Fechner  ( 1874)]  that  the  mean  deviation  is  a minimum 
when  taken  about  the  median  rather  than  about  the  arithmetic  mean. 

References:  Gauss  (1816)  [1880],  Jordan  (1869),  Helmert  (1876b).  Bertrand  (1889). 

* Pollard,  Harry  S.  ( 1934).  On  the  relative  stability  of  the  median  and  arithmetic  mean,  with  particular 
reference  to  certain  frequency  distributions  which  can  be  dissected  into  normal  distributions.  Annals  of 
Mathematical  Statistics  5,  227-262.  (JFM  60,  1175);  abstract.  Bulletin  of  the  American  Mathematical 
Society  40,  31.  (JFM  60,  480). 

Summary:  Most  of  the  results  in  this  paper  deal  with  the  relative  stability  of  median  and  mean  in 
samples  from  non-homogeneous  populations  (mixtures  of  two  or  three  populations).  Interesting  by- 
products of  the  study  include:  ( 1 ) an  exact  expression  <rM  = 1 (2\  2n +3)  for  the  standard  deviation  of  the 
median  of  samples  of  (2n  + 1 ) items  (n  an  integer)  from  a rectangular  population  with  probability  density 
function  f(x)  = 1 over  a unit  interval,  which  compares  with  the  classical  i large-sample)  approximation  <rv 
= 1 / [ 2 ft 0 ) Vs]  where  s is  the  sample  size  and  f(0>  is  the  value  of  the  p.d.f.  at  the  population  median;  (2) 
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upper  and  lower  limits  for  the  standard  deviation  of  the  median  for  samples  from  any  population;  and  (3) 
a method  of  determining  the  probable  error  (or  any  percentile)  of  the  distribution  of  the  median  for 
samples  of  size  (2n  + l),  for  which  Dodd  (1922)  has  given  the  p.d.f. 

Reference:  Dodd  (1922). 

Citations:  Kendall  (1946),  Eisenhart,  Deming  & Martin  (1948a). 

* Rosin,  P.;  Rammler,  E.  (1934).  Die  Kornzusammensetzung  des  Mahlgutes  im  Lichte  der  Wahrschein- 
lichkeitslehre.  Kolloid-Zeitschrift  67,  16-26. 

Summary:  The  authors  discuss  the  distribution  of  grain  sizes  in  ground  materials.  They  define  the 
median  as  the  value  that  divides  the  distribution  into  two  equal  parts;  they  find  the  median  by  taking  the 
abscissa  of  the  point  on  the  cumulative  distribution  curve  whose  ordinate  is  1/2.  They  note  that  the 
median  usually  lies  between  the  arithmetic  mean  and  the  mode,  except  for  symmetric  distributions  ( e.g., 
the  Gaussian  or  normal  distribution),  for  which  all  three  coincide.  In  connection  with  their  study  of 
typical  distribution  curves  for  grain  sizes,  they  discuss  the  Pearson  system  of  frequency  curves. 

References:  Pearson  (1895),  Fechner  (1897),  Czuber  (1903  [1914],  1921  [1927]),  von  Mises  (1931). 

Citation:  Roller  (1941). 

* Slade,  J.  J.,  Jr.  ( 1934).  An  asymmetric  probability  function.  Proceedings  of  the  American  Society  of  Civil 
Engineers  60,  1097-1123;  reprint.  Transactions  of  the  American  Society  of  Civil  Engineers  101  ( 1936), 
35-61;  discussion,  62-104. 

Summary:  ".  . . The  paper  is  subdivided  into  the  following  parts:  Section  I contains  a critical  discussion 
of  the  various  methods  in  use  at  present  in  the  analysis  of  frequency  distributions. . . . The  requirements 
of  a function  that  is  to  be  one  degree  more  general  than  the  Gaussian  are  discussed  in  Section  II.  This 
function  is  introduced  in  Section  II  and  is  subjected  to  detailed  mathematical  analysis,  and  the  constants 
of  the  curve  are  expressed  in  terms  of  the  moments  of  the  distribution  which  it  is  to  fit.  Finally,  it  is 
proved  that  the  curve  is  a true  generalization  of  the  Gaussian,  becoming  identical  with  it,  in  fact,  when 
the  skewness  parameter  vanishes.  In  Section  III  the  formulas  derived  in  Section  II  are  collected  and  a 
procedure  for  their  use  is  outlined.  A number  of  examples  are  given  which  serve  both  to  illustrate  the 
manipulation  of  the  new  curve  and  to  compare  the  results  obtained  by  its  use  with  those  obtained  by  the 
use  of  other  functions  [notably  the  Pearson  Type  III].  In  Section  IV,  finally,  the  most  general  homograde 
function  is  discussed.  Its  parameters  are  expressed  in  terms  of  the  bounds  and  standard  deviation  of  the 
statistics,  and  a procedure  for  its  application  is  outlined.”  (From  the  author’s  synopsis,  pp.  1097-1098). 
The  function  developed  in  Sections  II  and  III  is  bounded  at  one  end  and  depends  upon  three  parameters; 
the  one  developed  in  Section  IV  is  bounded  at  both  ends  and  depends  upon  four  parameters.  The  reprint  is 
followed  by  discussion  by  Gordon  R.  Williams,  H.  Alden  Foster,  R.  D.  Goodrich,  F.  T.  Mavis,  L.  Standish 
Hall,  Arne  Fisher,  Arthur  W.  Kempert,  and  the  author.  Williams  points  out  (p.  62)  that  "the  accurate 
determination  of  extremely  high  flows  is  more  difficult  than  that  of  lower  flows.”  Foster  (pp.  63-64) 
mentions  certain  difficulties  in  the  use  of  Slade’s  method  and  reiterates  his  preference  for  methods  based 
on  Pearson’s  Type  I and  Type  III  curves,  for  which  the  distance  from  the  mean  to  any  point  on  the 
duration  curve  is  directly  proportional  to  the  coefficient  of  variation.  Goodrich  (pp.  64-67)  regards  Slade's 
work  as  a notable  contribution,  but  disagrees  with  the  latter’s  criticism  of  graphical  and  semi-graphical 
methods  [Goodrich  ( 1927)],  as  does  Mavis  (pp.  67-69).  Hall  (pp.  69-72)  warns  of  difficulties  in  applying 
statistical  methods  to  short  records,  and  opines  that  "the  distribution  of  data  cannot  be  determined  with 
accuracy  for  a 100-yr.  period  until  at  least  a 200-yr.  record  is  available."  Fisher  (pp.  72-88)  reviews  the 
history  of  the  problem  of  fitting  frequency  curves,  defends  his  use  of  the  logarithmic  transformation, 
which  Slade  had  criticized,  and  gives  numerical  examples.  Kempert  (pp.  88-91)  emphasizes  certain 
pitfalls  in  the  use  of  probability  paper  and  other  graphical  devices,  especially  when  drawn  to  logarithmic 
or  semilogarithmic  scales,  and  in  the  estimation  of  higher  moments  from  small  numbers  of  observations. 
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The  author  ipp.  91-104)  answers  some  of  the  criticisms  of  his  method  contained  in  the  discussion,  and 
gives  a 5-page  table  useful  in  applying  his  method. 

References:  Kaptevn  ( 1903)  | Kapteyn  & van  Uven  < 1916)],  Foster  ( 1924),  Rietz  ( 1924),  Goodrich  < 1927), 
Hazen  (1930),  Foster  (1934). 

Citations:  Foster  (1936),  Saville  (1936),  Kimball  (1938),  Beard  (1942),  Lane  & Lei  (1949). 

* Smith,  T.  ( 1934).  The  mid-course  method  of  fitting  a parabolic  formula  of  any  order  to  a set  of  abserva- 
tions.  Proceedings  of  the  Physical  Society  I London)  46,  560-569:  discussion,  569-573. 

Summary:  The  author  proposes  minimizing  the  maximum  residual  instead  of  the  sum  of  the  squares  of 
the  residuals  in  fitting  a curve  whose  equation  isofthe  form  y=a+bx +cx2+ . . . + kxn~ 1 to  physical  data. 
On  page  561  he  states:  "The  problem  to  be  considered  here  is  the  determination  of  the  coefficients  a,b,c, 
...  so  that  none  of  the  larger  discrepancies  exceed  a minimum  [sic]  value;  the  smaller  discrepancies  will 
not  trouble  us.  In  other  words,  we  completely  neglect  all  the  observations  that  fall  in  mean  positions  and 
determine  our  coefficients  from  the  outlying  observations  alone.  If  the  extreme  errors  prove  to  be  too 
great  the  order  of  the  polynomial  must  be  increased.  The  outlying  observations  can  usually  be  selected 
without  difficulty  by  plotting  y against  x,  but  it  may  sometimes  be  necessary  to  plot  y-<t<xi  against  x, 
where  d>(x)  is  an  approximate  expression  for  y.  The  number  of  outlying  points  should  be  one  more  than 
the  number  of  terms  in  the  polynomial,  and  therefore  two  more  than  the  order  of  the  polynomial.  As  x 
increases  from  its  lowest  to  its  highest  value  they  must  be  chosen  to  lie  on  opposite  sides  of  the  mean  locus 
of  points.”  The  author  gives  a method  of  fitting  a curve  which  satisfies  these  conditions,  and  illustrates 
its  use  in  three  numerical  examples.  In  each  case  the  results  are  compared  with  those  given  by  the 
method  of  least  squares,  and  in  one  case  with  those  given  by  the  so-called  zero-sum  (Boscovich-Laplace 
(?)]  method.  The  discussion  by  Lord  Rayleigh,  J.  H.  Awbery  and  others  (with  a reply  by  the  author)  is 
generally  favorable,  especially  with  regard  to  the  simplicity  of  the  calculations.  However,  Lord  Rayleigh 
offers  the  opinion  that  the  mid-course  method  proposed  by  the  author  hardly  takes  sufficient  account  of 
the  difference  between  an  error  and  a mistake,  and  Mr.  Awbery  questions  whether  it  will  often  be 
suitable  in  pure  physics.  The  latter  points  out  that,  for  the  extreme  case  of  a formula  of  degree  zero  in  the 
independent  variable,  in  which  we  have  a number  of  estimates  of  a single  quantity,  the  criterion  leads  to 
the  use  of  the  midrange  as  a representative  value,  to  which  he  objects. 

Citation:  Bruen  (1938). 


* Thomson,  Godfrey  H.  ( 1934).  Hotelling's  method  modified  to  give  Spearman’s  g.  Journal  of  Educational 
Psychology  25,  366-374. 

Summary:  A modification  of  Hotelling's  process  [for  extracting  the  largest  principal  component;  see 
Hotelling  ( 1933)]  is  described  which  when  applied  to  a hierarchical  matrix  of  correlations  gives  Spear- 
man s g,  after  which  the  unmodified  process  gives  the  specifics;  and  the  interpretation  of  the  two 
processes  is  discussed."  (Author's  summary,  p.  374). 

Citation:  Lawley  (1940). 

Anderson,  Oskar  N.  1 1935).  Einfiihrung  in  die  Mathemcitische  Statistik.  Julius  Springer,  Wien.  ( JFM  61 , 
566). 


Summary:  In  Chapter  2,  Section  2 i pp.  135-145),  the  author  discusses  the  arithmetic  mean.  In  Section  3 
(pp.  145-1491,  he  discusses  other  averages  which  can  be  used  in  place  of  the  arithmetic  mean,  including 
the  geometric,  harmonic  and  antiharmonic  means,  the  median  and  the  mode.  He  notes  that,  since  the 
logarithm  of  the  geometric  mean  of  a number  of  quantities  is  the  arithmetic  mean  of  their  logarithms, 
the  geometric  mean  is  also  called  the  logarithmic  mean.  He  states  and  proves  the  following  theorem 
about  the  median:  The  sum  of  the  absolute  values  of  the  deviations  of  all  members  of  a series  from  their 
median  is  not  greater  than  the  sum  of  the  like  deviations  from  any  other  positive  or  negative  number  A 
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whatever.  Separate  proofs  are  given  for  odd  and  for  even  values  of  N,  the  number  of  members  of  the 
series,  x,«  x.,«  . . . « xN.  For  N =2k  + 1 ik  an  integer!,  the  author  shows  that  l2** 1 |x,  - Aj  > £!kJ‘ 
|x,-xk+1|  for  A £ xki|  (the  median).  For  N = 2k,  he  shows  that  S2k,  |Xg — A|  = £'■;=,  |xi-(xk+xk»1i'2|  if  xk  si 
A s xk.,  and  £fk,  ,x,-A|  > L,‘k,  jXj-(xk+xk.,K2|  otherwise.  In  Section  4 (pp.  149-1601,  he  discusses 
measures  of  dispersion,  including  the  mean  deviation,  the  standard  deviation,  and  Gini's  mean  differ- 
ence. He  points  out  that,  in  view  of  the  theorem  proved  in  the  preceding  section,  the  mean  deviation  8 = 
£*  ix,  - M)  N,  where  M is  an  average,  is  smallest  when  M is  taken  to  be  the  median  rather  than  the 
arithmetic  mean  or  some  other  average.  To  those  who  object  that  the  mean  deviation  from  the  arithmetic 
mean  is  easier  to  calculate,  he  replies  that  the  mean  deviation  from  the  median  can  be  easily  calculated 
from  the  formulas  6 = (ifkk!2  X|- x,)/N  for  odd  N = 2k  + 1 and  8 = ( £*kk+1  x,  - ik=1  x,)NforevenN 
= 2k.  He  gives  various  methods  of  calculating  Gini’s  mean  difference  A,  discusses  its  relation  to  the 
standard  deviation  o\  the  mean  deviation  8 and  the  concentration  ratio,  and  reviews  the  controversy 
between  von  Bortkiewicz  and  the  Italian  statisticians  Gini,  Savorgnan  and  Pietra  concerning  credit  for 
priority  with  regard  to  certain  results  in  this  area  [see  von  Bortkiewicz  ( 1931),  discussion]. 

References:  Bowley  ( 1901 ),  Gini  ( 1912),  Czuber  1 1914),  Pietra  ( 1915),  Julin  ( 1921 ),  March  ( 1930),  von 
Bortkiewicz  ( 193 1 ),  de  Finetti  (1931a). 

Citations:  Czuber  ( 1921 ) [1938],  Castellano  ( 1935),  Nair  1 1940b),  Kendall  ( 1946). 

* Baidaff,  B.  I.;  Barral  Souto,  Jose  ( 1935).  Estudio  de  la  derivada  de  una  media  general.  Boletin 
Matemdtico  (Buenos  Aires)  8,  81-83. 

Summary:  "The  authors  continue  their  study  | Baidaff  & Barral  Souto  ( 1934)]  of  means,  dealing  with  the 
derivative  with  respect  to  x of  the  general  mean  < i paM1  x with  ! p = l,  the  a’s  and  p’s  non-negative  and 
the  values  of  the  a’s  not  all  equal.  They  show  that  it  [the  derivative!  is  not  negative  and  thus  arrive  at  the 
conclusion  that  the  general  mean  is  a monotone  increasing  function  [of  x].”  (Compiler’s  translation  of 
authors'  French  summary,  page  83). 

Reference:  Baidaff  & Barral  Souto  (1934). 

Citations:  Barral  Souto  (1935,  1938). 

* Barral  Souto,  Jose  ( 1935).  Alrededor  del  signo  de  una  derivada.  Boldin  Matemdtico  (Buenos  Aires)  8, 
149-150. 

Summary:  The  author  gives  another  proof,  using  logarithmic  derivatives,  of  the  proposition  | Baidaff  & 
Barral  Souto  1 1935)]  that  the  general  mean  y =(i  pa*)1  x is  a monotone  increasing  function  of  x under  the 
conditions  stated  in  the  earlier  paper. 

Reference:  Baidaff  & Barral  Souto  (1935). 

Citation:  Barral  Souto  (1938). 

* Baticle.  Edgar  (1935).  Le  prohleme  de  la  repartition.  Complex  Bendas  de  /' Academic  des  Sciences  de 
Paris  201,  862-864.  (JFM  61.  1299). 

Summary:  The  author  considers  the  following  modification  of  the  problem  discussed  in  two  previous 
papers  |Baticle  1 1933a.  bi|:  What  is  the  probability  at"  of  a grouping  of  m objects  into  n groups  such  that 
no  group  contains  more  than  p objects?  The  exact  solution  is  given  bv  at"  = {(,"  ', ) - i'M  i i1  + '""m'Vi* 
- ( [J ) in,",,,1  ,1  +...}<£  ' ).  If  m is  very  large,  one  has.  upon  setting  <»=p  m.  to"  = 1 - (^1  ( 1 -«i"  '+(!;> 

( 1 -2<*)n  1 - ....  If  n is  also  large,  a good  approximation  is  given  by  oj"  = 1 1 — ( 1 -«>"  M1’. 
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Note:  The  result  for  m large  is  the  probability  that  if  a line  segment  of  unit  length  is  divided  into  n 
segments  by  <n-ll  points  chosen  at  random,  the  length  of  the  longest  segment  will  not  exceed  a. 


References:  Baticle  ( 1933a, bi. 

Citation:  Garwood  (1940). 

* Birkeland,  B.  J.;  Frogner,  E.(1935).  Die  extreme  Variability  der  Lufttemperatur.  Meteornlogische 
Zeitschrift  52,  349-352. 

Summary:  "It  will  be  reported  in  the  following  work  how  the  range  of  a meteorological  element 
increases  with  duration  of  observation  and  that  this  dependence  can  be  computed  from  the  Gaussian  law 
of  error.”  (Compiler’s  translation  of  authors’  summary,  p.  349 1. 

References:  Fechner  (1897),  Bartels  (1928),  Koppen  (1928). 

Citation:  Barricelli  (1943). 

* Bond,  W.  N.  (1935).  Probability  and  Random  Errors.  Edward  Arnold  & Co.,  London. 

Summary:  Chapter  III  (pp.  34-35)  contains  a section  on  averages  (arithmetic  mean,  median,  and  mode' 
in  which  the  arithmetic  mean  is  associated  with  the  normal  law  of  error,  the  median  with  the  "median 
law”  [Laplace’s  first]  and  the  mode  (vaguely)  with  a distribution  approaching  a»"spike.”  Chapter  IV  i pp. 
46-65)  contains  sections  on  the  normal  or  Gaussian  law  (pp.  46-48),  typical  errors  (pp.  48-49).  estimation 
of  the  error  by  quartile  deviations  (pp.  56-57),  the  median  law  of  errors  (pp.  57-63)  and  rejection  of  data 
(pp.  64-65).  In  the  section  on  the  normal  law,  the  author  mentions  the  "proof  - by  Hagen  ( 1837 1 based  on  a 
large  number  of  elementary  errors  of  equal  magnitude,  each  equally  likely  to  be  positive  or  negative,  and 
its  generalization  by  Sir  Arthur  Eddingfield  (no  reference  given)  in  which  the  assumption  of  equal 
magnitude  of  the  elementary  errors  is  dropped.  As  measures  of  the  typical  error  (dispersion),  the  author 
mentions  the  root-mean-square  error,  the  mean  absolute  error,  and  the  probable  error:  the  quartile 
deviation  occupies  a section  of  its  own.  The  author  states  that  if  a large  number  of  measurements  are 
made,  positive  and  negative  errors  assumed  to  be  equally  likely,  the  normal  law  results  if  all  the 
observations  are  equally  liable  to  error,  being  carried  out  under  similar  circumstances  and  with  equal 
care,  but  the  median  law  (Laplace's  first)  results  if  the  precision  is  not  constant  throughout,  but  varies 
haphazardly  from  observation  to  observation.  In  the  section  on  rejection  of  data,  the  author  gives 
Chauvenet’s  criterion  and  no  other.  Appendix  I (pp.  132-136)  is  a summary  of  the  chief  formulae,  and 
includes  a section  on  normal  equations  and  their  solution  (by  the  method  of  least  squares). 

References:  Hagen  ( 1837 ).  Whittaker  & Robinson  ( 1924 ),  Jeffreys  ( 1932b). 

Citations:  Bruen  ( 1938),  Jeffreys  ( 1938),  Roller  (1941). 

* Castellano.  V.  (1935).  Recente  letteratura  sugli  di  variability  Metron  12  (3),  100-131. 

Summary:  The  author  notes  that  several  recent  works  |Yntema  ( 1933),  d'Addario  ( 1934b),  Dominedo 
( 1934),  Mortara  ( 1934b*,  Pietra  1 1935a)]  have  recalled  to  the  attention  of  statisticians  the  question  of  the 
preference  that  should  be  given  to  various  proposed  indices  of  variability,  the  contrasts  between  them, 
and  the  interrelationships  among  them.  He  proceeds  to  review  the  literature  on  the  subject,  going  back 
as  far  as  the  work  of  Pareto  ( 1897)  and  the  early  work  of  Gini  ( 1909.  1910).  He  divides  his  discussion  into 
the  following  parts:  1.  Relation  between  the  indices  a of  Pareto  and  fi  of  Gini.  2.  Relations  between  the 
simple  mean  deviation  S and  the  ratio  of  concentration  R or  the  relative  mean  difference,  and  specifi- 
cally: (at  whether  the  indices  S and  R are  concordant  or  discordant:  ib>  whether  the  indices  S and  R 
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depend  on  the  arithmetic  mean;  (c)  whether  R can  furnish  an  approximation  comparable  with  that 
furnished  by  S when  the  data  are  listed  only  by  classes.  3.  Whether  a "measure”  of  variability  exists,  and 
whether  one  of  the  two  indices  S or  R is  preferable  to  the  other. 

References:  Pareto  ( 1897 >,  Bowley  ( 190 1 ) [1920],  Gini  (1909,  1910),  Furlan  (1911),  Mortara  (1911), 
Dettori  ( 1912),  Gini  ( 1912),  Porru  ( 1912),  Czuber  ( 1914),  Gini  ( 1914a),  Pietra  ( 1915),  Savorgnan  ( 1915), 
Ricci  ( 19 16 1.  Weinberg 1 1916),  Gini  < 1918),  Niceforo (1919),  Dalton ( 1920), de  Pietri-Tonelli  ( 1920),  Julin 
1 1921 ).  Savorgnan  1 1921 1,  Amoroso  ( 1925),  Pietra  < 1925),  Gini  ( 1926),  Saibante  ( 1928),  d'Addario  ( 1930), 
Gibrat  ( 1930),  March  ( 1930),  von  Bortkiewicz  ( 1931 1,  de  Finetti  1 1931a),  d’Addario  ( 1932),  Gini  ( 1932), 
Castellano  ( 1933b),  Watkins  1 1933),  Yntema  ( 1933),  d’Addario  ( 1934a, b),  Dominedo  ( 1934),  Anderson 
( 1935),  Pietra  ( 1935a, b). 

Citations:  de  Vergottini  (1940>.  Kendall  ( 1946 ). 

* Eyraud,  H.  ( 1935).  Valori  osservati  di  una  variabile  casuale  e loro  perequazione.  Giornale  dell'Istituto 
Italian o ilegli  Attuari  6 (3),  243-255.  (JFM  61,  1294). 

Summary:  "Attempts  that  have  been  made  to  arrive  at  an  objective  definition  of  probability  have  led  to 
deepening  the  idea  of  a statistical  distribution.  The  present  work  studies,  from  the  point  of  view  of  the 
law  of  large  numbers,  the  relation  which  exists  between  a statistical  distribution  and  the  random 
variable  from  which  the  data  arose.  This  research  has  permitted  placing  in  evidence  some  rules  useful  in 
the  treatment  of  two  problems,  fundamental  and  inverse,  one  pertaining  to  the  calculus  of  probabilities, 
the  other  to  statistics.  They  concern  observed  values  of  a random  variable  and  their  standardization.” 
(Compiler's  translation  of  author’s  summary,  p.  243).  The  author  considers  n ordered  observations 
x,«x2«  . . . sxrsxr.|  s . . . ssxn  from  a theoretical  distribution  with  c.d.f.  indicated  by  u(x),  assuming  for 
greater  simplicity  that  u(xi  is  continuous  and  has  continuous  first  and  second  derivatives  for  x varying 
from  -x  to  i-x,  with  ui  -xi=0,  u(  + x)  = l.  The  sample  c.d.f.  has  k/n  as  the  probability  of  a value  not 
greater  than  xk.  The  author  shows  that  the  c.d.f.  of  xr+,  is  given  by  ur+,(x)=(n!/r!s!)/“'sl  urvsdu  = 
B[r.s;uixi|,  where  B is  the  incomplete  Beta  function,  s = n-r  + l,  and  v(x)  = 1 -u(x).  He  proceeds  to  study 
various  properties  of  this  distribution  and  a normal  approximation  to  it,  and  uses  Bayes'  theorem  to  draw 
certain  inferences. 

Reference:  Coolidge  ( 1925). 

Citations:  Gumbel  1 1936b.  1937b),  Brenet  & Armand  1 1938 ). 

Fisher,  Ronald  A.  i 19.35).  The  Design  of  Experiments.  Oliver  & Boyd  Ltd.,  Edinburgh.  (JFM  61, 566-567). 
Sixth  edition,  1951. 

Summary:  Among  the  wealth  of  material  in  this  important  book,  apparently  the  only  part  relevant  to 
our  study  is  the  following  passage  (pp.  57-58  of  the  sixth  edition)  dealing  with  the  problem  of  multiple 
comparisons:  "When  the  z-test  [or  the  F-test.  where  F =e2z]  does  not  demonstrate  sufficient  differentia- 
tion, much  caution  should  be  used  before  claiming  significance  for  special  comparisons.  Comparisons, 
which  the  experiment  was  designed  to  make,  may,  of  course,  be  made  without  hesitation.  It  is  compari- 
sons suggested  subsequently,  bv  a scrutiny  of  the  results  themselves,  that  are  open  to  suspicion;  for  if  the 
variants  are  numerous,  a comparison  of  the  highest  with  the  lowest  observed  value,  picked  out  from  the 
results,  will  often  appear  to  be  significant,  even  from  undifferentiated  material.  Properly,  such  unfore- 
seen effects  should  be  regarded  only  as  suggestions  for  future  experimentation,  in  which  they  can  be 
deliberately  tested.  To  form  a preliminary  opinion  as  to  the  strength  of  the  evidence,  it  is  sometimes 
useful  to  consider  how  many  similar  comparisons  would  have  been  from  the  start  equally  plausible. 
Thus,  in  comparing  the  best  with  the  worst  of  ten  tested  varieties,  we  have  chosen  the  pair  with  the 
largest  apparent  difference  out  of  45  pairs,  which  might  equally  have  been  chosen.  We  might  therefore, 
require  the  probability  of  the  observed  difference  to  be  as  small  as  1 in  900.  instead  of  1 in  20.  before 
attaching  statistical  significance  [at  the  5 level  | to  the  contrast." 
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Citations:  Madow  (1937),  Savur  (1937b),  Snedecor  (1937),  Fisher  & Yates  (1938),  Wishart  (1938), 
Newman  ( 1939),  Nair  ( 1940a),  Chandra  Sekar  & Francis  ( 1941 ),  Scheffe  ( 1943),  Wilks  ( 1943),  Cramer 
( 1946),  Grant  ( 1946),  Kendall  ( 1946),  Duncan  ( 1947 ),  Tukey  ( 1948c),  Mather  ( 1949),  Tukey  ( 1949a, bi, 
Walsh  (1949a),  Wolfowitz  (1949). 

* Frechet,  Maurice  ( 1935).  Sur  les  precisions  companies  de  la  moyenneet  de  la  mediane.  Aktudrske  Vedy  5 
(1),  29-34.  (JFM  61,  1296).  Abstract,  Casopis  64,  210-211.  (JFM  61,  1330). 

Summary:  The  author  admits  that  the  mean  is  to  be  preferred  to  the  median  in  the  majority  of  cases,  but 
insists  that  it  is  not  always  so — median  life  or  median  income  provides  a more  representative  value  than 
the  corresponding  mean.  Certain  statisticians  object  to  the  use  of  the  median  on  the  ground  that  its 
precision  is  less  than  that  of  the  mean,  which  is  true  for  the  normal  law  of  error  i Laplace's  second  lawi, 
but  not.  as  the  author  shows,  for  certain  other  probability  laws.  He  studies  two  laws  for  which  the  median 
is  more  precise  than  the  mean,  at  least  for  samples  of  size  three.  Let  p'  be  the  standard  error  of  the  mean 
and  p"  be  that  of  the  median.  For  samples  of  size  three  from  Laplace’s  first  law  of  error  with  c.d.f. 
F(x)=e*/2  for  x=s0,  F(x)=  1 -e~x/2  for  xsO,  the  median  is  slightly  more  precise  [p'-=p"2  + 1/36],  while  for 
samples  of  size  three  from  the  probability  law  F(x)=  0 if  x=sl.  Fix)  = 1 -x  “ if  xs*l,  with  l<a=s2.  p"  is 
finite  but  p'  is  infinite.  The  author  presents  supporting  evidence  from  a paper  by  Wilson  & Hilfertv 
(1929). 

Reference:  Wilson  & Hilferty  (1929). 

Citations:  Mortara  (1934a),  Gumbel  (1937c),  Frechet  (1940a). 

* Gumbel,  E.  J.  ( 1935a).  Les  valeurs  extremes  des  distributions  statistiques.  Annates  de  I'lnstitut  Henri 
Poincare  5,  115-158. 

Summary:  The  author  summarizes  the  theory  of  extreme  values  as  developed  by  himself  in  1 7 earlier 
papers  and  by  several  other  authors.  He  reaches  the  following  conclusions  (pp.  154-155):  "For  an  initial 
distribution  w(xt  having  the  [cumulative]  probability  W(  x>and  for  an  increasing  number  of  observations 
the  distributions  of  the  m,h  largest  and  m,h  smallest  values  |wm(x,N i = i x im  {W(xi}  N'm  { 1 -W(xl}m  1 
w(x)  and  mw(x,N)  = ( £ )m  {W(x)}m_l  {l-W(x)}N  m w(x>]  converge  to  two  limits  corresponding  to  two 
limits  of  the  Bernoulli  distribution.  Let  us  introduce  p and  q bv  [m  = Np,N -m=Nq].  For  the  mlh  values 
near  the  median,  where  p~q,  and  W— >q  or  W— *p,  one  obtains  the  Gaussian  distribution  provided  the 
median  of  the  initial  distribution  is  not  too  far  removed  from  the  mode.  For  the  extreme  values,  where 
p— *0  and  W-»l  or  W— »0,  one  arrives  at  the  doubly  exponential  distribution  | w = {mm  ( m - 1 >!}  ne  *m>  me’ v, 
where  a = ( N'm)w(u)  and  u is  the  mode  of  the  final  distribution]  provided  the  initial  distribution  belongs 
to  the  exponential  type.  The  calculation  of  the  modes  is  the  same  for  the  two  limiting  distributions.  For 
large  values  of  m there  exists  a complete  analogy  between  the  extreme  m,h  values  and  the  m,h  values 
near  the  median,  because  the  two  distributions  are  of  the  Gaussian  type.  . . .”  (Compiler’s  translation). 
The  author  finds  the  final  distributions  and  their  means,  standard  deviations,  and  other  moments,  and 
gives  applications  of  the  theory. 

References:  Bertrand  1 1 889 1 1 1 907 ].  von  Bortkiewicz  ( 1922a, b),  Dodd  ( 1923),  von  Mises  1 1923),  Haag 
(1924i.  Tippett  (1925).  Frechet  (1927),  Fisher  & Tippett  (1928),  Fogelson  (1930),  de  Finetti  (1932), 
Gumbel  ( 1932,  1933a. b.c.d.e.f.g).  Tricomi  ( 1933).  Eyraud  ( 1934b).  Gumbel  1 1934a, b.c.d.e.f.g.  1935b). 

Citations:  Gumbel  ( 1935d,  1936a, b),  von  Mises  < 1 936 ).  Coutagne  ( 1937),  Gumbel  1 1937a. b. c.d i.  Madow 
(1937).  Brenet  & Armand  (1938),  Gumbel  (1938a),  Coutagne  (1939),  Gumbel  ( 1939a, c.e.f).  Kendall 
( 1940),  Gumbel  (1941a),  Wilks  (1941),  Gumbel  ( 1942a. b.c.  1943a. cl.  Kendall  (1943),  Scheffe  (1943), 
Wilks  1 1943),  Gumbel  ( 1944).  Cramer  ( 19461,  Gumbel  1 1946a).  Kendall  1 1946).  Mosteller  < 1946).  Elfving 
1 1947).  Gumbel  (1947),  Epstein  (1948a, bi.  Epstein  & Brooks  > 1 948 ).  Gumbel  il948).  Wilks  (1948). 
Gumbel  1 1949).  Press  ( 1949). 
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Gumbe!,  E.  J.  ( 1935b).  Les  m'enu's  valeurs  extremes  et  le  logarithme  du  nombre  d’observations.  Cornptes 
Rendus  de  I'Academie  des  Sciences  de  Paris  200,  509-51 1. 

Summary:  "E.  L.  Dodd  | < 1923 ) ] has  calculated  the  largest  value  for  the  distributions  of  Gauss,  of 
Poisson,  of  Pearson,  and  of  Makeham.  It  would  be  interesting  to  complete  these  results  by  a general  rule 
which  would  give  the  order  of  magnitude  of  this  value  and  to  extend  this  result  to  m,h  extreme  values. 
This  rule  could  serve  for  practical  problems  of  observation,  because,  among  observers,  opinions  of  the 
largest  value  vary  considerably.  For  a distribution  wix)  unlimited  in  both  directions  having  mathemati- 
cal expectation  x and  standard  deviation  (rand  for  N observations  the  modes  umand  mu  of  the  m,h  extreme 
values  from  above  and  from  below  may  be  calculated  by  ( 1 ) W(um)=  1-m/N  = 1 — W( mu *,  provided  [see 
Gumbel  ( 1933b ) ) i2>  wtuml/  [1  - W(um)[  — > -w'(um)/  w(um),  wimu)/  W(mu)  — > w'(mu>/  w(mul  . . . . |This 
condition  | determines  a class  of  distributions  for  which  this  method  is  valid.  Set,  for  the  absolute  values 
of  the  logarithmic  derivatives  of  the  initial  distribution  of  modal  mlh  extreme  values,  (3)  Nwi  um)/  rn=am, 
Nw(miii  rn=mtt,  values  which  have  the  reciprocal  dimension  of  the  variable.  Then  the  increment  of  the 
modes  with  the  number  of  observations  will  be  |after  correction  of  an  obvious  typographical  error]  i4i 
dum  dN  = l N«m.  dmudN  = -l  Nma.  If  the  quantities  a tend  toward  a constant  for  increasing  values  of  N, 
that  is.  for  increasing  values  of  the  variable,  the  modal  m,h  values  will  be  linear  functions  of  the 
logarithm  of  the  number  of  observations,  which  one  may  write  (5)  um  = x±ka  log  ( N m)  =mu,  where  k is 
that  constant.  The  upper  (lower)  sign  holds  for  the  left  (right)  equation.  If,  however,  the  values  of  a 
increase  with  N.  the  modal  mlh  values  increase  more  slowly  than  the  logarithm  of  the  number  of 
observations  (5')  um=  x±ko-f[log  (N  m)|  = mu.  The  treatment  of  m,h  values  is  thus  legitimate  only  for 
initial  distributions  such  that  the  first  two  moments  do  not  diverge.  The  two  cases  also  occur  in  final 
distributions  [see  Gumbel  (1934a,c)]  of  mlh  values  (6)  wm(x)  = [mra/(m-l)!]ae~mv  me'=mw(x>,  where 
(7)  y = a(x-u).  For  the  left  ( right)  equation,  it  is  necessary  to  add  to  the  values  a,  u and  y the  subscript  m 
to  the  right  i left).  If  the  values  a tend  toward  a constant,  this  distribution  no  longer  changes  inform  with 
N,  and  is  only  displaced  to  the  right:  one  cannot  increase  the  precision  by  increasing  the  number  of 
observations.  In  the  case  where  the  as  increase,  the  distributions  tighten  for  increasing  numbers  of 
observations  and  the  precisions  increase  so  that  in  reality  there  exists  but  one  mlh  value.  Finally  Frechet 
[i  1927)]  has  constructed  an  initial  distribution  of  a positive  variable  for  which  the  value  a decreases. 
Condition  (2)  is  no  longer  satisfied;  the  mode  increases  faster  than  the  logarithm  of  N and  the  distribu- 
tion of  the  mlh  value  from  above,  distinct  from  (6),  is  displayed,  a possibility  which  an  inexperienced 
observer  might  be  tempted  to  eliminate  a priori.  Otherwise,  like  the  final  distribution  of  Frechet,  the 
distribution  (6)  of  the  last  value  is  stable."  (Compiler’s  translation,  pp.  509-511). 

References:  Dodd  (1923),  Frechet  (1927),  Gumbel  1 1933b,  1934a, c). 

Citations:  Gumbel  ( 1935a, d,  1936c,  19390,  Kendall  (1946). 

Gumbel,  E.  J.  (1935c).  Le  plus  grand  age,  distribution  et  serie.  Comptes  Rendus  de  I'Academie  des 
Sciences  de  Paris  201,  318-320. 

Summary:  "By  treating  the  mortality  table  as  the  distribution  of  ages  x at  death  one  can  verify  by 
observations  the  theories  about  the  largest  value.  One  assumes  this  distribution  to  be  unlimited  to  the 
right  so  that  the  greatest  age  becomes  a random  variable.  Its  mode  do.  a monotone  increasing  function  of 
the  numbers  of  observations  N.  that  is.  of  the  deaths  in  a year  or  in  a period,  will  be  calculated  with  the 
aid  oft  he  survival  function  i'(x)  by  ( 1 )/(d>)  = 1 N.  The  probabilities  that  the  greatest  ages  observed  during 
a series  of  years  are  less  than  x must  he  the  doubly  exponential  probabilities  of  largest  values  ( 2)  W(x)  = 
e ''  . where,  /uiw'  being  the  mortality  rate  of  the  modal  largest  age,  (3)  v = pi wl(x  — d>)  is  a reduced 
variable.  One  determines  the  two  constants  pid>>  and  u>  from  the  arithmetic  mean  w and  the  standard 
deviation  ir  of  the  observed  distribution  with  the  aid  of  (4)  d>  dj-0. 45005  < r:  1 pub 1 = 0.77970  a.  and  one 
can  compare  the  theoretical  probability  < 2 ) with  the  observed  cumulative  frequencies  without  needing 
an  analytic  formula  for  the  biometric  functions.  For  the  observed  ages  of  the  last  survivors  in  Sweden 
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1881-1932  and  the  two  sexes  one  obtains  with  the  aid  of  formulas  (4i  (4'i  to  = 101.28;  1/pti  <!>)=  1.5.  Figure  1 
shows  the  agreement  between  the  observed  and  theoretical  numbers  of  years  in  which  the  age  of  the  last 
decedent  was  less  than  or  equal  to  x.  In  order  to  verify  how  the  greatest  age  attained  up  to  a certain  time 
increases  with  time,  it  is  necessary  to  introduce  a hypothesis  concerning  the  trend  of  biometric  functions 
with  age.  Let  us  choose  the  formula  of  Gompertz  (5)  ptixi  = be’'*,  which  completes  the  necessary 
conditions  for  the  calculation  of  the  largest  value  and  one  obtains  from  (lithe  modal  value  of  the  greatest 
age,  as  a function  of  the  number  of  deaths  N considered,  by  eb  * b = IN,  from  which  one  draws  the 
first  approximation  w = ( l/y)log(y/b)  + (log  log  N)/y.  By  introducing  the  most  probable  age  at  death  ( and 
its  life  expectation  E(f)  one  obtains  (7)  d>  = £ + l. 67688  Elf)  log  log  N,  a very  simple  formula  and  entirely 
analogous  to  that  previously  deduced  with  the  aid  of  the  hypothesis  that  the  distribution  of  deaths  about 
the  age  £ is  Gaussian.  Neither  requires  any  knowledge  of  greatest  ages.  By  choosing  for  ( and  Ei£)  the 
values  from  the  Swedish  mortality  table  for  1901-1910  situated  in  the  middle  of  the  interval  studied,  one 
obtains  (7'i  u>=78.667  + 10.035  log  log  N.  Figure  2 compares  these  theoretical  values  with  the  observed 
trend  of  greatest  age  attained  up  to  a certain  year.  The  two  graphs  show  that  our  theory  on.  the  greatest 
age  is  verified  to  the  extent  that  one  can  expect  for  a quantity  so  difficult  to  determine."  (Compiler's 
translation,  pp.  318-320). 

References:  Dodd  (1923),  Gumbel  (1932,  1933b, d.  1934a, c,d.g). 

Citations:  Gumbel  ( 1937a, e,  1939f),  Kendall  (1946). 

* Gumbel,  E.  J.  1 1935d).  Lepiu  alte  eta  in  Svezia.  Giornale dell’Istituto Italiano degli  Attuari  6 1 4 >.  335-377. 

Summary:  "The  author  considers  again  the  theory  of  the  limiting  age  expounded  in  a preceding  work  , 

[Gumbel  (1934gi),  avoiding  consideration  of  an  approximate  value  of  the  standard  deviation  of  the 
largest  value  by  substituting  for  it  the  exact  value.  He  then  introduces  the  formula  of  Gompertz  and 
applies  the  extended  theory  to  the  observed  distribution  of  greatest  ages  in  Sweden  and  proceeding  with 
this  distribution  in  time,  the  author  finds  a better  agreement  between  the  theory  and  the  observations 
than  in  the  preceding  work."  (Compiler’s  translation  of  author's  summary,  p.  335 1. 

References:  Dodd  (1923),  Fisher  & Tippett  (1928).  Steffensen  (1930,  1931),  Gumbel  ( 1933b.d,g, 

1934a,b,f,g.  1935a,bl. 

Citations:  Gumbel  (1936c),  Coutagne  (1937).  Gumbel  1 1937a. d.  1939D.  Barricelli  (1943). 

i 

* Gumbel.  E.  J.  ( 1935-36).  La  plus  grande  valeur.  Aktudrske  Vi-tly  5,  83-89.  133-143,  145-160. 

Summary:  "For  an  initial  distribution  unlimited  to  the  right  and  for  N observations  there  exists  a 
distribution  of  the  largest  value.  Its  mode  can  be  calculated  with  the  aid  of  formula  (7 ) |\V(u)  1 -1  N] 

provided  the  number  of  observations  is  large  enough  to  allow  the  introduction  of  1'Hopital's  rule  in  the 
form  (6)  |limN_I  {wix)  [1  -Wix>|}  w'ix>wixi|.  The  condition  < 1 3 > [w'(u)wiui=  i-li'o',  where 
w'xi  {l-W(xi}=  identical  with  <6i  allows  us  to  construct  the  final  form  of  the  distribution  of  the 
largest  value  for  a very  large  number  of  observations.  This  final  distribution  is  doubly  exponential.  It  is 
for  it  that  we  have  calculated  the  mathematical  expectation  of  the  largest  value  (25)  |u=u-t-y  Nw(u), 
where  y=  0.577216  is  Euler's  constant  | which  approaches  the  mode  under  certain  conditions.  In  addition 
we  have  found  a recurrence  formula  (37 1 [«°p„  in  1 1 S„+  in  1 )!  i."  7 Sn  r cl]  which  allows  the 
calculation  of  all  the  moments  with  the  aid  of  sums  Si  | limN  , 1 A1 1 known  bv  the  theory  of 

Gamma  functions.  For  the  exponential  distribution  the  final  distribution  is  reached  even  for  very  small 
numbers  of  observations.  On  the  other  hand  one  needs  100.000  observations  for  the  Gaussian  distribu- 
tion. For  an  exponential  initial  distribution  and  for  the  special  case  called  the  Pearson  type  III  distribu- 
tion. all  the  moments  with  the  exception  of  the  mathematical  expectation  will  be  independent  of  the 
number  of  observations.  Thus  the  final  distributions  for  increasing  numbers  of  observations  are  dis- 
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placed  to  the  right  along  the  axis  of  the  variable.  For  the  Gaussian  distribution  the  final  distributions 
shrink  for  increasing  numbers  of  observations.  By  choosing  the  same  precision  for  the  three  distribu- 
tions considered  one  obtains:  The  identification  between  the  mathematical  expectation  of  the  largest 
value  and  the  mode  is  legitimate  if  the  number  of  observations  exceeds  the  order  of  magnitude  < 1 3 1 10  s 
for  the  exponential  distribution,  105  for  the  Gaussian  distribution  and  1 1 3 Il07  for  the  special  case  called 
the  Pearson  type  III  distribution.  This  high  number  comes  from  the  fact  that  this  final  distribution  does 
not  shrink.  The  final  distribution  of  the  last  value  for  every  distribution  which  behaves  at  infinity  like  an 
exponential  tends  toward  the  final  distribution  of  the  exponential  initial  distribution.  Its  mathematical 
expectation  tends  toward  the  mode.  The  final  distribution  of  the  last  value  is  propagated  to  the  right  for 
increasing  numbers  of  observations.  If  the  value  a,  defined  by  ( 5 ) [ wt  x >/■{  1 -W(x»}=a).  tends  toward  a 
constant,  the  distribution  no  longer  changes  form.  If  the  value  a increases  indefinitely,  it  shrinks.  In  the 
first  case,  the  mode  of  the  largest  value  increases  as  the  logarithm  of  the  number  of  observations:  in  the 
other  case,  it  increases  more  slowly.”  (Compiler’s  translation  of  author’s  conclusion,  p.  1 60 >. 

References:  Czuber  < 1903 1 [1924],  Frank  (1918),  von  Bortkiewicz  ( 1922a, bi,  Dodd  (1923),  von  Mises 
(1923),  Splawa-Neyman  (1923),  Coolidge  (1925)  [ 1 927 ],  Tippett  ( 1925 ),  Frechet  < 1 927 ),  Fisher  [& 
Tippettj  (1928),  de  Finetti  (1932),  Tricomi  (1933),  Gumbel  (1934g). 

Citations:  Gumbel  (1936-37),  von  Mises  (1936),  Gumbel  ( 19.37a, b.c.d,  1937-38,  1939f.  1941a). 

* Insolera,  Filadelfo  1 1935).  A proposito  di  un  ipotetico  comportamento  assintotico  della  mortalita.  Gior- 
nale  di  Matematica  Finanziaria  17  (2-3),  74-85;  Rendiconti  del  Circolo  Matematieo  di  Palermo  59, 
303-306.  (JFM  60.  1183). 

Summary:  The  author  responds  to  the  criticisms  by  de  Finetti  ( 1934 1 and  de  Franchis  ( 1934 1,  especially 
the  former,  of  his  statement  [Insolera  (1934)]  that  the  upper  limit  of  the  intensity  of  mortality  is 
limx_t(u _„(u(x>  = +1.  He  admits  that  piix)  is  a probability  density,  not  a probability,  and  hence  does  not 
necessarily  have  an  upper  limit  of  + 1;  rather,  it  is^tixidx,  the  probability  that  an  individual  living  at  age 
x dies  in  the  interval  (x,  x + dxi,  that  has  an  upper  limit  of  + 1.  Nevertheless,  he  asserts  that  pix)  has  a 
finite,  positive  upper  limit  M.  He  defines  the  force  of  mortality  /xix.  t.  y, ),  where  x is  the  age.  t is  the  time 
in  which  the  age  x is  observed,  and  y,  are  specific  biological  parameters  of  the  demographic  group  under 
consideration,  and  the  force  of  vitality  7r(x,  t,  y ,)  and  asserts  that  /x(x,  t,  y,)  + 7r(x,  t.  y, ) = M.  77)  w.  t,  yt)  =0 
and  p.(<o,  t,  y ,)  = M,  where  o>  is  the  oldest  age  and  M is  a positive  constant  independent  of  x.  Then  he 
suppresses  the  last  two  arguments  of  fi.  asserts  that  limx^(u  (l^t(x)  = M.  and  dismisses  de  Finetti’s 
criticism  as  a short-lived  product  of  nonserious  meditation. 

References:  Bohlmann  ( 1909),  Steffensen  ( 1930),  Insolera  ( 1931.  1933).  de  Finetti  1 1934),  de  Franchis 
1 1934),  Gumbel  ( 1934f,g>. 

Citation:  Insolera  (1937-38). 

* McKay,  A.  T.  ( 1935).  The  distribution  of  the  difference  between  the  extreme  observation  and  the  sample 
mean  in  samples  of  n from  a normal  universe.  Biometrika  27,  466-471.  iJFM  61,  572). 

Summary:  A study  is  made  of  the  correlation  of  two  linear  combinations  of  the  order  statistics  of  a 
sample  of  size  n from  a normal  population,  and  of  the  regression  of  one  linear  combination  on  another, 
and  mathematical  formulas  are  worked  out  for  the  general  case.  For  the  special  case  X the  highest 
observation,  x = the  mean,  and  u = X -x,  the  correlation  coefficient  R for  X and  x is  tabulated  (3DP)  for 
n =2.5,10.20.60.100.200.500.1000  along  with  the  standard  deviation  )4DPi  of  u.  which  has  previously 
been  given  by  Pearson  ( 1931),  p.  cxiv.  The  distribution  of  u for  n=2  is  shown  to  be  half-normal;  for  n >2  it 
cannot  be  found  in  closed  form,  but  an  equation  involving  a single  integral  is  given  for  the  low  percentage 
points  needed  in  testing  the  significance  of  the  departure  of  the  highest  observation  from  the  sample 
mean.  Examples  are  given  of  the  use  of  this  significance  test  in  deciding  whether  or  not  to  reject  outlying 
observations,  and  this  test  is  compared  with  a test  suggested  by  Irwin  (1925b)  [see  also  K.  Pearson 


253 


( 1931),  p.  1 60  J and  one  based  on  the  distribution  of  range  tabulated  by  E.  S.  Pearson  ( 1 932 1. 

References:  Irwin  (1925b),  K.  Pearson  (1931),  E.  S.  Pearson  (1932). 

Citations:  Hartley  (1942),  Kendall  (1946),  Gumbel  (1947),  Nair  1 1948b),  Wilks  ( 1 948 1. 

Olds,  E.  G.  ( 1935).  Distribution  of  greatest  variates,  least  variates,  and  intervals  of  variation  in  samples 
from  a rectangular  universe.  Bulletin  of  the  American  Mathematical  Society  41,  297-304.  (JEM  61,  572). 
Abstract,  Bulletin  of  the  American  Mathematical  Society  40  ( 1934).  803-804.  i JFM  60. 479 — listing  only). 

Summary:  Expressions  are  given  for  the  distributions  of  greatest  variates,  least  variates,  and  intervals 
of  variation  (ranges)  in  samples  of  size  N drawn,  without  replacement,  from  the  population  characterized 
by  the  frequency  distribution  f(x)  = l for  x=0,l,2,  . . . , b;  f(x)=0  elsewhere.  The  author’s  results  for 
discrete  variates  with  a single  variate  in  each  class  differ  considerably  from  those  of  Ney  man  & Pearson 
( 1928)  for  a continuous  distribution  and  of  Rider  ( 1929)  for  discrete  variates  with  an  infinite  number  of 
variates  in  each  class.  The  means  and  variances  of  the  greatest  variate  G.  the  least  variate  L.  and  the 
range  R for  the  author’s  population  are  found  to  be  M,,=  [N(b  + 1 )- 1 ]/(N  + 1 ),  M,  = (b— N + l)(  N + 1 1,  <f\,  = 
(t'-l  = {N(b  + 1 )2-[(  N2-N)b  + (2N2-Nt)}/  [(  N +2  >(  N + 1 )2],  M„=  ( N - 1 >(b  + 2l(  N + 1 ),  and  (r2,t  = 
{2( N — 1 xb  + 1 12 — 2( N — 1 ) |(N - 1 iib  + 1 i + N]}/  [i N + 1 )2( N + 2)]. 

References:  Dodd  (1922),  Neyman  & Pearson  ' 1928),  Rider  ( 1929(,  Craig  (1932a). 

Citation:  Kendall  ( 1 946 1. 

Pearson,  E.  S.  ( 1 935 ).  The  Applications  of  Statistical  Methods  to  Industrial  Standardisation  and  Quality 
Control.  Publication  No.  600.  British  Standards  Association.  London.  Review  by  S.  S.  Wilks.  Journal 
of  the  American  Statistical  Association  31  1 1936).  421-422. 

Summary:  The  portions  of  this  publication  which  are  relevant  to  our  study  are  those  which  deal  with 
methods  based  on  the  maximum  and  minimum  observations  in  a sample  and  especially  with  their 
difference  ithe  range).  The  following  statements  are  of  particular  interest:  "The  larger  the  number  of 
observations  or  tests,  the  greater  the  range  of  variation  to  be  expected  among  them,  since  exceptional 
individual  cases  are  more  likely  to  be  met.”  ip.  24).  ”.  . . The  minimum  criterion  might  be  applied  to  the 
weakest  stri/>  in  a sample  of  n pieces  instead  of  to  the  mean . If  the  variation  in  strength  can  be  represented 
by  a Normal  curve  with  a mean  x.  and  standard  deviation  <r.  then  Tables  are  available  from  which  such 
limits  can  be  determined;  they  will  be  fixed  at  t - x - kcr  where  the  value  of  k will  depend  upon  i 1 1 the 
number,  n,  of  units  in  the  sample:  ( 2 > the  chance  of  rejection  or  acceptance  which  it  is  decided  to  adopt.” 
ip.  64).  The  author  discusses  the  estimation  of  <r  from  the  mean  value  of  the  range  by  means  of  the 
relation  it,.  ' 1 d„i  i mean  value  of  range)  on  p.  84.  where  he  states:  ’’.  . . Experience  suggests  that  if  N be 
greater  than  50  and  the  observations  have  been  broken  up  into  equal  sub-groupings  each  containing  not 
more  than  10  units,  the  estimate  from  range  will  be  adequate  for  control  chart  purposes."  On  pp  89-90 
the  author  discusses  control  charts  for  range.  On  p.  89  he  states:  "The  range  chart  is  clearly  much  quicker 
to  prepare  than  that  for  standard  deviation,  and  theoretical  investigations  suggest  that  its  use  in  this 
form  of  control  analysis  is  justifiable."  He  warns,  however,  that  the  use  of  range  should  be  restricted  to 
cases  in  which  there  are  a number  of  small  samples  < not  more  than  10  units  each  ( and  that  methods  based 
on  the  range  are  affected  more  by  non- normality  than  those  based  on  the  standard  deviation.  In  Table  14 
i p.  90 1 he  gives,  for  n 2i  1 (1 2,  factors  for  calculation  of  control  limits  for  range  D„  D„  D„  D„  for 
limits.  d„  and  1 dn  for  central  value,  where  outer  limits  are  at  D,lnn-,<r  and  I)„  inner  limits  are  at 
D0lnnrr  and  D„,,r,„cr.  and  the  mean  value  of  w d.yr. 

References:  Yule  1 191  1 1 1 19.32|,  Brunt  i 1917 1,  K.  Pearson  i 1931 1.  Shewhart  1 1931 1.  Davies  &-  Pearson 
1 1934). 

Citations:  Dodge  ' 1 933 1 1 1935 1.  Ei  sen  hart  i 1 939 '.  Simon  ' 1 94 1 i.  Dudding  & -Jennet  t i 1 942 1.  Pearson  & 
Hart  lev  i 1 942 1.  K nudsen  i 1 943 1,  Pearson  & Hartley  i 1 943 1.  Grant  i 1 946  . Lord  1 1 947  '.  Shone  < 1 949  ( 


* Pearson,  E.  S.:  Haines,  Joan  (1935).  The  use  of  range  in  place  of  standard  deviation  in  small  samples. 
Journal  of  the  Royal  Statistical  Society.  Supplement  2,  83-98.  (JFM  63,  1098). 


Summary:  A study  is  made  of  the  use  of  range  instead  of  standard  deviation  in  small  samples,  with 
special  emphasis  on  application  to  quality  control  charts.  It  is  shown  that  estimates  of  the  population 
standard  deviation  <t  based  on  the  square  root  of  average  subgroup  variance  are  affected  more  by  lack  of 
control  than  those  based  on  either  average  subgroup  standard  deviation  or  average  subgroup  range. 
Since  the  range  and  the  standard  deviation  are  highly  correlated  for  small  samples,  charts  based  on 
them  tend  to  give  similar  indications  of  lack  of  control — in  most  cases  a point  out  of  (in)  control  on  one  is 
also  out  of  ( ini  control  on  the  other.  The  mean  subgroup  standard  deviation  is  slightly  more  powerful  in 
detecting  the  presence  of  assignable  causes  than  the  mean  range,  but  the  difference  is  small  for  samples 
(subgroups)  of  size  n s;  10.  The  authors  therefore  conclude  that  the  range  chart,  which  is  much  simpler 
and  only  slightly  less  efficient,  may  be  used  instead  of  the  standard  deviation  chart  for  ns=10. 

References:  Tippett  (1925),  "Student"  (1927),  Shewhart  (1931),  Pearson  (1932),  McKay  & Pearson 
i 1933),  Davies  & Pearson  ( 1934). 

Citations:  Newman  (1939),  Dudding  & Jennett  (1942),  Hartley  (19421,  Kendall  (1943,  1946),  Lord 
( 1947). 

* Pietra.  Gaetano 1 1935a).  Intorno alia discordanza  fragli  indici  di  variability  e di  concentrazione.  (French 
summary).  Bulletin  cle  I'lnstitut  International  cle  Statistique  28  (2),  171-191. 

Summary:  Given  a series  of  values  a,  < a2  < . . . < an,  set  xn  = r/n,  yr  = a,''Sf  a,  and  represent  (xr, 
vr)  in  a system  of  Cartesian  coordinates.  The  curve  in  the  unit  square  passing  through  t he  points  (xr,yr)  (r 

= 0.1 ni  is  the  curve  of  concentration  (Lorenz  1 1905)),  increasing  from  left  to  right,  convex  toward 

the  x-axis,  and  extending  from  (0.  0)  to  ( 1,  1 ).  Twice  the  area  between  the  curve  of  concentration  and  the 
line  of  equidistribution  y = x is  the  ratio  of  concentration  [Gini  (1914a)].  Denote  by  d>(x>  the  curve  of 
concentration  and  by  fix)  the  curve  which  connects  the  points  ( x,,  a,);  then  J>(x)  = /,]  f(x)dx  fixidx.IfA 
is  the  mean  difference  of  the  values  a,  and  A is  their  arithmetic  mean,  the  ratio  A 2A  = 1-2  /„  d>(x)  dx 
holds,  where  2 A is  the  maximum  value  which  A can  attain.  Gini  ( 19 14a  > has  shown  that  the  ratio  A 2A  is 
equal  to  the  ratio  of  concentration.  Denote  by  SA  the  simple  mean  deviation  from  the  arithmetic  mean  of 
the  values  a,:  then  the  relation  SA  2A  = x,  - d>ix,i  holds,  where  x,  is  the  value  which  maximizes  the 
difference  x </>ix  >.  which  is  the  value  (found  bv  interpolation)  such  that  f(x,i  = A.  If  the  simple  mean 
deviation  from  the  median  M of  the  values  a,  is  denoted  by  SM,  the  relation  SM  A = 1 - 2 </>(  1 '21  holds 
between  Sx,  and  its  maximum  value  A.  The  author  states  that  one  of  the  most  interesting  aspects  of  the 
methodology  concerning  the  statistical  measure  of  concentration  is  the  discordance  of  the  results  which 
follow  from  the  adoption  of  one  or  another  of  the  indices  proposed  by  statisticians  for  this  measure.  He 
cites  the  case  of  two  series  i a ) and  (hi  for  which  the  concentration,  if  measured  by  the  simple  mean 
deviation  relative  to  the  arithmetic  mean,  is  stronger  for  (a)  than  for  (bi.  but  if  measured  by  the  ratio  of 
concentration,  is  weaker  for  (a)  than  for  < b ).  The  author  reviews  the  literature  on  the  problem  of  these 
discordances,  and  fixes  the  limits  between  which  they  can  be  confined  and  the  probabilities  of  verifying 
them.  The  general  results  are  illustrated  by  several  applications. 

References:  Lorenz  (1905).  Gini  il909i.  Persons  (1909),  Dettori  (1912),  Gini  (1912,  1914a).  Pietra 
1 1915).  Ricci  1 1916).  Amoroso  1 1925).  Gini  1 1930),  von  Bortkiewicz  1 1931 ),  Galvani  ( 1931 ),  Gini  ( 1932), 
Pietra  1 1932a. bi.  Yntema  1 1933). 

Citations:  Mortara  i 1934a>.  Castellano  (1935).  Boldrini  (1942). 

Pietra,  Gaetano  1 1935b).  A proposito  della  misura  della  variability  e della  concentrazione  dei  caratteri. 
Supplement o Statistic!)  ai  Suon  Problem i ih  Politico.  Storia  ed  Econontia  iFerrara)  1 ill.  3-12. 


255 


Summary:  The  author  notes  that  Mortara  ( 1934b)  discussed  measures  and  indices  of  variability  and 
concentration,  and  concluded  that  a single  index  of  inequality-concentration  ipreferably  one  based  on 
deviations  from  the  arithmetic  mean  of  the  data)  would  suffice.  The  author  asserts  that  the  problem  is 
not  as  simple  as  one  might  infer  from  the  assumption  and  conclusions  of  Mortara,  and  undertakes  a new 
study  in  which  he  considers  a greater  variety  of  indices  than  Mortara.  He  classifies  the  index  a of  Pareto 
and  the  index  8 of  Gini,  both  of  which,  like  the  standard  deviation  for  the  Gaussian  distribution, 
correspond  to  parameters  of  the  respective  curves,  as  "descriptive”,  but  the  simple  mean  deviation  from 
the  arithmetic  mean,  the  quadratic  mean  deviation,  the  simple  and  quadratic  mean  differences,  etc., 
which  are  pure  numbers,  as  "synthetic”.  He  also  points  out  that,  contrary  to  what  d’Addario  ( 1 934b  i tried 
laboriously  to  show,  an  agreement  does  not  exist  between  the  ratio  of  concentration  R and  the  simple 
mean  deviation  relative  to  the  arithmetic  mean  S [see  Pietra  ( 1935a)].  Finally,  he  points  out  that  the 
relation  8 = a/(a-l ) between  the  index  a of  Pareto  and  the  index  8 of  Gini  holds  when  the  data  obey  the 
Pareto  distribution  law,  but  not  otherwise  (see  Furlan  (1911)]. 

References:  Gini  ( 1912,  1918,  1932),  Pietra  ( 1932a),  Castellano  ( 1933a),  d’Addario  ( 1934b),  Dominedo 
( 1934),  Mortara  1 1934b). 

Citations:  Castellano  (1935),  Bresciani-Turroni  (1939),  Boldrini  (1942). 

* Sastry,  N.  Sundara  Rama  ( 1935).  The  range  of  samples  taken  from  a rectangular  population.  Journal  of 
the  Indian  Mathematical  Society  (New  Series)  1 (7),  228-234.  (JFM  61.  1311). 

Summary:  The  author  concludes  ip.  234):  ",  . . The  mlh  moment  pm  about  the  arithmetic  mean  of  the 
range  of  samples  of  size  n from  an  infinite  rectangular  population  of  range  w is  given  by  /xm  = [2w 
( n + l)]mF[-m,2;  n + 1;  ( n + 1 1/2],  [where  the  confluent  hypergeometic  function  is  given  by  F(a.b:c,z)  = 
1 +]a-b  l-c)]z  + ]ala  + l)b(b  + l)  1-2-c'c  +ll]z'2  +.  . .],  and  . . . the  frequency  distribution  of  the  range  of 
samples  follows  the  type  I curve  of  Karl  Pearson."  On  p.  229  he  gives  the  mean  range  w = [n  - 1 )/(n  + 1 >]w, 
and  on  p.  231  he  works  out  the  following:  p.,  = [2m  - 1)/  ( n + 1 )'•(  n +2i[w\  p:,=  — [4(  n — 1 )( n — 3 ) i n + 1 )3in+2) 
(n+Silw3,  fi,  = 24[(n-l)(n2-2n+3)/(n  + l)4(n+2)(n+3)(n+4)]w4.  fi,  = 2( n -i- 2 x n — 3 )2/( n -e 3 )-< n — 1 ). 
[i.2  = 6in+2)  (n2-2n+3)/(n-l)  (n+3)  in+4). 

References:  K.  Pearson  (1902),  Irwin  (1925ai,  Tippett  (19251.  Nevman  & E.  S.  Pearson  (1928). 
Citations:  Rajalakshman  (1941,  1943). 

* Smirnoff,  N.  [Smirnov,  N.  V.)  ( 1935).  Ueber  die  Verteilung  des  allgemeinen  Gliedes  in  der  Variations- 
reihe.  Metron  12  (2).  59-81.  (JFM  61,  1296). 

Summary:  The  author  finds  the  distribution  of  the  klh  (smallest  > order  statistic  of  a sample  of  size  n from 
a distribution  with  p.d.f.  fix  i and  c.d.f.  <t>(x>.  Thec.d.f.  of  the  klh  order  statistic  is  given  by  W|xk=sx]  = Vk(x) 
= {n!/  [(k-l)!(n-k)!]}  /'  i <l>k  '(£)  1 1 — <I>(  ]n  K f(£)d£.  If  the  variable  X follows  a uniform  probability 
distribution  in  the  interval  (0,1),  then  fi  £t  = 1,  4>t£)  = f.  and  therefore  Vkix>  = [ n!  ( k -1)1  < n — k <! ]/«  £k" 1 
( 1 -£)"'  kd£.  The  distribution  of  the  ( n -k  + 1 )lh  smallest  i klh  largest)  order  statistic  is  given  by  W|xn  k, , 
sx|  = Vn_k^,(x>  = [n!  ( k — 1 >!( n — k)! ] J*x  <bn  k(£)  |1  -<l><£)]k  ’f(£)d£.  If  X’  = -X,  then  W[xn  k„sx]  = 
W[x'k5*  - x|  = W[  -x'k5=x  |,  and  we  have  Ei  xn  k.,)s  = E(  — x 'k )s  = ( - 1 )s  Eix  'ki'.  so  that  E(xn_k+1l  = -E(x’k), 
E(xn  k*,)2  = E(x'k)2.  The  remainder  of  the  paper  deals  with  limiting  properties  of  the  distributions  of 
order  statistics,  and  includes  a derivation  of  the  doubly  exponential  distribution  of  extreme  values. 

Reference:  de  Finetti  1 1932). 

Citations:  Gumhel  1 1937c),  Smirnoff  ( 1937b),  Scheffe  ( 1943).  Smirnov  1 1944 ).  Kendall  ( 1946).  Mosteller 
(1946),  Wilks  (1948). 
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* Thompson,  William  R.  ( 1 935 ».  On  a criterion  for  the  rejection  of  observations  and  the  distribution  of  the 
ratio  of  the  deviation  to  the  sample  standard  deviation.  Annals  of  Mathematical  Statistics  6,  214-219. 
iJFM  61,  1310-1311).  Abstract.  Bulletin  of  the  American  Mathematical  Society  41,  200.  iJFM  61, 583  — 
listing  only). 

Summary:  The  author  derives  the  distribution  of  t = 8/s,  where  s is  the  sample  standard  deviation  and  8 
is  the  deviation  of  an  arbitrary  observation  of  the  sample  from  the  sample  mean.  He  determines  r„  so  that 
by  rejecting  all  observations  deviating  from  the  sample  mean  by  more  than  sr(l  we  shall  have  an  average 
relative  frequency  of  rejections  per  sample  which  is  fixed  at  d>.  By  contrast,  Irwin  ( 1925b ) has  proposed  a 
method  in  which  the  relative  frequency  of  rejection  of  observations  is  fixed,  and  hence  the  relative 
frequency  of  rejections  per  sample  is  proportional  to  the  sample  size.  A table  is  given  of  the  critical  values 
r„  and  t„,  where  r0=t„  [i  n + 1 l/ln+t,,2)]1  - and  t„  is  the  critical  value  for  a Student  t test  with  n=N  -2  degrees 
of  freedom,  for  N = 3(  1 )22,  32, 42, 202,  502,  1002  and  </>  = 0-2,  0. 1. 0.05.  A modified  procedure  in  which  the 
samples  are  divided  into  subsamples  is  also  considered. 

References:  Irwin  1 1925a, b).  Rider  (1933). 

Citations:  Pearson  & Chandra  Sekar  ( 1936),  Arlev  ( 1940),  Chandra  Sekar  & Francis  1 1941 ),  Smirnoff 
( 1941 1,  Cramer  i 1946),  Kendall  1 1946),  Nair  1 1948bl. 

* Wold,  Herman  1 1935).  A study  on  the  mean  difference,  concentration  curves  and  concentration  ratio. 
Met  ran  12(2),  39-58. 

Summary:  The  author  points  out  that  Gini  [(1912)]  introduced  the  mean  difference  of  a set  of  quantities 
as  an  index  of  variability  and  two  years  later  [Gini  ( 1914a)]  the  concentration  ratio,  showing  its  relation 
to  the  mean  difference.  He  notes  that  later  contributions  to  these  tools  of  statistical  analysis  have  been 
made  by  Gini  (1932),  Galvani  (1931.  1932),  Castellano  (1933a)  and  others,  who  have  extended  these 
concepts  to  the  case  of  continuous  frequency  curves  and  investigated  special  distributions  in  detail.  He 
states,  however,  that  some  circumstances  render  the  study  of  the  subject  rather  inconvenient.  In 
particular,  the  definitions  are  different  in  the  cases  of  continuous  and  discontinuous  distributions,  an 
inconvenience  which  the  author  removes  by  using  Stieltjes  integrals  to  express  sums  and  integrals  bv  a 
single  formula.  This  is  quite  straightforward  in  the  case  of  the  concentration  ratio,  R.  but  in  the  case  of 
the  mean  difference,  g.  it  requires  a slight  and  natural  modification  for  discontinuous  distributions. 
Also,  concentration  has  been  defined  only  for  distributions  of  a non-negative  variable,  though  there  is  no 
such  restriction  in  the  case  of  the  mean  difference.  The  author  generalizes  the  concepts  of  concentration 
ratio  and  concentration  curve  to  admit  negative  values  of  the  variable.  Finally,  he  simplifies  the 
inconveniences  heretofore  encountered  in  the  calculation  of  g and  R for  a grouped  frequency  distribu- 
tion, and  gives  numerical  examples.  He  points  out  the  analogy  between  the  concentration  ratio,  the 
coefficient  of  variation,  and  the  ratios  (quartile  deviation)  i mean  of  quartiles)  and  (mean  deviation! 
median.  He  also  discusses  the  Cramer-von  Mises  statistic,  w'1,  and  the  test  based  upon  it  [see  Cramer 
1 1928),  von  Mises  1 1931  )|,  which  he  says  seems  to  have  been  proposed  first  by  Cramer  in  a 1925  Swedish 
textbook  on  the  theory  of  probabilities. 

References:  Bow  ley  1 1901 1 1 1926],  Gini  1 1 191 2|.  1914a.  1918),  Cramer  ( 1928).  Gini  ( 1930).  de  Finetti 
( 1931a),  Galvani  ( 1931 ).  von  Mises  ( 1931 ),  Galvani  ( 1932),  Gini  ( 1932).  Castellano  ( 1933a). 

Citations:  Gini  ( 1936>.  Wold  1 1937).  Davis  (1941 1,  Kendall  ( 1 946 >. 

d'Addario.  RalTaele  ' 1936).  Sulla  curva  dei  redditi  di  Amoroso.  An  noli  deH'Istituto  di  Statistica  ( Bari ) 10. 
1-57. 
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Summary:  The  author  considers  the  distribution  curves  of  income  proposed  by  Pareto  (1897)  and  by 
Amoroso  ( 1925 1.  The  equation  of  the  latter  is  y dx  = K exp  ( -y(x-h)1  s]  (x-hi'P-*'  *dx,  where  y dx  is  the 
number  of  individuals  having  income  in  the  interval  (x,  x + dx),  h < x < *,  and  K,  h.  -y,  p are  essentially 
positive  constants.  Special  cases  of  this  distribution  were  considered  even  earlier  by  March  [s  = +1 
( Pearson  type  III  )|  and  by  Vinci  (s  = - li  Pearson  type  V)  j.  If  p - s s 0,  the  curve  is  monotone  decreasing, 
but  if  p - s > 0,  it  has  a single  maximum  at  6 = h + [ip-s)/y)s;  in  either  case,  it  is  asymptotic  to  the 
positive  direction  of  the  x-axis.  The  author  gives  a brief  explanation  of  the  concentration  curve  of  Lorenz 
( 1905)  and  the  concentration  ratio,  R.  He  then  works  out  the  parametric  equation  of  the  concentration 
curve  corresponding  to  Amoroso’s  law  of  distribution  of  income  in  the  general  case  and  in  the  special 
cases  s = + 1 and  s = - 1,  and  discusses  other  forms  of  the  concentration  curve.  After  a brief  explanation 
of  Mortara’s  curve  of  marginal  density  of  income,  he  discusses  the  mean  numerical  deviation  relative  to 
its  upper  limit  (S).  Then  he  discusses  the  determination  of  R and  S in  the  general  case  and  in  the  special 
cases  s = +1,  h = 0 and  s = - 1,  h = 0.  When  s = + 1,  h = 0,  he  finds  that  R = T< 2p)/22p_  1 rtpiHp  + l ) and  S 
= e ppp/  I’(p  + 1);  when  s = -1,  h = 0,  the  corresponding  values  are  R = H2p  — 1)/  22p_2  [Pip)]2  and  S = 
e " (p-1  )p_1/  Pip).  In  addition  to  the  form  of  the  curve  and  the  degree  of  concentration  of  income,  he 
discusses  the  minimum  income  and  the  mean  income. 

References:  Pareto  1 1897),  Lorenz  ( 1905),  Amoroso  ( 1925),  d’Addario  ( 1934a),  Mortara  < 1934b). 
Citation:  Bresciani-Turroni  (1939). 

* Crowe,  P.  R.  < 1936).  The  rainfall  regime  of  the  western  plains.  The  Geographical  Review  26,  463-484. 

Summary:  For  the  analysis  of  rainfall  data,  the  author  proposes  a graphical  method,  based  on  medians 
and  quartiles,  which  he  states  as  follows  (page  466):  "The  method  employed  here  can  be  stated  briefly.  In 
essence  it  regards  the  series  of  rainfall  values  for  each  month  over  a long  period  of  years  as  a frequency 
group  that  can  be  summarized  by  locating  median  and  quartile  values  ....  Three  values  instead  of  one 
are  plotted  against  each  month.  The  median  gives  a central  point  or  mean  expectation  of  rainfall,  and  the 
distance  between  the  quartiles,  shaded  to  make  it  effective,  measures  the  mean  range  of  variation  about 
it.  Obvious  advantages  over  the  arithmetic  normal  are:  ( 1 1 amounts  as  large  as  the  median  occur,  by 
definition,  in  precisely  half  the  years — the  position  has  some  reality.  (2)  the  shaded  area  is  a constant 
warning  against  false  accuracy.  As  the  relative  position  of  medians  and  quartiles  for  two  months  clearly 
give  some  indication  of  the  rapidity  of  the  change  experienced,  it  is  argued  that  at  some  stage  or  other  in 
the  relationship  we  must  be  able  to  regard  the  difference  as  'significant'.  A convenient  working 
hypothesis  is  to  regard  contrast  in  the  precipitation  of  two  months  as  justified  only  when  the  median  of 
each  falls  very  near  or  beyond  a quartile  of  the  other.” 

References:  Crowe  ( 1933),  Mathews  ( 1936). 

Citations:  Savur  1 1937a,  1937b). 

Darmois,  Georges  (1936).  L’emploi  des  observations  statistiques.  Methodes  d'estimation.  Actualites 
Scientifiques  el  Irulnstrielles,  No.  356.  Hermann  et  Cie..  Paris.  (JFM  62,  1345). 

Summary:  The  author  summarizes  the  theory  of  estimation  as  outlined  by  Fisher  ( 1922)  and  bv  Fisher 
and  others  in  later  papers.  He  discusses  the  relative  precision  of  the  median  and  the  arithmetic  mean  of 
various  populations,  and  the  related  question  of  whether  to  use  the  method  of  least  squares  or  the  method 
of  least  absolute  first  powers.  In  particular,  he  shows  that  the  ratio  of  the  standard  error  of  the  median  to 
that  of  the  mean  is  asymptotically  equal  to  \ jt  2 for  samples  from  a normal  distribution.  \ 12  for 
samples  from  Laplace's  first  distribution,  and  zero  for  samples  from  a Cauchy  distribution. 

Reference:  Fisher  1 1922). 
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Citations:  Gumbel  < 1937c),  Neyman  ( 1937b). 


* Foster,  H.  Alden  ( 1936).  Methods  for  estimating  floods.  U.  S.  Geological  Survey  Water-Supply  Paper  771 : 
Floods  in  the  United  States  (ed.  Clarence  S.  Jarvis  etal.l.pp.  28-67.  U.  S.  Government  Printing  Office, 
Washington. 

Summary:  The  author  begins  as  follows  (page  28):  "The  purpose  of  the  study  embodied  in  this  chapter  is 
to  make  a compilation  of  various  methods  representing  the  principal  bases  of  approach  thus  far  proposed 
for  estimating  the  rate  of  flood  to  be  expected  on  any  given  stream,  together  with  a brief  analysis  of  the 
several  methods  and  a comparison  of  their  relative  advantages  and  disadvantages.  No  particular 
attempt  is  made  to  select  the  best  methods  for  use,  except  as  advantages  and  limitations  of  particular 
methods  are  inherently  apparent.”  On  page  32,  he  gives  the  following  classification  of  methods:  "A. 
Extreme-flood  formulas.  B.  Flood-frequency  formulas.  1.  Formulas  with  frequency  relation  implied  .... 
2.  Formulas  with  frequency  relation  expressed.  C.  Statistical  or  probability  methods.  1.  Theoretical 
probability  curves.  2.  The  duration-curve  method.  D.  Methods  dependent  on  relation  of  rainfall  to 

run-off.  1.  'Rational’  methods 2.  The  unit-hvdrograph  method.  E.  Method  for  estimating  peak  flow 

from  24-hour  average  flow.”  Several  of  these  methods  are  based  on  order  statistics. 

References:  Kapteyn  ( 1903)  [Kapteyn  & van  Uven  ( 1916)],  Fuller  ( 1914),  Hall  ( 1921 ).  Foster  ( 1924), 
Jarvis  ( 1926),  Goodrich  1 1927),  Hazen  < 1930),  Foster  ( 1934),  Slade  ( 1934). 

Citation:  Beard  1 1942). 

* Gini.  Corrado  ( 1936).  On  the  measure  of  concentration  with  special  reference  to  income  and  wealth. 
Coivles  Commission  Research  Conference  on  Economies  and  Statistics,  Colorado  College  Publication, 
General  Series  No.  208,  pp.  73-80. 

Summary:  The  author  reviews  the  literature  on  measures  of  concentration.  He  starts  with  nineteenth 
century  work  on  the  distribution  of  individual  abilities  by  Galton  (1869)  and  of  individual  incomes 
by  Pareto  (1897>  and  others.  Pareto  presented  the  formula  log  Nx  = K - a log  x,  where  K and  a 
are  constants  and  N\  indicates  the  number  of  taxpayers  with  an  individual  income  greater  than  x,  which 
became  known  as  Pareto's  law.  Gini  < 1909)  made  a substantial  improvement  bv  taking  account  not  only 
of  the  distribution  of  the  taxpayers,  but  also  of  the  amount  of  their  incomes.  He  noticed  that  if  Ax 
indicates  the  amount  of  the  incomes  above  the  limit  x,  the  data  may  be  fitted  by  the  formula  log  Ax  = r -fi 
log  x.  From  this  and  Pareto's  formula,  he  derived  the  formula  log  Nx  = p+fi  log  Ax.  Theoretically,  if 
income  obeys  Pareto's  law,  fi  = a 1,  6 = a j3=a /(«— 1 >,  but  in  practice  these  equalities  do  not  correspond 
exactly  to  reality  The  author  notes  that  fi  furnishes  a direct  index  of  concentration  of  incomes,  while  « 
provides  an  inverse  index.  Other  advantages  of  Gini's  8 over  Pareto’s  a given  by  the  author  are:  1.  Gini’s 
formula  takes  account  of  the  taxpayers,  often  very  numerous,  in  the  lowest  class,  for  which  generally 
only  the  upper  limit  is  given.  2.  The  data  are  generally  fitted  better  by  Gini's  formula.  3.  Gini's  formula 
satisfactorily  fits  also  the  distributions  of  labor  incomes  and  of  rents,  while  Pareto’s  does  not.-4.  The 
index  fi  has  a precise  meaning:  since  Gini's  formula  may  be  written  Nx  N„  = ( Ax  A„i\  8 is  the  exponent  of 
the  power  to  which  we  must  raise  the  fraction  of  the  total  amount  of  incomes  represented  by  the  incomes 
above  a certain  limit  in  order  to  obtain  the  corresponding  fraction  of  the  taxpayers  who  possessed  it.  The 
author  points  out,  however,  that  Gini's  formula,  though  more  widely  applicable  than  Pareto's,  is  limited 
to  total  incomes,  labor  incomes  and  rents.  A general  measure  of  concentration  is  given  by  the  concentra- 
tion curve  proposed  by  Lorenz  (1905).  Gini  (1914a)  proposed  to  take  as  a measure  of  concentration 
(concentration  ratio)  the  area  of  concentration  located  between  the  concentration  curve  and  the  line  of 
equidistribution  divided  by  its  maximum  possible  value  1 1 2),  the  area  of  triangle  OAB  with  vertices 
0(0,0).  At  1,1 1 and  Bil.O).  He  demonstrated  that  the  concentration  ratio  corresponds  to  the  mean 
difference  | Gini  ( 1 9 1 2 ) | divided  hv  its  maximum  possible  value  (twice  the  arithmetic  mean).  Pietra 
(1915)  demonstrated  that  the  ratio  of  the  mean  deviation  from  the  arithmetic  mean  to  its  maximum 
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possible  value  corresponds  to  the  ratio  of  the  area  of  the  largest  triangle  <ODAi  inscribed  in  the  area  of 
concentration  to  the  area  of  triangle  OAB,  while  the  ratio  of  the  mean  deviation  from  the  median  to  its 
maximum  possible  value  corresponds  to  the  ratio,  to  the  area  of  triangle  OAB.  of  the  area  of  triangle 
OCA  with  OA  as  its  base  and  the  intersection  C of  the  concentration  curve  with  the  vertical  line  erected 
at  the  median  point  E as  its  vertex.  Gini  )1930i  demonstrated  that  the  area  '1  2i  of  triangle  OAB 
represents  the  maximum  area  of  concentration  only  when  the  character  admits  no  maximum  i may  be  + 
xi  and  no  minimum  (may  be  Ol,  and  gave  new  limits  for  cases  in  which  these  hypotheses  are  not  satisfied. 
The  author  summarizes  the  contributions  of  various  other  authors  to  theory  and  applications. 

References:  Galton  ( 1869),  Pareto  ( 1897*.  Lorenz  ( 1905 >,  Gini  ( 1909,  1910,  19 1 2 »,  Porru  1 1 9 1 2 1.  Czuber 
( 1914),  Gini  ( 1914a),  Pietra  ( 1915),  Savorgnan  ( 1915),  Gini  < 1918),  Vinci  ( 1918),  Amoroso  1 1925).  Gini 
(1926),  Saibante  (1926),  Gumbel  (1928),  Saibante  (1928),  Gini  (1930).  Galvani  (1931),  Gini  (1932), 
Castellano  ( 1933a),  Yntema  ( 1933),  Wold  1 1935). 

Citation:  Davis  1 1941 ). 

* Girshick,  M.  A.  (1936).  Principal  components.  Journal  of  the  American  Statistical  Association  31. 
519-528.  (JFM  62,  1352). 

Summary:  The  author  ipp.  520-521)  outlines  two  approaches  to  the  problem  of  finding  the  principal 
components  of  a set  of  statistical  variables,  as  follows:  "We  shall  . . . get  the  principal  components  as 
by-products  of  the  solution  to  the  following  two  problems:  ( 1 1 Given  a set  of  variates,  to  find  a linear 
function  of  the  variates  which  has  least  variance  ascribable  to  errors  of  measurement.  1 2 1 To  find  a linear 
function  of  these  variates  such  that  the  sum  of  squares  of  the  correlation  between  the  function  and  each 
variate  shall  be  a maximum.  The  first  approach  will  exhibit  a property  of  the  principal  components 
which  is  of  statistical  importance,  viz.  that  if  all  tests  have  equal  reliability  coefficients,  and  therefore 
equal  variances  of  errors  of  measurement,  then  the  first  principal  component  is  that  linear  function  of 
the  variates  which  has  least  variance  resulting  from  errors  of  measurement,  and  among  all  linear 
functions  of  our  variates  which  are  uncorrelated  with  the  first  component,  the  second  component  has 
least  variance  resulting  from  such  errors,  and  so  on  for  the  other  components.  The  second  approach  will 
emphasize  the  fact  (pointed  out  by  Professor  Hotelling)  that  of  all  linear  functions  of  the  variates,  the 
first  principal  component  has  the  greatest  mean-square  correlation  with  the  tests;  the  second  component 
the  next  greatest  mean-square  correlation,  etc."  The  author  shows  that  the  first  principal  component  is 
the  largest  root  of  a determinantal  equation. 

References:  Hotelling  (1933,  1936a). 

Citations:  Girshick  ( 1939).  Kendall  ( 1946),  Tintner  ( 1946). 

* Grassberger.  Hans  ( 1936).  Die  Anwendung  der  Wahrscheinlichkeitsrechnung  auf  Hochwasserfragen. 
Deutsche  Wasserwirtschaft  (Stuttgart)  31.  200-203,  222-225. 

Summary:  The  author  points  out  that  one  of  the  most  important  results  of  modern  hydrology  is  the 
knowledge  that  floods  on  a river  do  not  have  an  unconditional  upper  limit,  but  are  governed  by  the  laws 
of  chance.  He  salutes  American  hydrologists,  especially  Fuller  ( 1914)  and  Hazen  (1914.  1 930 ) as 
pioneers  in  the  application  of  the  theory  of  probability,  and  in  particular  the  use  of  probability  paper,  in 
the  field  of  hydrology.  He  states  the  principle,  which  he  attributes  to  Fechner,  that  for  strongly  variable 
physical  quantities,  the  frequency  of  the  logarithms  follows  the  Gaussian  law  of  error:  in  other  words, 
the  quantities  themselves  follow  a lognormal  distribution.  He  notes  that  this  principle,  like  all  statisti- 
cal laws,  is  only  approximately  true.  It  follows  from  Fechner's  principle  that  the  relation  between  the 
logarithms  of  the  ordered  characteristics  and  the  Gaussian  error  integral  ( normal  probability  integral  i 
is  linear,  so  that  if  this  principle  holds  the  data  will  plot  as  a straight  line  on  lognormal  probability  paper. 
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The  author  plots  on  lognormal  probability  paper  the  maximum  daily  discharges  (m'Vseci  for  each  year 
over  periods  ranging  from  20  to  66  years  for  various  streams  on  three  continents.  In  each  case  the  plotted 
points  lie  approximately  on  a straight  line. 

Note:  The  author,  like  Fuller  and  Hazen.  uses  the  plotting  position  i2m- 1 1 2n  for  the  mlh  order  statistic 
of  a sample  of  size  n. 

References:  Fuller  1 1 9 1 4 >.  Hazen  (1914,  1930i,  Gibrat  < 1 932b i.  Grassberger  (1932,  1933 1. 

Citation:  Gumbel  (1937-38). 

Gumbel,  E.  J.  (1936a).  Les  inondations  et  la  theorie  de  la  plus  grande  valeur.  Cornptes  Rendus  de 
I’Academie  des  Sciences  i Paris  i 203,  27-29. 

Summary:  The  author  states:  "Floods  are  certainly  the  largest  values  of  flows.  Now  several  authors,  for 
example  H.  Graszberger  (Grassberger  ( 1932),  have  shown  that  one  can  treat  the  flow  of  a great  river  in 
first  approximation  as  a random  variable  following  a Galton  [lognormal]  distribution,  which  one  obtains 
from  the  Gaussian  [normal  | distribution  by  a logarithmic  transformation.  Since  the  final  distribution  of 
the  largest  value  has  the  same  form  for  all  distributions  of  the  exponential  type,  one  may  try  to  represent 
the  distribution  of  floods  by  that  of  the  largest  value  [Gumbel  ( 1935a )]  without  introducing  the  interpo- 
lation formulas  employed  up  to  the  present.  Among  n years,  the  number  of  years  Wix)  having  a 
maximum  flow  less  than  x is  thus  (1)  n W(xl  = ne~e>;  y = a(x-u>.  If  the  number  n is  increased,  the 
calculation  of  the  two  constants  a and  u by  the  aid  of  the  moments  of  the  observed  distribution  becomes 
tedious.  That  is  why  one  obtains  them  from  the  median  u„  and  the  two  quartiles  u„  u2  of  the  observed 
c.d.f.,  though  this  procedure  involves,  in  the  case  of  frequency  (l)a  loss  of  precision.  The  definitions  of  u,„ 
u„  u2  lead  to  equations  ( 2 1 u = u„-0. 36651  a\  1 la  = 0.63591  (u2-u,l.  A table  of  values  Wfx)  having  being 
calculated  [Gumbel  ( 1935a)],  one  obtains  the  maximum  flows  x with  probability  W(x)  by  determining  x 
by  the  linear  transformation  ( 1).  One  can  expect  that  a maximum  flow  between  x,  and  x2  will  occur 
n[W(x2)-W(x,(]  times.  For  the  Rhine  at  Basle,  and  for  the  n = 118  years  from  1808  to  1925,  the 
maximum  flows  are  contained  in  a publication  by  C.  Ghezzi.  One  draws  from  these  observations  u„  = 
2682.5:  u,  = 2251:  u2  = 3078.  which  leacl,  with  the  aid  of  (2),  to  the  linear  transformation  x = 2489.28  + 
527. 17y.  Since  the  table  of  values  W(x>  increases  by  intervals  Ay  = 1 2.  which  corresponds  to  Ax  = 
263.58,  and,  since  the  observations  have  been  classified  by  intervals  of  Ax  = 250,  the  values  AWix)  of  the 
table  have  been  multiplied  bv  1 1 1.92.  The  graph  |p.  28  [compares  the  observed  distribution  of  flood  flows 
of  the  Rhine  with  the  theoretical  distribution  calculated  from  ( 1).  The  good  agreement  show’s  that  the 
application  of  the  largest  value  to  floods  is  entirely  legitimate.”  (Compiler's  translation). 

References:  Grassberger  1 1932 1,  Gumbel  ( 1935a  i. 

Citations:  Gumbel  ( 1937a, d,  1938a),  Coutagne  1 1939),  Gumbel  ( 1939c, e,f>. 

Gumbel,  Emil  J.  < 1936b).  Les  distances  extremes  entre  les  emissions  radioactives.  Cornptes  Rendus  de 
/' Academic  des  Sciences  < Paris)  203,  354-357. 

Summary:  "The  distances  x between  radioactive  emissions  follow  an  exponential  distribution  ( 1 1 w(x>  = 
fie  P*.  where  fi  is  of  the  nature  of  a decay  constant  and  1:  fi  is  the  mean  distance.  According  to  the  theory 
of  the  greatest  value  [Gumbel  ( 1935a  >|.  the  mode  iiN  of  the  greatest  among  N distances  is  (2)  uN  = ( 1 fi)  log 
N.  The  final  distribution  w<x)  of  the  greatest  distances  and  the  probability  Wix>  that  the  greatest 
distance  is  less  than  x are  (3)  wixt  = fie  ' >'  W(x>  = e e where  (4(  y = /3(x-u>.  The  mathematical 
expectation  u of  the  greatest  distance  and  the  standard  deviation  it.  a value  independent  of  the  number  of 
observations,  are  u u + 0.57722  fi.  it  tt  \ ( ifi . . [On  pp.  355-357,  the  author  gives  a numerical 
example  involving  a large  number  of  observations  on  polonium  separated  into  k = 80  groups.)  . . . 
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In  order  to  judge  the  agreement  between  the  theory  and  the  observation*,  we  have  calculated  the 
standard  deviations  of  the  theoretical  values  x.  Let  us  consider  x a>  t he  m"1  \ alue  from  below  with  c.d.f. 
Wi  xi.  Then  its  standard  deviation  is,  according  to  Eyraud  ['  1935i |.  (7)  s 1 1 w x | \ ; W x '|  1 W'  x ' | y k. 
a function  of  y,  a method  which  is  valid  provided  m is  neither  too  small  nor  of  t he  order  of  magnitude  of 
k.  We  have  added  and  subtracted  these  values  to  the  values  x.  which  leads  to  two  curves  between  which 
the  observed  frequencies  should  lie.  The  good  agreement  between  the  frequencies  and  the  probabilities 
proves  that  the  extreme  distances  between  radioactive  emissions  follow  well  the  theory  of  the  largest 
value."  (Compiler's  translation). 

References:  Eyraud  1 1935),  Gumbel  1 1935a). 

Citations:  Gumbel  ( 1937a. b.d.  1937-38),  Brenet  & Armand  i 1938).  Coutagne  i 1939'.  Gumbel 1 1939d.fi 

* Gumbel.  E.  J.  1 1936c).  La  table  de  mortalite  traitee  comme  distribution.  Annates  </e  /'( 'nicersite  <lc  Lynn 
A (3)  1,  48-88. 

Summary:  The  author  treats  a mortality  table  as  a statistical  distribution  and  obtains  a number  of 
interesting  results.  Among  the  averages  which  he  discusses  is  the  median.  Except  for  that,  nothing  in 
this  paper  is  based  on  order  statistics  until  one  reaches  the  fifth  and  last  section,  which  deals  with  the 
limiting  age.  The  author  writes  (pp.  64-85):  "We  have  denied  the  existence  of  a fixed  limiting  age.  Yet 
there  should  exist  an  age  such  that  a given  generation  has  died  nut.  These  two  points  of  view  meet  as  soon 
as  one  treats  mortality  tables  as  distributions.  Then  the  question  of  the  limiting  age  is  reduced  to  the 
question  of  knowing  what  is  the  largest  value  of  a distribution  9(xi  unlimited  on  the  right  and  for  N 
observations.  Since  we  have  treated  this  problem  in  several  earlier  works,  it  will  suffice  here  to  give  the 
results.  According  to  them  there  exists  a distribution  (31 1 wi  x)  N|1  Gx)|s  1 8(  x>  of  the  greatest  age.  a 
new  unlimited  positive  statistical  variable  which  one  can  denote  by  x.  One  can  easily  calculate  its  mode 
<5,  the  most  probable  greatest  age,  by  (32)  ( (<e)  = 1 N.  a value  which  increases  with  N.  This  quantity  is  the 
number  of  deaths  used  in  the  construction  of  the  table  and  naturally  differs  from  100,000.  chosen 
arbitrarily  as  the  starting  value. . . . One  defines  the  limiting  age  as  the  mathematical  expectation  of  the 
greatest  age.  von  Mises  [( 1 923 ) | has  proved  that  this  mean  tends  toward  the  mode  Co  provided  that  the 
distribution  of  deaths  tends  toward  zero  more  rapidly  than  an  exponential.  On  the  other  hand,  if  it  is 
legitimate,  for  large  values  of  x.  to  set  (33)  x ) — *-0’(x)  (Kx),  the  probability  that  the  greatest  age  at  the 
moment  of  death  is  less  than  x tends  to  (34)  Wix)  = e *'  " " ' “.  Formula  (33)  is  an  analytic  condition 
imposed  on  fKx).  At  the  same  time  it  is  a numerical  condition  imposed  on  N.  One  cannot  verify  whether 
the  former  is  fulfilled,  since  one  does  not  know  the  natural  law  for  biometric  functions.  But  one  can  verify 
equation  (34).  The  observations  of  the  age  of  the  last  survivor  made  in  Switzerland  during  the  years 
1879-1933  are  in  perfect  accord  with  this  probability  |see  Gumbel  1 19341')].  If  one  limits  himself  to  the 

treatment  of  ages  at  the  moment  of  death  around  the  normal  age  [mode.  £ | the  difference  between 

the  limiting  age  and  the  normal  age  will  be  a multiple  of  the  mean  deviation  calculated  after  that  value 
| the  life  expectancy  at  age  (.  E(£|,  which  leads  to  (35)  <u  = ( +E(£  ifi  N).  where  the  function  fi  N ' depends  on 
the  assumption  that  one  makes  about  the  distribution  of  deaths.  One  can  prove  that  it  will  be  in  general 
of  the  order  of  magnitude  of  the  natural  logarithm  of  X [see  Gumbel  1 1 935b ) |.  . . 

References:  Laplace  1 1812),  von  Mises  1 1923),  Steffensen  1 1930).  Gumbel  ( 1933fi.  de  Finetti  1 1934), 
Gumbel  1 1934d.f,g.  1935b, d). 

Citations:  Gumbel  (1936-37.  1937a,e.  1939B. 

Gumbel.  E.  J.  (1936-37).  L’age  limite.  Ak/udrskC  Veily  (Praguci  6(1).  28-38;  (2),  79-86:  (.3).  114-122. 

Summary:  The  aut hor  reaches  the  following  conclusions  ( pp  121-122):  "We  reject  the  usual  theories  of 
the  limiting  age  and  the  attempts  made  up  to  the*  present  to  determine  this  age  in  an  appropriate  man- 
ner. in  particular  the  methods  which  determine  the  limiting  age  with  the  aid  of  a few  observations  of  ad- 
vanced ages.  On  the  contrary  our  theory  employs  only  data  corresponding  to  the  neighborhood  of  the 
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normal  age,  for  which  the  numbers  observed  are  numerous  and  quite  certain.  The  probability  of  the 
survival  of  a single  person  seems  — but  only  seems  — to  fall  outside  the  conditions  on  which  the  theory  of 
probability  rests.  However,  our  solution  is  based  only  on  it.  We  assume  that  the  distribution  of  deaths 
extends  to  infinity  and  approaches  zero  only  asymptotically.  Consequently  we  calculate  the  last  age  as 
the  age  after  which  one  would  expect  that,  among  a given  number  of  deaths,  one  and  only  one  individual 
should  die.  This  leads  to  the  extremely  simple  determination  < 3 1 (/ ( cZ>)  = 1 N ] from  which  one  obtains  the 
limiting  age  with  the  aid  of  1 10)  [w  = cu  + y /xi<o),  where  p is  the  intensity  of  mortality  and  y is  Euler’s 
constant].  In  order  that  a biometric  formula  be  usable  for  this  calculation,  it  suffices  that  the  product  of 
the  age  and  the  intensity  of  mortality  does  not  diminish  with  age.  The  Lexis  formula  satisfies  this 
condition.  Then  the  last  age  is  given  bv  1 18)  |a>=f  -t-rEif ) \ tt.  where  f is  the  normal  age  and  r,  the  reduced 
last  age,  will  be  calculated  as  a function  of  N by  numerical  tables]  and  its  standard  deviation  by  (20i  (<r  = 
rr1  - Eifi  \ 6 2t  - - 1 . 13663  Elf  )'r].  It  follows  that  an  increase  in  the  normal  age.  leading,  as  a rule,  to  a 
decrease  in  the  expectation  of  life  at  that  age,  has  an  unfavorable  influence  from  the  point  of  view  of 
longevity.  Despite  the  simplicity  of  the  analytic  calculations  and  despite  the  very  gross  approximation 
used,  the  agreement  between  the  theory  and  the  experience  shown  by  the  American  tables  is  satisfac- 
tory. It  will  be  quite  necessary  to  distinguish  between  our  general  theory  of  the  limiting  age  and  the 
application  which  we  make  by  applying  the  Lexis  formula.  The  observations  made  on  the  highest  age  in 
Switzerland  during  55  years  show  that  the  distribution  of  these  values  is  very  much  what  should  be 
expected.  This  comparison  necessitates  no  choice  of  a biometric  formula.  The  theory  is  again  verified  by 
the  extreme  values  of  these  distributions.  This  agreement  is  possible  because  these  apparently  indi- 
vidual cases  rest  upon  numerous  observations.  In  this  sense  and  also  from  the  analytic  point  of  view  our 
reasoning  is  parallel  to  the  research  of  Bortkiewicz  which  led  to  the  law  of  rare  events.  In  summary  the 
theory,  which  seems  paradoxical,  according  to  which  there  is  no  fixed  limiting  age,  is  in  accord  with  the 
observations,  and  thus  all  the  arguments  which  rest  upon  the  existence  of  such  an  age  are  contradicted”, 
i Compiler's  translation). 

References:  Splawa-Nevman  ( 1 923 >.  Steffensen  (1930),  Insolera  il931t,  Steffensen  (1931),  Insolera 
1 1933).  Gumbel  1 1933g),  de  Finetti  1 1934).  de  Franchis  ( 1934),  Gumbel  ( 1934g,  1935-36.  1936c). 

Citations:  Gumbel  1 1937a.e,  1937-38),  Insolera  (1937-38).  Gumbel  (1939ft. 

Horton.  Robert  E.  1 1936).  Hydrological  conditions  as  affecting  the  results  of  the  application  of  methods  of 
frequency  analysis  to  flood  records.  U.  .S'.  Geological  Surrey  Water-Supply  Paper  771:  Floods  in  the 
United  States  (ed.  Clarence  S.  Jarvis  et  a 1 . ) , pp.  433-450.  U.S.  Government  Printing  Office.  Washington. 

Summary:  After  some  introductory  material,  the  author  states  ( pp.  436-437):  "As  results  of  the  same 
general  character  would  be  obtained  by  the  application  of  any  one  of  several  existing  frequency  formulas 
or  methods  of  frequency  analysis  applied  to  the  flood  data,  an  analysis  by  a single  formula  or  method  will 
serve  for  purposes  of  illustration.  A formula  developed  by  the  author  | Horton  1 1924i|  will  be  utilized:  q = 
q*  i q„  -q„i  e k 1 '..'"( 1 1 in  which  q = magnitude  of  a flood  having  ...  an  average  recurrence  interval  t 
...  Recurrence  interval  may  be  defined  as  the  average  interval  of  occurrence  of  floods  or  other 
hydrologic  events  equaling  or  exceeding  a given  magnitude.  Recurrence  intervals  are  given  by  the 
formula  t TiN  n +■  I ) (2)  in  which  T total  period,  in  years,  covered  by  the  record,  N = total  number  of 
events  in  the  record,  n the  number  of  a given  event  or  flood  in  order  of  magnitude,  beginning  with  the 
lowest.  . . The  recurrence  intervals  for  the  different  observed  events  are  computed  by  formula  (2l.  and 
the  magnitudes  of  the  events  are  plotted  in  terms  of  their  recurrence  intervals.  In  formula  1 1 1,  q„  is  the 
minimum  value  or  magnitude  of  a flood  or  event  of  a given  type,  and  t„  is  its  recurrence  interval. . . . The 
form  of  equat ion  1 1 1 is  such  that  as  t— »*.  the  flood  magnitude  q approaches  a limiting  or  maximum  value 
q*  asymptotically.  Formula  ' 1 1 generally  resembles  other  frequency  formulas  applied  to  flood  data 
except  in  this  respect.  Some  formulas  indicate  that  flood  magnitudes  increase  without  limit — inother 
words,  the  calculated  flood  magnitude  approaches  infinity  as  the  average  recurrence  interval  ap- 
proaches infinity.  This  is  true,  for  example,  with  the  normal  or  Gaussian  law  of  error.  In  accordance  with 
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formula  (1),  flood  magnitudes  always  continue  to  increase  as  the  recurrence  interval  increases,  but  they 
increase  toward  a definite  limit  and  not  toward  infinity.  This  is  believed  to  be  the  more  rational  form  of 
expression.  . . The  author  goes  on  to  describe  the  method  of  determining  the  constants  in  equation  < 1 1, 
using  three  pairs  of  values  of  q and  t selected  from  the  curve  plotted  from  the  observed  data.  The  method 
is  illustrated  by  an  analysis  of  data  on  Tennessee  River  floods  at  Chattanooga,  Tenn.  for  the  period 
1874-1933.  A mathematical  derivation  of  the  constants  in  equation  1 1 1 is  given  in  an  appendix. 

Reference:  Horton  (1924). 

Citations:  Kimball  (1938),  Gumbel  (1941a,  1942b,  1943b i. 

Hotelling,  Harold  ( 1936a).  Simplified  calculation  of  principal  components.  Psvchometrika  1, 27-35.  i JFM 
62,  1352). 

Summary:  The  author  writes  (p.  27 1:  "The  resolution  of  a set  of  n tests  or  other  variates  into  principal 
components  yn,  each  of  which  accounts  for  the  greatest  possible  portion  . .,  of  the  total  variance  of 

the  tests  unaccounted  for  by  the  previous  components,  has  been  dealt  with  by  the  author  in  a previous 
paper  [Hotelling  ( 1933)].  Such  'factors’,  on  account  of  their  analogy  with  the  principal  axes  of  a quadric, 
have  been  called  principal  components.  The  present  paper  describes  a modification  of  the  iterative 
scheme  of  calculating  principal  components  there  presented,  in  a fashion  that  materially  accelerates 
convergence.  . . . The  advantage  of  the  present  method  is  enhanced  when,  as  will  often  be  the  case  in 
dealing  with  numerous  variates,  not  all  the  characteristic  roots  but  only  a few  of  the  largest  are 
required.” 

References:  Whittaker  & Robinson  ( 1924),  Hotelling  ( 1933). 

Citations:  Girshick  ( 1936),  Aitken  ( 1937),  Bartlett  ( 1938),  Tintner  ( 1945,  1946),  Kincaid  ( 1947). 

Hotelling,  Harold  (1936b).  Relations  between  two  sets  of  variates.  Biometrika  28.  321-377.  (JFM  62. 
618-619).  Abstract,  Bulletin  of  the  American  Mathematical  Society  41  ( 1935),  632-633.  (JFM  61,  583). 

Summary:  In  the  abstract,  the  author  states:  "Between  two  sets  of  normally  correlated  variates  x, 

xs,y„  . . . , y,  the  correlations  invariant  under  internal  linear  transformations  are  roots  p, pj  where 

s*st)  of  a certain  determinantal  equation.  The  number  of  non- vanishing  roots  is  the  number  of  indepen- 
dent common  components  of  the  two  sets.  The  primary  statistical  problem  here  is  equivalent  to  the 
algebraic  problems  of  finding  invariants  and  standard  forms  for  two  quadratic  forms  in  the  x's  and  v’s 
respectively  and  a bilinear  form  in  the  x’s  and  y’s,  under  transformations  of  the  two  sets  separately.  The 
solution  of  the  algebraic  problem  gives  the  canonical  forms  xg.  XJ  y,2.  1]  p,x,y,.  For  statistical 
purposes  it  is  also  necessary  to  determine  sampling  distributions  of  these  roots  and  of  functions  of  them. 
Some  of  these  sampling  problems  are  solved  completely  in  this  paper,  and  approximations  and  partial 
solutions  are  given  for  others.  . . .”  The  author  finds,  among  other  things,  the  joint  distribution  of  the 
squares  of  the  canonical  correlations,  arranged  in  descending  order  of  magnitude,  of  (x,,x.,l  and  ix;,,x4i, 
two  mutually  independent  pairs  of  variables  of  which  the  first  pair  is  normally  distributed. 

Reference:  Hotelling  (1933). 

Citations:  Aitken  ( 1937 (,  Bartlett  1 19381,  Fisher  1 1938,  1939),  Girshick  < 1939).  Hsu  ( 1939),  Wilks  1 1943), 
Anderson  1 1945),  Tintner  1 1946).  Bartlett  1 1947a, b.  1948).  Rao  1 1948). 

Logan,  K.  H.  1 1936).  Soil-corrosion  studies,  1934.  Rates  of  loss  of  weight  and  pitting  of  ferrous  specimens. 
Journal  of  Research  of  the  National  Bureau  of  Standards  16.  431-466.  (Research  Paper  RP883). 
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Summary:  The  following  quotations  summarize  the  results  relevant  to  our  study:  "The  soil-corrosion 
investigation  which  was  started  in  1922  was  originally  planned  to  cover  12  years,  plus  the  time  required 
to  write  the  final  report.  In  1934  the  last  of  the  original  specimens  were  removed  from  23  soils  ....  In 
general,  the  results  of  the  examination  of  the  specimens  removed  in  1934  confirm  earlier  conclusions. . . . 
The  average  maximum  penetrations  for  the  wrought-iron,  Bessemer,  and  open-hearth  specimens  do  not 
differ  by  more  than  a few  percent.”  ip.  431).  "Early  in  this  soil-corrosion  investigation  [see  Logan  & 
Grodsky  ( 1931 1)  it  was  observed  that  the  average  maximum  pit  for  the  1-1/2-inch  specimens  was  less 
than  the  corresponding  average  maximum  pit  on  the  3-inch  specimens  of  the  same  material.”  ip.455). 
"Generally  speaking,  the  larger  the  area  from  which  the  deepest  pit  is  chosen  the  deeper  the  pit.  This  fact 
has  an  important  bearing  on  the  determination  of  the  conditions  of  a pipe  line  by  means  of  local 
inspections.  In  order  to  make  pit-depth  measurements  comparable,  similar  methods  of  inspecting  pipes 
must  be  used.”  (p.465). 

Reference:  Logan  & Grodsky  (1931). 

* Mathews,  H.  A.  1 1936).  A new  view  of  some  familiar  Indian  rainfalls.  Scottish  Geographical  Magazine 
52,  84-97;  note  by  P.  R.  Crowe,  187-188. 

Summary:  After  pointing  out  the  fact  that  the  arithmetic  mean  is  totally  inadequate  and  often 
misleading  in  summarizing  monthly  rainfall  data  in  India,  the  author  uses  the  method  proposed  by 
Crowe  ( 1933 ),  plotting  medians  and  quartiles.  He  extends  this  plot  in  months  of  high  rainfall  to  include 
upper  and  lower  octiles,  and  mentions  the  possibility  of  indicating  the  highest  and  lowest  rainfalls 
experienced.  He  espouses  the  median  as  a measure  of  central  tendency  and  the  semi-interquartile  range 
(quartile  deviation ) as  a measure  of  variability.  He  proposes  that  the  latter  be  expressed  as  a percentage 
of  the  median.  The  note  by  Crowe  deals  with  a slight  difference  between  the  method  used  by  Crowe 
(1933)  and  that  used  by  Mathews  in  this  paper  to  test  whether  the  rainfalls  of  two  months  differ 
significantly  over  a period  of  years.  Crowe  shows  that  the  two  methods  give  essentially  the  same  results 
when  applied  to  Mathews’  data  on  Indian  rainfalls. 

Reference:  Crowe  1 1933). 

Citations:  Crowe  1 1936),  Savur  1 1937a, bi. 

' de  Mises,  R.  [von  Mises,  R.  | ( 1936).  La  distribution  de  la  plus  grande  de  n valeurs.  Revue  Mathematique 
cle  I' Union  Interhalkanique  lAthensi  1.  141-160.  (JEM  63,  495). 

Summary:  The  author  begins  ip.  141 ) as  follows:  "It  is  in  connection  with  the  following  problem  that  one 
speaks  of  the  'largest  of  n values.'  A random  variable  is  subject  to  any  distribution  law  V(  x i whatever;  in 
other  words  V(x(  is  the  probability  that  the  distinctive  character  of  a collective  lin  a single  dimension) 
does  not  exceed  the  value  x.  One  considers  a group  of  repeated  trials,  that  is  to  say  the  composition  of  n 
collectives  equal  among  themselves  and  independent  of  each  other.  The  probability  Wnixi  that  all  n 
results  of  these  trials  fail  to  exceed  x is  equal  to  the  n,h  power  Vnixi  of  Vix).  One  can  call  Wn(xl  the 
distribution  of  the  largest  of  n values  since  this  function  gives  the  probability  that  the  largest  of  the  n 
results  is  less  than  or  equal  to  x.  What  retains  our  attention  above  all  is  the  study  of  Wnix>  for  n very 
large.  ( Compiler's  translation).  The  author  derives  the  three  asymptotic  distributions  of  largest  values 
and  gives  sufficient  conditions  on  the  initial  distribution  for  the  validity  of  each. 

References:  von  Mises  1 1923),  Fisher  & Tippett  1 1928).  Gumbel  1 1935a,  1935-36). 

Citations:  Gumbel  1 1939e.fi.  Gnedenko  1 1 94 1 >,  Gumbel  (1941a).  Kimball  <19421,  Gnedenko  (1943), 
Gumbel  1 1943c.  1 944 1.  Cramer  1 1946>.  Wilks  1 1 948 1.  Juncosa  i 1 949 1. 
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Nair,  U.  S.  ( 19361.  The  standard  error  of  Gini’s  mean  difference.  Biometrika  28,  428-436.  (JFM  62,  599). 


Summary:  The  author  begins  < p.428 ) with  the  following  introduction:  "The  Mean  Difference  has  been 
introduced  bv  Professor  Corrado  Gini  1 1914a>  [see  comments  below  |.  It  is  defined  as  the  mean  value  of  all 
the  possible  differences  between  individual  observations.  Thus,  if  x,.  x., . . . , xn  are  n observed  values  of  a 
variate  x,  the  mean  difference  is  defined  as  g = [2  n(n-l  I]  — i^jiXj  — Xjj.  In  the  present  paper,  expressions 
will  be  derived  for  the  standard  error  of  g when  the  variate  follows  any  continuous  distribution  law,  and, 
in  particular,  explicit  formulae  will  be  given  for  the  normal,  the  exponential  and  the  rectangular 
distributions.  In  these  three  cases,  it  is  possible  to  use  the  value  of  g calculated  from  a sample  to  estimate 
the  value  of  the  parameter  measuring  the  scale  of  variation  in  the  population.  The  reliability  of  this  form 
of  estimate  will  be  compared  with  that  of  other  alternatives."  The  author  ( p.436 1 reaches  the  following 
conclusion:  "In  the  case  of  the  exponential  and  rectangular  distributions  the  Mean  Difference  as  an 
estimate  of  the  scale  of  variation  in  the  population  seems  to  have  no  advantage  over  the  simpler 
estimates  with  which  it  has  been  compared.  For  the  normal  distribution,  < 1 2'\  n x Mean  Difference 
may  be  used  to  estimate  the  population  standard  deviation;  it  is  less  reliable  than  estimates  based  on 
squares  of  deviations  from  the  mean,  but  somewhat  more  reliable  than  that  based  on  the  Mean  Deviation 
and  considerably  more  reliable  (for  n>10,  say)  than  that  based  on  the  Range.  . . ." 

Comments:  The  mean  difference  is  also  discussed  in  an  earlier  paper  by  Gini  1 1912),  who  notes  that  it 
was  used  much  earlier  by  von  Andrae  1 1869,  1872),  Jordan  1 1869,  1872).  and  Hel  inert  1 1876a).  The  mean 
difference  is  defined  in  terms  of  the  unordered  observations,  but  ordering  the  observations  facilitates  its 
computation. 

References:  Gini  (1914a),  Neyman  & Pearson  (1928).  Hojo  (1931),  Gini  (1932),  Davies  & Pearson 
(1934). 

Citations:  Wold  ( 1937),  Kendall  ( 1943,  1946),  Hoeffding  ( 1948).  Nair  ( 1949b). 

Neyman,  J.;  Pearson,  E.  S.  ( 1936).  Contributions  to  the  theory  of  testing  statistical  hypotheses.  Statisti- 
cal Research  Memoirs  1.  1-37.  (JFM  62,  609i. 

Summary:  After  a brief  review  of  the  approach  to  the  problem  of  testing  statistical  hypotheses 
developed  by  them  in  a number  of  earlier  publications,  the  authors  consider  methods  which  may  be 
followed  in  choosing  a critical  region  for  testing  a hypothesis  H„  when  no  uniformly  most  powerful  test 
exists.  They  suggest  that  the  practical  value  of  any  critical  region,  w,  depends  on  the  properties  of  its 
power  function  throughout  the  range  of  admissible  values  of  H.  the  parameter  of  interest,  and  that  a 
comparison  of  alternative  regions  of  the  same  size  may  be  readily  effected  by  a comparison  of  their  power 
functions.  They  define  unbiased  critical  regions  of  types  A and  A,  and  show  how  to  determine  such 
regions.  They  give  a number  of  examples,  including  one  in  which  the  power  of  the  unbiased  region  based 
on  the  range  r is  compared  with  that  of  the  unbiased  type  A region  based  on  v = ii(x,2)  for  testing  the 
hypothesis  H„:  it-  = 1.0  for  the  case  n = 3.  a = .02.  The  greater  power  of  the  type  A region  is  due  almost 
entirely  to  the  fact  that  it  makes  use  of  knowledge  of  the  population  mean,  while  its  competitor  does  not. 
If  the  population  mean  is  not  known,  v must  be  replaced  by  v'  = - x)2  <r„2.  where  x is  the  sample 

mean.  The  v'-test  is  only  slightly  more  powerful  than  the  r-test.  The  authors  note  that  for  n = 2 the  tests 
are  identical,  hut  as  the  sample  size  n increases,  the  standard  deviation  test  becomes  steadily  more  and 
more  powerful  than  the  range  test.  They  prove  three  fundamental  propositions,  two  of  which  deal  with 
the  relations  among  unbiased  type  A critical  regions,  sufficient  statistics,  and  regular  estimation. 

Reference:  McKay  & Pearson  (1933). 

Citations:  Pearson  & Chandra  Sekar  <19361.  Neyman  1 1937a. hi,  Sukhatme  (1937),  Pitman  1 1 939 ). 
Wald  ( 1939).  Paulson  1 1941 ).  Wilks  ( 1943).  Cramer  ( 1946i.  Kendall  < 1946). 
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* Pearson.  E.  S.;  Chandra  Sekar,  C.  (1936).  The  efficiency  of  statistical  tools  and  a criterion  for  the 
rejection  of  outlying  observations.  Biometrika  28,  308-319;  appendix  by  J.  M.  C.  Scott,  319-320.  < JFM  62, 
610). 

Summary:  The  authors  study  the  criterion  for  rejection  of  outlying  observations  proposed  by  Thompson 
( 1935).  They  point  out  that  it  provides  complete  control  over  the  probability  of  Type  I error  (rejecting  the 
hypothesis  that  all  the  observations  have  been  drawn  from  a single  normal  population,  with  unspecified 
mean  and  standard  deviation,  when  that  hypothesis  is  true).  This  is  true  because  it  is  based  on  a 
studentized  statistic  and  does  not  assume,  as  many  tests  for  rejecting  outlying  observations  do,  that  the 
population  standard  deviation  <r  is  known.  Nevertheless,  the  authors  show  that  the  criterion  is  quite 
inefficient  in  the  presence  of  two  or  more  outliers  unless  the  sample  is  quite  large.  The  values  of  t*  = 

(Xj-x)/s(i  = l,  2,  ....  N)  are  not  independent.  In  the  appendix,  Scott  determines  max  |ti|  » i = 1 , 2 N) 

subject  to  the  restriction  r,2s  ...  & rn2.  The  authors  use  the  results  to  show  that  for  significance  level 
6 of  0. 10,  Thompson’s  criterion  cannot  reject  more  than  1 observation  unless  N > 1 1;  more  than  2 unless 
N ^ 22;  or  more  than  3 unless  N s 32. 

References:  Student  (1927),  Neyman  & Pearson  il928),  K.  Pearson  ( 193 1 ),  Rider  (1933),  Thompson 
( 1935 ),  Neyman  & Pearson  (1936). 

Citations:  Arley  ( 1940),  Chandra  Sekar  & Francis  ( 1941 ),  Kendall  ( 1946),  Eisenhart  & Solomon  1 1947 ), 
Nair  ( 1948b). 

* Pitman,  E.  J.  G.  (1936).  Sufficient  statistics  and  intrinsic  accuracy.  Proceedings  of  the  Cambridge 
Philosophical  Society  32.  567-579.  (JFM  62,  611). 

Summary:  The  author  proves  that  if  there  exists  a sufficient  statistic  for  the  estimation  of  an  unknown 
parameter  of  a population,  the  frequency  function  of  the  population  must  be  of  a certain  type.  He  shows 
that  some  modification  of  previous  theory  of  the  intrinsic  accuracy  of  statistics  is  necessary  when  the 
range  of  the  population  sampled  is  a function  of  the  paramenter  to  be  estimated.  Consider  a population 
distributed  over  the  range  (a,b)  according  to  the  frequency  function  f(x,Wt,  where  W is  the  parameter  to  be 
estimated.  The  author  shows  that  if  a is  a function  of  Wand  b is  fixed,  then  a sufficient  statistic  for  W.  if  one 
exists,  must  be  a function  only  of  xn,  the  smallest  member  of  the  sample.  Similarly,  if  b is  a function  of  W. 
and  a is  fixed,  any  sufficient  statistic  for  W must  be  a function  only  of  y,„  the  largest  member  of  the  sample. 
If  W = a,  x„  is  a sufficient  statistic  for  W,  while  if  ft  = b,  y„  is  a sufficient  statistic  for  H.  The  author  extends 
the  theory  to  sufficient  sets  of  statistics,  i.e.  sets  of  statistics  which  together  contain  all  the  information 
provided  bv  a sample  about  the  unknown  parameter.  When  a and  b,  the  end-points  of  the  distribution, 
are  both  functions  of  W.  the  greatest  and  least  of  a sample  constitute  a pair  of  sufficient  statistics  for  H if 
the  frequency  function  of  the  distribution  is  of  the  type  fix>  FiWi.  where  F(W)  = fix)  dx  or  1'j  f(x). 

Reference:  Fisher  (1922). 

Citations:  Pitman  (1937.  1939).  Kendall  (1946),  Lehmann  (1947),  Huzurbazar  (1948i. 

f:  Ruark.  Arthur:  Devol.  Lee  1 1936).  The  general  theory  of  fluctuations  in  radioactive  disintegration. 
Physical  Renew  (2)  49,  355-367:  preliminary  communication.  48  1 1935),  772. 

Summary:  "The  chance.  Wni0.t>  that  n atoms  of  a radioactive  source  will  disintegrate  in  the  interval 
lO.ti  may  be  found  if  we  know  fri  t idt . the  chance  that  a disintegration  will  occur  in  dt  at  t after  r have 
occurred  iniO.t).  Bateman's  differential  equation  is  generalized  to  cover  the  case  in  which  frdependsont 
and  r.  The  solution  is  given  for  the  case  in  which  it  depends  only  on  t.  A detector  of  efficiency  g subtends  a 
solid  angle  4?rA  at  a source  (decay  constant  containing  N atoms  at  time  zero.  The  probability  of  n 
counts  in  the  interval  < T,.  T,  + T.,i  is  PiT,.  T,  + T.,i  = C„  <eAl  - 1 in  e **  T • T.  (ga)n  1 1 + eAT.(eAT'  - 1 1 + 

I 


267 


r 


( 1 -gAne*T!  - 1 )]N_n.  Putting  g and  A equal  to  1 we  get  the  probability  W„(T,,  T,  + T.,)  of  n disintegrations 
in  this  interval.  Bortkiewicz’s  formula  Wn(0,t)  = C„  ( eAt  -l)n  e N*1,  is  a special  case.  If  we  measure  a 
great  number,  r,  of  intervals  between  the  disintegrations  of  atoms  in  a single  source,  the  fraction  of  the 
intervals  that  exceed  t has  the  'expected’  value  (e-N,it  -e'N’  r(  1 -e*1).  The  problem  of  determining 
fluctuations  in  the  disintegration  of  a single  substance  from  fluctuations  in  counting  is  solved  for  the 
case  in  which  each  disintegration  gives  a single  ray  capable  of  actuating  the  counter.  Fluctuations  in 
counts  produced  by  two  or  more  independent  sources  are  considered. . . .”  (From  the  authors’  summary,  p. 
355). 

Reference:  Czuber  (1903). 

Citation:  Ruark  (1939). 

* Saville,  Thorndike  ( 1936).  A study  of  methods  of  estimating  flood  flows  applied  to  the  Tennessee  River. 
U.  S.  Geological  Survey  Water-Supply  Paper  771:  Floods  in  the  United  States  (ed.  Clarence  S.  Jarvis  et 
al.),  pp.  398-420.  U.  S.  Government  Printing  Office,  Washington. 

Summary:  The  author  begins  with  the  following  introduction  (p.  398):  "This  paper  is  an  attempt  tn 
apply  all  the  more  generally  used  statistical  methods  of  estimating  flood  flows  to  the  57-year  record 
( 1875-1931)  of  the  Tennessee  River  at  Chattanooga  ....  The  investigation  was  designed  to  afford  an 
impartial  and  unprejudiced  analysis  of  the  applicability  of  various  methods  to  a long-term  series  of 
observations  on  a single  stream  and  to  compare  results  obtained  by  different  methods.  As  the  study  is 
confined  to  a single  river,  and  in  general  to  a single  record  on  that  river,  too  broad  generalizations  from 
the  results  are  probably  not  warranted.  However,  a comprehensive  comparative  study  of  this  kind  has 
not  appeared  in  the  literature  of  flood  flows,  and  it  is  believed  that  the  results  here  presented  will  have 
some  general  significance  and  may  stimulate  similar  investigations  of  records  on  streams  having 
different  characteristics.  This  paper  presents  in  a series  of  sections  the  application  of  generally  similar 
methods  advanced  by  different  investigators.”  The  methods  considered  are  those  of  Fuller  ( 1914),  Foster 
( 1924),  Hazen  ( 1930),  Goodrich  ( 1927),  and  Slade  ( 1934).  The  Fuller  method  gives  results  that  represent 
the  estimated  average  annual  flood,  or  most  probable  magnitude  of  annual  flood,  to  be  expected  in  a 
period  of  T years,  while  the  other  four  methods  give  results  that  represent  the  estimated  magnitude  of 
annual  flood  likely  to  be  equaled  or  exceeded  in  a given  period  of  years.  The  differences  between  Fuller’s 
method  and  the  others  have  been  pointed  out  by  W.  E.  Fuller  and  E.  W.  Lane  in  their  contributions  to  the 
discussion  of  a paper  by  Jarvis  ( 1926). 

References:  Fuller  ( 1914),  Foster  ( 1924),  Jarvis  1 1926).  Goodrich  ( 1927 ).  Hazen  1 1930),  Slade  ( 1934 ). 
Citations:  Gumbel  (1938b),  Kimball  (1938).  Gumbel  (1939c.  1941a. bi. 

* Slade,  J.  J.,  Jr.  ( 1936).  The  reliability  of  statistical  methods  in  the  determination  of  flood  frequencies. 
U.S.  Geological  Survey  Water-Supply  Paper  77 1 : Floods  in  the  l Jnited  States  i ed.  Clarence  S.  Jarvis  et 
al.),  pp.  421-432.  U.  S.  Government  Printing  Office,  Washington. 

Summary:  The  author  makes  the  following  statement  (p.  430)  directly  relevant  to  our  study:  "It  appears 
to  he  generally  conceded  not  only  that  there  is  a definite  upper  limit  to  the  magnitude  of  floods  in  a 
stream,  but  also  that  this  limit  is  not  enormously  in  excess  of  the  greatest  flood  observed  in  a long 
record."  He  reaches  the  following  conclusions  (pp.  431-432)  about  the  application  of  statistical  methods 
in  hydrology:  "To  represent  adequately  a stream-flow  distribution  curve  with  four  arbitrary  constants  is 
necessary;  this  is  the  required  degree  of  flexibility  in  order  that  the  curve  correspond  to  the  population  in 
mean,  standard  deviation,  skewness,  and  kurtosis.  Because  of  the  errors  of  sampling  only  1 1 he  first]  two 
of  these  constants  can  be  determined  with  any  degree  of  reliability  from  the  items  of  a small  sample.  No 
method  of  curve  fitting  can  circumvent  the  indeterminacies  introduced  by  these  errors,  because  the 
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errors  are  inherent  in  the  sample.  Two  more  constants  may  be  determined  from  a knowledge  of  the  limits 
of  the  variation.  Zero  flow  may  be  taken  as  the  lower  limit  of  floods.  A modification  of  the  Sherman- 
Bernard  unit-graph  method,  designed  to  give  the  peak  flow  from  a possible  storm,  the  probability  of 
whose  occurrence,  however,  is  negligible,  can  be  used  to  give  a reasonable  estimate  of  the  upper  limit  of 
floods.  In  the  writer's  opinion  the  statistical  method,  in  whatever  form  employed  i graphic  or  analytical), 
is  an  entirely  inadequate  tool  in  the  determination  of  flood  frequencies.  When  used  in  conjunction  with 
nonstatistically  inferred  data,  however,  it  may  attain  a high  degree  of  precision." 

Citations:  Kimball  (19881,  Gumbel  (1941a,  194'2ci. 

* Smirnoff,  N.  (Smirnov,  N.  V.]  1 1936).  Sur  la  distribution  de  o>2  (Criterium  de  M.  R.  v.  Mises).  Cornptes 
Rendus  de  I’Academie  des  Sciences  (Paris)  202,  449-452.  (JFM  62,  592). 

Summary:  By  a slight  modification  of  the  Cramer- von  Mises  statistic  |von  Mises  ( 1931 1;  the  author  does 
not  mention  Cramer |,  the  author  writes  it  in  the  form  ain2  = n J * g|F(x>)  |Sn(x)  -F(x)]2dF(x),  where  Fix) 
is  the  population  cumulative  distribution  function  (c.d.f. ) and  S„(xi  is  the  sample  c.d.f.  of  a sample  of  size 
n:  S„(x>  = k/n(xk  s x xk>1;  k = 1, 2, . . . , n — 1(;  S„(xl  = 0(x<x,)  and  Sn(xi  = l(x>x„t,  where  x,=s  x,  =£  . . . 
=sxn  are  the  ordered  sample  values.  He  points  out  that  the  c.d.f.  <t>(  to)  of  <oji  is  independent  of  the  form  of  the 
function  Fix),  and  derives  an  asymptotic  expression  for  <f>(oj)  which  reduces  to  the  form  <lx<o>  = 1-1 I/77I 
~k=i  le  z<“2^  V-z  sin  z)dz  for  g(x)  = 1. 

Reference:  von  Mises  ( 1931?). 

Citations:  Smirnoff  1 1937a),  Cramer  1 1946i,  Kendall  ( 1946).  von  Mises  ( 1947). 

* Sukhatme,  P.  V.  (19:56).  On  the  analysis  of  k samples  from  exponential  populations  with  especial 
reference  to  the  problem  of  random  intervals.  Statistical  Research  Memoirs  1,  94-112.  (JFM  62,  613). 

Summary:  The  author  states  at  the  outset  (p.  94):  "In  applying  statistical  technique  to  determine 
whether  a series  of  events  occur  randomly  in  time  ( or  space),  it  has  been  a common  practice  to  make  use  of 
the  fact  that  if  this  hypothesis  is  true  the  frequency  of  these  events  occurring  in  a fixed  interval  of  time 
(or  space)  will  follow  a Poisson  distribution.  . . . Another  method  of  attack  which  has  been  suggested  by 
various  writers,  including  (von  | Bortkiewicz  [(1915)],  Morant  |(  1921 1|,  and  Nevman  & Pearson  (( 1 928 ) ]. 
is  based  on  the  analysis  of  the  intervals  between  the  events  which,  if  they  be  random,  should  be 
distributed  according  to  the  exponential  law.  The  first  method  may  be  described  as  that  of  count 
analysis,  the  second  as  that  of  interval  analysis."  He  proceeds  to  develop  a statistical  technique  for  the 
exponential  population  analogous  to  that  given  by  Nevman  and  Pearson  (the  L-testi  for  the  normal 
distribution.  His  technique  makes  use  of  order  statistics,  especially  the  smallest  value  in  a sample.  He 
pointsout  that  problems  where  there  is  necessarily  a 'closed  period'  [see  Morant  ( 1921 1|  must  be  treated 
by  the  interval  method  of  analysis. 

References:  von  Bortkiew'icz  (1915),  Morant  (1921).  Nevman  & Pearson  (1928).  Pearson  (1932). 
Citations:  Pitman  (1937),  Paulson  (1941),  Kendall  1 1 946 >. 

* Thompson.  William  R.  1 1936).  On  confidence  ranges  for  the  median  and  other  expectation  distributions 
for  populations  of  unknown  distribution  form.  Annals  of  Mathematical  Statistics  7.  122-128.  (JFM  62. 
1346).  Abstract,  Bulletin  of  the  American  Mathematical  Society  41  (1935),  786-787. 

Summary:  The  author  obtains  confidence  intervals,  based  on  order  statistics  of  a random  sample  of  size 
n,  for  the  median  and  other  quantiles  of  a continuous  population  of  unknown  distribution  form.  Let  11  be 
an  infinite  population  and  let  pk  be  the  probability  that  random  sample  values  from  11  will  be  less  than 
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the  k'h  order  statistic  of  a given  random  sample  (of  size  n>  from  U.  Then  the  expected  value  and  the 
variance  of  ph  are  given  by  pk  = k/(n+JJ  and  E[(pk-  pk)2]  = rr2p>  = k(  n -k  + 1 )/  < n + 1 12  (n  + 2).  Let  x be  a 
_value  chosen  at  random  from  U.  Then  P(xk<x<xn_k^,)  = (n  + 1 -2k )/  (n  + 1 1 for  2k<n  + 1 and~P(x<xk>  = 
P<x^x„  k.  ,i_=k/(n  + 1 ).  Let  p'  represent  thep-quantile  and  M the  median  of  the  population  U and  let  q = 
1 -p.  Then  Pip'<pk)=  1„  in-k  + l,ki  and  P(M<xk)  = I„  5(n— k + l,k),  where  I is  the  incomplete  Beta- 
function  ratio,  and  P(xk  <M<xn_kH.,)  = 1 — 2I0  5(n— k + l,k)  for  k<n  + 1 gives  a central  confidence  interval. 
Consider  a second  infinite  population  U',  and  draw  a sample  of  size  n'  from  it.  Let  x'm  be  the  m,h  order 
statistic  of  this  sample  and  let  km  be  the  number  of  observations  in  the  sample  of  size  n from  U that  are 
less  than  x'm,_so  that  xkm  <x'm  < xkm+).  For  x and  x'  drawn  at  random  from  U and  U',  respectively,  0 < 
in  + 1)  ( n'  + 1 >P(x<x'i  1 k,„  <n  + n'  + 1,  provided  that  the  expectations  for  U and  U'  may  be  treated 
as  independent,  and.  under  the  same  conditions,  (^)  I„  5 (n-km  + l,  km)  <2"  , P(M<M’l  < 1 +2^_, 
'm"  t1  In  s 1 n -km,  k + 1 1 [the  author  does  not  define  Z in  this  inequality].  Similar  expressions  are  given  for 
the  case  of  sampling  without  replacement  from  a finite  population  UN  of  size  N. 

References:  Laplace  < 1812),  Todhunter  ( 1865),  Jeffreys  ( 1932b »,  Bartlett  ( 1933),  Fisher  ( 1933),  Jeffreys 
1 1933),  Fisher  ( 1934),  Jeffreys  ( 1934). 

Citations:  Thompson  1 1938),  Nair  ( 1940a, b).  Paulson  ( 1940),  von  Schilling  ( 1941 ),  Scheffe  1 1943),  Ken- 
dall ( 1946),  Bickerstaff  ( 1947 ),  Noether  ( 1948),  Wilks  ( 1 948 ),  Wolfowitz  ( 1949). 

* Ville.  Jean-Andre  ( 1936).  Sur  la  convergence  de  la  mediane  des  n premiers  resultats  d'une  suite  infinie 
d'epreuves  independantes.  Compte. s Rendus  de  I'Acadeinie  de. s Sciences  (Paris)  203.  1309-1310.  ( JFM  62, 
614). 

Summary:  Let  X be  a random  variable  with  c.d.f.  Fix).  Suppose  that  one  draws  a denumerably  infinite 
sample  of  values  of  X,  and  let  X,,  X._,, . . . , Xn,  ...  be  the  series  of  results  obtained.  It  is  known  that  if  the 
variable  X has  a well  determined  mean  value  X,  the  series  of  means  of  the  results  Un  = (X,+  X2+  . . . 
+ Xn)  n converges  almost  surely  to  X.  The  object  of  this  note  is  to  show  that  an  analogous  result  is  true  for 
the  median.  Specifically,  it  is  shown  that  if  the  random  variable  X has  a unique  median  m,  the  series  of 
median  values  of  the  first  2n  + 1 values  X,,  X,, ....  X,n+1  of  X converges  almost  surely  to  the  value  m as  n 
increases  without  limit. 

Citation:  Kendall  (1946). 

* Aitken.  A.  C.  1 1937).  Studies  in  practical  mathematics.  II.  The  evaluation  of  the  latent  roots  and  latent 
vectors  of  a matrix.  Proceedings  of  the  Roved  Society  of  Edinburgh  57.  269-304.  iJFM  63,  1133). 

Summary:  The  author  begins  with  the  following  introduction  ipp.  269-2701:  "In  many  branches  of 
applied  mathematics  problems  arise  which  require  for  their  solution  a knowledge  of  the  latent  roots  of  a 
matrix  A,  sometimes  only  the  root  of  greatest  modulus  but  often  the  second  and  other  roots  as  well,  and 
the  corresponding  latent  vectors.  A few  examples,  among  many  that  might  be  cited,  are  problems  in  the 
dynamical  theory  of  oscillations,  problems  of  conditioned  maxima  and  minima,  problems  of  correlation 
between  statistical  variables,  the  determination  of  the  principal  axes  of  quadrics,  and  the  solution  of 
differential  or  other  operational  equations.  It  is  important,  therefore,  to  have  a choice  of  methods  for 
obtaining  latent  roots  and  latent  vectors  without  undue  labour,  and  the  object  of  the  present  paper  is  to 
augment  the  existing  store  of  such  methods. . . . We  take  the  opportunity  of  acknowledging  the  stimulus 
received  from  some  related  work  of  Hotelling  i 1 933,  1936a.bi  on  finding  latent  roots  and  latent  vectors  of 
a symmetric  matrix  by  successive  operations  on  an  arbitrary  vector.  Wnen  the  matrix  A is  not  symmetric 
there  are  two  kinds  of  latent  vectors  to  be  considered,  row  vectors  u.  satisfying  uA  = Au  (or,  in 
transposed  form.  ATT  = Au  ’),  and  column  vectors  x,  satisfying  Ax  = Ax.  In  addition  there  may  be  complex 
roots,  or  multiple  roots  real  or  complex  which  may  also  be  associated  with  non-linear  elementary 
divisors  of  the  characteristic  determinant.  We  extend  the  method  of  the  arbitrary  vector  to  meet  these 
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various  complications;  and  we  wish  to  draw  special  attention  to  the  processes  for  obtaining  a greatly 
enhanced  convergence  of  the  sequences,  not  only  towards  latent  roots,  but  also  towards  latent  vectors. 
These  processes  are  so  effective  that  it  is  usually  better  not  to  spend  time  in  carrying  out  a first  sequence 
to  a long  series  of  terms,  but  to  stop  at  a comparatively  early  stage  and  apply  the  accelerating  methods. 
(Other  procedures,  such  as  preliminary  matrix-squaring,  or  alteration  of  diagonal  elements,  will  be 
suggested  as  occasion  arises.)  Under  appropriate  treatment  a few  crudely  convergent  first  terms  may  be 
made  to  yield  valuable  information  not  merely  with  respect  to  the  greatest  root,  but  also  with  respect  to 
the  smaller  roots  and  the  vectors  associated  with  them.  . . Among  other  results,  the  author  evaluates 
the  product  of  the  k greatest  roots. 

References:  Whittaker  & Robinson  (1924)  [1929],  Hotelling  (1933,  1936a,b). 

Citations:  Lawley  (1940),  Kendall  (1946),  Kincaid  (1947). 

* Bowlev,  A.  L.  (1937).  Standard  deviation  of  Gini's  mean  difference.  Comptes  Rendus  du  Congr'es 
International  des  Mathernaticiens  (Oslo,  1936),  Vol.  2,  pp.  182-185.  A.  W.  Broggers  Boktrykkeri  A S, 
Oslo.  (JFM  63,  523). 

Summary:  The  mean  difference,  gN,  of  N quantities,  x,,  . . . , x„ xr xN,  arranged  in  ascending 

order,  is  defined  by  [N(  N - 1 )/2]gs  = 2|xr— xs|  = (2r-N  -1  )xr.  For  n of  these  quantities  selected  at 

random,  say  x„  ....  xr,  ...  , xn,  the  mean  difference,  g„,  satisfies  the  relation  G = [n(n  — l)/2]gn  = 
-"=1  (2r-n- 1 )xr  The  author  finds  the  variance  of  gn  to  be  <rK-  = {2/nin - li}2(S  + 2P-M2).  where  M = 
Mean  G = = 1 2k  xkn(  n — 1 )/N(  N- 1 ),  S = |n(  n -1  )/N(  N -2)]  {4|(n-2>/  ( N- 1 >]k2  + N -n}xk2.  2P  = 

|2n(n-l)/  Ni  N- 1 )(  N -2)i  N -3))  X'k  |4KVn-2)(n-3)  + (N-n){4(K-\)  ( n — 2 ) + nN-3N-n  + l}] 
xkx,,  2k  = N-t-1  +2k,  and  2 i = N + 1 +2A.  By  setting  2k  =N«,  2a  - N (i,  a</5,  one  obtains  <rg  = 4[(  N — n)/ 
n(n-l)  (N-2)]I[(Nn -2N-2n+2)a2/  ( N — 1 ) 2 + l/N]xk2-8  [(N-n)/  n(n-l)(N-l)  (N-2)  ( N — 3 ) ) 
iii!{[2Nn-3N -3n +3)/  (N-l)|  • 2aj8-[2N(a-/3)  (n-2)  + nN-3N+n  + l]/N}  xkxr  The  expression  for 
large  samples  from  an  infinite  universe  becomes  crK2  = (4/XNi  X*1  , «2xk2-  (32/nN2)  ' , (/3-l/2)x,  if  , 

(a  + l/2)xk>,  since  one  can  ignore  3/n  and  n/N.  For  the  normal  distribution  f(x)  = e - ^ la\/‘2n , one  finds 
t rk2  = {4/3  -8(2-  V3)/7t}  <x2/n,  while  g = 2 a/ X n,  so  that  <rK  =0.807 it/  \ n = 0.715g/\  n.  For  the  uniform 
distribution,  fix  I = l/N,one  finds  ntrK2  = N2/45,  <r2  = N2/12,g  = N/3,sothat  irK=  0.516(r/\  n = 0.447g/  \ n. 
The  author  compares  the  precision  of  g not  only  with  that  of  the  standard  deviation  (rbut  also  with  that  of 
the  probable  error  pand  the  mean  deviation  tj.  For  the  normal  distribution  he  finds  approximately  Vn  <rr 
= 0.79<r  = 1.2p^  Vn^  = 0.603<r  = 0.756rj,  V n<r(,  = 0.707o-,  Vmr,  = 0.807<r  = 0.71 5g;  for  the  uniform 
distribution,  \ n<rir  = 0.866<r  = p,  \ n<r^  = 0.707<r  = 0.577rj,  \n<r()  = 0.707<r,  Vn«rB  = 0.516<r  = 0.447g. 
Thus  the  absolute  precision  of  g is  less  than  that  of  the  other  three  measurements  for  the  normal 
distribution  but  greater  for  the  uniform  distribution,  while  the  relative  precision  of  g is  very  nearly  as 
great  as  that  of  a for  the  normal  distribution  and  considerably  greater  for  the  uniform  distribution. 

Citation:  Wold  (1937). 

* Bresciani-Turroni,  C.  ( 1937).  On  Pareto’s  law.  Journal  of  the  Royal  Statistical  Society  100.  421-432. 

Summary:  The  author  notes  that  a number  of  later  writers  have  declared  that  Pareto  1 1897 1 was  wrong 
when  he  stated  that  as  his  index  « increases,  so  does  the  inequality  of  incomes.  He  points  out  that 
whether  Pareto  was  right  or  wrong  depends  upon  the  definition  of  inequality,  which  is  essentially 
arbitrary.  According  to  Pareto's  definition,  based  on  the  notion  that  inequality  diminishes  when  the 
number  of  "rich"  increases  compared  with  the  number  of  "poor”,  he  was  right.  Let  Nx  he  the  number  of 
individuals  with  incomes  of  x or  more  and  Nh  the  number  of  individuals  with  incomes  of  h or  more  (h-^x). 
According  to  Pareto’s  definition,  the  inequality  of  incomes  diminishes  when  llv  Nv  Nh  increases.  If  we 
substitute  for  Nv  and  Nh  the  values  given  by  Pareto's  first  law.  we  have  llv  = i h x i".  so  that  as  <»  increases. 
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Us  decreases  and  therefore  the  inequality  of  incomes  increases.  An  alternate  definition  is  that  the 
inequality  of  incomes  increases  as  the  ratio  of  the  average  income  of  the  subgroup  Nx  to  the  average 
income  of  the  whole  group  Nh  increases.  If  Mx  Mh  is  the  ratio  of  the  average  incomes  and  if  Pareto’s  first 
law  holds,  Mx  Mh  = x/h  = “\  Nh/Nx,  so  that,  as  a diminishes,  the  inequality  of  incomes  increases — a 
conclusion  opposite  to  Pareto’s.  If  Nx/Nh  = p is  the  relative  number  of  persons  with  incomes  greater  than 
or  equal  to  x (x  might  be  the  upper  centile,  decile,  or  quartile)  and  v is  the  median  ( v < x),  then,  according 
to  a modified  form  of  the  last  definition,  the  distribution  of  incomes  becomes  more  unequal  when  the 
ratio  x/v  increases.  If  Pareto’s  first  law  holds,  we  have  x/v  = “\  0.50/p  and,  again,  as  a diminishes,  the 
inequality  of  incomes  increases.  The  author  also  notes  that  Bowlev’s  quartile  measure  of  dispersion  (Q., 
-Q,)/(Q  2 + Q, ),  where  Q2  and  Q,  are  the  upper  and  lower  quartiles,  is  another  measure  of  inequality.  If 
Pareto’s  first  law  holds  and  if  the  minimum  income  is  h,  Q2  = h/‘'\  0.25,  Q,  = h/“\0.75  and  (Q2  - Q,)/(Q2 
+ Qi>=  <“\  3-l>/(“\  3 + 1)  increases  as  « decreases.  The  author  modifies  Pareto's  definition  slightly  by 
assuming  that  inequality  diminishes  when  the  number  of  people  Nm  with  incomes  above  the  mean 
increases  compared  with  the  total  number  of  people  Nh,  and  shows  that  this  leads  to  a conclusion  which  is 
the  reverse  of  Pareto's.  If  Pareto's  first  law  holds  and  if  a > 1 and  the  highest  income  is  unlimited,  we 
have  Nm/Nh  = [(a- 1 )/«]“:  as  « increases,  so  does  Nm/Nh,  and  hence  the  inequality  of  incomes  decreases.  In 
a footnote  ip.  430),  the  author  mentions  the  concentration  index  8 of  Gini  (1914a)  and  its  relation  to  a 
when  Pareto's  first  law  holds. 

References:  Pareto  (1897),  Persons  (1909),  Gini  (1914a),  Ricci  (1916),  Dalton  (1920  [1925],  von 
Bortkiewicz  ( 1931 ). 

Citations:  Bresciani-Turroni  (1939),  Davis  (1941). 

* Calichiopulo,  Antonio  (1937).  Methode  de  selection  des  erreurs  d'observation.  Comptes  Rendus  de 
I'Aeademie  des  Sciences  (Paris)  204,  642-644.  (JFM  63,  509). 

Summary:  The  author  discusses  the  question  of  treatment  of  outlying  observations  and  the  choice  of 
measures  of  central  tendency  and  dispersion  when  outliers  may  be  present.  He  notes  that  rejection 
criteria  have  been  proposed  which  are  based  on  the  subjective  judgment  of  the  calculator  and  are 
therefore  very  questionable.  He  proposes  an  objective  and  systematic  method,  to  be  applied  in  all  cases 
without  previously  examining  the  measurements.  Given  a set  of  n measurements,  he  proposes  discard- 
ing the  s of  them  which  deviate  farthest  from  the  mean,  where  the  ratio  s n may  vary  from  0.10  to  0.50 
depending  on  the  care  and  skill  of  the  observers,  then  taking  the  mean  E of  the  absolute  values  of  the 
extremes  + E,  and  -E2  of  the  remaining  errors  (deviations  from  the  mean),  and  dividing  it  by  the  proper 
factor  (2.44  for  s/n=0.10,  1 for  s/n=0.50>,  determined  from  a table  of  the  normal  distribution,  to  find  the 
probable  error.  As  the  effective  value  of  the  measure  he  advocates  neither  the  mean  of  the  n original 
measures  nor  that  of  the  n-s  measures,  but  a weighted  mean  of  the  two  with  weights  inversely 
proportional  to  their  mean  deviations.  He  gives  several  numerical  examples. 

Reference:  Bertrand  (1889)  1 1 907 1. 

* Camp,  Burton  H.  (1937).  Methods  of  obtaining  probability  distributions.  Annals  of  Mathematical 
Statistics  8,  90-102.  (JFM  63,  1080). 

Summary:  The  author  s emphasis  is  on  methods,  with  special  results  cited  in  order  to  illustrate  the 
methods.  The  only  portion  relevant  to  our  study  is  the  following  illustration  ipp.  100-101 ):  "Let  a sample 
of  N be  drawn  from  the  universe  </>  = Ae  al  ' if  t>0,  <f>=  0 if  t*s0.  It  is  readily  proved  . . . that  the 
distribution  f(x)  of  the  parameter,  x=(t,J*+  . . . +tN"*)1  N is  a curve  of  the  form  f(x)=BxN  'e  *J*  where 
x>0,  fix)=0  elsewhere.  Now  let  A become  infinite.  The  universe  approaches  as  a limit  the  rectangle: 
<l>  = A where  0«t<  1,  <l>=0  elsewhere.  The  parameter  x approaches  as  a limit  X.  where  X = maximum  t,. 
The  distribution  fix)  approaches  as  a limit  the  new  distribution  F(X>=  NX'  ' where  0<X<1.  F(X)=0 
elsewhere.  Hence  we  have  proved  in  a new  way.  what  was  already  known:  that  the  distribution  of  the 
greatest  variate  obtained  by  sampling  from  a rectangular  universe  is  of  the  form  F(X).“ 
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Citation:  Kendall  (1946). 

* Coutagne,  A.  (1937).  Etude  statistique  des  debits  de  crue.  Revue  Generate  de  I’Hydraulique  3 (18), 
317-321. 

Summary:  The  following  summary  (by  the  editor?)  appears  on  p.  317:  "Our  readers  have  found  in  the 
transactions  of  the  Societe  Hydrotechnique  de  France  an  exposition  by  Gumbel  of  his  theory  of  the 
largest  value  and  a first  application  to  the  determination  of  flood  flows.  Coutagne,  recognizing  a priori 
the  interest  in  these  studies,  has  examined  in  ten  different  cases  the  results  obtained  with  the  new 
formulas  and  established  a comparison  with  the  old  laws  of  Galton,  Gauss,  and  Fuller.  The  contrast  of 
the  theories  of  Galton  [lognormal]  and  Fuller-Gumbel  [extreme- value]  cannot  be  defined  in  a most  exact 
absolute  manner;  their  difference  is  moreover  often  very  slight.”  (Compiler’s  translation.) 

References:  Gibrat  (1932a),  Grassberger  (1932,  1933),  Gumbel  (1934f,  1935a,di. 

Citations:  Gumbel  (1939c,  1941a,  1943c). 

* Friedrich,  Konrad  (1937).  Allgemeine  fur  die  Rechenpraxis  geeignete  Losung  fur  die  Aufgaben  der 
kleinsten  Absolutsummen  und  der  giinstigsten  Gewichtsverteilung.  Zeitschrift  fur  Vermessungswesen 
66,  305-320,  337-358.  (JFM  63,  1104-1105). 

Summary:  Let  F:  = ajX,+  biX2+  . . . + f|  (i  = 1,2,3 n)  be  n linear  functions  in  m unknowns  x,,x2 xm 

( men).  The  unknowns  are  to  be  determined  so  that  the  sum  of  the  absolute  values  of  the  F,,  namely  £|F,| 
= S|a,x,  + bjX2  + . . . + ft|,  shall  be  as  small  as  possible.  The  preceding  problem  was  first  posed  by 
Boscovich  in  1755  [actually  1757]  for  the  adjustment  of  errors  of  observation.  Laplace  (1799)  accepted 
this  adjustment  principle  and  gave  an  elegant  solution  for  the  case  of  a single  unknown.  Gauss  ( 1809) 
knew  that  for  m equations  in  m unknowns  the  value  of  the  F’s  must  be  equal  to  zero.  From  a purely 
theoretical  standpoint  the  problem  is  thereby  solved,  since  one  can  solve  the  proper  systems  of  linear 
equations  for  all  ( [],)  possible  combinations  of  m out  of  n linear  expressions  in  m unknowns  and  form  the 
corresponding  absolute  sums.  Then  the*smallest  of  the  sums  so  obtained  gives  a solution  [not  necessarily 
unique]  of  the  problem,  as  shown  on  pp.  309-312.  Of  course  such  a solution  is  not  useful  in  practical 
computation  on  account  of  its  tediousness.  Since  the  beginning  of  the  nineteenth  century,  however,  a 
simple  computational  solution  has  not  been  necessary,  since  in  the  meantime  the  general  adjustment 
method  of  least  squares  was  introduced.  The  author  points  out,  however,  that  several  German  authors, 
including  Schreiber  (1882),  Bruns  (1882),  Jordan  (1888?),  and  Runge  (1890)  returned  to  the  earlier 
method  late  in  the  nineteenth  century.  He  discusses  their  contributions  to  the  solution  of  the  problem,  as 
well  as  those  of  several  twentieth  century  writers,  including  himself  [Friedrich  1 1927 )].  He  works  out  the 
details  of  the  theory  and  gives  several  numerical  examples. 

References:  Laplace  (1799),  Gauss  (1809),  Helmert  (1872)  [ 1 907 ],  Bruns  (1882),  Schreiber  (1882). 
Jordan  ( 1888?),  Runge  ( 1890),  Friedrich  ( 1927 ). 

* Gumbel,  E.  J.  1 1937a).  La  duree  extreme  de  la  vie  humaine.  Actualites  Scientifique  et  Industrielles,  No. 
520.  Hermann  et  Cie.,  Paris.  (JFM  63,  1116). 

Summary:  The  author  writes  (pp.  3-5):  "If  one  considers  biometric  functions  as  capable  of  being  discon- 
tinuous, a well  determined  limit  of  human  life  can  exist.  This  age  would  be  defined  by  the  fact  that  the 
probability  of  dying  in  an  interval  of  one  year  is  equal  to  one.  But  according  to  the  usual  opinion,  these 
functions  are  continuous.  Even  in  this  case,  a fixed  age  limit  would  be  possible,  the  probability  of  survival 
being  zero  for  this  age  and  not  defined  for  greater  ages  The  extreme  length  of  human  life  would  be  one  of 
the  constants  which  exist  in  biometric  functions,  independent  of  the  number  of  observations.  But  this 
determination  would  be  tied  to  a special  analytic  hypothesis  about  the  increase  of  mortality  with 
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age.  Such  hypotheses  have  been  set  forth  for  example  by  A.  De  Moi  vre  and  Th.  Wittstein.  Most  books  on 
actuarial  theory  consider  the  mortality  table  as  discontinuous  at  a certain  point.  But  this  theory  leads,  as 
Steffensen  has  proved,  to  very  great  difficulties  from  the  point  of  view  of  logic.  Because  for  a sufficient 
increase  in  the  number  of  observations,  one  could  make  the  discontinuity  in  the  distribution  of  the 
number  living  according  to  ages  as  large  as  one  wishes.  In  order  to  avoid  this  difficulty  we  will  introduce 
the  simpler  idea  that  the  survival  function  is  everywhere  continuous  and  approaches  zero  only 
asymptotically.  Starting  from  this  hypothesis,  we  are  going  to  expound  a method  based  on  the  theory  of 
probabilities  for  defining  the  last  age  corresponding  to  a definite  number  of  observations. . . . Our  point  of 
departure  is  the  study  of  the  distribution  of  deaths  according  to  age  [Gumbel  (1936c)],  assumed 
unlimited  to  the  right.  Then  the  question  of  the  highest  age  takes  a new  aspect.  To  seek  a fixed  age  limit 
is  devoid  of  sense.  Its  existence  is  not  known  and  its  determination  with  the  aid  of  analytic  conditions  or 
from  values  determined  from  biometric  functions  can  be  regarded  as  artificial.  However,  this  idea  does 
not  disappear.  It  should  simply  be  regarded  in  a new  way.  It  is  necessary  to  distinguish  between  the  last 
age  and  the  greatest  age.  The  latter  becomes  a statistical  variable,  relative  to  a definite  number  of 
observations,  whose  distribution  depends  on  that  number.  We  will  introduce  the  form  called  final, 
toward  which  it  tends  as  the  number  of  observations  increases.  One  could  give  an  idea  of  the  greatest  age 
by  the  means  of  this  distribution,  which  one  distinguishes  from  each  other  by  chosen  designations.  The 
mathematical  expectation  of  this  distribution,  a function  of  the  number  of  observations,  will  be  consi- 
dered as  the  limiting  age,  while  the  mode  is  considered  as  the  last  age.  Since  these  values  increase  with 
the  (number  of)  observations,  the  difficulty  pointed  out  bv  Steffensen  is  set  aside.  . . . Moreover,  this 
method  allows  many  other  applications.”  (Compiler's  translation). 

References:  von  Bortkiewicz  ( 1922a, b),  Dodd  (1923),  von  Mises  (1923),  Fisher  & Tippett  (1928), 
Steffensen  (1930),  Insolera  (1931),  von  Mises  (1931),  Steffensen  (1931),  Gumbel  (1932,  1933c,e,f,g>, 
Insolera  (1933),  de  Finetti  (1934),  de  Franchis  (1934),  Gumbel  1 1934b,d,f,g,  1935a,c,d,  1935-36, 
1936a, b,c,  1936-37). 


Citations:  Gumbel  ( 1938a,  1939f,  1941a),  Kendall  ( 1946),  Epstein  ( 1948a, b),  Epstein  & Brooks  ( 1948 ). 

Gumbel,  E.  J.  (1937b).  Les  intervalles  extremes  entre  les  emissions  radioactives.  Le  Journal  de 
Physique  et  le  Radium  (7)  8 (8),  321-329;  (11),  446-452. 

Summary:  Part  I begins  with  the  following  summary  (p.  321 ):  "The  purpose  of  the  following  lines  is  to 
apply  the  theories  concerning  the  extreme  values  of  statistical  distributions  in  the  domain  of  radioactiv- 
ity. 1.  The  initial  distribution  [exponential].  2.  Theory  of  mlh  intervals  [distribution  of  m'h  largest  value 
among  N observations).  3.  The  final  distribution  of  extreme  m,h  intervals  [Type  I asymptotic  distribution 
of  largest  values].  4.  Method  of  comparisons  between  theory  and  observations”  (Compiler’s  translation). 
It  closes  with  the  following  conclusion  (p.  329):  "After  having  calculated  the  mean  interval  between 
consecutive  emissions,  we  have  established  the  distribution  of  the  m,h  interval  and  its  characteristics. 
For  the  extreme  intervals,  this  distribution  tends,  even  for  moderate  numbers  of  observations,  to  the 
final  distribution.  We  have  established  the  necessary  methods  for  comparison  between  theory  and 
observations."  ( Compiler’s  translation).  Part  II  deals  with  the  comparison  between  theory  and  observa- 
tions. which  are  generally  in  good  agreement. 


References:  Fisher  & Tippett  (1928),  von  Mises  (1931),  Eyraud  (1935),  Gumbel  (1935a,  1935-36, 


« nation*  Brenet  Jt  Armand  i 1938),  Gumbel  1 1938a,  1939b,f).  Levy  (1939),  Gumbel  (1941a,  1942a, b. 


Summary:  The  author  begins  with  the  following  introduction  (p.  145):  "In  order  to  characterize  an 
observed  distribution  with  the  aid  of  a single  value,  one  chooses  one  of  the  means.  Among  them,  the 
arithmetic  mean  and  the  median  play  the  most  important  role.  It  is  a question  of  knowing  which  to 
choose.  The  classical  problem  is  solved  with  the  aid  of  many  criteria — which  contradict  each  other.  We 
are  not  going  to  take  up  all  of  these  arguments.  We  limit  ourselves  rather  to  contributing  some  details  on 
the  special  question  of  comparative  precision  of  the  arithmetic  mean  and  of  the  median.”  (Compiler’s 
translation).  He  closes  with  the  following  conclusions  (p.  154):  "The  median  of  the  distribution  of  the 
median  is  equal  to  the  median  of  the  initial  distribution.  The  mode  of  the  distribution  of  the  median  . . . 
tends  toward  the  same  value.  In  the  limit,  the  distribution  of  the  median  tends  toward  a Gaussian 
distribution.  The  distributions  considered  prove  that  the  relations  between  the  two  means  are  mul- 
tiform. It  may  happen  that  the  mathematical  expectations  of  the  two  means  coincide  and  their  precisions 
differ.  For  another  distribution,  the  two  means  differ  and  their  precisions  coincide.  Finally — and  this 
will  be  the  general  case — the  two  means  and  their  precisions  differ.  We  have  verified  that  the  arithmetic 
mean  is  more  precise  than  the  median  for  the  uniform  distribution,  for  the  Gaussian  distribution,  and  for 
the  distribution  of  the  largest  value:  that  it  is  less  precise  for  the  symmetric  [double]  exponential 
distribution,  while  the  relation  of  the  precisions  depends  on  the  magnitude  of  the  standard  deviation  for 
the  Galton  [lognormal]  distribution.  In  a special  case  of  this  distribution  and  for  the  asymmetric  [single] 
exponential  distribution  the  two  precisions  are  equal.”  (Compiler’s  translation). 

References:  Wilson  (1923),  Haag  (1924),  Wilson  & Hilferty  (1929),  Fogelson  (1930),  Kolmogoroff 
(1931),  Eyraud  (1934b),  Gumbel  (1934e),  Frechet  (1935),  Gumbel  (1935a,  1935-36),  Smirnoff  (1935), 
Darmois  ( 1936). 

Citations:  Gumbel  (1937-38),  Frechet  (1940a),  Gumbel  (1942a). 

* Gumbel  E.  J.  ( 1937d).  Der  grosste  Wert  einer  statistischen  Veranderlichen.  Comptes  Rendusdu  Congres 
International  des  Mathematiciens  (Oslo,  1936),  Vol.  2,  pp.  200-203.  A.  W.  Broggers  Boktrykkeri  A/S, 
Oslo.  (JFM  63,  1129  — listing  only). 

Summary:  The  author  writes  (pp.  200-203):  "To  a continuous  initial  distribution  w(x)  unlimited  to  the 
right,  with  cumulative  probability  W(x)  there  belongs,  for  N observations,  a distribution  wN(x)  of  the 
largest  value  ( 1 ) wN(x)  = N[W(x)]x'1w(x)  which  constitutes  a special  case  of  the  general  distribution  of 
the  m,h  value.  The  distribution  ( 1 ) possesses  in  turn  a most  probable  value  ii,  which  will  be  called  the  last 
value,  a mean  value  u,  which  will  be  called  the  limiting  value,  and  a root-mean-square  error  s.  The  last 
value  for  sufficiently  large  N is  given  bv  (2)  N = -w'  (u)/w2(u>  or  whenever  l’Hopital's  rule  (3) 
w(u)/[l  ~W(ut]  = — w'(u)/w(u)  can  be  considered  as  satisfied  with  a prescribed  accuracy,  by  (2'i  W(u)  = 

1 - 1/N.  For  a single  exponential  initial  distribution  with  mean  value  1/a  the  distribution  ( 1 ) tends  with 
increasing  N to  the  limiting  form  (4)  w(x)  = «e  so  that  the  transformed  variable  and  the  cumulative 
probability  read  y = a*x-u)  and5UT(x)=  e~r  ’.  The  last  value  then  has  the  magnitude  (5)  u = ( l/«)lg  N. . . . 
The  two  constants  u and  a can  be  estimated  on  the  basis  of  an  observed  distribution  of  the  largest  value 
either  from  the  mean  u and  the  standard  deviation  s or  from  the  median  u0  and  the  two  quartiles  u,  and 
u._>.  The  first  method  leads  to  (6)  u = u —0.57722  a:  1 a = 1.28255/s;  the  last,  somewhat  less  accurate,  but 
on  the  other  hand  simpler,  yields  (6')  u = u„  -0.23307(u,-u,);  1/a  = 0.6359‘2(u2-u,>.  In  the  general  case, 
one  obtains  for  the  reduced  last  value  (7)  t = iu-£)'W  where  £ is  the  mode  and  H the  mean  error  of  the 
initial  distribution,  with  the  help  of  (2)  or  (2'),  (8)  r = f(lgN ) , where  f depends  on  the  nature  of  the  initial 
distribution,  so  for  the  last  value  itself  (8’)  uv  = £ + tff(  IgN  I.  The  largest  observed  value  up  to  a certain 
sample  size  will  correspondingly  always  increase,  other  things  being  equal,  with  the  sample  size,  and 
thus  also  with  the  time,  which  can  be  compared  with  the  observations.  The  constant  (9)  a = -w'(u)/w(u) 
and  with  it  the  standard  error  of  the  distribution  of  the  largest  value  is  in  general  itself  a function  of  N. 
This  allows,  among  the  initial  distributions  which  lead  to  the  limiting  distribution  (4),  three  categories 
to  be  distinguished  according  to  their  behavior  at  infinity:  (1)  such  as  behave  like  the  exponential 
function  itself  [one-sided  and  two-sided  exponential  and  Pearson  Type  III  |.  One  obtains  fdgNl  = IgN 
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and  a standard  error  independent  of  N. . . .(2)  Still  worse:  the  last  value  increases  faster  than  IgN.  This 
is  the  case  for  the  Galton  [lognormal]  distribution,  for  which  lgfdgN)  = \?7.  (3)  Conversely,  the  last 
value  increases  more  slowly  than  IgN  [Gauss  and  Gompertz  distributions)  ....  This  account  of  the 
distribution  of  the  largest  value  as  the  last  value  itself  as  a function  of  N allows  the  question  to  be  decided 
whether  a certain  extreme  value  is  still  compatible  with  a chosen  initial  distribution  or  whether 
essentially,  for  example,  secular  variations  have  occurred.”  (Compiler’s  translation*. 


References:  Gumbel  < 1935a, d,  1935-36,  1936a, b). 


Citation:  Gumbel  ( 1939f). 

' Gumbel,  E.  J.  (1937e).  Das  Grenzalter.  Comptes  Rendus  du  Congres  International  des  Mathematiciens 
(Oslo,  1936),  Vol.  2,  pp.  203-205.  A.  W.  Brpggers  Boktrykkeri  A/S,  Oslo.  ( JFM  63,  1 130  — listing  only!. 

Summary:  The  author  writes  (pp.  203-205):  "Numerous  authors  have  occupied  themselves  with  the 
general  viewpoint  of  the  interesting  problem  of  the  longest  duration  of  human  life  and  endeavored  to 
determine  this  from  the  observations  through  complicated  interpolation  formulas.  This  problem  ac- 
quires a new  look  as  soon  as  one  considers  the  series  of  deaths  as  a distribution  of  deaths  according  to  age 
and  especially  assumes  that  this  initial  distribution  is  unlimited.  Then  the  limiting  age  becomes 
identically  simply  a special  case  of  the  largest  value  of  an  unlimited  distribution  for  a given  large 
number  of  observations.  The  correctness  of  this  analogy  follows  without  incisive  analytical  assumptions 
by  equating  the  distribution  of  age  at  death  of  the  oldest  of  a certain  population  with  the  limiting 
distribution  of  the  largest  value.  The  mode  of  this  distribution  will  be  the  last  age  d>,  the  mean  limiting 
age  is  called  to,  the  standard  error  is  in  turn  proportional  to  the  intensity  of  mortality  at  the  last  age. 
Comparisons  carried  out  for  the  last  50  years  in  Sweden  and  in  Switzerland  have  proved  the  correctness 
of  the  method.  Therefore  it  is  admissible  to  calculate  the  last  age  as  a function  of  the  observation  time.  If 
one  confines  himself  to  the  distribution  of  deaths  around  the  normal  age  f and  if  one  denotes  the  life 
expectancy  at  this  age  by  Elf),  the  probability  that  it  is  attained  by  Gf>,  then  the  last  age  amounts  toll) 
w = f +E(f)f(lgNGf)k),  where  N is  the  number  of  deaths  and  k is  a constant  which  serves  only  to 
normalize  the  distribution  of  deaths  above  the  normal  age,  and  f depends  on  the  assumption  concerning 
the  course  of  mortality  at  the  highest  ages.  For  the  Gompertz  formula  the  mortality  function  fix)  and  the 
intensity  of  mortality  /it(x)  reduce  for  the  three  normal  values  f,  7(f)  and  Elf)  to  (2)  / ( x ) = 7(f  le1-*’''': 
plx)  = [p/E(f)]epl  where  the  reduced  age  t = (x-f)/E(f)  and  p = 0.59635  is  a universal  constant.  After 
introduction  ofthe  distribution  of  deaths  d(xl  = 7(x)p(x)  one  obtains.  . .the  last  age,  after  slight  neglects, 
from  ( 1’)  log  N/(f)  = 2 log  e ■ Sin  hyp  ipr-1/2)  where  (3’)  r = (<o-f)/E(f)  is  the  reduced  last  age.  . . . The 
increase  of  the  last  age  with  time  is  so  slow  that  the  highest  age  of  106  years  observed  until  now  in 
Sweden  would  first  be  exceeded  in  a century.  Since  according  to  experience  the  normal  age  increases 
somewhat  with  hygienic  conditions,  the  corresponding  life  expectancy  drops  at  the  same  time,  so  that  an 
improvement  of  mortality,  as  long  as  it  remains  within  the  bounds  of  this  explanation,  does  not  increase 
the  limiting  age.”  (Compiler’s  translation). 

References:  Gumbel  (1935c,  1936c,  1936-37). 

Citation:  Gumbel  ( 1939f). 


* Gumbel,  E.  J.  (1937-38).  La  distribution  des  inondations.  Aktuarske  Vedy  (Praguei  7 (2),  85-93. 

Summary:  The  author  writes  (pp.  85-89):  "In  a previous  article  [Gumbel  ( 1935-36) ) we  have  developed 
the  theory  of  the  largest  value.  Afterward,  we  have  applied  it  to  the  problem  ofthe  limiting  age  | Gumbel 
(1936-37))  and  to  distances  between  radioactive  emissions  [Gumbe!  ( 1936b ) ).  But  this  general  theory 
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allows  many  other  practical  applications,  since  the  final  distribution  has  the  same  form  for  all  initial 
distributions  of  exponential  type.  In  what  follows  we  are  going  to  study  the  problem  of  floods. . . . We  are 
going  to  represent  the  distribution  of  floods  by  that  of  the  largest  value,  being  given  that  the  peak 
discharges  are  certainly  the  largest  values  of  the  discharges.  We  base  our  work  on  the  fact  that  the  final 
distribution  of  the  largest  value  is,  in  a certain  measure,  independent  of  the  initial  distribution  that  one 
considers.  This  simplifies  our  task  greatly.  . . . The  necessary  condition  for  the  passage  of  the  exact 
distribution  of  the  largest  value  to  its  final  form  is  verified.  Because  the  discharges  of  large  rivers  are 
observed  daily,  and  the  floods  are  sometimes  known  even  for  a century. . . . Let  x be  the  discharge,  let  n 
be  the  number  of  years  observed.  Then  the  number  of  years  n W(x>  having  a maximum  discharge  less 
than  xisnW(x)  = ne'e"v  ( 1 ) where  y = a(x  - u)  (2)  is  a variable  reduced  by  the  introduction  of  the  mode  u 
of  the  largest  value,  and  of  the  quantity  a,  of  dimension  x '.  These  two  constants  a and  u can  be 
determined  from  the  observations  with  the  aid  of  the  method  of  moments,  which  leads  to  the  equations  u 
= u -0.57722/a  (3)  and  1/a  = ( V§/ Trier  (4)  where  u is  the  arithmetic  mean  and  cr  the  standard  deviation  of 
the  distribution  of  the  largest  value,  quantities  which  one  draws  from  the  observations.  But  this 
calculation  becomes  tedious  when  the  number  n is  very  large.  That  is  why  we  propose  a new  determina- 
tion of  the  two  constants  with  the  aid  of  the  observed  median  u„  and  quartiles  u„  u2.  It  is  a question  then 
of  finding  the  relation  between  these  three  quantities,  called  values  of  position,  and  the  two  constants  u 
and  a.  The  median  of  the  distribution  of  the  largest  value  is,  according  to  the  definition  of  that  value, 
following  ( 1 ) and  (2),  the  solution  of  e-1'  ,,,u“  = e ifi2  which  leads  to  e_“lu”~ul  = lg  2 or  u„  = u-lg  Ig  2/a. 

Thus  one  determines  the  constant  u with  the  aid  of  the  observed  value  u„  by:  u = u„-0. 36651/a.  (5)  In 
order  to  determine  a,  one  makes  use  of  the  two  quartiles  y,  and  y2  of  the  reduced  variable,  which  are  y2  = 
1.24590,  y,  = -0.32663.  One  obtains  according  to  (2)  a(u2-u,)  = 1.57253.  Thus  one  can  calculate  the 
constant  1/a  from  1/a  = 0.63529  (u2-u,)  (6)  and  the  constant  u,  following  (5),  from  u = u„  - 
0.23307(u2-U|>.  (7)  This  determination  with  the  aid  of  values  of  position  involves  a certain  loss  in 
precision  as  compared  with  the  determination  with  the  aid  of  moments.  Because  the  precision  of  the 
median  iGumbel  (1937c)]  is,  for  the  determination  of  the  largest  value,  90'7r  of  the  precision  of  the 
arithmetic  mean.  But  this  fault  is  amply  compensated  by  the  ease  of  the  determination."  The  author 
applies  these  results  to  data  for  floods  on  the  Rhine  at  Basel  during  the  118-year  period  1808-1925.  On 
page  92  he  states:  "In  general,  the  distribution  of  peak  discharges  follows  well  the  distribution  of  the 
largest  value.  . . . The  introduction  of  special  hypotheses  concerning  floods  is  not  at  all  necessary.  This 
shows  once  more  that  the  domain  of  application  of  the  theory  of  largest  values  is  quite  vast.” 

References:  Hazen  ( 1930),  Gibrat  ( 1932b),  Grassberger  ( 1932,  1933),  Gumbel  ( 1935-36),  Grassberger 
(1936),  Gumbel  (1936b,  1936-37,  1937c). 

Citations:  Gumbel  (1939e,f),  Kendall  (1946). 

* Insolera,  F.  (1937-38).  Au  sujet  de  l’age  limite.  Aktuarske  Vedy  (Prague)  7 (2),  49-55. 

Summary:  The  author  attempts  to  answer  the  objections  raised  by  Gumbel  ( 1934g,  1936-37)  and  by  de 
Finetti  ( 1934)  to  the  definition  of  the  limiting  age  which  he  stated  earlier  |Insolera  ( 1933,  1935)),  and 
which  he  here  (p.  50)  restates  as  follows:  "For  an  age  of  w years  and  only  for  this  age,  if  e is  a positive 
quantity  as  small  as  one  wishes,  there  is  an  interval  (tu-Ato.oi).  with  A<o>«,  in  which  the  difference 
between  the  number  of  survivors  and  of  deaths  is  smaller  than  e.”  (Compiler's  translation).  The  author 
also  advances  certain  other  arguments  to  support  his  theory  of  the  limiting  age.  To  counterbalance  the 
"force  of  mortality"  [instantaneous  rate  of  mortality!  he  proposes  a "force  of  vitality",  and  asserts  that, 
while  the  former  is  not  zero  at  age  0,  thus  allowing  for  still-births,  the  latter  is  zero  at  the  limiting  ageai. 

References:  Bohlmann  (1909),  Insolera  (1933),  de  Finetti  (1934).  Gumbel  (1934g>.  Insolera  (1935), 
Gumbel  (1936-37). 
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* Kozakiewicz,  W.  ( 19.17 ).  Sur  un  theoreme  de  Glivenko.  ( Polish  summary).  Complex  Rendus  de  hi  Societe 
des  Sciences  et  des  Lettrex  de  Varxocie  (Classe  III)  30.  83-87.  iJFM  63,  5131. 

Summary:  The  author  writes  (pp.  83-84):  "This  note  contains  a very  simple  demonstration  of  a theorem 
of  Glivenko  |(1933)j.  We  denote  bv  P{E}  the  probability  of  an  event  E,  by  Eiz)  the  mathematical 
expectation  of  a random  variable  z.  Given  a sequence  {zn},  n = 1,  2,  ...  of  random  variables,  we 
denote — for  t real — by  Pm{zn  <t}  the  probability  of  having  simultaneously  all  the  inequalities:  ( 1)  zn  < t; 
n = m,  m + 1, . . . . Let  x be  a random  variable.  For  t real  we  set:  (2)  Fit)  = P{x=st}.  Fit ) is  the  c.d.f.  of  the 
variable  x.  Let  x,.  x2,  . . .,  xn  be  n values  of  the  variable  x,  corresponding  to  n independent  trials.  We 
determine  for  each  xk  ( 1 =sk=sn)  a function  uk(t)  by  the  conditions  uk(  t ) = 1 if  xk=st  and  uki  t ) =0  ifxk>t.  Set: 

(3)  Vn(t>  = I l/n>ik=|Uk(t).  One  calls  Vn(t)  the  empirical  probability  law,  because  for  x,,  x2,  . . .,  x„  fixed, 
Vn(t)  possesses  all  the  properties  of  the  c.d.f.  The  theorem  of  Glivenko  can  be  expressed  by  the  relation: 

(4)  PCjT!Vnlt)-F(t)|l  = 0}  = 1,  which  means:  the  sequence  of  random  variables  s“l>  |Vn(t)-F<tt| 
converges  stochastically  strongly  to  zero.  Stated  otherwise,  to  every  pair  of  positive  numbers  e,p  one  can 
find  a corresponding  number  N such  that  m sN  implies:  (5)  Pm{s“p  jVn(t)-F(t)|<e}>l  -17."  (Compiler's 
translation).  The  proof,  which  is  simple  but  too  long  to  reproduce  here,  is  given  on  pp.  84-87.  The  author 
points  out  that  the  theorem  can  be  generalized  to  the  case  of  several  dimensions,  and  that  the  method  of 
proof  used  in  this  paper  can  be  applied,  with  suitable  modifications,  when  the  trials  are  not  independent. 

References:  Glivenko  (1933),  Kolmogoroff  (1933). 

* Madow,  William  G.  ( 1937 1.  Contributions  to  the  theory  of  comparative  statistical  analysis.  I.  Fundamen- 
tal theorems  of  comparative  analysis.  Annals  of  Mathematical  Statistics  8,  159-176.  (JFM  63,  1094). 
Abstract,  Bulletin  of  the  American  Mathematical  Society  43,  176. 

Summary:  The  author  states  (pp.  159-160):  "This  is  the  first  of  several  papers  in  which  there  will  be 
presented  a general  approach  to  the  statistical  examination  of  hypotheses  which  are  false  if  any  of 
several  things  are  true.  Phenomena  requiring  such  a statistical  theory  are  investigated  quite  fre- 
quently. . . . The  theorems  of  this  paper  have  one  purpose:  to  permit  the  reduction  of  the  distributions  by 
which  the  hypotheses  are  to  be  tested  to  essentially  the  joint  distribution  of  the  statistics  which  contain 
the  information  offered  by  the  data  concerning  the  truth  or  falsity  of  the  things  which  will  negate  the 
hypotheses. . . . The  fundamental  theorems  of  comparative  analysis  are  now  obtained  in  such  a form  that 
they  are  applicable  to  problems  in  the  theory  of  probability  no  matter  what  the  distributions  may  be. 
Some  special  cases  of  these  theorems  have  been  used  in  connection  with  the  derivation  of  distributions  of 
positional  statistics  such  as  the  klh  in  order  of  N elements  [Gunibel  ( 1935a)].  and  others."  The  author 
proceeds  to  prove  nine  theorems  which  are  too  long  to  state  here:  these  theorems  do  not  deal  directly  with 
order  statistics,  but  are  useful  in  proving  results  such  as  the  one  mentioned  by  the  author  in  the  passage 
quoted  above. 

References:  Poincare  1 1896>  1 1912],  Fisher  ( 1935),  Gumbel  1 1935a). 

Citation:  Kendall  (1946). 

* Nevman,  J.  1 1937a).  "Smooth  test"  for  goodness  of  fit.  Skandinavisk  Aktuarictidskrift  20.  149-199.  (JFM 
63,  1092). 

Summary:  The  author  writes  (pp.  159-160):  "In  what  follows,  1 shall  be  concerned  only  with  the  case 
when  the  hypothesis  tested,  say  H„.  is  simple,  specifies  a continuous  probability  law.  common  to  all  the 
x’s,  and  when  the  admissible  alternative  hypotheses  are  smooth.  This  case  has  been  treated  by  H. 
Cramer  |i  1 928 » | who  suggested  a special  criterion  and  applied  it  systematically  to  test  the  goodness  of  fit 
of  the  Charlier  series.  Later  on  the  same  criterion  was  advanced  by  R.  v|on  1 Mises  |i  1931 1]  who  seemed  to 
be  unaware  of  the  previous  work  by  Cramer.  In  the  work  of  | von  | Mises  the  criterion  was  named  'the  w- 
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test'  and  under  this  name  it  is  now  generally  known.  However,  the  method  of  approach  of  the  two  authors 
mentioned,  as  well  as  the  results,  differ  essentially  from  what  follows.”  The  test  proposed  by  the  author, 
unlike  the  Cramer-von  Mises  test,  is  not  based  on  order  statistics. 

References:  Cramer  ( 1928 ),  von  Mises  (1931),  K.  Pearson  (1931),  Neyman  & E.  S.  Pearson  (1936). 

Citations:  Gumbel  (1939d,  1942a),  Pearson  ( 1 942 ),  Cramer  (1946),  Kendall  ( 1 946 1,  Bickerstaff  (1947), 
Kimball  1 1947 ). 

Neyman,  J.  (1937b).  Outline  of  a theory  of  statistical  estimation  based  on  the  classical  theory  of 
probability.  Philosophical  Transactions  of  the  Royal  Society  of  London  ( A i 236,  333-380.  ( JFM  63,  515). 

Summary:  This  paper  deals  primarily  w’ith  the  theory  of  interval  estimation  and  only  incidentally,  in 
an  example,  with  order  statistics.  Let  x,  and  x2  be  random  variables  subject  to  the  probability  law  pix,, 
x.,|0>=  H ':  for  0 < x„  x.,  < 0,  pix,,  x,l  =0  otherwise.  The  value  of  0 is  unknown  and  interval  estimates  of  H 
are  desired.  Let  x',  and  x'2  be  values  of  x,  and  x2,  respectively,  chosen  at  random  and  let  L = max  (x'„  x'2l. 
The  author  shows  that  Li  1 -«)  1 - is  a 100o  percent  upper  confidence  bound  on  0,  or  since  we  know  that 
0a L,  the  interval  [L,  L(l-«)  1 -]  is  a (one-sidedi  100u  percent  confidence  interval  on  ti.  He  finds  that 
one-sided  intervals  based  on  L are  always  shorter  than  two-sided  intervals  with  the  same  confidence 
level  based  on  the  sum  T = x',  + x'2.  In  fact,  the  former  sometimes  (but  not  always)  lie  entirely  within  the 
latter. 

References:  Levy  (1925),  Darmois  (1936),  Neyman  & Pearson  (1936). 

Citations:  Wilks  (1938),  Eisenhart  (1939),  Pitman  (1939),  Wald  (1939),  Kullback  & Frankel  1 1 940 ), 
Kendall  (1943),  Wilks  il943),  Cramer  (1946),  Kendall  (1946),  Lehmann  (1947),  Wolfowitz  (1949). 

Pitman.  E.  J.  G.  ( 1937 ).  The  "closest"  estimates  of  statistical  parameters.  Proceedings  of  the  Cambridge 
Philosophical  Society  33,  212-222.  (JFM  63,  515). 

Summary:  The  author  defines  and  studies  "closest"  estimates  of  the  parameters  of  statistical  popula- 
tions. Of  two  estimates  X,  and  X2  of  a parameter  0,  X,  is  a closer  estimate  than  X2  if  the  probability  that 
< |X2-0|  is  greater  than  1 2.  The  closest  estimate,  if  one  exists,  is  the  one  which  is  closer  than  any 
other.  The  author  shows  that  if  X is  a random  variable  with  a unique  median  M.  then  M is  the  closest 
estimate  of  X,  or,  more  precisely,  if  C is  any  fixed  number  not  equal  to  M,  the  probability  that  X -M|  < 
|X  -C|  is  greater  than  1 2.  He  relates  this  property  of  the  median  to  the  well-known  fact  that  the  mean 
absolute  deviation  is  a minimum  when  deviations  are  taken  about  the  median.  He  also  shows  that  if  x„ 

x2 x„  is  an  ordered  sample  from  a two-parameter  exponential  distribution  with  p.d.f.  fix)  = 

1 1 cie  ls  1,1  c,  x & a,  c > 0,  then  x,  and  X(xr-x,)  are  a sufficient  pair  of  statistics  for  the  estimation  of  a and 
c.  Moreover,  these  two  statistics  are  independent  of  each  other  and  of  any  function  F of  the  x's  which  is 
both  homogeneous  of  degree  (land  invariant  with  respect  to  change  of  origin.  The  author  shows  that  X = 
nfx,-a>  c has  a I'(  1 1 distribution  and  Y = YiXr-x,)  c has  a l'(n-l)  distribution:  hence  Z = X Y has  a 
known  distribution,  and  Z can  be  used  as  a statistic  to  test  whether  the  smallest  member,  x,.  of  a sample 
from  an  exponential  distribution  differs  significantly  from  zero  or  any  other  specified  value.  There  are 
corresponding  tests  for  significance  of  differences  between  two  values  of  x,  and  between  two  values  of 
Xixr-x,).  The  closest  estimates  of  a and  c are  A = x,  - (21  n )'  - 1 1 i.ixr-x,)  n and  G = X(xr-x,)  gn  ,,  where 
g„  j = t n — 1 > — 1 3 -t-  0.09  i n - 1 ) is  the  median  of  the  Fin  -1 t distribution.  The  author  also  gives  the  closest 
estimates  of  the  location  and  scale  parameters  of  a rectangular  distribution,  which  are  functions  only  of 
the  smallest  and  largest  sample  values,  which  form  a sufficient  pair. 

References:  Pitman  1 1936),  Sukhatme  ( 1936). 

Citations:  Pitman  1 1939).  Craig  i 1943).  Geary  1 1 944 Cramer  < 1 946 1,  Kendall  ( 1946>. 
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* Savur,  S.  R.  (1937a).  The  median  as  a statistic  (letter  to  the  Editor).  Current  Science  5 <81,  419-421. 

Summary:  The  author  points  out  that  impetus  to  the  use  of  the  median  in  statistical  analysis  has  been 
given  by  Crowe  ( 1933,  1936)  and  by  Mathews  ( 1936).  Whereas  Crowe  has  justified  his  methods  either  by 
appealing  to  intuition  or  by  assuming  normality  of  distribution,  the  author  finds  distribution-free  lower 
and  upper  95#  confidence  bounds  for  the  population  median  based  on  the  order  statistics  of  a random 
sample  of  size  n,y,  ssy2  s . . . ssy^  ss . . . ssyn+ W|  « . . . «yn.  These  bounds  are  given  by  v',,  and  y'n»:  - 
respectively,  where  y'^  is  increased  by  unity  in  the  last  significant  digit  and  y'n  + i_/|  is  y^,^ 
decreased  by  unity  in  the  last  significant  digit,  and  / , is  the  largest  value  of  / for  which  the  incomplete 
B-function  ratio  1 1/2  (n  f + 1)  is  less  than  0.05.  The  interval  between  these  two  bounds  is  an  approxi- 
mate 90#  central  confidence  interval  for  the  population  median.  If  this  interval  does  not  include  zero, 
the  author  states  that  the  median  is  significantly  different  from  zero.  If  such  intervals  for  two  random 
samples  do  not  have  a common  part,  he  states  that  the  sample  medians  are  significantly  different  from 
each  other.  He  applies  these  tests  to  an  example.  He  states  that  the  median  has  two  advantages  over  the 
mean  in  tests  of  significance:  ( 1)  Tests  based  on  the  median  are  far  simpler  than  those  based  on  the  mean; 
( 2)  It  is  necessary  to  know  the  distribution  of  the  population  in  the  case  of  tests  based  on  the  mean,  but  not 
in  the  case  of  tests  based  on  the  median. 

References:  Crowe  (1933,  1936),  Mathews  (1936). 

Citation:  Savur  ( 1937b). 

* Savur,  S.  R.  ( 1937b).  The  use  of  the  median  in  tests  of  significance.  Proceedings  of  the  Indian  Academy  of 
Science  (A>  5,  564-576. 

Summary:  The  author  gives  the  following  summary  (p.  576):  "In  this  paper  a new  test  of  significance, 
called  the  TT [Sanskrit,  pronounced  like  "me”  in  "calmer"  ] test,  in  which  the  median  is  used,  is  given.  It  is 
shown  that  this  test  is  quite  independent  of  the,  to  us  unknown,  frequency-distributions  in  the  popula- 
tions from  which  our  samples  are  drawn.  The  application  of  this  test  is  quite  simple.  Hence  the  test 
appears  to  be  far  better  than  those  in  use  at  present  and  which  are  based  on  some  assumed  frequency- 
distribution,  generally  normal  distribution.  The  test  is  applied  to  some  illustrative  examples  and  the 
results  compared  with  those  obtained  after  the  application  of  the  existing  tests."  The  author  contends 
that  any  advantages  the  sample  mean  may  have  over  the  sample  median  hold  only  in  the  case  of  the 
normal  distribution,  whereas  "using  the  median  we  can  devise  tests  which  are  applicable  to  samples 
irrespective  of  the  nature  of  the  frequency-distributions  in  the  populations  from  which  the  samples  were 
obtained.”  (p.  567). 

References:  Fisher  ( 1922),  Whittaker  & Robinson  ( 1924),  Crowe  < 1933),  Fisher  ( 1935),  Crowe  ( 1936). 
Mathews  ( 1936),  Savur  ( 1937a). 

Citations:  Nair  ( 1940a, b),  Scheffe  ( 1943),  Kendall  1 1946).  Bickerstaff  ( 1947 1,  Wilks  1 1948i. 

* Smirnoff,  N.  V.  (Smirnov,  N.  V. )( 1937a).  Sur  la  distribution  de  10 2 (criterium  de  M.  v.  Mises).  1 Russian. 
French  summary).  Matematicheskii  Shornik  1 Recueil  Mathematiquel  44  [N.  S.  2]  (5),  973-993.  1 JFM  63. 
513). 

Summary:  "Let  x,  s x2  *£  . . . ss  xn  be  a series  of  values  of  a random  variable  X obtained  in  n independent 
trials  and  numbered  in  increasing  order.  Let  us  assume  that  the  distribution  law  Fix)  of  X is  continuous 

and  denote  by  Sn(x)  the  empirical  distribution  function  S„(x)  = k n (xk  s x < xk. ,,  k = 1,2 n 1 ),  Sn(x) 

= 0 ix<X|),  Sn(x)  = 1 ( x — xn  1.  By  modifying  slightly  the  well-known  expression  of  von  Mises  |(  1931 )]. 
we  set  io„2  = n/  * * g|F(x)|  |Sn(x)  - F< x ) ]”dF< x ),  assuming  that  the  function  t ( 1 - t igi  t > has  a continuous 

derivative  ( 0 <t  < 1 ).  Then  one  can  prove  the  following  theorem:  Whatever  the  function  Fix),  the  distribu- 


280 


tion  law  <t>n(<u)  of  or  tends  for  n— »=c  to  <t>(o>)  = 1 -(1  Itt)  Sk=1  fin-,  [e_“VA  V -D(  A)]  dA,  where  Ak  > 0 are  the 
characteristic  numbers  of  the  kernel  K(x,y)  = Vg(x)g(y)  x ( 1 -y)  (xsy),  K(x,y)  = Vg(x)g(y)y  (1-x)  (x>y) 
and  D(X)  is  the  Fredholm  determinant  of  the  same  kernel.  See  my  note  [Smirnoff  ( 1936>|.”  (Compiler’s 
translation  of  author’s  French  summary,  p.  993). 

References:  von  Mises  (1931),  Kolmogoroff  (1933),  Smirnoff  (1936). 

Citations:  Smirnov  (1944),  von  Mises  (1947). 

Smirnoff,  N.  [Smirnov,  N.  V.](  1937b).  Sur  la  dependancedes  membres  d’une  seriede  variations.  Bulletin 
de  I’Universite  d'Etat  a Moscou,  Serie  International,  Section  A < Mathematiques  et  Mecanique)  1,  Fas- 
cicule 4,  12  pp.  (JFM  63,  1570 — listing  only). 

Summary:  Let  x,  *£  x2  s . . . « xn(  1)  be  the  observed  values,  in  nondecreasing  order,  of  a random  variable 
X.  Let  d>(  x ) be  the  distribution  law  ( c.d.f. ) of  X,  assumed  to  be  differentiable  so  that  f(  x ) = <t>'(  x ) is  the  p.d.f. 
of  X.  We  call  ( 1)  the  series  of  variations  of  x.  The  author  examines  the  asymptotic  form  of  the  joint 
distribution  of  two  members  xk  and  xm(k<m)  of  this  series,  assuming  the  number  of  observations  n to  be 
large.  He  writes  the  joint  p.d.f.  of  x = xk  and  y = xm  in  the  form  <«km(x,y)  = Bkm  <t>k_,(x)  [«J>(y)  — <t>(  x )]m_k_  1 
[l-<J>(y)]n  m f(x)f(y),  where  Bkm  = n!/  [(k-l)!(m-k-l)!(n-m)!].  If  x is  uniformly  distributed  on  the 
interval  (0,  1),  then  d>ix)  = x for  0 s x s 1,  4>(xl  = 0 for  x < 0 and  d>(x)  = 1 for  x s=  1,  and  the  joint  p.d.f. 
becomes  tokm  (x,y)  = Bkm  xk~'(y-x)m-k-1  (l-y)"~m  (0«x<y=sl).  Let  a,b,c,d  be  four  members  such  that 
a<b<c<d<l;  then  the  probability  Pkm(a,b,c,d)  of  the  inequalities  4>-,(a)  < xk  < <J>“'(b)  and  4>~'(c)  < xm  < 
<t>“ '( d ) can  be  written  as  Pkra(a,b,c,d)  =jf^!,l31ljJ,'^lla>km(x,y)dxdy,  or,  after  making  the  change  of  variables 
<t><x)  = £,<t>(y)  = 17,  by  Pkm(a,b,c,d)  = JjJ  o»km  (f.-pld^d-rj.  If  a,  < a2  and  b,  < b,  are  four  numbers  whose 
absolute  values  are  all  less  than  some  arbitrarily  large  given  number  L,  then  Pkm(al,a2,bl,b2)  = [( 1 +8’„)  / 
(27rVl -rkm2)]  eU 2'i-rkn,-’']  f7)+7)2i  dfdrj,  where  rkm  = V[k(l-m/n)]/  [m(l-k/n)]  is  the 

correlation  coefficent  of  xk  and  xm  and  8’n-^0  as  n— »*,  is  the  probability  that  <J>^'(  Ak+a,rk>  < xk  < 
<b”'(Xk+a2rk)  and  Am+b,Tm)  < xm  < <l>  '(Xm+b2rm),  where  Ak  = k/n,  ck  = 1 -Xk,  and  rk  = V Xk^k  n (k  = 1, 
2,  ....  n). 

Reference:  Smirnoff  (1935). 

Citations:  Scheffe  (1943),  Smirnov  (1944),  Mosteller  (1946),  Wilks  (1948). 

Snedecor,  George  W.  (1937).  Statistical  Methods.  Iowa  State  College  Press.  Ames.  (JFM  64,  1 202 ). 
Fourth  edition,  1946;  Fifth  edition,  1956;  sixth  edition  (with  W.  G.  Cochran),  1967. 

Summary:  The  fourth  edition  contains  sections  on  the  range  (2.3),  on  the  median  (and  the  quartiles) 
(2.17),  on  the  ratio  of  range  to  standard  deviation  (in  the  same  sample)  (5.7),  and  on  comparisons  not 
planned  before  the  experiment  is  performed  ( 15.5).  Presumably  much  of  this  material  is  also  in  earlier 
editions,  which  the  compiler  has  not  seen.  In  the  fifth  edition,  the  material  is  rearranged  and  the 
treatment  of  the  median  and  the  quartiles  is  expanded  to  include  their  use  in  nonparametric  tests. 
Sections  are  added  on  range  analogues  of  the  t-test  (5.6)  and  on  the  problem  of  multiple  comparisons 
( 10.6),  the  latter  including  the  use  of  the  studentized  range  and  of  Hartley’s  method  of  sequential  testing 
of  pairs  of  adjusted  means. 

References:  Gauss  ( 1823),  Galton  ( 1888,  1889),  Yule  ( 191 1 ),  Rietz  ( 1924),  Tippett  ( 1925),  K.  Pearson 
(1931),  E.  S.  Pearson  (1932),  Fisher  (1933,  1935),  {Fisher  & Yates  (1938),  Newman  (1939),  Deming 
(1943),  Kendall  (1943),  Wilks  (1943),  Kendall  (1946),  Lord  (1947)}. 

Citations:  Newman  ( 1939).  Cramer  ( 1946),  Duncan  ( 1947),  Tukev  ( 1948c,  1949a, b). 


Sukhatme,  P.  V.  (1937).  Tests  of  significance  for  samples  of  the  y2  population  with  two  degrees  of 
freedom.  Annals  of  Eugenics  8,  52-56.  (JFM  63,  1091). 


Summary:  Consider  the  two-parameter  exponential  population  with  p.d.f.  f(xt  = ( 1/a)  e '*  ^1  “.Let  x„x2, 
. . . , x„  be  the  order  statistics  of  a random  sample  of  size  n from  this  population.  The  maximum-likelihood 
estimators  are  /j  = x,  and  <i  = (x,  -x,)/n,  the  corresponding  unbiased  estimators  being  ji  = x, 

(x,-  x , )/  | n< n — 1 ) 1 and  d = X^L2  < Xj  — x , )/  (n-1)  respectively.  Let  = nx,,  = (n-1)  (x2-x,),  £,  = ( n — 2 ) 

lx:,-x,) = (n-r)  (xr.,-xr).  Then  the  £’s  are  distributed  independently  of  each  other,  each  in  an 

exponential  population  with  the  same  scale  parameter  as  the  original  data.  Let  < = X"  < xs  — x , )/<  n — 1 ). 
Then  2l  n - l)f/a  is  distributed  as  y- with  2<  n — 1 ) d.f.  (degrees  of  freedom),  so  that  (n  - 1 U is  distributed  as 
a \-l 2 with  2( n — 1 ) d.f.  Also  n(x,-j3)  is  distributed  as  a x2/2  with  2 d.f.  Hence  z = 1/2  log,,  t,  where  t = 
(x,  -0)/(//n>,  is  distributed  as  Fisher’s  z |or  t as  Snedecor’s  F]  with  2 and  2(  n — 1 ) d.f.  If  y„  y2, . . . , yn|  are 
the  order  statistics  of  a second  ordered  sample  of  size  n,  and  if  we  let  / , = X"x,(y,-y,)  / ( n,  — 1 1,  then  t = 
(Xi-y,)/{[/(n-l)  + f ,(n,-l)]  [1/n  + l/n,]  [n+n1-2]}  is  distributed  as  F with  2 and  2(  n + n,  -2)  d.f.  and  (X , 

is  distributed  as  F with  2(  n — 1 ) and  2(n,-l)  d.f.  If  we  have  k samples  x, , x,.„  . . . , x,  (t  = 1,  2 ki 

drawn  at  random  from  an  exponential  population  with  scale  parameter  <*.  then  under  the  null  hypothesis 
that  there  is  a common  value  of  0,  the  ratio  [X*=,  X"'_,  (xt.  - xt))/X*=l  (nt—  1 )]/  [X*=)  {n,(xt  -x,l}/(k-l)]is 
distributed  as  F with  XjL,  ( n,  — 1 ) and  ( k — 1 ) d.f.  This  test  is  analogous  to  the  analysis  of  variance  test  in 
normal  theory. 

Note:  For  convenience,  the  author’s  statements  concerning  Fisher's  z distribution  have  been  converted 
to  the  corresponding  statements  concerning  Snedecor's  F distribution,  where  F = e2z,  which  is  more 
familiar  to  present-day  statisticians. 

References:  Neyman  & Pearson  (1936). 

Citations:  Paulson  ( 1941 ),  Kendall  ( 1946),  Lehmann  ( 1947),  Nair  1 1948a). 

* Thibaud,  Jean  (1937).  Etude  experimentale  de  la  distribution  statistique  des  emissions  de  particules 
alpha.  Confrontation  avec  la  theorie.  Bulletin  tie  la  Societe  Francaise  tie  Physique  8 (406),  94  S-95  S. 

Summary:  The  author  compares  extensive  data  on  the  emission  of  alpha  particles  by  disintegrating 
atoms  of  polonium  with  results  predicted  by  statistical  theory,  by  means  of  five  different  criteria.  These 
include  fitting  a Poisson  distribution  to  the  number  of  particles  emitted  in  time  periods  of  a given  length, 
an  exponential  distribution  to  the  intervals  between  emissions,  and  a Type  1 asymptotic  distribution  of 
largest  values  to  the  longest  intervals  in  groups  of  100  consecutive  intervals.  In  each  case,  the  observa- 
tions agree  quite  well  with  the  theory,  except  that  there  appears  to  be  some  oscillation  about  the 
theoretical  values  predicted  by  the  exponential  distribution.  The  author  states  that  only  further 
research  can  elucidate  whether  or  not  these  oscillations  are  of  a systematic  character. 

Citations:  Thibaud  & Ferber  1 1937),  Brenet  & Armand  1 1938). 

* Thibaud,  Jean;  Ferber,  Martin  ( 1937).  Sur  l'independance  des  disintegrations  des  atonies  de  polonium. 
Comptes  Rendus  de  I'Academie  des  Sciences  (Paris)  205,  1383-1385. 

Summary:  The  authors  study  two  sets  of  intervals  between  emissions  of  alpha  particles  by  disintegrat- 
ing atoms  of  polonium,  one  set  of  7420  intervals  between  emissions  from  a strong  source,  with  particles 
admitted  to  the  counter  only  for  a small  solid  angle  (case  a)  and  one  set  of  2160  intervals  between 
emissions  from  a weak  source,  with  particles  admitted  to  the  counter  over  the  entire  sphere  (case  b).  In 
each  case  the  series  of  intervals  is  divided  into  groups  of  10  successive  intervals,  and  the  intervals  in  each 
group  are  arranged  in  decreasing  order.  The  means  and  variances  of  the  ordered  intervals  are  compared 
with  those  of  the  order  statistics  of  samples  of  size  10  from  an  exponential  distribution,  which  holds  if 
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successive  intervals  are  independent.  The  agreement  is  quite  good  in  case  a,  but  in  case  b the  long 
intervals  are  significant  longer  and  the  short  ones  significantly  shorter  than  those  predicted  by  theory 
under  the  hypothesis  of  independence,  so  this  hypothesis  is  rejected  in  case  b. 

Reference:  Thibaud  (1937). 

Citation:  Brenet  & Armand  (1938). 

Wold,  Herman  (1937).  On  the  mean  difference  at  random  samples  — a note  on  Prof.  Bowley’s  lecture. 
Comptes  Rendus  du  Congres  International  des  Mathematiciens  (Oslo,  1936),  Vol.  2,  pp.  212-213.  A.  W. 
Brpggers  Boktrykkeri  A/S,  Oslo.  (JFM  63,  523). 

Summary:  Let  x be  a statistical  variable  and  F(x)  its  cumulative  distribution  function.  The  mean 
difference  g of  the  distribution  isg  = J*  J*  Jt-u|dF(t)dF(u)  = 2/!xdF(t)/llF(u)du.  Letx„x2, . . . ,xnbea 
random  sample  of  the  variable  x.  The  author  shows  that  the  empirical  mean  difference  g = £" 

|Xj — xk|/n(  n - 1 ) has  expected  value  E(g)=g(  and  thus  is  unbiased  land  variance  oy=(4/n)  {m2-|  ( 2n  — 3 1/ 
( 2n —2) ]g-  + 4 (< n — 2 ) / (n-1)]  J'x  dF(t)  f'_x  F(uidu[m-t  + /'  x F(v)dv]},  where  m = E(x)  and  p-,  = 
E|(x-m)-’].  He  gives  results  for  two  special  cases:  for  the  normal  distribution,  Fix)  = /'  x e a m,!  2,r'dt,g 
= 2ctI\tt  and  <jt g)  = (g/\ n){[(n  + l)/(n-l)]  7r/3  — [4n—  6—  2(n-2)V5]/(n  — 1 ) }■  for  the  rectangular 
distribution,  Fix)  = 0,  x€<*,  Fix)  = (x-a)/(/3-a),  osxs/l,  F(x)  = 1,  /3«x,  g = </3-a)/3  and  o-(g)  = (g/\  5n) 
[(n+3)/(n-l)]!  2. 

References:  Wold  (1935),  Nair  (1936),  Bowley  (1937). 

Barral  Souto,  Jose  (1938).  El  modo  y otras  medias,  casos  particulares  de  una  misma  expresion 
matematica.  Boletin  Matematico  (Buenos  Aires)  11  (3),  29-41.  (JFM  64,  1208). 

Summary:  The  author  shows  that  the  mathematical  expression  Mh  = (-"=l  p,aih) 1 h,  where  the  a,  are 
non-negative  real  numbers  and  the  p,  are  positive  weights  whose  sum  is  1,  leads  for  particular  values  of  h 
to  the  following  "means”:  h = -x  gives  the  smallest  of  the  a|t  h = — 1 gives  the  (weighted)  harmonic 
mean,  h = 0 gives  the  (weighted)  geometric  mean,  h = 1 gives  the  (weighted)  arithmetic  mean,  h = 2 
gives  the  (weighted)  quadratic  mean,  and  h = x gives  the  largest  of  the  a,.  If  the  a,  are  replaced  by  their 
absolute  deviations  from  a certain  value  of  x,  Mh  is  transformed  into  Mh(x)  = (££_,  pjx -al|h>1  h.  The 
author  shows  that  the  values  of  x which  minimize  Mh(x)  are  the  following  for  particular  values  of  h:  for 
h— *0,  the  mode;  for  h = 1 , the  ( weighted ) median;  for  h =2,  the  ( weighted ) arithmetic  mean;  and  for  h = 
x,  the  midrange.  The  corresponding  minimum  values  of  Mh(x)  are  respectively  the  geometric  mean 
deviation  (zero),  the  mean  (absolute)  deviation,  the  root-mean-square  deviation  (standard  deviation), 
and  the  semirange.  These  results  are  a generalization  and  extension  of  those  given  by  Bruen  ( 1938)  and 
earlier  authors. 

References:  Jackson  ( 1921 ),  Rietz  ( 1924),  C.  Jordan  ( 1927),  de  Finetti  ( 1931b),  Baidaff  & Barral  Souto 
(1934,  1935),  Barral  Souto  (1935). 

Bartlett,  M.  S.  ( 1938).  Further  aspects  of  the  theory  of  multiple  regression.  Proceedings  of  the  Cam- 
bridge Philosophical  Society  34,  33-40.  (JFM  64,  547). 

Summary:  This  paper,  which  is  closely  related  to  earlier  work  by  Hotelling  |(  1933 ),( 1936a>|on  the  method 
of  principal  components,  considers  the  problem  of  testing  the  significance  of  the  largest  root  of  a matrix 
equation.  The  author  writes  (p.  38):  "The  effect  of  selection  for  the  largest  root  X,  makes  the  problem  of  the 
exact  distribution  ofx,  or  the  other  roots  exceedingly  complex,  and  a comprehensive  test  of  \|  = IF  , ( 1 X,i. 
where  p is  the  number  of  variates|  might  sometimes  prove  more  useful."  The  author  considers  \2 
approximations  to  tests  of  significance  for  A and  for  V = IF  ( 1 -X,),  given  that  X,  is  significant. 


” . ^ 


References:  Hotelling  (1933,  1936a, b). 

Citations:  Kendall  (1946),  Bartlett  (1947b),  Rao  (1948). 

* Bose,  S.  S.  (1938).  Relative  efficiencies  of  regression  coefficients  estimated  by  the  method  of  finite 
differences.  Sankhya  3,  339-346. 

Summary:  The  author  investigates  the  estimation  of  the  regression  coefficient  of  y on  x by  the  use  of 
differences  of  the  independent  variable  y.  He  considers  three  methods:  (1)  the  method  of  successive 
differences;  (2)  the  method  of  differences  at  half  range;  and  (3)  the  method  based  on  the  range.  He 
calculates  the  relative  efficiencies  of  these  estimators  in  relation  to  the  least  squares  estimator.  The 
method  of  differences  at  half  range  has  limiting  efficiency  (as  n,  the  number  of  pairs  of  values  of  x and  y, 
tends  to  infinity)  of  75^1  relative  to  the  method  of  least  squares,  while  the  other  two  methods  have  zero 
limiting  relative  efficiency.  For  small  values  of  n,  however,  they  may  save  a considerable  amount  of 
labor  with  only  slight  loss  of  efficiency. 

Reference:  Davies  & Pearson  (1934). 

Citations:  Nair  & Shrivastava  < 1942),  Kendall  ( 1946). 

Brenet,  J.;  Armand,  H.  1 1938).  Distributions  experimentalesdes  plus  grands  intervalles  entre  emissions 
de  particules  alpha.  Journal  de  Physique  (7l  9 (2),  73-80. 

Summary:  "Two  series  of  automatic  recordings  of  alpha  particles  of  polonium,  obtained  by  J.  Thibaud, 
are  studied  from  the  point  of  view  of  the  largest  intervals  between  emissions  taken  in  groups  of  n 
consecutive  intervals  among  the  set  of  N„  intervals  recorded.  1.  The  experimental  material  composes 
two  recordings:  one  of  7,000  intervals,  the  other  of  14,000.  The  resolving  power  of  the  recording  system 
was  in  the  first  case  1/1000  of  a second  and  in  the  second  1/350.  2.  The  precision  obtained  on  the  mean 
interval  was  0.8*2  in  the  first  case,  2.5rf  in  the  second.  Thus  one  can  consider  that  the  error  introduced  bv 
the  mean  interval  in  the  calculations  is  practically  negligible,  at  least  in  the  first  case.  3.  The  legitimacy 
of  applying  to  the  grouping  corrections  arising  from  the  number  of  intervals  not  registered  is  discussed. 
It  appears  that  it  is  preferable  to  reduce  the  importance  of  this  correction.  4.  The  agreement  between  the 
theory  of  largest  values  and  the  observations  upon  the  intervals  between  emissions  appears  satisfactory. 
However  some  anomalies  noted  on  the  cumulative  frequency  curves  and  in  the  experimental  values  of 
dispersions  and  of  arithmetic  means  lead  to  an  interpretation  which  is  discussed."  (Compiler's  transla- 
tion of  author’s  summary,  p.  73). 

References:  Eyraud  ( 1935),  Gumbel  ( 1935a,  1936b.  1937b),  Thibaud  1 1937).  Thibaud  & Berber  1 1937 1. 
Citation:  Gumbel  (1939f>. 

* Bruen,  Curtis  (1938).  Methods  for  the  combination  of  observations:  Modal  point  or  most  lesser- 
deviations,  median  loci  or  least  deviations,  mean  loci  or  least  squares,  and  midpoint  of  least  range  or 
least  greatest-deviation.  Metron  13  (2),  61-140. 

Summary:  The  author  considers  various  methods  of  combining  observations  based  on  the  concept  of 
power-means,  as  defined  by  Fechner  < 1874 ).  The  p,h-  order  power-mean  of  a set  of  observations, 

x,(i  = 1 ,2,3 n),  is  that  value,  x,  which  makes  the  sum.  iijx,  -xjl\  a minimum.  It  is  well  known  that  the 

median  is  the  first-order  power-mean,  the  arithmetic  mean  is  the  second-order  power-mean,  and  the 
midrange  is  the  limiting  value  of  the  p,h-order  power- mean  as  p— »*.  Not  so  well  known  is  the  fact,  which 
the  author  attributes  to  R.  M.  Foster  [see  Rietz  ( 1924),  p.  7 [.that  the  mode  is  the  limiting  value  of  the  plh- 
order  power-mean  as  p— »().  The  author  generalizes  the  concept  of  the  power-mean  from  the  case  of  direct 
observations  to  that  of  indirect  observations  or  of  implicit  functional  observations,  for  which  it  leads  to 
the  method  of  least  power-sums  of  the  absolute  values  of  the  deviations.  Corresponding  to  mode, 
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median,  mean,  and  midrange  one  has  then  the  methods  of  least  number  (least  sum  of  zero  powers),  least 
sum  of  first  powers,  least  sum  of  squares,  and  least  maximum  (least  sum  of  infinite  powers)  of  the 
absolute  deviations.  Jackson  (1924)  has  studied  the  existence  and  the  uniqueness  of  solutions  by  the 
method  of  least  plh  powers  (0<pssx)  of  sets  of  n simultaneous  linear  equations  in  m unknowns,  when 
m<n.  The  author  reviews  the  contributions  to  the  theory  of  errors  of  Mayer,  Boscovich,  Laplace, 
Legendre,  Gauss,  Cauchy,  Glaisher,  Fechner,  Edgeworth,  Turner,  Goedseels,  de  la  Vallee  Poussin, 
Rhodes  and  others.  He  closes  with  a discussion  as  to  the  choice  of  method,  in  which  he  points  out  that  the 
choice  depends  on  the  presumed  distribution  of  deviations,  each  method  being  best  for  a particular 
distribution  — the  mode  in  one  variable  or  the  modal  point  in  two  or  more  variables  for  a spike 
distribution  (single  isolated  value),  the  median  or  median  loci  for  a symmetric  exponential  (first 
Laplacean)  distribution,  the  mean  or  mean  loci  for  a normal  (Gaussian  or  second  Laplacean)  distribu- 
tion, and  the  midrange  or  midpoint  of  least  range  for  a uniform  (rectangular)  distribution. 

References:  Mayer  (1750),  Maire  & Boscovich  (1755)  [1770],  Boscovich  (1760),  Laplace  (1774,  1786, 
1793,  1799),  Legendre  ( 1805 >,  Gauss  (1809),  Laplace  (1812),  Cauchy  (1837),  Glaisher  (1872),  Fechner 
(1874),  Edgeworth  ( 1887b, c).  Turner  (1887),  Edgeworth  (1888),  Goedseels  (1909),  Edgeworth  (1911), 
Goedseels  ( 1911),  Keynes  ( 1911),  de  la  Vallee  Poussin  (1911),  Yule  (1911)  [1932],  Trachtenberg  (1915), 
Brunt  ( 1917),  Jackson  (1921),  Jones  (1921),  Keynes  ( 1921),  Edgeworth  ( 1923),  Jackson  ( 1924),  Rietz 
(1924),  Whittaker  & Robinson  (1924),  Coolidge  (1925),  Bowley  (1928),  Dufton  (1928),  Rhodes  (1930), 
Horst  (1931),  Smith  (1934),  Bond  (1935). 

Citation:  Kendall  (1946). 

* Cisbani,  Renzo  (1938).  Contributi  alia  teoria  delle  medie.  Metron  13  (2),  23-59.  (JFM  64,  161-162). 


Summary:  Part  1 deals  with  generalized  means,  which  have  been  proposed  by  Dunkel  ( 1909).  Given  n 
numbers  a,,  a2,  . . .,  an,  Dunkel  defines  their  generalized  mean  as  yn(x)  = [La^n]1  x for  x^0,  vn(x)  = 
"Va,  a,.  . . an  for  x=0.  The  values  of  yn(x)  for  x = -1,0,1,  and  2 are  the  harmonic,  geometric,  arithmetic, 
and  quadratic  means,  respectively,  while  limx^_xyn(x)  = min  aj  and  limx_.+xy„(x)  = max  a^  The  author 
also  discusses  a further  extension  by  Galvani  of  the  concept  of  generalized  means,  but  it  is  not  relevant  to 
our  study.  In  Part  2,  he  extends  the  method  of  Jackson  ( 1921 ) for  determining  uniquely  the  median  of  a 
set  of  n = 2k  numbers,  where  k is  an  integer,  so  as  to  obtain  the  median  of  a set  of  grouped  data.  Let  x,,  x>. 
. • • , xn  be  the  observed  values  (discrete  values  or  class  marks)  and  let  y,,  y2,  . . . , yn  be  their-  respective 
frequencies.  Then,  by  analogy  with  Jackson's  definition  for  ungrouped  data,  the  median  is  defined  as  the 
value  of  x for  which  limp^  |X  -x.i’V,  is  a minimum.  The  value  which  satisfies  this  condition,  which  is 
again  analogous  with  Jackson's  result,  is  the  solution  of  the  equation  tx-x,)'1 . . . (x  -xr) >r  - (xr.,  -x)>r+1 
. . . ixn  -x)'n  = 0,  where  r is  chosen  so  that  the  median  lies  between  xr  and  xr„,.  Gini  & Galvani  ( 1929) 
have  discussed  various  averages,  including  the  median,  of  data  which  are  cyclically  ordered,  e.g.  wind 
directions.  The  usual  definition  of  the  median  (the  value  with  equal  numbers  of  observations  above  and 
below  it)  is  meaningless  for  such  data,  but  Jackson's  definition  can  be  used  to  obtain  a unique  median. 
The  author  gives  numerical  examples,  both  for  data  which  are  ordered  in  the  usual  sense  and  for  data 
which  are  cyclically  ordered. 

References:  Dunkel  (1909),  Jackson  [( 1921  )|.  Galvani  (1927),  Gini  & Galvani  (1929). 


Citations:  Zappa  1 1939),  Dodd  ( 1940),  Zappa  ( 1940).  Boldrini  ( 1942i,  Kendall  ( 1946). 


* Dodd.  E.  L.  (1938).  Definitions  and  properties  of  the  median,  quartiles,  and  other  positional  means. 
American  Mathematical  Monthly  45,  302-306:  note  by  E.  J.  M.,  462.  (JFM  64,  545). 


Summary:  The  author  reproduces  some  of  the  results  of  Jackson  (1921)  concerning  the  median  and 
gives  similar  results  concerning  the  quartiles  and  other  positional  means  (quantiles).  He  enumerates 
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some  of  the  properties  of  these  measures.  Specifically,  he  shows  that  these  measures  (as  he  defines  them) 
are  substitutive  [i.e.  f(c,c,  . . c)  = c],  internal  [i.e.  minimum  lx,)  =£  fix,,  x2)  . . xn)  s maximum  (x,)], 
simul variant  to  all  continuous  monotone  increasing  transformations  ij/lx)  fi.e.  f{i/dx,),  ij/ix.,), . . ,,ij/ixn)}  = 
th{ f(X|,Xo, . . . ,xn)},  translative  and  homogeneous,  but  not  transitive  and  not  associative.  The  note  by  the 
editor,  E.  J.  M[oulton],  states  that  the  author,  too  late  to  change  the  paper,  discovered  that  the  results  on 
quart iles  and  other  quantiles  in  his  Sections  2 and  3 (pp.  302-304)  had  been  published  by  Jackson  ( 1923). 

References:  Jackson  (1921,  1923). 

* von  Eberhard,  O.  (1938).  Ober  das  Fehlergesetz  der  grossten  Fehlers  einer  Serie  und  das  Gesetz  der 
Salvenausdehnung.Zeifsc/iri/i'/ii'rAngeujam/te  Mathematik  und  Mechanik  18,  128-135.  ( JFM  64,1192). 

Summary:  "Since  a certain  relation  exists  between  the  expected  largest  error  in  a series  of  observations 
and  the  average  spread  of  a salvo,  both  problems  will  be  treated  together  here.  One  finds  observations  on 
the  probability  that  the  largest  error  in  a series  of  n shots  takes  a certain  value  z already  in  Czuber 
[( 1891a  i J,  pp.  202  ff.,  also  an  expression  for  the  average  value  of  the  smallest  error,  that  is,  the  number 
which  one  obtains  when  he  forms  the  arithmetic  mean  of  the  smallest  errors  from  very  many  series  of  n 
shots  each.  On  the  other  hand,  one  finds  in  Rohne  |(  19071],  pp.  232  ff.,  an  empirical  determination  of  the 
ratio  of  the  salvo  spread  for  salvos  of  n shots  each  to  the  probable  deviation  of  a single  shot.  Thus  Rohne 
applies  a large  number  of  test  results  at  his  disposal  to  state  the  mean  salvo  spread  for  many  salvos  of  n 
shots  each.  An  exact  study  of  the  probable  error  of  all  these  means  has  not  to  my  knowledge  been 
published,  though  the  answer  to  this  question  has  a certain  inherent  practical  importance.”  (Compiler's 
translation  of  author’s  summary,  p.  128). 

References:  Chauvenet  ( 1863),  Helmert  ( 1877b),  Czuber  (1891a),  Cranz  ( 1896)  [1925],  Rohne  ( 1907). 

* Fisher,  R.  A.  (1938).  The  statistical  utilization  of  multiple  measurements.  Annals  of  Eugenics  8. 
376-386.  (JFM  64,  1216). 

Summary:  This  is  a fundamental  paper  on  linear  discriminant  analysis.  The  following  portion  fp.  383 
( errata )],  dealing  with  s-1  orthogonal  comparisons  of  s components,  each  with  p degrees  of  freedom,  is 
relevant  to  our  study:  "In  choosing  the  component  making  the  largest  contribution  it  will  be  observed 
that  s -2  coefficients  have  been  adjusted,  consequently  the  number  of  degrees  of  freedom  to  be  ascribed  to 
the  first  component  is  p+s-2,  leaving  ( s — 2 )( p — 1 ) for  the  remainder.  Similarly,  if  the  next  largest 
component  be  separated,  it  will  contain  p +s-4,  and  leave  (s -3)  (p  -2).  It  will  be  noticed  that  the  sum  of 
the  arithmetic  series  (p+s-2)  + (p+s-4)  + . . . + (p-s  + 2i  adds  to  the  total  of  p(s  - 1 • degrees  of  freedom 
for  the  ( s — 1 ) components,  and  represents  the  partition  of  degrees  of  freedom  among  them  if  they  are 
chosen  in  order  of  magnitude.” 

Reference:  Hotelling  (1936b). 

Citations:  Fisher  ( 1939),  Hsu  ( 1939,  1941a,bi.  Anderson  ( 1945),  Tintner  ( 1945),  Kendall  ( 1946).  Tintner 
1 1946),  Bartlett  ( 1947b),  Rao  ( 1948). 

* Fisher,  Ronald  A.;  Yates,  Frank  (1938).  Statistical  Tables  for  Biological,  Agricultural  and  Medical 
Research.  Oliver  and  Boyd  Ltd.,  Edinburgh.  (JFM  64.  1 202;  MR  5,  207 ).  Sixth  edition.  Hafner  Publishing 
Company  Inc.,  New  York,  1963. 

Summary:  This  volume  includes  more  than  thirty  tables,  of  which  two  are  relevant  to  our  subject.  Table 
XX  is  a two-decimal-place  table  of  scores  for  ordinal  (or  ranked)  data  (expected  values  of  normal  order 
statistics)  for  samples  of  size  n =2(  1 )50.  Table  XXI  gives  the  sums  of  squares  of  the  values  in  Table  XX  for 
each  value  of  n.  Uses  of  these  tables  are  discussed  in  the  introduction  (pp.  31-32  of  the  sixth  edition).  If 
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data  can  only  be  ranked  but  not  scaled,  or  if  there  is  uncertainty  as  to  the  proper  scale,  they  can  be 
transformed  to  standard  normal  scores  by  use  of  Table  XX,  and  Table  XXI  is  then  useful  in  carrying  out 
the  analysis  of  variance.  The  scoring  of  tied  ranks  and  the  associated  adjustment  in  the  sum  of  squares 
are  discussed.  Other  applications  suggested  for  Table  XX  are  determining  the  factor  by  which  the  range 
or  a linear  combination  of  quasi-ranges  should  be  multiplied  to  obtain  an  unbiased  estimate  of  the 
standard  deviation.  Use  of  the  range  instead  of  the  standard  deviation  is  advocated  only  in  case  a 
number  of  small  samples  (preferably  all  of  the  same  size  n,  ns  10)  are  available,  since  the  efficiency  of  the 
range  estimator  drops  sharply  for  larger  sample  sizes. 

References:  Fisher  (1922,  1929,  1935 ) , {Thompson  (1941)}. 

Citations:  Snedecor  (1937),  Arley  (1940),  Arley  & Buch  (1940),  Finney  (1941),  Thompson  (1941), 
Curtiss  (1943),  Wilks  (1943),  Cramer  (1946),  Kendall  (1946),  Mosteller  (1946),  Duncan  (1947), 
Eisenhart,  Hastay  & Wallis  ( 1947 1.  Hastings,  Mosteller,  Tukey  & Winsor  ( 1947),  Geary  ( 1948),  Tukey 

* (1948c,  1949a). 

I 

* Gini,  Corradoi  1938).  Die  una  formula  comprensiva  delle  medie.  Metron  13(2),  3-22.  (JFM64, 160-161). 

Summary:  The  author  considers  various  types  of  averages  or  means,  including  the  median,  the  mode, 
the  midrange,  the  generalized  geometric  mean  of  Dunkel  (1909),  combinatorial  means,  combinatorial 
power  means,  and  further  generalizations.  Dunkel’s  generalized  geometric  mean  Mp=  (X"=1  aip/n)1  p has 
as  special  cases  the  harmonic  mean  ( p = — 1 ),  the  geometric  mean  (limit  as  p — »0 ),  the  arithmetic  mean 
(p  = l),  the  quadratic  mean  (p=2),  and  the  cubic  mean  (p=3).  The  author  does  not  mention  the  special 
cases  p— > — x and  p— > + *,  which  yield  the  minimum  and  maximum  values,  respectively,  so  the  only 
averages  specifically  discussed  which  are  based  on  order  statistics  are  the  median  and  the  midrange. 

Reference:  Dunkel  (1909). 

Citations:  Dodd  (1940),  Zappa  (1940),  Boldrini  (1942),  Kendall  (1946). 

* Gumbel,  E.  J.  ( 1938a).  La  prevision  des  inondations.  Comples  Rendus  de  I’Academie  des  Sciences  (Paris) 
206,  558-560. 

Summary:  The  author  writes  (pp.  558-559):  "Like  the  distribution  of  flood  flows  (Gumbel  ( 1936a)],  their 
growth  over  time  can  be  interpreted  by  the  theory  of  the  largest  value  [Gumbel  < 1935a)].  If  the  initial 
distribution  fft(x)  of  daily  flows  is  ( 1 ) </>(x)=(a/v  n x)  exp|  -a-lg-'x/b)],  b being  the  median  and  1/a  propor- 
tional to  the  difference  of  the  two  quartiles,  the  probability  W(x)  of  a flow  less  than  x is  (2)  2Wixi  = l +d»(lg 
t),  where  t is  the  reduced  flow  t related  to  the  flow  x by  (3)  x=bt’  a.  Then  l'Hopital's  rule  applied  to  the 
distribution  (1)  of  Galton  i4i  </>(x):|l -W(x)]=  </>'(x ):</>) x)  is  confirmed  by  the  asymptotic  value  of  the 
Gaussian  integral  4>,  if  (5)  2 lg  t>>l.  The  distribution  of  flood  flows  thus  tends  for  an  increasing  number  of 
daily  observations  N,  very  slowly,  toward  (6)  w(xi=«  exp  {-«(x-u)  -exp[—  «(x-u)]},  u being  the  most 
probable  annual  flood  flow.  Since  n=  —</>'( u ):</>( u ) decreases  with  x,  this  distribution  spreads  for  an 
increasing  number  of  observations,  unlike  that  of  extreme  intervals  between  radioactive  emissions 
IGumbel  ( 1937b)  ],  which  remains  unchanged,  and  that  of  greatest  ages  (Gumbel  ( 1937a)],  which  contracts. 
For  the  prediction  of  floods  and  their  precision,  we  use  the  median  u„and  the  two  quartiles  u,  and  u;  of  the 
largest  value  (7)  W(  u„>=exp|  -(lg  2t/N],  W(  u,)=exp|  -(lg  4)/N|,  WiuJ  =exp|  — lg( 4/3 ) N ].  Following  i3)  one 
obtains  the  three  reduced  flood  flows  r(„  r„  r2  corresponding  to  u„.u„u_„  as  a function  of  the  number  of  years 
observed  T = N/365,  (8a,b,c)  T„=3.79807 x 10  V[1  -<b(lg  r>],  T,=2T,„  T,=0.415T,„  where  T„.T„T,  are  the 
years  corresponding  to  calculated  for  the  same  value  r.  These  formulas  assume  only  that  N->>1,  a 

much  less  restrictive  condition  than  (5 1.  One  determines  the  two  constants  a and  b from  (3)  according  to  the 
observed  trend  of  the  floods  themselves.  ...”  (Compiler's  translation).  The  remainder  of  the  paper  is 
devoted  to  a numerical  example  of  the  application  of  the  theory  developed  by  the  author  to  the  use  of  data 
on  floods  on  the  Rhine  at  Basel  during  the  period  1808-1925  to  predict  future  floods. 
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References:  Gumbel  ( 1935a,  1936a,  1937a, b). 
Citations:  Gumbel  (1938b,  1939f),  Kendall  (1946). 


* Gumbel,  E.  J.  ( 1938b).  Le  debit  de  crue  median  au  cours  des  annees.  Comptes  Rendus  de  l ' Academie  des 
Sciences  (Paris)  207,  832-834. 

Summary:  The  author  writes  (pp.  832-833):  "The  median  flood  discharge  u(,  as  a function  of  the  number 
of  years  T„  is  (1)  U|,iT(l)=  b exp  (lg  r.  a),  11  -<t>ilg  r)  )T(I =3.79807  10_5,4>  being  the  Gaussian  integral,  b the 
median  of  the  daily  discharges,  and  l:a  proportional  to  the  logarithm  of  the  quotient  of  the  twoquartiles 
of  the  daily  discharges.  One  can  easily  obtain  from  this  a linear  relation  between  lg  r and  lg  T„  valid  for 
reduced  median  flood  discharges  2.6<lg  t<3,  that  is  to  say  for  a limited  time  interval,  say  16<T„<170. 
Because  one  obtains,  by  expanding  in  series  about  log  r' =2.8,  d lg  rid  lg  T„=  [1  — <J>  (lg  T')]l  [2  exp 
(-lgV):\  77I+  (lg  r— lg  t'){— 1+2  lg  r'll-dxlg  r')]/  [2  exp  <-lgV):  v^l}+  ■ . . = 0.16884  + (lg  t-2.8) 
0.0545+ . . . . The  firstfactor  is  approximately  equal  to  the  quotient  ofthe  differences  for  the  limits  of  the 
interval  log,.[Alg  r/Alg  T0]  = 0.43429(3.0—2.61/(2.23517  - 1.20676)  = 0. 16892.  Since  the  second  factor  has 
only  a small  influence  in  the  interval  considered,  one  can  set  approximately  (2)  lg  r(T0)  = A+0. 16884  lg 
T0,  from  which  follows,  according  to  ( 1 ),( 3 ) u(,(T0)=  b eA:aT(|0168,,',:a.  In  the  interval  considered,  the  increase 
ofthe  logarithm  ofthe  median  flood  discharge  is  independent  of  time  and  proportional  to  l:a.  Because  (4) 
d log  u„(T„)/d  log  T, ,=0. 16884/a.  Another  approximation,  valid  for  small  values  of  l:a  and  short  durations 
T,„  is,  according  toll)  and  (2),  u„( T„)  = u„( 50 )exp[0. 16884  ( log  T„—  log  50):  a log  e].  (5)  u„(T„)  = u„(50)  [1  + 
'log  T„  — log  50)0.38877:  a].  The  median  flood  discharge  becomes,  under  the  stated  conditions,  a linear 
function  of  the  logarithm  of  the  number  of  years.  An  analogous  formula,  but  with  different  and  purely 
empirical  signification,  is  due  to  Fuller  [( 1914)].  For  the  prediction  of  floods,  one  sets,  according  to  ( 1 ),  (6) 
log  u„(T())=  log  u(  1 ) + [lg  t(T„) -2.0466|  log  e:  a,  ii(l)  being  the  median  annual  flood  discharge  obtained 
from  the  observed  distribution  of  flood  discharges.  One  identifies  the  largest  observed  flood  discharges 
'u(T),  up  to  an  epoch  T,  called  the  base  year,  with  median  flood  discharges  u„(T).  One  introduces, 
according  to  (1),  the  corresponding  values  lg  t(T).  Finally,  n being  the  number  of  base  years,  one 
determines  the  only  constant  log  e:  a by  the  method  of  least  squares  according  to  (7)  [Slog  'u(T)-n  log 
u(  11]:  [ilg  t(T) -2.0466  n]  = log  e:  a.”  (Compiler’s  translation).  The  author  illustrates  his  theory  by  an 
example  using  data  [see  Saville  (1936)]  for  the  Tennessee  River  at  Chattanooga  during  the  period 
1875-1931.  He  finds  that  the  agreement  between  the  theory  and  the  observations  is  satisfactory.  He 
states  that  there  is  a probability  of  three-fourths  that  the  flood  discharge  for  the  next  100  years  will  not 
exceed  the  largest  exceptional  value  observed  up  to  the  present. 

References:  Fuller  ( 1914),  Saville  ( 1936),  Gumbel  ( 1938a). 

Citation:  Gumbel  ( 1939f). 


* Gumbel,  E.  J.  ( 1938c).  Theorie  des  plus  grandes  valeurs.  Applications  a la  radioactivite,  a la  duree  de  la 
vie  humaine  et  aux  inondations.  Bulletin  de  la  Societe  Francaise  de  Physique  9 (417),  60  S. 

Summary:  The  author  writes:  "For  an  initial  distribution  w(x),  having  a [cumulative]  probability 
W(xi,  there  exists  a distribution  of  the  mlh  value  among  N observations,  like  those  of  the  m,h  extreme 
value  and  of  the  largest  value.  Under  certain  analytic  conditions,  verified  in  general,  one  obtains  the 
mode  of  the  largest  value;  its  probability  of  being  exceeded  is  1/N.  Under  the  same  conditions,  the  m,h 
value  tends  toward  a doubly  exponential  form.  The  two  constants  of  this  distribution  are  the  mode  and 
the  logarithmic  derivative  of  the  initial  distribution  of  the  mode.  For  comparison  with  the  observations, 
control  functions  have  been  established  which  correspond  to  a domain  of  probability  2/3.  The  final 
distributions  of  the  m,h  extreme  values  are  of  three  types.  If  the  initial  distribution  decreases,  for 
increasing  values  or  the  variable:  ( 1)  at  the  same  rate  as,  (2)  faster  than  or  (3)  more  slowly  than  an 
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exponential  distribution,  the  mode  of  the  mlh  value,  and  in  like  manner  the  last  value,  increases:  1 1)  at 
the  same  rate  as,  (2)  more  slowly  than  or  (3)  faster  than  the  logarithm  of  the  number  of  observations.  At 
the  same  time,  the  standard  deviation  of  these  distributions:  ( 1)  remains  constant,  (2)  decreases  or  (3l 
increases.  This  signifies  that  the  distribution:  ( 1)  does  not  change  form,  (2l  narrows  or  (3)  spreads,  for  an 
increasing  number  of  observations.  The  first  type  is  realized  by  radioactive  emissions,  which  one 
assumes  to  be  independent  and  which  follow  an  exponential  initial  distribution.  So  one  can  check  this 
theory  by  observations  taken  on  the  extreme  interval.  The  general  agreement  of  the  observations  with 
the  theory  favors  the  independence  of  the  emissions.  The  second  type  is  realized  by  the  distribution  of 
ages  at  the  moment  of  death,  around  the  normal  age  (75  years).  The  distribution  of  greatest  ages  agrees 
well  with  that  of  the  largest  values,  which  allows  one  to  calculate  the  limiting  age  and  to  predict  how  this 
age  evolves  as  a function  of  time.  The  predictions  are  verified  by  observations  made  in  Switzerland  and 
in  Sweden.  The  third  type  is  realized  by  the  distribution  of  discharges  of  rivers.  For  example,  the 
distribution  of  the  flood  discharges  of  the  Rhine  follows  well  that  of  the  largest  values.  For  the  prediction 
of  floods,  one  establishes  the  median  of  the  greatest  discharge,  as  a function  of  time,  assuming  a Galton 
(lognormal)  initial  distribution.  The  increase  of  the  standard  deviation  with  the  number  of  observations 
agrees  with  current  opinions  on  the  question.  The  determination  of  the  constants,  with  the  aid  of  least 
squares,  according  to  the  maxima  of  the  floods  on  the  Rhine  in  the  course  of  the  last  century,  leads  to  a 
good  agreement  between  the  theory  and  the  observed  facts.”  (Compiler’s  translation). 

Citation:  Gumbel  (1939f). 

* Hertzman,  Max  ( 1938).  Two  equations  for  the  study  of  variability.  American  Journal  of  Psychology  51. 
571-574.  (JFM  65,  1355-1356). 

Summary:  In  this  note  the  author  discusses  the  mean  difference  and  the  mean  squared  difference  of  a 
set  of  n scores.  The  latter  is  simply  twice  the  standard  deviation  or  2n/)n-l)  times  the  standard 
deviation,  depending  on  whether  the  standard  deviation  is  defined  with  n or  (n  -1 ) in  the  denominator. 
The  author  (pp.  571-572)  develops  a convenient  method  of  computing  the  mean  difference:  "The  scores  in 
a distribution  may  be  arranged  in  their  order  of  magnitude  from  the  highest  score  to  the  lowest.  These 
may  be  represented  by  the  following  series:  kn,  kn_ ,,  kn_2, . . . , k,  [1  ] where  k„  is  the  largest  score,  kn_,  is 
the  next  largest,  and  so  on.  The  sum  of  all  the  possible  differences  among  these  numbers  may  be 
represented  as  D = <k„-  knM)  + (k„-kn_2)  + . . . + (kn_,  — kn_2)  + . . . + ( k2  — k, ).  [2],  It  should  be  noted 
that  kn  will  appear  ( n — 1 ) times  and  will  always  be  positive;  kn^,  will  have  positive  values  in  in -2) 
instances  and  negative  values  in  1 instance;  k„_,  will  be  positive  (n-3)  times  and  negative  2 times,  etc. 
Therefore,  by  rearranging  the  sums  and  differences  we  obtain  D = < n — 1 )kn  + (n-3)k„_,  + (n-5)k„  + 

. . . + ( 1 -n)k,.  [31.  In  order  to  obtain  the  average  value  we  need  only  to  divide  the  equation  by  n(n  - 1 1 2. 
The  latter  value  will  give  us  the  number  of  differences  that  exist.  It  should  be  noted  that  equation  (3 1 is 
symmetrical  so  that  (n-ll  = -( 1 -n);  (n  -3)  = — ( 3 — n ) ; etc.  The  equation  may  therefore  be  simplified  to 
D=(n  — 1)  ( kn  — k , ) + (n-3)  (kn_,-k2i+.  . . . [4].  These  combinations  may  be  made  in  all  cases  since  in  a 
series  with  an  odd  number  of  terms  the  middle  term  will  be  zero.  In  equation  1 4 J the  last  term  |after 
correction  of  obvious  typographical  errors|  will  be  2(k,nt3l2-  k,n  ,ll(2)  if  the  series  is  odd  and  (k,n.2,2 
-ka2>  if  the  series  is  even.”  The  author  gives  a numerical  example  of  the  use  of  equation  (4|. 

Comments:  The  mean  difference  is  defined  for  the  unordered  observations,  but  is  more  conveniently 
computed  when  expressed  in  terms  of  the  order  statistics  (equation  [3 ]>  or  the  quasi-ranges  (equation 
[4 1 ).  The  latter  equation  was  developed  bv  von  Andrae  ( 1872).  of  whose  work  the  author  was  apparently 
unaware. 

* Jeffreys,  Harold  (1938).  The  law  of  error  and  the  combination  of  observations.  Philosophical  Transac- 
tions of  the  Royal  Society  of  London  (At  237,  231-271.  (JFM  64,  1205). 
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Summary:  The  author  discusses  the  limitations  of  the  theoretical  grounds  for  accepting  the  normal  law 
of  errors  of  observation  and  examines  seven  series  of  observations  capable  of  providing  tests  of  its  truth. 
The  following  statements  (pp.  231-232)  are  of  interest:  "The  normal  or  Gaussian  law’  of  error  rests  partly 
on  a particular  hypothesis  about  the  nature  of  error,  that  the  error  of  any  individual  observation  is  the 
resultant  of  a large  number  of  comparable  and  independent  components:  and  partly  on  comparisons  with 
frequencies  in  actual  series  of  observations.  Both  arguments  are  defective.  The  theory  does  not  prove 
that  the  law  is  true  for  errors  of  any  magnitude,  even  if  its  fundamental  hypothesis  is  accepted.  It 
involves  a number  of  approximations,  and  when  the  effects  of  these  are  examined  it  is  found  that  the  law 
should  hold  only  up  to  a moderate  multiple  of  the  standard  error.  . . . The  three  hypotheses  1 1 ) that  the 
normal  law  is  correct,  (2)  that  the  mean  is  the  best  value,  (3)  that  the  mean  square  residual  provides  the 
best  standard  of  accuracy,  are  all  equivalent;  any  one  of  them  implies  the  other  two.  . . . The  rejection  of 
the  postulate  of  the  mean  is  not  the  same  as  the  rejection  of  observations."  As  examples  of  error 
distributions  for  which  the  arithmetic  mean  should  not  be  used,  the  author  mentions  the  Cauchy  and  the 
rectangular.  He  points  out  that  Fisher  ( 1922)  has  shown  (p.  321 ) that  the  distribution  of  the  mean  of  a 
sample  of  any  size  from  a Cauchy  distribution  is  the  same  as  that  of  a single  observation  and  ipp. 
348-35 1 ) that  for  a sample  from  a rectangular  distribution  the  extreme  observations  contain  the  whole  of 
the  relevant  information  in  the  sample;  as  the  sample  size  n increases,  the  mean  square  error  of  the 
midrange  decreases  like  n-1  and  that  of  the  mean  only  like  n-1  2. 

References:  Brunt  (1917)  ( 1 93 1 J,  Fisher  ( 1922 1,  Whittaker  & Robinson  ( 1924),  E.  S.  Pearson  ( 1926), 
Bond  ( 1935). 

Citations:  Hulme  & Symms  (1939),  Jeffreys  ( 1939),  Kendall  (1946). 

* Kimball,  Bradford  F.  ( 1938).  Probability-distribution-curve  for  flood-control  studies.  Transactions  of  the 
American  Geophysical  Union  19,  460-477;  discussion,  477-483. 

Summary:  The  author  reviews  the  history  of  attempts  since  1896  to  apply  the  statistical  method  to  the 
occurrence  of  hydrological  phenomena.  In  that  year,  at  the  request  of  George  W.  Rafter,  Robert  E.  Horton 
prepared  an  analysis,  based  on  the  Gaussian  curve  of  error,  of  the  rainfall  and  runoff  of  the  Upper 
Hudson  Drainage  Basin.  Between  1900  and  1908,  he  plotted  many  flood-records  on  logarithmic  paper. 
|See  Horton’s  contribution  to  the  discussion  of  a paper  by  Fuller  (1914)).  Fuller  and  Hazen  also  used 
similar  methods  and  designed  logarithmic  probability  graph  paper  for  this  purpose.  (See  Fuller  ( 1914) 
and  Hazen  ( 1930)].  Another  method  was  developed  by  Horton  1 1924).  Foster  (1924)  used  Pearson  curves 
(types  I and  III).  Slade  ( 1934, 1936)  proposed  a transformation  u=c  log  (ib+x)/(g-x)]such  that  as x varies 
from  its  lower  limit  -b  to  its  upper  limit  + g,  u will  vary  from  -x  to  + x,  and  used  the  mean  and  standard 
deviation  of  x to  determine  the  constants  in  this  equation.  All  of  these  developments  were  reviewed  bv 
Saville  (1936).  The  author  proposes  a modification  of  the  Slade  method  in  which  the  constants  are 
determined  from  the  mean  and  standard  deviation  of  the  transformed  variable  u.  He  applies  his  method 
to  the  57-year  record  of  the  annual  flood-peaks  of  the  Tennessee  River  at  Chattanooga,  Tennessee 
11875-1931).  On  page  474  the  author  states:  "After  the  best  theoretical  probability-curve  has  been 
determined,  there  is  a question  of  the  interpretation  of  this  curve  which  is  of  some  pertinence.  Suppose 
the  flood-control  policy  of  the  State  is  to  provde  against  'all  floods  that  are  likely  to  occur  in  the  next 
thousand  years’.  By  the  same  reasoning  which  we  have  applied  to  plotting  the  points  designating  the 
original  record  of  data  on  the  probability-paper  jthe  author  uses  plotting  positions  of  T2N,  3/2N,  . . . , 
(2N  - 1 )/2N  |,  we  should  use  the  reading  of  the  curve  at  a percentage-of-time  figure  halfway  between  0.1 
per  cent  and  0.0  per  cent,  in  other  words  at  0.05  per  cent,  rather  than  the  reading  of  the  curve  at  the 
percentage-of-time  figure  equal  to  0.1  per  cent.  . . The  discussion  includes  comments  by  Slade  and 
Saville  and  a rejoinder  by  Kimball. 

References:  Fuller  ( 1914),  Foster  ( 1924),  Horton  ( 1924),  Hazen  ( 1930),  Slade  ( 1934),  Horton  1 1936), 
Saville  ( 1936),  Slade  1 1936). 
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Citations:  Gumbel  (1942ct,  Kimball  1 1 942 >. 


* Savur,  S.  R.  ( 1938).  The  median  versus  mean  or  any  other  statistic  in  tests  of  significance  (abstract). 
Sankhya  4,  92. 

Summary:  "It  is  shown  in  this  paper  that  a general  test  of  significance,  that  is  a test  of  significance 
which  is  applicable  to  all  cases  irrespective  of  the  frequency  distributions,  is  better  than  a special 
significance  test,  that  is  a test  which  is  accurate  only  for  a particular  frequency  distribution  or 
distributions.  Of  all  the  general  tests  that  can  be  visualized  at  present  the^test  is  the  simplest.  It  is  also 
simpler  than  the  existing  special  tests.  Hence  the  suggestion  is  made  that  the^test  [based  on  the 
median;  see  Savur  ( 1937b )[  may  be  used  more  and  more  widely  in  place  of  the  existing  tests  [based  on  the 
arithmetic  mean|.”  (Author’s  abstract). 

* Thompson.  William  R.  ( 1938).  Biological  applications  of  normal  range  and  associated  significance  tests 
in  ignorance  of  original  distribution  forms.  An  rials  of  Mathematical  Statistics  9,  281-287.  ( JFM  64,  1222). 

Summary:  In  Section  1,  the  author  develops  the  theory  of  range  estimation.  Let  xk  be  the  klh  order 
statistic  of  a sample  of  size  n from  an  unknown  infinite  universe  U.  Let  pk  be  the  probability  that  a 
random  value  x from  U shall  be  less  than  xk.  The  mean  value  of  pk  in  repeated  random  sampling  of  n 
values  from  U is  pk  = k'l  n + 1 ) and  the  variance  of  pk  is  a2„k  = k( n - k + 1)/  [(n  + l)2(n+2)]Mn  an  earlier 
paper  [Thompson  (1936)),  the  author  has  shown  that  for  a finite  population  of  size  N,  pk  = [k/(n  + l)] 

( 1 +1/NI-1/N  and  (r-„k  = {[k(n -k  + 1 )[/[n  + l)2(n  +2)1}  ( 1 + 1/Nl  ( 1 -n/N).  On  page  283  the  author  writes 
(for  the  case  of  an  infinite  universe):  "Now  suppose  that  we  want  to  find  a range  (a,/ 3)  such  that,  in 
random  drafts  from  U,  the  theoretical  relative  frequency  of  drawing  x less  than  a is  g,  and  the  same  as 
that  of  drawing  x greater  than  fi.  ta,f})  may  be  called  a central  confidence  range  with  a confidence  f = 
1 -2g  that  x drawn  at  random  will  lie  within  the  range.  For  g = k/(n  + 1 1 we  may  take  the  range  Rf  = (xk, 
xn_k+1);  and  likewise  with  g = Wr  we  may  estimate,  or  approximate  by  interpolation  where  20k  > n + 1 
>20(k  - 1),  a range  Rf  for  normal  . . . variation  of  a specified  character,  and  this  may  be  called  briefly  the 
estimated  90f7  central  normal  range  '.  The  remainder  of  Section  1 is  devoted  to  an  example.  Section  2 
deals  with  distribution-free  significance  tests  which  are  based  on  ranks,  not  on  order  statistics. 

Reference:  Thompson  ( 1936). 

Citations:  Scheffe  ( 1943(,  Kendall  ( 1946),  Wilks  ( 1948). 

* Waschakidse,  D.  (1938).  Ober  das  Maximum  der  Abweichung  des  theoretischen  Verteilungsgesetzes 
von  der  entsprechenden  empirischen  Kurve.  ( Russian.  German  summary).  Akadeiniia  Nauk  Gruzinskoi 
SSR.  Matematicheskii  Institut.  Zbirnik  4.  101-122.  (JFM  64, 1 193).  Moscow  Universitet,  Uchenye  Zapiski 
15.  183-190.  (JFM  65,  560). 

Summary:  "Let  there  be  n independent  trials  carried  out,  in  which  the  random  variable  X follows  the 
same  distribution  law  F(x)  =P{X,sx}.  Let  the  values  of  X obtained  as  a result  of  the  trials  be  arranged  in 
increasing  order:  x,  sx,s.  . . sxn.  We  set  Fix)  =0  for  x<x,.  F(  x)  = k n for  xksx<xk. ,,  Fix)  = 1 for  x&xn. 
Our  problem  consists  of  the  evaluation  of  the  upper  limit  of  the  difference  D„  = sup|Fn(x>-F(x)|.  The 
upper  limit  will  be  taken  here  over  all  values  of  x.  Let  <l>n(A)  denote  the  probability  of  the  inequality 
On-sA/ vn.  As  shown  bv  Kolmogoroff  [( 1933).  |.  the  probability  d>„(  A),  in  the  case  of  a continuous  function 
Fix),  is  independent  of  the  form  of  this  function  and  converges,  as  n— **,  uniformly  in  A.  to  the  limiting 
value  <!>(  A i = X”  , i - 1 )ke  -*’k\  The  difficulty  in  evaluating  the  remainder  term  makes  the  use  of  this 
asymptotic  expression  for  the  probability  <!>„(  A'  burdensome.  Onthe  other  hand,  \ . Gli  venko  |i  1933)]  has 
proved  the  inequality  <I’I1(  A • > 1-1  ABn!.  The  inequality  of  V.  Glivenko  is  sufficient  to  prove  that  Dn 
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converges  to  zero  with  probability  1;  however,  this  estimate  of  the  probability  <t>„(  A ) is  very  rough.  I have 
succeeded  in  showing  that,  for  2=£\ss\/n/10  (which  is  possible  for  n>400),  <t>n(  A>>1 -39  vn  e-‘2*\  . . 
(Compiler’s  translation  of  author’s  German  summary,  pp.  189-190  of  the  second  version,  which  differs  in 
some  details  from  the  first!.  The  author  gives  an  outline  of  the  proof  of  the  inequality  4>„(  A)>1  -39  Vn 
e- 2*!. 

References:  Glivenko  ( 1933),  Kolmogorofi  ( 1933). 

* Wilks,  S.  S.  (1938).  Fiducial  distributions  in  fiducial  inference.  Annals  of  Mathematical  Statistics  9. 
272-280.  (JFM  64,  1204). 

Summary:  After  an  introduction  to  the  fiducial  method  of  argument,  the  author  gives  the  following 
example  (pp.  273-2741:  "If  a sample  of  n individuals  is  drawn  from  a population  whose  distribution  law  is 
f(x,0)  = 1/0,  where  only  values  of  x between  0 and  0 are  considered,  (that  is,  a rectangular  distribution 
having  range  0)  the  probability  that  the  range  r of  the  sample  lies  between  r and  r+dr  is<£(r,0>dr,  where 
(1)  <f>(r,0)  = n(n-l)  (0-r)n_2/0n.  Here  0 is  the  parameter  under  question,  and  r is  the  estimate:  r is  the 
difference  between  the  largest  and  smallest  variate  in  the  sample.  Thus,  for  a given  value  of  0,  say  0„, 
d>(r,0„)  is  a sampling  distribution  law  defined  for  given  values  of  r on  the  range  r = 0,  to  r = 0„.  If  we  let  r/0 
= i It,  then  (2)  d>(r,0)dr  = n(n-l)  (1  -il/UJin~2d<Jj  = G(  i|/)di|/,  which,  from  a statistical  point  of  view,  shows  that 
if  we  should  take  an  aggregate  of  randomly  drawn  samples  (of  n items  each)  from  rectangular  popula- 
tions and  calculate  i/»  for  each  sample-population  combination , then  the  distribution  of  il/  will  be  that 
given  in  (2).  By  a sample-population  combination  in  this  example  we  mean  any  rectangular  population 
that  may  arise  and  a 'randomly  drawn’  sample  from  it.  Thus  if  i i»a  is  such  that  (3)  nin  -1 1 /,t“  < 1 - ii»)i l)n  2dih 
= a,  i.e.  [n  - (n-1  )(/».,]=  a,  and  if  we  draw  a sample  of  n from  a rectangular  population,  we  can  claim 

that  the  probability  is  1 -a  that  the  i It  produced  by  this  sample-population  combination  will  satisfy  the 
inequality  (4)  >1j(I<<1)<1.  . . . Inequality  (4)  is  equivalent  to  each  of  the  following  inequalities  (5)  il/(1<r/0<l, 

r/t//a>0>r The  interval  between  r and  r/<//a  is  called  a confidence  interval  or  fiducial  interval:  1 -a  is 

known  as  the  confidence  coefficient  associated  with  the  limits.’’  The  author  continues  with  a look  at 
fiducial  limits  from  the  geometric  viewpoint,  a summary  of  principles,  a consideration  of  a large-sample 
case,  and  extensions  of  the  fiducial  argument. 

References:  Fisher  (1933),  Neyman  (1937b). 

Citations:  Eisenhart  (1939),  Kullback  & Frankel  (1940),  Cramer  (1946),  Kendall  (1946). 

* Wishart,  John  ( 1938).  Field  experimentsof  factorial  design.  Journal  of  Agricultural  Science  28.  299-306. 

Summary:  The  author  writes  (pp.  300-304):  "The  purpose  of  this  paper  is  to  direct  attention  to  the 
examination  for  significance  of  treatment  effects  based  upon  single  degrees  of  freedom.  . . . The  modern 
method  of  calculating  treatment  effects,  and  the  mean  squares  (1  D.F.)  based  on  them,  has  rather 
directed  attention  away  from  the  mean  square  for  treatment  generally,  based  upon  all  degrees  of 
freedom  available.  With  eight  treatments,  there  will  be  a mean  square  based  on  7 degrees  of  freedom, 
available  for  comparison  by  a z-  or  F-test  with  an  error  mean  square,  which,  if  there  are  four  randomized 
blocks,  will  have  21  degrees  of  freedom.  If  the  comparison  shows  that  the  treatment  mean  square  is 
significantly  larger  than  the  error  mean  square,  then  the  hypothesis  that  treatments  are  without  effect 
is  disproved,  and  we  are  entitled  to  examine  individual  effects  in  relation  to  their  standard  error,  a 
process  which  is  exactly  equivalent  to  testing  the  mean  squares  for  the  separate  effects  ( 1 D.F.  each) 
against  error  by  the  z-test.  ...  It  has  been  urged  on  many  occasions  that  the  z-test  for  treatments  as  a 
whole  should  logically  precede  the  t-comparison  of  treatment  mean  differences,  for  if  the  latter  comes 
first  there  is  a danger  that  certain  differences  may  be  asserted  to  be  significant  when  they  are  in  reality 
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the  differences  of  extreme  members  of  a normally  varying  sample.  Nevertheless,  there  was  a reason  for 
the  decomposition  of  the  total  treatment  mean  square  into  component  parts,  for  each  comparison 
involved  all  plots,  and  it  was  quite  likely  that,  in  cases  where  the  total  mean  square  was  insignificant,  a 
significant  effect  might  be  missed  through  being  watered  down  by  inclusion  with  a number  of  insignifi- 
cant effects.  If  considerably  more  than  one-seventh  of  the  treatment  sum  of  squares  is  due  to  a single 
degree  of  freedom,  the  mean  square  for  this  effect  may  well  be  significant,  even  though  a higher  value  of  z 
or  F is  required,  since  n,  [the  number  of  D.F.  for  the  numerator]  is  1 and  not  7. ...  It  is  evident  that  some 
sort  of  supplementary  test  should  be  devised  which  will  test  whether  the  set  of  treatment  mean  squares, 
taken  as  a whole,  are  homogeneous  or  not. . . . The  supplementary  test  that  we  have  indicated  above  as 
necessary  is  evidently  supplied  by  following  Bartlett’s  procedure,  and  should  be  applied  to  the  group  of 
treatment  mean  squares.  In  fact,  the  whole  group  of . . . mean  squares  (including  the  one  for  error]  could 
be  examined  for  homogeneity. ...  It  is  not  claimed  that  such  a test  of  homogeneity  of  estimated  variances 
will  be  appropriate  in  all  cases.  It  may  sometimes  be  necessary  to  develop  a test  for  the  significance  of  the 
highest,  say,  of  a number  of  mean  squares.  |See  Fisher  1 1 935 ) ].  . . 

Reference:  Fisher  ( 1935). 

Citations:  Chandra  Sekar  & Francis  (1941),  Kendall  1 1946 ),  Nair  (1948a). 

* d’Addario,  R.  ( 1939).  Un  metodo  per  la  rappresentazione  analitica  delie  distribuzioni  statistiche.  Annali 
dell'Istituto  di  Statistica  della  Reale  Universita  di  Bari  16,  3-56. 

Summary:  In  Chapter  I,  the  author  considers  the  function  d>txi  (the  mean  of  values  not  less  than  xi  and 
its  general  properties,  passage  from  the  function  <f>(x)  to  the  corresponding  p.d.f.  f(x),  the  method  of  the 
mean  of  exceeding  values,  the  parametric  equation  of  the  superior  curve  of  concentration,  and  the 
analytic  general  expression  of  <f>(x)  and  its  expansion  in  series.  In  Chapter  II,  he  deals  with  the 
hypothesis  that  </>( x ) is  a linear  function  </»( x ) = A„  + A,(x-x„),  where  x0  5:  0 and  A„  > 0.  He  considers 
three  cases:  It  x„  s x <*,  A,  > 1;  2)  x„  < x < x.  A,  = 1;  3)  x„  < x < k.  A,  = (k  - A„)/(k-x„)  < 1.  He  relates 
the  first  case  to  the  Pareto  distribution  and  the  second  to  the  Pearson  type  III  distribution,  and  shows 
that  the  third  can  take  various  forms,  depending  upon  the  value  of  A,.  In  Chapter  III,  he  considers  the 
hypothesis  that  <I>(xi  is  a parabolic  function  </>(x)  = A„  + A,  (x-x„)  + A2  tx  - x,,)2.  He  relates  this  case  to  the 
Pearson  system  of  frequency  curves,  the  type  depending  upon  the  relations  among  A„,  A,  and  A2.  In 
Chapter  IV,  he  applies  the  method  of  the  mean  of  exceeding  values  to  various  sets  of  income  data.  He 
shows  that  the  parameters  of  Pareto’s  second  approximation  N(x)  = N(x„)  |(a  + x„)/(a  + x)|"  can  be 
estimated  as  follows:  x„  = x,„  N(x„l  = N(x„l,  a = <med  <$l/(med  S - It  and  a = A,/( med  S - 1 ) - x„  med  5, 
where  x„  is  the  observed  minimum  income.  An  is  the  mean  of  the  observed  incomes,  N (x„)  is  the  observed 
number  of  incomes,  and  med  fi  is  the  median  of  the  values  of  6 = a/(a  - 1 > calculated  for  incomes  above 

x = x,„  x , x„.  He  uses  these  results  to  estimate  the  parameters  xn,  N(x„>,  o and  a for  the  data 

considered.  In  Chapter  V,  he  considers  the  problem  of  the  choice  of  interpolating  functions,  and  notes 
that  by  considering  values  of  income  (or  some  other  character)  not  more  than  x instead  of  those  not  less 
than  x,  one  can  transform  the  method  of  the  mean  of  exceeding  values  to  the  method  of  the  mean  of 
nonexceeding  values. 

Citation:  de  Vergottini  (1940). 

* Bresciani-Turroni,  C.  ( 1939).  Annual  survey  of  statistical  data:  Pareto's  law  and  the  index  of  inequality 
of  incomes . Econometrica  7.  107-133. 

Summary:  The  author  summarizes  the  literature  on  Pareto's  law  and  his  index  <*  of  the  inequality  of 
incomes.  On  page  1 10  he  notes  that  the  relative  average  deviation  may  be  taken  as  an  alternate  measure 
of  inequality.  In  a footnote  on  the  same  page,  he  notes  that  D,  the  relative  average  deviation  divided  by  2, 
is  given  by  I)  = ((*-!)'>  )/  <*<•  or  bv  I)  = |(rt-lt/«|»  '[(h+af/iah+al],  according  as  the  distribution  of 
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income  follows  Pareto's  first  or  second  law,  Nx  - Ax'*or  Nx  = A ix+ai",  where  Nx  is  the  number  of 
individuals  with  income  greater  than  or  equal  to  x,  and  A,  <«  and  a are  constants.  He  states  that  it  can  be 
easily  shown  that  f)  varies  from  0 (perfect  equality*  to  1 ( maximum  inequality*.  In  another  footnote  on 
the  same  page,  he  also  mentions  the  concentration  ratio  R proposed  by  (lini  |(  1914a>|,  which  measures 
[twice|  the  area  between  the  Lorenz  curve  and  the  line  of  equidistribution  land  also  varies  from  0 to  1 J, 
and  states  that  discussions  as  to  the  best  single  index  of  inequality  have  centered  in  Italy  on  the 
respective  merits  and  defects  of  1)  and  R. 

References:  Pareto  (1897i,  Gini  (1910,  1912*.  Pietra  (1915i.  Ricci  1 1 9 1 *■» > . Winkler  i1924i.  Amoroso 
( 19251,  d’Addario  ( 1930),  von  Bortkiewicz  1 193 1 1,  d'Addario  1 1 934a. hi.  Mortara  ' 193  ihi,  Pietra  < 1935bi, 
d’Addario  < 1936),  Bresciani-Turroni  1 1937). 


* Coutagne,  A.  ( 1939).  La  "distribution  statistique”  du  maximum  annuel  des  precipitations  journalieres. 
La  Meteorologie  (3)  1939.  93-98. 

Summary:  The  author  begins  with  the  following  introduction  ' page  93):  "In  a preceding  note  ...  I have 
shown  that  the  law  of  Galton — logarithmic  variant  of  the  law  of  Gauss — leads  to  a very  satisfactory 
analytic  interpretation  of  the  frequency  curve  of  annual,  monthly  and  daily  precipitations.  The  object  of 
the  present  note  is  to  study — from  an  analogous  point  of  view — the  distribution  of  maximum  annual 
values  of  the  daily  precipitation,  to  see  if  the  law  of  Galton  faithfully  interprets  the  observed  data  and 
moreover  to  compare  it  with  the  theory  of  the  largest  value,  recently  formulated  by  Gumbel,  a theory 
which,  applied  upon  my  instigation  to  the  study  of  flood  flows  of  streams,  leads  to  interesting  results.  We 
shall  treat  today  a single  example,  taking  as  statistical  data  the  observations  of  the  observatory  of 
Lyon-Fourviere  (49  years— 1888-1936).  Table  I |p.  98 1 contains,  arranged  in  decreasing  order,  the 
annual  maxima  of  daily  precipitations  for  this  series  of  years."  (Compiler’s  translation).  He  closes  as 
follows  (page  97 ):  "In  summary — and  we  have  made  the  same  ascertainment  in  studying  the  Hood  flows  of 
several  streams — the  laws  of  Galton  and  of  Gumbel  seem  to  lead  to  identical  results  agreeing  with  the 
observed  data  furnished  bv  observations  of  the  maxima  of  precipitations.  Both  lead — for  small 
probabilities — to  the  exponential  law  of  Fuller.  In  the  case  of  streams  the  asymmetry  of  the  frequency 
curve  may  decrease  . . . and  then  the  law  of  Gauss,  limiting  case  of  the  law  of  Galton,  is  practically 
applicable.  Moreover,  we  propose  at  a later  date  to  examine  thoroughly  the  question,  by  studying  other 
statistics,  as  it  concerns  flood  flows  and  annual  maxima  of  daily  precipitations."  (Compiler’s  transla- 
tion). 

References:  Gumbel  ( 1934f,  1935a,  1936a, b). 

Citation:  Gumbel  (1939e). 

* Creager,  William  P.  ( 1939).  Possible  and  probable  future  floods.  Civil  Engineering  (New  York)  9 1 11), 
668-670. 

Summary:  The  author  states  i pp.  668-670):  "About  1914  the  theory  of  probabilities  was  applied  to  flood 
studies:  that  is,  curves  were  derived  indicating  by  past  records  on  a stream  the  frequency  with  which, 
during  a long  period,  a given  flood  should  be  expected.  . . . Recently,  however,  it  has  been  proved  by 
advanced  studies  and  a greater  accumulation  of  data,  that  the  probability  method  is  entirely  inadequate. 

. . . Thus  floods  have  occurred  on  rivers  which,  based  upon  probability  studies  of  prior  records  of 
considerable  length,  would  have  a frequency,  not  of  the  usually  adopted  1 ,000  to  10,000  years,  but  of  once 
in  millions  or  even  billions  of  years.  . . . Much  has  been  done  by  modern  methods  to  overcome  the 
uncertainties  regarding  probable  floods.  However,  we  have  yet  to  overcome  the  handicap  of  lack  of 
long-term  records.  Modern  methods  used  in  flood  studies  involve  as  basic  data  the  worst  recorded 
meteorological  and  hydrological  phenomena  which  have  been  experienced  in  the  past.  In  many  cases 
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such  phenomena,  occurring  within  a division  of  the  country  surrounding  the  site,  and  not  too  large  to  be 
reasonably  indicative  of  comparable  conditions,  have  been  plotted  and  enveloping  curves  drawn.  Data 
from  such  enveloping  curves,  adjusted  in  some  cases  for  special  peculiarities  of  the  drainage  area  in 
question,  form  the  basic  data  from  which  to  compute  the  Hood.  The  Hood  so  computed  then  corresponds  to 
what  would  happen  at  the  site  under  the  worst  meteorological  and  hydrological  conditions  of  record.  This 
flood  may  be  termed  the  'computed  spillway  flood.'  Since  the  computed  spillway  flood  corresponds  to  past 
experience  in  that  region,  and  since  the  worst  experience  that  has  occurred  within  our  very  limited 
period  of  observation  surely  must  be  exceeded  in  the  future,  it  remains  to  determine  what  margin  of 
safety  should  be  adopted — that  is,  how  much  the  computed  spillway  flood  must  be  increased  to  obtain 
what  may  be  termed  the  'spillway  design  flood',  or  the  flood  that  must  be  passed  safely  at  the  site.  . . . 
Increased  data  have  raised  enormously  the  records  of  flood  flows  for  all  drainage  areas.  . . . There  is  no 
evidence  that  climatological  conditions  are  changing  perceptibly,  the  upward  trend  . . . being  due  solely 
to  an  increasing  number  of  gaging  stations  and  an  increasing  period  of  record.  Therefore,  the  occurrence 
of  greater  floods  as  time  passes  must  be  according  to  the  laws  of  probability  and  of  chance.  The  writer 
suggests  for  further  research  the  investigation  of  probabilities  in  connection  with  future  floods.  By  this 
he  does  not  refer  to  the  now  obsolete  probability  curve  previously  mentioned,  but  the  probability  of  a 
storm,  of  greater  magnitude  than  any  that  has  occurred  in  the  past,  centering  directly  over  a given 
drainage  area.” 

References:  Fuller  (1914),  Hazen  (1930). 

Citations:  Grant  (1940),  Lane  & Lei  (1949). 

* Derevitsky,  N.  ( 1939).  On  the  rejection  of  field  experiment  data  and  their  subsequent  analysis.  ( Russian. 
English  summary!.  Acta  Universitatis  Asiae  Mediae  (Tashkent)  (V  a.  Mathematical  Fasciculus  22,  21 
pp.  ( JFM  65,  592). 

Summary:  "The  author  considers  analysis  of  data  given  bv  a field  experiment  consisting  of  m treat- 
ments and  n replications  of  every  treatment  by  the  method  of  analysis  of  variance.  Some  faulty  data  are 
supposed  and  the  criterium  of  rejection  given  by  Chauvenet  is  applied  for  their  rejection.  The  resulting 
incomplete  data  are  treated  with  the  aid  of  Wishart,  Allan  and  Yates'  formulae  and  the  author's  own 
method  of  successive  approximations,  a modification  of  Yates'  method.  An  illustration  is  given  repre- 
senting analysis  of  an  experiment  with  cotton  made  in  1935  in  the  Azerbaidjan  cotton  research 
institute.”  (Author’s  English  summary,  p.  21). 

* Eisenhart,  Churchill  1 1939).  The  interpretation  of  certain  linear  regression  methods  and  their  use  in 
biological  and  industrial  research.  Annals  of  Mathematical  Statistics  10.  162-186.  (JFM  65.  600). 

Summary:  This  paper  deals  with  the  interpretation  of  relations  between  two  variables  or  among  more 
than  two  variables,  and  the  procedure  for  identifying  one  of  them  as  the  dependent  variable,  whose 
values  are  determined  (not  exactly,  but  within  limitsi  from  the  values  that  are  assumed  by  the  Other 
(independent)  variable(s)  in  the  data  under  consideration.  In  fitting  a straight  line  lor  a curve)  to  data  on 
two  variables,  x and  y,  one  may  take  y (x)  as  the  dependent  variable  and  minimize  the  sum  of  squares  (or 
some  other  appropriate  function ) of  the  vertical  i horizontal ) deviations  of  the  data  points  from  the  fitted 
line  or  curve.  If  the  values  of  one  variable  have  been  selected  by  the  research  worker  and  the  correspond- 
ing values  of  the  other  variable  have  been  observed  (subject  to  error),  then  the  first  should  be  taken  as  the 
independent  variable  and  the  second  as  the  dependent  variable,  but  if  both  variables  are  subject  to  error, 
the  choice  of  dependent  and  independent  variables  is  not  clear.  The  author  discusses  the  regression 
question  mainly  under  the  assumption  that  the  arithmetic  mean  is  taken  as  the  measure  of  central 
tendency  and  the  method  of  least  squares  is  employed.  He  points  out  ( p.  170),  however,  that  if  the  median 
is  used  as  the  measure  of  central  tendency,  one  should  minimize  the  sum  of  absolute  deviations  from  the 
regression  line  instead  of  the  sum  of  their  squares. 


References:  Shewhart  (1931),  Fisher  (1933),  Pearson  (1935),  Neyman  (1937b),  Wilks  (1938). 
Citations:  Wald  ( 1940),  Kendall  ( 1946). 

* Fisher,  R.  A.  ( 1939).  The  S',  npling  distribution  of  some  statistics  obtained  from  non-linear  equations. 
Annals  of  Eugenics  9,  238-249.  ( JFM  65,  572;  MR  1,  248). 

Summary:  Section  1,  which  deals  with  the  sampling  theory  of  Fisher’s  z-test,  is  not  relevant  to  our 
subject.  Section  2 deals  with  Fisher’s  test  of  significance  of  a harmonic  component.  Let  there  be  s 
different  periods  with  two  components  each.  The  sum  of  two  squares  for  each  period  constitutes  a certain 
fraction  of  the  whole.  Fisher  ( 1929)  has  shown  that  if  we  choose  that  period  out  of  s available  which 
makes  the  largest  contribution,  the  fraction  g taken  by  this  period  is  distributed  so  that  the  probability  of 
exceeding  any  value  g is  given  by  P = sd-g)*'1-  [s< s — 1 )/2]  (l-2g)s~'  + . . . + ( — 1 )h~ 1 [s!/(s-k)!k!] 
(1  -kg)s_l,  in  which  kjs  the  greatest  integer  less  than  1/g.  The  author  finds  that  the  mean  of  the  sampling 
distribution  of  g is  g = ( 1 +1/2 + 1/3+  . . . +l/s)/s.  Section  3 is  devoted  to  a brief  derivation  of  the 
simultaneous  sampling  distribution  of  the  roots  of  the  equation  (* ) |a,j— ^(a,j  + a'„)|  = 0,  where  ||au||and 

ila'ijj|,  <i,j  = l,2 pi,  are  matrices  of  second  order  product  sums  based  onn,  sp  and  n2  & p degrees  of 

freedom,  respectively,  such  that  the  elements  of  each  matrix  are  distributed  according  to  Wishart’s  joint 
distribution  law,  the  two  sets  of  elements  being  independent  in  the  probability  sense.  In  Section  4, 
several  special  cases  of  the  general  sampling  distribution  of  the  roots  of  (*)  are  considered,  including  a 
derivation  of  the  distribution  of  the  roots  of  the  equation  ja^ — A«jj|  = 0 for  the  case  in  which  ||aij||  is  the 
matrix  of  variances  and  covariances  in  the  normal  population  underlying  the  Wishart  distribution.  A 
more  formal  demonstration  of  the  new  results  is  given  by  Hsu  (1939). 

References:  Fisher  (1929),  Hotelling  (1933,  1936b),  Fisher  (1938),  Hsu  (1939). 

Citations:  Hsu  ( 1939),  Cochran  ( 1941 ),  Hsu  ( 1941a),  Roy  ( 1942a, b),  Wilks  ( 1943),  Anderson  ( 1945),  Roy 
(1945),  Kendall  (1946),  Tintner  (1946),  Bartlett  ( 1947a, b),  Anderson  (1948),  Rao  (1948). 

* Gini,  Corrado  (1939).  Memorie  di  Metodologia  Statistica , Volume  I:  Variabilita  e Concentrazione. 
Editore  Dott.  A.  Giuffre,  Milano.  (JFM  65,  1350-1351). 

Summary:  Boldrini  ( 1942)  writes  (p.  701,  compiler’s  translation):  "This  volume  collects,  in  revised  and 
augmented  form,  the  numerous  memoirs  on  the  subject  published  by  the  author  between  1910  and  1930, 
constituting  the  greatest  modern  contribution  to  the  empirical  measurement  of  statistical  variability.” 

Note:  The  compiler  has  not  seen  this  volume,  so  he  is  not  sure  just  which  papers  of  Gini  are  included. 
Apparently  the  papers  bv  Gini  (1910,  1912,  1914a,  1918,  1930)  are  included,  and  perhaps  others. 

References:  Laplace  (1812)  |1818],  von  Andrae  (1869),  Jordan  (1869),  von  Andrae  (1872),  Jordan 
( 1872),  Galton  ( 1875),  Helmert  ( 1876a),  Pareto  ( 1897),  Lorenz  ( 1905),  Gini  ( 1909),  Persons  ( 1909),  Gini 
(1910),  Furlan  (1911),  Mortara  (1911),  Yule  (1911),  Dettori  (1912),  Gini  (1912).  King  (1912),  Porru 
( 1912),  Czuber  1 1914),  Gini  ( 1914a),  Savorgnan  ( 1915),  Ricci  ( 1916),  Gini  1 19181,  Vinci  ( 1918),  Amoroso 
(1925),  Saibante  ( 1926),  Gini  ( 1930)  |and  perhaps  others]. 

Citations:  Pizzetti  (1940),  de  Vergottini  ( 1 940),  Pizzetti  (1941a, b.c),  Boldrini  (1942),  Livada  (1942). 

* Girshick,  M.  A.  (1939).  On  the  sampling  theory  of  roots  of  determinantal  equations.  Annals  of 
Mathematical  Statistics  10.  203-224.  (JFM  65,  572;  MR  1 . 32).  Related  abstract.  Bulletin  of  the  American 
Mathematical  Society  43  ( 1937),  172-173. 
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Summary:  The  first  and  fourth  parts  of  the  paper  deal  with  the  joint  moments  ofq  = r,2r22.  . . rs2and  z = 

( 1 -r,2>  1 1 -To2! ...  ( 1 -rs2),  where  rhr2 rs  are  sample  canonical  correlation  coefficients,  and  with  the 

sampling  theory  of  several  quantities  related  to  q and  z.  Since  the  theory  does  not  depend  on  the  order  of 

the  r,  ( =1,2 s),  these  parts  are  not  directly  relevant  to  our  subject.  The  second  part  is  devoted  to  a 

study  of  the  relation  between  the  asymptotic  distribution  of  the  canonical  correlations  and  that  of  the 
latent  roots  of  the  matrix  of  sample  variances  and  covariances  of  the  s variates.  In  the  third  part,  the 
author  derives  asymptotic  standard  errors  of  the  ordered  latent  roots  of  a matrix  of  sample  variances  and 
covariances  and  of  the  coefficients  of  Hotelling’s  principal  components. 

References:  Hotelling  < 1933),  Girshick  tl936>,  Hotelling  (1936b). 

Citations:  Wilks  (1943),  Kendall  (1946),  Tintner  (1946),  Bartlett  (1947b). 

* Gottschick.  J.  (1939).  Zwillingsbefunde  und  Reinrassigkeitsgrad.  Archil'  fiir  Rassen-  und  Gesell- 
schafts-Biologie  33  (2),  102-110. 

Summary:  The  author  compares  the  mean  difference  d and  the  standard  deviation  <r  as  measures  of 
dispersion.  He  calculates  the  ratio  <jvd  for  the  binomial  distribution  [expansion  of  ( 1 + 1 )n|  for  n = 1 to  n 
= 10.  Rounded  to  one  decimal  place,  it  d = 0.5  for  n = 1. 0.7  for  n = 2,  0.8  for  n = 3,  4 and  0.9  for  n 2:5.  For 
large  samples,  the  relation  <Wd  = 0.9  compares  with  the  relation  e/d  = 0.7  found  by  Lenz  & von  Verschuer 
( 1928),  where  e is  the  mean  deviation  (from  the  arithmetic  mean).  All  three  measures  are  valid  for  any 
distribution,  but  the  relation  between  any  two  of  them  is  different  for  distributions  other  than  the 
binomial. 

Reference:  Lenz  & von  Verschuer  (1928). 

Citation:  Pizzetti  (1941a). 

* Gumbel,  Emil  J.  (1939a).  Les  valeurs  de  position  d’une  variable  aleatoire.  Comptes  Rendus  de 
/'Academic  den  Sciences  (Paris)  208,  149-151. 

Summary:  The  author  states  (page  149):  "For  a theoretical  distribution  one  defines  as  median  x„  and  as 
quartiles  x,,  x2  the  values  having  the  probabilities  A = 1/2;  1/4;  3/4.  In  order  to  know  how  one  should 
choose,  after  ordering  the  observations,  the  corresponding  median  and  quartiles  of  a [sample]  distribu- 
tion based  on  a small  number  of  observations  n,  we  shall  define  first  the  corresponding  numbers  of 
position  m.  One  takes  as  the  median  the  value  such  that  it  will  have  the  same  number  of  observations  to 
the  left  as  to  the  right,  and  as  first  (or  second  [third  |>  quartile  the  central  observations  situated  to  the  left 
(or  to  the  right  > of  the  median.  The  three  quartiles  are  thus  respectively  the  (n  + 1 >:4,h,  (n  + 1 ):2’\  and 
(3n  +3):4,h  values  from  below.  In  an  analogous  manner,  we  assign  to  the  value  of  position  of  the  variable 
corresponding  to  any  probability  A whatever  the  observed  mlh  value  from  below,  such  that  (1) 
m-l=nA-il-Ai;n-m=n(l-Ai-A.  The  mlh  value  is  thus  the  nA  +A'1'  value  from  below.  . . .”  (Compiler’s 
translation ).  The  author  goes  on  to  say  that  the  above  attribution  does  not  solve  the  problem  completely, 
since  the  m,h  values  are  random  variables.  He  proposes  corrections  to  the  values  of  position  based  on  the 
distribution  of  the  population  from  which  the  observations  have  been  chosen. 

References:  Evraud  ( 1934b),  Gumbel  1 1935a). 

Citations:  Gumbel  ( 1939b. c.e,  1942a.  1943a).  Kendall  (1946). 
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* Gumbel,  fimile-Jules  (1939b).  La  duree  de  retour,  mesure  de  l’independance.  Coniptes  Reridus  de 
I’Academie  des  Sciences  (Paris)  208,  1471-1473. 

Summary:  "For  a variable  x with  probability  W(x)  subject  to  n observations  at  regular  intervals,  one 
defines  as  the  mean  return  period  F(  x) the  mean  distance  between  two  successive  observations  exceeding 
x,  such  a value  not  having  been  observed  between  the  two  observations.  If  the  observations  are  made  on 
independent  events  and  if  one  takes  the  distance  between  two  successive  observations  as  the  unit  of  time, 
one  obtains  ( 1 ) F(x)  = 1:|  1 - Wix)],  a quantity  independent  of  the  chronological  order. . . . We  compare  the 
theoretical  value  ( 1 ) with  the  corresponding  value  (2)  ’F(x)  = n:(n  -m)  considered  as  the  mean  observed 
return  period,  m = n 'W(x)  being  the  value  of  position  (Gumbel  1 1939a  i]  taken  in  non-decreasing  order  (in 
the  observed  sample).  One  assumes  therefore  that  a unit  of  time  passes  between  the  initial  instant  and 
the  first  observation  in  chronological  order.  To  the  first  value  in  the  non-decreasing  order.  ,x,  corres- 
ponds the  mean  observed  return  period  ’F(  ,x>  = n:(n-l  I,  to  the  next-to-last.  „ ,x,  corresponds  F(„  ,x>  = 
n.  One  may  attribute  to  every  observed  value  (except  the  last!  its  mean  return  period  <2i.  . . . The 
expressions  (1)  and  (2)  do  not  depend  on  the  chronological  order.  Their  comparison  is  in  the  logical 
category  of  criteria  common  in  statistics.  If  the  mean  periods  calculated  from  <2i  for  small  values  of  x are 
smaller  (or  larger)  than  the  theoretical  numbers,  there  exists  a systematic  difference  between  the 
probability  W(x)  and  the  frequencies  'W(x),  namely  an  attraction  (or  repulsion!  for  small  values  of  the 
variable,  and  a repulsion  (or  attraction!  for  large  ones.  In  order  to  check  the  agreement,  one  could 
calculate  the  standard  deviation  of  the  mean  return  period  <r(  F i or  the  probable  error  of  the  distribution 
of  periods.  But  the  probability  that  the  mean  is  contained  in  the  interval  F:t<r<F)  depends  on  x On  the 
other  hand  the  mean  is  not  necessarily  contained  between  the  two  quartiles.  It  is  therefore  preferable  to 
attribute  to  each  value  of  x its  standard  deviation  sx  by  considering  x as  an  m,h  value  |Gumhel  1 1934e)]. 
For  distributions  which  obey  l’Hopital’s  rule,  one  obtains  asymptotically  < 3 1 Fix)  d log  w»xi  dx  w(xi. 
The  Gaussian  distribution,  for  example,  leads  to  (3’)  lims^,lg  F(  xi  = x2.  For  the  exponential  distribution 
which  governs  the  distances  between  radioactive  emissions,  one  obtains  the  straight  line  < 4 » x x Ig 
F(x).  In  order  to  test  the  length  of  mean  observed  distances,  one  attributes  to  x the  standard  deviations  of 
m,h  values  of  an  exponential  distribution  (Gumbel  < 1937b)  |.  Thus  oii“  has  an  efficient  and  most  simple 
method  of  deciding  whether  radioactive  emissions  are  dependent".  (Compiler's  translation  of  pp.  1471- 
1473). 

References:  Gumbel  (1934e,  1937b,  1939ai. 

Citations:  Gumbel  (1939c,  1940). 

* Gumbel,  £mile-J.  ( 1939c).  La  duree  de  relour  des  plus  grandes  valeurs.  Complex  Rendus  de  /'Academic 
des  Sciences  ( Paris  > 208,  2041-2043 

Summary:  "In  what  follows,  we  apply  the  criterion  of  the  return  period  |Gumbel  1 1939hi|  to  largest 
values  governed  by  the  probability  1 1 1 Wi  xi  e ''\y  -«<x-ui.  1«*  \ 6 s tt,  u being  the  mode  and  s the 
standard  deviation.  The  arithmetic  mean  (Gumbel  1 1935ai|  is  1 2 » u u +0. 45005s.  The  mean  return 
period  of  a largest  value  greater  than  x ( 3 1 Ti  x)  1 :( 1 Wi  x)|  tends,  for  large  values  of  x,  to  the  line  ( 3 ’ ) x 
= u +[lg  T( x ) ]: or,  a formula  due  to  Coutagne  |i  1937 1 1.  valid  except  for  reduced  values  y - 2.5.  that  is.  for 
about  8 'i  of  the  observations.  The  logarithm  of  the  mean  return  period  of  a largest  value  greater  than  x 
tends  toward  a linear  function  of  x involving  the  mode  and  a multiple  of  the  standard  deviation.  In  his 
fundamental  study  of  flood  flows.  W.  E.  Fuller  |(  1914 1 1 proposed  a linear  interpolation  formula  (4)  U(x):u 
= 1 +0.8  log  T(x>,  where  U(xi  denotes  the  mean  of  annual  floods  greater  than  x.  Saville  |(  1936i|  set,  in  a 
more  general  manner,  (4'i  LT(x>:u  a +b  log  Tix).  One  easily  finds  a theoretical  basis  for  these  purely 
empirical  formulas,  the  meaning  of  the  constants  and  the  domain  of  validity,  if  one  assumes  that  the 
floods  x are  governed  by  the  probability  1 1 ).  Then  one  obtains  for  Ui  xi.  asymptotically.  - /*  7.d|  1 W(z)|: 

(1  Wix'l  x +•  1 a.  By  introducing  the  arithmetic  mean  u the  standard  deviation  s.  the  coefficient  of 
variation  r - s:u  and  the  asymptotic  expression  i3’>  on»  finds  1 5i  I'i x i:u  1 +r  3 + 1.79r  log  Tix).  The 
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variation  of  annual  floods  enters  only  as  a constant.  The  value  of  Fuller,  supposed  to  be  universal,  is  v = 
0.4456.  But  these  formulas  are  valid  only  asymptotically.  Also  Tlx)  does  not  correspond  to  U(x>  but  to  x. 
That  is  why  we  prefer  the  calculation  of  the  return  period  (3)  of  floods  greater  than  x which  does  not 
require  the  calculation  of  the  means  Ulx).  One  obtains,  for  example,  for  the  Merrimack  River,  Lawrence, 
Mass.  1846-1933  [Hazen  1 1930),  supplemented  by  later  date],  the  mean  annual  flood  flow  u and  the  two 
quartiles  u,,  u2 

u = 45478.7,  u,  = 32675.8,  u2  = 54380.7 

cubic  feet  per  second,  from  which  results,  according  to  the  method  of  values  of  position  [Gumbel  ( 1 939a  I ] 
l:ct  = 13803;  u = 37456,  v = 0.38972,  a value  near  the  assumption  of  Fuller.  The  figure  [p.  2042]  shows 
the  observed  and  theoretical  length  of  the  mean  return  periods  of  a flood  greater  than  x with  control 
curves  which  one  draws  from  the  theory  of  m,h  values  ]Gumbel  (1934e)].  This  agreement  gives  a new 
justification  [Gumbel  ( 1936a)]  for  the  application  to  floods  of  the  theory  of  largest  values.”  (Compiler’s 
translation  of  pp.  2041-2043). 

References:  Fuller  (1914),  Hazen  (1930),  Gumbel  <1934e,  1935a,  1936a),  Saville  (1936),  Coutagne 
(1937),  Gumbel  (1939a,b). 

Citations:  Gumbel  (1940,  1943c). 

* Gumbel,  E.  J.  ( 1939d).  La  probabilities  hypotheses.  Comptes  Rendus  del'Academiedes  Sciences  i Paris) 
209,  645-647.  (JFM  65,  597;  MR  1,  152). 

Summary:  Let  x be  a random  variable  with  pdffix)  and  cdf  y = F(x)=  /^f(x)dx.  Let  x„  x2, . . . , xn  be  an 
ordered  sample  of  n independent  observations  on  x.  Suppose  we  wish  to  test  the  hypothesis  h that  x 
follows  a rectangular  distribution  between  0 and  1,  i.e.  f(x)  = 1,  0 =s  x « 1.  Let  ym  be  the  value  of  y 
corresponding  to  xm,  the  mth  order  statistic  of  the  sample.  Then  the  expected  value  of  ym  is  ym  = m/(n  + l ). 
The  author  proposes  a test  of  the  hypothesis  h based  on  a comparison  of  the  observed  values  ym  and  their 
expectations  ym. 

References:  Gumbel  (1936b),  Neyman  (1937a). 

* Gumbel,  E.  J.  (1939e>.  Les  plus  grandes  precipitations.  La  Meteorologie  (3)  1939,  17-28. 

Summary:  The  author  begins  with  the  following  introduction  (page  17 ):  "In  what  follows,  we  shall  treat 
precipitations  as  random  variables  obeying  a distribution  law.  We  introduce  the  abstraction  of  secular 
trends.  A very  usual  assumption  concerning  the  convergence  of  this  distribution  toward  large  values  of 
the  variable  permits  the  application  of  the  theory  of  the  largest  value.  The  purpose  of  the  following  lines 
is  to  show  schematically  that  the  distribution  of  the  largest  precipitations  can  be  explained  bv  this 
theory.  Since  we  have  expounded  the  method  in  several  previous  works,  we  shall  content  ourselves  here 
with  recalling  those  of  the  results  of  which  we  make  use.”  (Compiler's  translation).  On  page  28  the 
author  states  his  conclusions;  "In  applying  the  theory  of  the  largest  value  to  monthly  precipitations,  one 
assumes  that  the  number  12  is  already  very  large,  which  is,  evidently,  a slight  exaggeration.  But  the 
purpose  of  this  article  being  only  to  show  it  in  principle,  we  shall  content  ourselves  with  monthly 
observations.  Coutagne  [( 1939)  | has  followed  a better  route  by  studying  maxima  of  daily  precipitations 
which  assumes  that  N = 365  is  very  large.  It  follows  from  four  criteria  that  observations  bearing  upon 
maximum  monthly  precipitations  can  be  interpreted  in  a quite  satisfactory  manner  by  the  theory  of  the 
largest  value.”  (Compiler's  translation). 

References:  Gumbel  (1934e,  1935a,  1936a),  von  Mises  (1936),  Gumbel  (1937-38),  Coutagne  (1939), 
Gumbel  1 1939a). 
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Citation:  Gumbel  ( 1943c). 


* Gumbel,  E.  J.  < 19390.  Statistische  Theorie  der  grossten  Werte.  Zeitschrift  fiir  Schweizerische  Statistik 
und  Volkswirtschaft  75  (2),  250-271.  (JFM  65,  1353). 

Summary:  This  expository  paper  discusses,  from  a popular  viewpoint,  statistical  distributions  and  the 
theory  of  the  largest  value,  with  applications  to  radioactivity  (longest  intervals  between  emissions),  age 
limits  (longest  human  lives),  and  floods  (largest  discharges  of  rivers).  Numerous  references  to  earlier 
work  by  the  author  and  others  are  given. 

References:  Fuller  ( 1914),  von  Bortkiewicz  ( 1922a),  von  Mises  ( 1923),  Frechet  ( 1927),  Fisher  & Tippett 
(1928),  Gumbel  (1932,  1933a, b,c,d,e,f,g,  1934a,b,c,d,f,g,  1935a, b,c,d,  1935-36,  1936a, b,c,  1936-37),  von 
Mises  (1936),  Gumbel  ( 1937a, b,d,e,  1937-38),  Brenet  & Armand  (1938),  Gumbel  ( 1938a. b,c). 

Citation:  Mosteller  (1946). 

* l'Hermite,  R.  (1939).  fitude  statistique  des  betons  de  chantier.  Annales  de  I'lnstitut  Technique  du 
Bdtiment  et  des  Travaux  Publics  (Paris)  4,  66-75. 

Summary:  The  author  compares  the  strength  under  compression  of  concrete  cubes,  prisms,  and  cylin- 
ders of  various  dimensions.  He  finds  (p.  67)  that  the  arithmetic  mean  of  the  results  of  trials  on  cubes 
decreases  when  the  edge  of  the  cube  increases.  In  a number  of  cases  he  determines  the  median  as  well  as 
the  arithmetic  mean  of  the  results  of  a number  of  trials  on  specimens  r "the  same  size,  shape,  composi- 
tion, and  age.  On  p.  70  he  states:  "The  agreement  of  the  arithmetic  mean  with  the  median  shows  the 
symmetry  of  the  distribution  of  the  population  and  confirms  the  application  of  the  law  of  dispersion  of 
Gauss.”  (Compiler’s  translation). 

Comments:  The  author’s  results  concerning  the  size  effect  are  in  agreement  with  what  one  would 
predict  from  the  "weakest  link”  theory.  With  regard  to  the  comparison  between  the  median  and  the 
arithmetic  mean,  the  former  is  actually  slightly  less  than  the  latter  in  almost  every  case,  which  indicates 
that  the  distribution  is  not  normal  (Gaussian)  or  even  symmetric,  but  slightly  skewed  to  the  right. 
However,  the  skewness  is  so  small  that  use  of  the  normal  distribution  probably  does  not  lead  to  any 
serious  errors,  except  perhaps  in  estimating  extreme  fractiles  of  the  distribution,  which  are  quite 
sensitive  even  to  mild  skewness. 

* Hsu,  P.  L.  ( 1939).  On  the  distribution  of  roots  of  certain  determ  inantal  equations.  A nnals  of  Eugenics  9, 
250-258.  (JFM  65,  572-573;  MR  1,  248). 

Summary:  The  author  begins  (page  250):  "The  extension  (Fisher,  1938)  of  Fisher's  discriminant 
analysis  to  more  than  two  multivariate  samples  has  directed  attention  to  the  problem  of  the  exact 
distribution  of  the  roots  of  a certain  type  of  determinantal  equation,  which  are  required  for  various 
significance  tests.  . . . The  purpose  of  the  present  paper  is  to  give  a complete  demonstration  of  the 
analytic  solution,  including  the  case  in  which  the  number  of  variates,  p,  exceeds  one  of  the  sample 
numbers  n,.”  He  proceeds  to  state  and  prove  three  theorems.  Theorem  1 gives  the  simultaneous 

distribution  of  the  roots  rt,,  H., in  order  of  descending  magnitude,  of  the  determinantal  equation 

ai,-0(alj+bi)>|  = 0,  where  a„  = ytryjn  zltz,„  and  ylr,  z„(i  = l,2,.  . . , p;  r=l,2 n,; 

t 1,2 mi  are  a set  of  p(  n,  +n2)  random  variables  following  the  distribution  law  const,  exp  [ -E'’J=1  a ,, 

( au  + bjj  i 2 1 1 Idvdz.  If  the  pip  + 1 >'2  covariances  su<  i = 1,2 pi  are  such  that  ||sy|j  is  always  non-singular 

and  if  their  distribution  depends  only  on  the  latent  roots  A(  of  ||su||,  then  Theorem  2 gives  the  joint 

distribution  of  the  latent  roots  A,  A;, A,,  arranged  in  order  of  descending  magnitude.  Theorem  3 

states,  in  effect,  that  Hotelling's  canonical  correlations  between  two  sets  of  random  variables  are 
distributed  as  the  square  roots  of  the  if s,  and  gives  the  form  of  the  distribution  function  of  the  (fa, 
arranged  in  order  of  descending  magnitude,  under  the  condition  that  the  first  set  of  variables  be 
normally  distributed. 
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References:  Hotelling  (1936b),  Fisher  (1938,  1939). 

Citations:  Fisher  (1939),  Hsu  (1941a),  Roy  ( 1942a, b),  Wilks  (1943),  Anderson  ( 1 945 ),  Roy  (1945), 
Kendall  (1946),  Tintner  (1946),  Bartlett  ( 1947a, bl,  Anderson  (1948),  Nanda  ( 1948a, bl,  Rao  (1948). 

* Hulme,  H.  R.;  Symms,  L.  S.  T.  1 1939).  The  law  of  error  and  the  combination  of  observations.  Monthly 
Notices  of  the  Royal  Astronomical  Society  99,  642-649.  (JFM  65,  606). 

Summary:  The  authors  summarize  three  objections  that  have  been  raised  against  the  normal  or 
Gaussian  law  of  error;  ( 1 ) Experimental  results  for  the  distribution  of  errors  often  show  that  large  errors 
are  far  more  numerous  than  the  normal  law  indicates,  a point  which  has  been  treated  at  length  by 
Newcomb  ( 1886);  (2)  the  normal  law  is  also  defective  from  the  theoretical  point  of  view,  as  pointed  out  by 
Jeffreys  (1938),  Newcomb  (1886),  and  Eddington  (1933);  (3)  the  normal  law  does  not  offer  any  really 
satisfactory  criterion  for  the  rejection  of  large  observations.  The  authors  attack  the  problem  of  finding 
the  actual  error  law  which  best  fits  the  residuals  and  then  obtaining  the  system  of  weighting  corres- 
ponding to  this  law,  since  the  arithmetic  mean  is  the  best  value  only  if  the  errors  follow  the  normal  law. 
They  develop  a method,  similar  to  but  simpler  than  those  of  Newcomb  ( 1886)  and  Jeffreys  ( 1932,  1939), 
which  allows  a system  of  continuous  weighting  to  be  found  for  a series  of  observations.  They  apply  this 
method  to  an  extensive  set  of  latitude  observations  at  Greenwich,  and  conclude  that  it  leads  to  a small 
but  definite  improvement  of  the  results. 

References:  Newcomb  ( 1886),  Whittaker  & Robinson  ( 1924),  Eddington  ( 1933),  Jeffreys  ( 1938). 

* Jeffreys,  Harold  ( 1939).  Theory  of  Probability.  Oxford  University  Press,  London.  (JFM  65.  546).  Second 
edition,  1948;  third  edition,  1961. 

Summary:  The  author  gives  the  following  discussion  of  the  use  of  the  median  (pp.  21 1-2131:  "If  the  law  of 
error  is  unknown  and  the  observations  are  too  few  to  determine  it,  we  can  use  the  median  observation  as 
a statistic  for  the  median  of  the  law.  We  can  then  proceed  as  follows.  Let  a be  the  median  of  the  law:  we 
want  to  find  a range  such  that  the  probability,  given  the  observations,  that  a lies  within  it  has  a definite 
value.  Let  a be  a possible  value  of  a such  that  t observations  exceed  a and  n-/  fall  short  of  it.  Then 
P(f|a,n,H)  = "c,(l/2)n  = (2/7rnl>-.  exp  {-2U  -n/2i2/n}  (1)  nearly;  and  if  the  a priori  probability  of  « is 
taken  uniform,  P(d«|/,n,H)*(2/7,-n)'  - exp  { — 2(  t -n/2)2/n}.  (2)  Thus  the  posterior  probability  density  of  a 
is  a maximum  at  the  median,  and  if  we  take  t = n/2±  Vn/2  as  limits  corresponding  to  the  standard  error, 
the  corresponding  values  of  a will  give  a valid  uncertainty,  whatever  the  law  and  the  scale  parameter. 
...  It  is  often  advocated  that  the  uncertainty  of  the  true  value,  as  estimated  from  the  mean,  should  be  got 
from  the  average  residual  without  regard  to  sign  instead  of  the  mean  square  residual,  on  the  ground  that 
the  former  is  less  affected  by  a few  abnormally  large  residuals  than  the  latter  is.  But  if  the  mean  of  the 
observations  is  taken  as  the  estimate  of  the  mean  of  the  law,  its  uncertainty  is  correctly  estimated  from 
/x2  if  the  latter  exists,  and  if  it  does  not  exist  the  uncertainty  will  not  be  proportional  to  n 1 For  all  laws 
such  that  fj..,  exists  the  mean  square  residual  gives  an  unbiased  estimate  of  fi.,. . . . If  the  mean  is  taken  as 
the  estimate,  there  is  no  alternative  to  the  mean  square  residual  to  provide  an  estimate  of  uncertainty 
when  the  law  is  in  doubt.  On  the  Dther  hand,  it  is  only  for  the  normal  law  that  the  mean  is  actually  the 
best  estimate,  and  for  other  laws  we  are  entitled  to  consider  other  estimates  that  may  be  more  efficient. 
One  interesting  case  is  the  law  Pidx(m,a,H)  = ( l/2)exp(  -|x-m|/a)dx  a.  (3)  Here  we  find  easily  that  the 
likelihood  is  a maximum  if  m is  taken  equal  to  the  median  observation,  and  if  a is  the  average  residual 
without  regard  to  sign.  This  law  is  therefore  known  as  the  median  law.  Given  any  of  the  three  properties 
the  other  two  can  be  deduced  provided  the  chance  is  a function  x -m  only.  It  is  only  subject  to  this  law  that 
the  average  residual  leads  to  the  best  estimate  of  uncertainty,  and  then  the  best  estimate  of  the  location 
parameter  is  provided  by  the  median  observation  and  not  bv  the  mean.  The  interest  of  the  law  is  reduced 
somewhat  by  the  fact  that  there  do  not  appear  to  be  any  cases  where  it  is  true. . . . There  is  . . . much  to  be 
said  for  the  use  of  the  median  as  an  estimate  when  the  form  of  the  law  is  unknown:  it  loses  some  accuracy 
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in  comparison  with  the  best  methods,  but  increase  of  the  uncertainty  is  often  unimportant,  and  varies 
little  with  the  form  of  the  law,  and  the  uncertainty  actually  obtained  is  found  easily  by  the  rule  <2l.”  The 
author  < pp.  212,  318-319,  386)  criticizes  Peirce’s  and  Chauvenet’s  criteria  for  rejection  of  observations, 
and  offers  (pp.  316-317)  a modified  form  of  the  alternative  which  he  proposed  earlier  |Jeffreys  ( 1932)], 
with  a table  of  weights  for  its  implementation. 

Note:  References  to  specific  page  numbers  are  to  those  in  the  third  edition. 

References:  Chauvenet  il863>,  Newcomb  (1886),  Keynes  (1921),  Jeffreys  (1938). 

Citations:  Kendall  (1943),  Cramer  (1946),  Kendall  (1946). 

Levy,  Paul  (1939).  Sur  la  division  d’un  segment  par  des  points  choisis  au  hasard.  Comptes  Rendus  de 
I’Academie  des  Sciences  (Paris)  208,  147-149.  (JFM  65,  553). 

Summary:  Let  Xn,  X„  . . . , Xn  denote  the  lengths  of  n + 1 intervals  which  are  separated  by  n points  x,,  x,, 
• • • , x„  chosen  at  random  on  the  segment  (0,1 ),  the  probability  distribution  being  uniform.  The  author 
proves  certain  theorems  concerning  YnandZ„,  where  Y„  isthe  smallest  and  Znisthe  largest  of  the  X ( i>  = 
0,1,  . . . ,n). 

Reference:  Gumbel  (1937b). 

Citations:  Garwood  (1940),  Kendall  (1946). 

Newman,  D.  ( 1939).  The  distribution  of  range  in  samples  from  a normal  population,  expressed  in  terms 
of  an  independent  estimate  of  standard  deviation.  Bioinetrika  31,  20-30.  (JFM  65.  573;  MR  1,  153). 

Summary:  The  author  begins  with  a review  of  the  work  of  Tippett  ( 1925)  on  the  mean  range  of  normal 
samples,  of  E.  S.  Pearson  (1932)  on  the  standard  deviation  and  percentage  points  of  the  range,  and  of 
Pearson  & Haines  ( 1935)  on  the  use  of  the  mean  range  of  a number  of  small  samples  to  estimate  the 
population  standard  deviation  <r.  He  recalls  the  suggestion  of  "Student"  (W.  S.  Gosset)  |see  Pearson 
( 1939)  ] concerning  the  use  of  the  ratio  q = w's  ( the  student  ized  range),  where  w is  the  range  of  a sample  of 
n observations  from  a normal  population  with  standard  deviation  tr  and  s-  is  an  independent  and 
unbiased  estimate  of  cr - based  on  f degrees  of  freedom,  obtained  from  a sum  of  squares  in  the  usual 

manner.  Suppose  that,  as  a result  of  an  experiment,  n treatment  means  x,.  x. x„are  available  along 

with  an  independent  estimate,  s-\  of  their  samp  ling  variance.  Then  Student's  idea  was  that  one  could  test 
whether  any  treatment  differences  exist  bv  comparing  the  difference  between  the  highest  and  lowest 
treatment  means,  say  w = x„  - x„  with  s.  If  this  difference,  with  due  regard  to  the  values  of  n and  f,  is 
found  to  be  clearly  significant,  then  one  can  set  aside  the  more  divergent  of  the  extremes,  say  x,.  and 
compare  x„  - x.,  with  s,  using  n - 1 andf.and  soon.  The  procedure  suggested  by  Student  ( 1 927 1,  based  on 
w/<r  instead  of  w/s,  is  a limiting  case  (f  — »xi  of  this  procedure.  In  order  to  facilitate  the  use  of  tests  based  on 
the  studentized  range,  the  author  tabulates  one-decimal-place (2DP  for  n 2 and  or  f x)  5';  and  1G 
points  ofq  = w/s  for  n = 2(  1)12,  20  and  f = 5(  1 120, 24,30.40,60.x.  Exact  results  are  available  for  n = 2 and 
n = 3,  but  those  for  n > 3 are  based  on  numerical  integration.  He  works  out  three  numerical  examples  to 
illustrate  use  of  the  tables. 

References:  Tippett  (1925),  E.  S.  Pearson  (1926).  Student  (1927).  K.  Pearson  (1931),  E.  S.  Pearson 
1 1932),  McKay  and  Pearson  1 1933),  Fisher  1 1935)  1 1937|.  Pearson  & Haines  ( 1 935 ).  Snedecor  1 1937). 

Citations:  Snedecor  1 1 937 ) 1 1 946 1.  Pearson  & Hartley  ( 1943).  Hartley  1 1944'.  Baker  i 1946),  Kendall 
( 1946),  Egudin  1 1947).  Tukev  ( 1948c.  1949a ». 
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* Pearson,  E.  S.  (1939).  "Student”  as  statistician.  Biometrika  30,  210-250.  (JFM  65,  18— listing  only). 

Summary:  The  author  gives  a summary  and  evaluation  of  the  statistical  work  of  "Student”  (the  late  W. 

S.  Gosset).  Included  are  extracts  from  several  previously  unpublished  letters  of  Student.  Of  particular 
interest  is  Letter  III,  concerning  which  the  author  writes  (page  245):  "The  suggestion  in  Letter  III  of  1932 
ultimately  led  to  the  production  of  tables  of  percentage  limits  of  the  ratio  of  (a)  range  in  a sample  of  n 
observations  to  (b)  an  independent  estimate  of  standard  deviation,  which  are  to  be  published  shortly  in 
Biometrika  [Newman  (1939)].  From  the  beginning  of  his  analysis  of  the  results  of  chess-board  experi- 
ments, Gosset  had  wondered  how  best  to  judge  what  differences  among  variety  means  were  significant. 

While  the  ratio  of  (a)  the  difference  between  any  two  means  selected  at  random  to  (b)  the  estimate  of  the 
standard  error  could  be  referred  to  'Student’s’  distribution  or,  if  desired,  the  significance  of  the  set  as  a 
whole  could  be  judged  by  Fisher’s  z-test,  it  was  not  possible  to  treat  selected  differences  in  either  of  these 
ways.  In  the  article  in  Bailliere's  Encyclopedia  . . . [Student  ( 1931 )]  he  refers  to  a method  suggested  by 
Fisher  of  taking  the  differences  between  individual  variety  yields  and  the  mean  yield.  He  felt  however 
that  a knowledge  of  probability  levels  of ’studentized’  range  would  in  addition  be  very  useful:  on  this 
could  be  based  a rough  test  of  the  kind  he  had  suggested  in  his  paper  on  'Errors  of  routine  analysis’  . . . 

[Student  (1927)].”  The  letter  itself,  dated  January  29,  1932,  is  quoted  on  pp.  245-246.  The  relevant 
paragraph  reads:  "I  have  been  meaning  to  write  to  you  for  some  time  re  the  proposals  for  the  use  of  range 
and  sub- range  which  I made  in  my  last  letter  to  you.  Of  course  there  is  a serious  crab  which  I had  at  one 
time  recognised  and  then  forgotten  in  that  the  thing  would  have  to  be  ’Studentised’:  the  only  measure  of 
the  S.D.  is  provided  by  a limited  number  of  degrees  of  freedom.  Whether  one  could  get  an  approximate 
correction  for  this  with  moderately  small  numbers  by  reducing  still  further  the  degrees  of  freedom  or 
whether  it  would  be  necessary  as  Fisher  suggested  when  I mentioned  the  matter  to  him  (he  was  here 
[Dublin  | lecturing)  to  dive  into  the  depths  of  hyperspace  to  produce  the  jewel  I am  not  clear,  but  obviously 
something  would  have  to  be  done  about  it.”  < 

References:  Helmert  (1876a),  Student  (1927),  Sophister  (1928),  Student  (1931). 

Citation:  Pearson  & Hartley  (1943). 

* Pitman,  E.  J.  G.  < 1939).  The  estimation  of  t*he  location  and  scale  parameters  of  a continuous  population  of 
any  given  form.  Biometrika  30,  391-421;  note  by  E.  S.  Pearson,  471-474.  (JFM  65,  582-583). 

Summary:  "The  main  problem  considered  is  the  location  and  scaling  of  the  distribution  of  a continuous 
chance  variable  X.  W’e  suppose  that  the  probability  function  of  x is  ( l/c)f{(x -a)/c},  c > 0,  where  the 
function  fix)  is  known  but  one  or  both  of  the  parameters  a,  c,  which  determine  respectively  the  location 
and  scale  of  the  distribution,  is  unknown.  We  have  a sample  of  n independently  observed  values  of  X,  and 
from  these  we  have  to  estimate  the  unknown  parameter  or  parameters.  Any  function  of  the  sample 
values  whose  value  may  be  used  as  an  estimate  of  the  unknown  parameter  is  called  an  estimator  of  that 
parameter.  The  paper  shows  how  to  determine  an  estimator  with  any  required  property,  such  as 
minimum  mean  absolute  error,  or  minimum  mean  square  error.  In  particular,  the  closest  estimator  is 
determined;  this  is  an  estimator  whose  median  value  is  the  true  value  of  the  parameter  and  which  is 
likely  to  be  closer  to  the  true  value  than  any  other  estimator.  It  is  shown  that  in  certain  cases  a best 
estimator  exists.  Fiducial  limits  for  the  unknown  parameter  are  determined,  and  what  is  called  the 
fiducial  distribution  of  the  parameter  is  defined.  It  is  shown  that  problems  of  estimation  can  be  dealt 
with  very  simply,  and  completely,  by  means  of  fiducial  distributions.  For  a population  of  any  given  form, 
the  fiducial  distribution  of  a,  when  both  a and  c are  unknown,  provides  us  with  a test  which  corresponds 
to  'Student’s’  test  for  significance  of  the  mean  of  a sample  from  a normal  population.  The  estimation  of 
the  difference  between  the  location  parameters  of  two  populations  of  similar  forms  is  discussed." 

(Author’s  summary,  pp.  420-4211.  The  largest  and  smallest  sample  values  figure  prominently  in  the 
theory.  The  note  by  Pearson  is  devoted  mainly  to  a refutation  of  the  author's  statement  (p.  392,  footnote) 
that  there  is  no  difference  between  the  theory  of  confidence  intervals  and  the  theory  of  fiducial 
probability,  and  is  not  directly  relevant  to  our  subject. 
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References:  Neyman  & Pearson  (1936',  Pitman  (1936),  Neyman  (1937b),  Pitman  (1937). 

Citations:  Cramer  (1946),  Kendall  (1946). 

* Roy,  S.  N.  ( 1939).  P-statistics  or  some  generalizations  in  analysis  of  variance  appropriate  to  multivariate 
problems.  Sankhva  4,  381-396. 

Summary:  In  the  introduction  (pp.  381-382),  the  author  writes:  "In  an  earlier  paper  worked  out  by  the 
author  jointly  with  Mr.  R.  C.  Bose  the  problem  of  discrimination  between  and  classification  of  different 
multivariate  populations  (with  the  same  sets  of  variances  and  covariances  but  with  different  sets  of 
means)  was  . . . tackled  by  defining  the  Studentized  D2-statistic  and  obtaining  its  sampling  distribution. 
...  It  was  noted  that  if  following  Fisher  one  started  from  a linear  compound,  with  arbitrary  coefficients, 
of  the  variates  and  so  chose  the  compounding  coefficients  as  to  make  a maximum  the  ratio  between  the 
square  of  the  difference  of  the  sample  means  (for  the  compound  character)  and  the  within  variance  of  the 
samples  for  the  same  character,  one  could  easily  see  after  maximisation  that  this  ratio  is  proportional  to 
the  studentised  D2-statistic  referred  to  in  that  paper.  In  the  present  paper  starting  from  a similar  linear 
compound  of  the  variates  and  so  choosing  the  compounding  coefficients  as  to  make  a maximum  the  ratio 
of  the  variance  of  the  first  sample  (for  the  compound  character)  and  the  variance  of  the  second  sample  for 
the  same  character  one  finds  that  the  quest  for  the  maximised  value  of  the  ratio  spoken  of  above  leads  one 
in  the  case  of  p-variate  normal  populations  to  as  many  as  p studentised  statistics  (roots  of  a certain 
determinantal  equation]  instead  of  to  merely  one  studentised  statistic  as  in  the  previous  case.  Of  these 
statistics  it  is  found  that  one  is  a true  maximum,  another  is  a true  minimum  and  the  rest  are  what  are 
known  in  analysis  as  stationary  values. . . . The  joint  sampling  distribution  of  the  statistics  is  worked  out 
for  the  case  where  the  two  populations  in  question  are  identical  in  the  sets  of  variances  and  covariances. 
The  statistic  corresponding  to  the  maximum  value  of  the  ratio  is  here  called  the  maximum  statistic 
and  that  for  the  minimum  value  the  minimum  statistic.  . . . The  sampling  distribution  of  either  of  these 
can  be  obtained  by  considering  the  joint  distribution  of  the  p-statistics  and  integrating  out  for  all  the 
others  between  suitable  limits.  Work  has  been  carried  up  to  this  point  in  the  present  paper.”  Let  the 
p-statistics  beK^K,^...^  K„and  let  Krbe  the  statistic  which  (or  whose  reciprocal)  is  closest  to  unity. 
The  author  proposes  tests  based  on  Kr  and  max  ( K. , , 1/KP). 

Citations:  Roy  (1940a),  Hsu  (1941a),  Roy  ( 1942a, b,  1945),  Kendall  (1946),  Roy  (1946a,b),  Bartlett 
( 1947a, b),  Rao  ( 1948). 

* Ruark,  Arthur  (1939).  The  time  distribution  of  so-called  random  events.  Physical  Revieu'  (2)  56, 
1165-1167.  (JFM  65,  1344). 

Summary:  The  author  writes  (pp.  1165-1167):  "It  is  shown  that  in  a sequence  of  random  events,  the 
expected  distribution  of  interval-sizes  in  a run  of  given  duration  differs  from  the  Bateman  |Poisson] 
distribution  when  the  counting  rate  is  different  from  the  average  one.  The  formula  for  'local'  size- 
distribution  to  be  expected  for  such  a run  is  derived  bv  the  use  of  Bayes-  theorem.  It  is  pointed  out  that 
this  theorem  is  useful  in  discussing  the  properties  of  any  statistical  system  which  is  known  to  be  in  a 
condition  differing  from  the  idealized  equilibrium  state.  ...  A distribution  of  events  is  said  to  be 
random  in  time  if  the  chance  that  one  of  them  occurs  in  time  dt  is  a constant,  f dt.  Bateman's  formula 
gives  the  chance  Wn  that  n events  will  occur  in  time  t,  namely  Wn  = (ft)ne~f,/n!  ( 1).  Then  the  chance  that 
an  interval  between  two  events  will  exceed  t is  W„  = e fl  (2). . . . Now  the  problem  we  want  to  solve  is  this: 
The  average  counting  rate  is  f and  a certain  run  has  yielded  n counts  in  time  D.  n is  not  equal  to  the 
expected  value  fD.  What  is  the  distribution  function  Git)  replacing  (2)  during  the  interval  D?  ...  To 
summarize:  if  we  deal  with  a limited  portion  of  a random  distribution  and  find  that  the  local  counting 
rate  is  higher  or  lower  than  the  average,  the  length-distribution  law  of  the  intervals  differs  from  Eq.  (2), 
and  the  expected  local  form  of  this  distribution  is  given  by  Eq.  (7)  ] G = •{  1 i 1 -e  n,)}( n fT)ii  1 T D)n_l; 
in  =2,3,.  . . ) |,  which  is  fundamental  in  the  sense  that  it  determines  the  expected  local  values  of  all 
properties  in  the  sequence  of  events." 
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Reference:  Ruark  & Devol  (1936). 


Citation:  Feller  (1940). 

* Smirnov,  N.  [Smirnoff,  N.|  (1939a>.  Sur  les  ecarts  de  la  courbe  de  distribution  empirique.  (Russian. 
French  summary ).  Matematicheskii  Sbornik  48  (N.  S.  6),  3-26.  (JFM  65,  561-562;  MR  1,  246). 

Summary:  "Let  Fix)  be  the  cumulative  distribution  function  of  a random  variable  x.  We  denote  bv  S„(x) 
the  curve  formed  from  n steps,  which  represent  the  results  of  n independent  trials.  We  assume  that  the 
function  Fix)  is  continuous  and  increasing  for  all  values  of  x.  One  knows  [Glivenko  ( 1933 ) ) that  the 
probability  of  uniform  convergence  of  the  series  S,(x),  S2(x), . . . , Sn(x), . . . to  F(x)  is  equal  to  one.  In  this 
work  we  shall  study  in  a more  detailed  manner  the  character  of  the  approximation  which  the  functions 
Sn(  x ) give  for  large  values  of  n.  Let  v„  be  the  number  of  cases  where  the  deviation  Sn(  x I - F(  x > changes  sign 
by  passing  from  negative  to  positive  values  and  let  <t>n(t)  = PlvnstVnl  (ts=0).  One  can  prove  the  following 
theorem:  Theorem  I.  Whatever  be  the  function  Fix)  the  series  of  functions  <t>„(t)  converges  for  n—*x  to  the 
limiting  distribution  <t>( t)  = 1 —e~tV2  (t>0)  and  <l>(t)  =0  (t*sO).  Let  X > 0 and  Fix, A)  = F(x)  + A/V'n;  denote 
by  vn(x)  the  number  of  points  of  intersection  of  Sn(x)  and  Fix, A).  vn(x)  represents  the  number  of  cases  where 
S„(x) -Fix)  changes  sign  by  passing  from  —to  +.  By  setting  <t>n(t,  A)  = P{v„(A)  stVn}lt>Oi,weshall  have 
Theorem  II.  Whatever  be  the  function  Fix),  the  series  of  functions  <J>n( t,A'  converges  for  n— >x  to  the 
limiting  law  d>lt,A)  defined  by  the  equations  <J>(t,A)  = 0 for  t <0,  <t>(0,A)  = 1 -e~2*2,  <t>(  t , A ) = 1 -e  lt*2^|!  2for 
t > 0.  In  consequence  of  Theorem  II  we  shall  have  P{sup  x<x<5eSn(x)  -Fix)  < ATV  n},rM  -e  2V  Let  V„(  A> 
be  the  number  of  points  of  intersection  of  the  curves  Sn(x)  and  y = Flx)±A/\  n,  and  <Jm  t.A  > = P{Vni  A)  s 
t Vn}.  We  shall  establish  the  following  proposition:Theorem  Ilia.  For  n— <l>(t, A)  converges  to  the  limit 
4>(t,A)  = 1-2  — m=«[<  - 1 >m/m![(dn,/dtm)e  -|t+2Aim*i>is'  2^m  Theorem  Ilia  includes  as  a special  case  Theorem 
III.  For  n— >x  one  has  P{sup|Sn(x)  - F(x)|s  A/\'n}  — ► <t>( 0, A ) = <t>( A)  where  <l>( A)  = 1 -2  ^*,,1  -l)me-2m2*'. 
This  theorem  was  first  established  by  A.  Kolmogoroff  [(1933)).”  (Compiler’s  translation  of  author's 
French  summary,  pp.  25-26). 

Note:  Wald  & Wolfowitz  ( 1 94 1 ) have  pointed  out  that  the  author’s  formula  for  <b(A)  contains  a typo- 
graphical error;  the  exponent  of  ( -1)  should  be  m-1  instead  of  m,  making  the  formula  read  d>(A)  = 1 
-2X*  = 1 i — 1 im  ■ e'2m“*“. 

References:  Glivenko  (1933),  Kolmogoroff  ( 1 933 ). 

Citations:  Smirnov  (1939b),  Kolmogoroff  (1941),  Wald  & Wolfowitz  (1941),  Wilks  (1943),  Smirnov 
( 1944),  Feller  1 1948i,  Wilks  1 1948),  Chung  ( 1949),  Doob  ( 1949),  Maniya  ( 1949),  Noether  ( 1 949 1. 

* Smirnov,  N.  1 1939b).  On  the  estimation  of  the  discrepancy  between  empirical  curves  of  distribution  for 
two  independent  samples.  Bulletin  Mathematique  de  I'Universite  de  Moscou  (Serie  internationale)  2 
(Fascicule  2),  16  pp.  (JFM  65,  1356-1357;  MR  1,  345). 

Summary:  This  paper  deals  mainly  with  the  two-sample  Kolmogorov-Smirnov  statistic  Din, .no)  = 
sup  x.  x.  , |S11(( x ) — S„.,( x )|, where  Sn|(xi  andS„.,(x)are  the  cumulative  distribution  functions  of  two  inde- 
pendent samples,  of  sizes  n,  and  n._„  from  the  same  continuous  population.  Among  other  results,  he  proves 
that  if  the  ratio  n2/n,  = r remains  constant  as  n,— »x  and  n2— »x  and  if  n = n../(  1 +r),  then  the  probability 
that  Din,,^)  s A/  V ni  A>0)  tends  to  <I>(  A ) = X’  x(  - 1 ike  2k2*2,  whatever  be  the  continuous  distribution  law 
of  the  underlying  population.  Thus  the  limiting  distribution  of  the  two-sample  Kolmogorov-Smirnov 
statistic  is  of  the  same  form  as  that  of  the  one-sample  statistic  Vn  sup  |S„(x)  - F(x)|,  where  Sni  x)  and  Fi  xi 
are  the  cumulative  distribution  functions  of  a random  sample  of  size  n and  of  the  continuous  population 
from  which  the  sample  was  drawn,  respectively,  which  was  found  by  Kolmogoroff  ( 1933).  The  author 
tabulates  <!>(  a i to  six  decimal  places  for  A 0.28(0.01  >2.49,  to  7I)P  for  A = 2.50(0.05)2.80  and  to  8DP  for  A 
= 2.85(0.05)3.00. 
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Comments:  The  two-sample  Kolmogorov-Smirnov  statistic,  unlike  its  one-sample  counterpart,  is  not 
directly  relevant  to  our  subject,  since  it  depends  only  on  the  ranks  of  the  observations  from  the  two 
samples  in  the  combined  sample,  and  not  on  the  values  of  any  of  the  order  statistics  of  either  sample  or  of 
the  combined  sample.  However,  because  both  statistics  have  the  same  limiting  distribution,  this  paper 
and  others  dealing  primarily  with  the  two-sample  statistic  are  included  in  this  bibliography. 

References:  Kolmogoroff  (1933),  Smirnov  ( 1939a, c). 

Citations:  Kolmbgoroff  (1941),  Scheffe  (1943),  Smirnov  (1944),  Feller  (1948),  Smirnov  (1948),  Wilks 
(1948),  Doob  (1949),  Wolfowitz  (1949). 

* Smirnov,  N.  V.  (1939c).  Sur  un  theoreme  limite  dans  un  scheme  d’epreuves  independantes.  (Russian. 
French  summary).  Izvestiia  Akademiia  Nauk  SSSR  (Seriia  Matematicheskaiia)  3 (3),  319-328.  (JFM 
65,  561). 

Summary:  "For  each  value  of  x (0<xsn)  let  Tn(x)  be  the  number  of  times  that  an  event  A occurs  in  a 
system  of  independent  trials  of  which  the  indices  do  not  exceed  x,  P(  A)  = pn,  T„(x)  = E Tn(x)  so  that  T„(x) 
= kp  (ksx<k  + l).  Let  us  denote  by  Vn(x)  the  number  of  times  that  the  curve  Tn(x)  lies  outside  the  band 
U*  bounded  by  the  curves  y,  = Tn(x)  ±xVnp(i  -pj  in  the  interval  (0,n).  The  following  limit  theorem 
holds:  Theorem.  For  n— one  has  P{V„(A)  s tVnp(l-p)}  — »F(t,A),  where  F(t,X)  = 1-2v57tt 
[(  - 1 )m/m!  ] (dm/dtm)trn  J\x  e-l“  + <2m+m]V2du(t&0).  As  a consequence  of  this  theorem  one  obtains  P[sup0<*<* 
|Tn(x)-Tn(x)|  xVnp(l-p)}  = P{Vn(A)  = Oj^^FlO.A).”  (Compiler’s  translation  of  author’s  French 
summary,  p.  328). 

Citation:  Smirnov  (1939b). 


* Stevens,  W.  L.  ( 1939).  Solution  to  a geometrical  problem  in  probability.  Annals  of  Eugenics  9, 315-320. 
(JFM  65,  554;  MR  1,  245). 

Summary:  The  author  solves  the  following  problem,  as  stated  on  page  315:  "On  the  circumference  of  a 
circle  of  unit  length,  n arcs  each  of  length  x are  marked  off  at  random.  What  is  the  probability  that  every 
point  of  the  circle  is  included  in  at  least  one  of  the  arcs?”  Let  k be  the  greatest  integer  less  than  1/x.  Then 
the  frequency  distribution  of  the  number  of  gaps  is  given  by  f(0>  = l-n(l-x)n~'  + [n( n — 1 )/2 ] 
( 1 — 2x)n_* — . . . ± [n(n-l).  . .(n-k  + 1 )/k! ] ( 1 -kx)n_l,  f(  1)  = n{(  1 -x)n~'  — ( n — 1 ) ( 1 -2x)n_1  + . . . ± [( n — 1 ) 
(n-2)  . . . (n-k  + 1)/  (k  — 1)!](  1 — kx)"-'},  f(2>  = [n( n - 1 )/2]  {(l-2x)n-'  - (n-2)  ( 1 — 3x)n-'  + . . ,±[(n-2) 

( n — 3 ) . . . (n-k  + l)/(k-2)!]  (1-kx)"-'},  . . . f ( i ) =[n!/i!(n-i>!]  {( 1 — ix )n~ 1 — ( n -i)  [l-(i  + l)x]"-'  + . . . ± 
|(n-i)  . . . (n— k -+ 1 )/< k — i )!]( 1 -kx )"''},  . . . f(k)  = (n(n-l)  . . . (n  — k -+ 1 )/k! ] (l-kx)n_1. 

Citations:  Fisher  1 1940 ),  Garwood  (1940),  Finney  (1941),  Greenwood  (1946),  Kendall  (1946),  Domb 
(1947). 

* de  Vergottini,  Mario  (1939).  Ober  einige  Konzentrationsindizes.  Deutsches  Statistisches  Zentralblatt 
31  (2),  47-52.  (JFM  65,  1356). 

Summary:  "The  concentration  indices  B and  R are  means  of  the  relative  deviations  of  special  arithmetic 
means  from  the  general  arithmetic  mean;  between  them  there  exists  a very  simple  relation,  and  indeed 
that  between  two  arithmetic  means  (the  unweighted  and  the  weighted).  (B  = SJ-1  (M-Ms>/  (n-l)M, 
where  M represents  the  general  mean  and  Ms  the  special  arithmetic  mean  formed  from  the  first  s 
members,  when  these  members  are  ordered  according  to  increasing  magnitude;  R = 2"~'  <p<-qs>/-"~'  ps. 
where  p,  = N,.  N,  i.e.  the  ratio  of  the  number  of  members  with  smaller  intensity  than  s ( Ns)  to  the  total 
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number  of  members  (N),  and  qs  = AJA,  i.e.  the  corresponding  ratio  of  the  intensity  (As)  to  the  general 
intensity  of  the  phenomenon  ( A ).  ] The  two  above-named  concentration  indices  can  thus  be  characterized 
as  indices  of  relative  variability  of  the  special  arithmetic  mean  with  respect  to  the  general  arithmetic 
mean,  and  as  such  they  show  a great  resemblance  to  indices  of  relative  variability  or  dissimilarity  ( mean 
deviation  from  the  arithmetic  mean,  etc.).  Nevertheless,  their  areas  of  application  are  different.  Re- 
cently it  was  remarked  |by  Mortara  1 1934a)]:  'Dissimilarity  is  a property  of  the  observed  distribution  of 
successive  values,  concentration  a property  of  the  integral  curve  itself.’  ” (Compiler’s  translation  of 
author’s  summary,  p.  52). 

References:  Gini  (1914a),  Mortara  (1934a). 

Citation:  de  Vergottini  ( 1940). 

* Wald,  Abraham  1 1939).  Contributions  to  the  theory  of  statistical  estimation  and  testing  hypotheses. 
Annals  of  Mathematical  Statistics  10,  299-326.  (JFM  65,  585;  MR  1,  152). 

Summary:  Many  aspects  of  the  theory  of  the  closely  related  problems  of  statistical  estimation  and 
testing  hypotheses  are  discussed.  The  best  estimate  of  a parameter  is  defined  as  the  one  which  minimizes 
the  risk  i expected  loss),  and  depends  on  the  weight  assigned  to  the  various  errors.  Two  examples  are 
given  on  pages  322-323.  The  second  of  these  involves  the  use  of  order  statistics.  Consider  the  family  of 
variates  X(#)  with  probability  density  f(x,d)  = 1 if  0- l/2sx<((  + l/2,f(x,0)  = 0 otherwise.  Let  x,  denote 
the  smallest  and  xn  the  greatest  value  in  a sample  of  size  n.  The  best  estimate  0 of  the  parameter  0 
depends  on  the  weight  function.  The  author  shows  that  if  the  weight  function  is  W {0,0)  = 0-0  if  0 s=  (land 
W(0,0t  = 2 (0-0)  if  0 > 0,  the  best  estimate  of  0 is  given  by  the  expression  0 = (x,  + 2xn  - 1/2 )/3. 

References:  Neyman  & Pearson  (1936),  Neyman  (1937b). 

Citations:  Wilks  (1943),  Kendall  (1946),  Duncan  (1947). 

* Wald,  A.;  W’olfowitz,  J.  (1939).  Confidence  limits  for  continuous  distribution  functions.  Annals  of 
Mathematical  Statistics  10,  105-118.  (JFM  65,  585).  Abstract,  Bulletin  of  the  American  Mathematical 
Society  45,  232-233. 

Summary:  In  their  introduction  (page  105)  the  authors  write:  "Let  E be  the  point  in  an  n-dimensional 
Euclidean  space  which  corresponds  to  the  observed  values  x,, . . .,  xn  of  the  n stochastic  variables  X,, . . ., 
X„  of  which  we  know  only  that  they  constitute  an  element  of  the  family  G,  i.e.,  that  they  are  indepen- 
dently distributed  with  the  same  continuous  distribution  function.  Let  us  denote  their  distribution 
function  by  f(x);  the  probability  that  X,  < x is  f(x),  i = 1, . . . , n.  Let  a be  a number  such  that  0 < a < 1.  To 
each  pair  E,a  we  shall  construct  two  functions  /e,u(x)  and  /e,o*x*’  w'th  the  following  property:  The 
probability  is  a that,  if  we  were  to  draw  a sample  from  the  system  X,, . . . , Xn,  we  would  get  a system  of 

observations  E = (x, xn)  such  that  f(x)  lies  entirely  between  7e,„(x)  and  /g,a(x)  (’e.,  that  /e.o<x)  ^ f,x) 

« 7E,n(x)  for  all  x).  We  shall  call  /Ea(x)  and  /e,«*x)  the  upper  and  lower  confidence  limits,  respectively, 
corresponding  to  the  confidence  coefficient  a."  Given  a sample  of  size  n = 6,  the  authors  construct  the 
confidence  limits,  which  are,  like  the  sample  cumulative  distribution  function,  step  functions  with  the 
steps  occurring  at  values  of  the  abscissa  equal  to  the  order  statistics  of  the  sample. 

Citations:  Kolmogoroff  ( 1941 ),  Wald  & Wolfowitz  ( 1941 ),  Scheffe  ( 1943),  Kendall  ( 1946),  Wilks  ( 1948), 
Noether  ( 1949),  Wolfowitz  ( 1949). 

* Weibull,  W.  ( 1939a  i.  A statistical  theory  of  the  strength  of  materials.  Ingeniors  Vetenskaps  Akademien 
Handlingar.  Number  151.  Generalstabens  Litografiska  Anstalts  Forlag,  Stockholm. 
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Summary:  "Part  I.  The  classical  theory  of  strength  is  obviously  incompatible  with  numerous  results  of 
experimental  research.  This  discrepancy  may  be  bridged  over  by  considering  as  an  essential  element  of 
the  problem  the  dispersion  obtained  in  experimental  measuring  of  the  ultimate  strength.  Viewed  from 
this  standpoint,  the  ultimate  strength  of  a material  can  not  be  expressed  by  a single  numerical  value,  as 
has  been  done  heretofore,  and  a statistical  distribution  function  will  be  required  for  this  purpose.  The 
application  of  the  calculus  of  probability  leads  to  the  fundamental  law  of  the  theory,  viz.,  that  the 
probability  of  rupture  iS)  at  any  given  distribution  of  stress  (crl  over  a volume  (V)  is  determined  by  the 
equation  log  ( 1 -S)  = -Jv  ni<r)  dv  where  ni  <r)  is  a function  characteristic  of  each  particular  material.  This 
fundamental  formula  allows  us  to  compute  the  influence  of  the  volume  on  the  ultimate  strength,  the 
relation  between  tensile,  bending,  and  torsional  strength,  etc.  An  experimental  substantiation  of  the 
theory  is  provided  bv  observations  obtained  from  tensile,  bending,  and  torsional  tests  on  rods  made  of 
stearic  acid  and  plaster-of-Paris.  Part  II.  In  this  part  of  the  paper  a description  is  given  of  the  graphic 
method  used  for  the  statistical  treatment  of  the  observations  and  of  some  measuring  series  relating  to 
strength  of  materials  under  the  action  of  mechanical  and  electrical  forces.  It  is  shown  that  the  material 
function  may  be  expressed  by  the  formula  n(<x)  = [( <r — <ru )/tr,i]n'  where  <ru,  <r„  and  m are  constants 

(location,  scale  and  shape  parameters,  respectively  | characteristic  of  the  material.  This  formula  applies 
to  statistically  homogeneous  materials.”  (Author’s  summary,  p.  45). 

Note:  See  comments  on  next  paper  (Weibull  (1939b)]. 

Reference:  Griffith  (1920). 

Citations:  Weibull  (1939b),  Afanassiev  (1940),  Kontorova  & Frenkel  (1941),  Tucker  (1941,  1945a, 
1945b),  Oding  ( 1946),  Davidenkov,  Shevandin  & Wittmann  ( 1947),  Gurney  ( 1947 ),  Epstein  ( 1948a, b), 
Frankel  (1948),  McAdam,  Geil.  Woodard  & Jenkins  (1948),  van  Meer  & Plantema  (1949).  Weibull 
(1949). 

* Weibull,  W.  ( 1939b).  The  phenomenon  of  rupture  in  solids.  Ingeniors  Vetenskaps  Akademien  Handlin- 
gar.  Number  153.  Generalstabens  Litografiska  Anstalts  Forlag,  Stockholm. 

Summary:  "Experimental  investigations  intended  to  serve  as  verifications  of  a statistical  theory  of 
strength  of  materials  have  shown  that  the  rupture  in  solids  may  follow  two  fundamentally  divergent 
courses  resulting  in  different  mathematical  expressions  for  the  probability  of  rupture.  Formulae  for 
these  two  possibilities  are  deduced  for  isotropic  and  anisotropic  materials.  With  a view  to  facilitating  the 
numerical  computation  of  the  distribution  constants  by  arithmetical  methods,  formulae  are  deduced  and 
values  tabulated.  The  theoretical  investigations  deal  also  with  series  comprising  two  or  more  compo- 
nents. As  experimental  evidence  for  the  theory,  two  test  series  are  shown,  which  illustrate  the  two 
above-mentioned  possibilities."  (Author’s  summary,  p.  55). 

Comments:  Epstein  < 1948a)  writes  (p.  141 ):  "The  application  of  essentially  the  same  ideas  (the  'weakest 
link’  theory  of  Peirce  ( 1926)|  to  the  study  of  the  strength  of  materials  is  found  in  two  papers  by  the 
Swedish  engineer,  Weibull  |(  1939a.  b)(.  Unlike  Peirce  who  assumed  a Gaussian  distribution  of  strengths, 
he  makes  the  assumption  that  F„(<r>,  the  probability  of  breakage  of  a unit  volume  as  a function  of  the 
stress  <t  is  given  by  F„i(ri  = 1 ~exp[  -Ur/rr„)m|  where  rr„  and  m are  unknown  parameters  which  may  depend 
on  the  characteristics  of  the  material  under  test. . . . The  term  probability  of  breakage  of  a unit  volume  is 
purely  conceptual.  . . . He  is  interested  in  finding  out  how  the  probability  of  rupturing  a specimen  of 
volume  V depends  on  V.  Weibull  shows  that  the  strength  of  specimens  of  volume  V is  proportional  to 
<r„V  i m.  It  is  apparent  from  his  calculations  that  one  of  the  primary  motivations  for  his  particular  choice 
of  Fn(cr)  is  to  make  it  easier  to  obtain  results  in  closed  form.”  The  statistical  distribution  which  was 
introduced  in  these  two  papers  by  Weibull,  and  which  has  come  to  be  called  by  his  name,  is  also  known  as 
the  third  asymptotic  distribution  of  smallest  values,  and  presumably  would  be  known  exclusively  by 
that  name  except  for  his  influence.  Nevertheless,  engineering  statistics  owes  him  a great  debt  for 
pointing  out  its  broad  applicability. 
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References:  Yule  (1911)  ((Yule  & Kendall  ( 1937 ) |,  Weibull  (1939a). 

Citations:  Daniels  ( 1945),  Fowler  ( 1945),  Gurney  < 1947 >,  Epstein  ( 1948a, b),  Frankel  ( 1948),  van  Meer  & 

Plantema  ( 1949),  Peterson  1 1949a, b),  Weibull  (1949). 

* Zappa,  Guido  ( 1939).  Sull’estensione  del  concetto  di  mediana  alle  serie  sconnesse.  Societa  Italiana  peril 
Progresso  delle  Science,  Atti  del  Riunione  27  (5),  50-53.  (JFM  65,  1355). 

Summary:  The  author  extends  the  concept  of  the  median  to  two-dimensional  series  of  observations  by 
conserving  the  property,  characteristic  of  the  one-dimensional  median,  that  the  sum  of  the  distances 
from  all  points  in  the  series  to  their  median  is  a minimum.  Except  for  the  case  of  a very  small  number  of 
points  ( 3 or  4)  an  attempt  to  use  this  property  to  determine  the  two-dimensional  median  leads  in  practice 
to  a set  of  equations  of  high  degree  which  cannot  be  solved.  The  author  obtains  a solution  in  the  case  of 
three  points,  not  only  for  the  case  of  a single  observation  at  each  point,  but  also  for  the  case  of  frequencies 
f,,  f,  and  f:)  at  points  P,,  P2  and  P:t  respectively. 

Comments:  Neither  the  definition  of  the  two-dimensional  median  nor  the  solution  for  the  weighted 
median  of  three  distinct  two-dimensional  observations  is  new,  though  the  latter  may  not  have  been 
published  before.  The  definition  is  that  of  Gini  & Galvani  ( 1929).  Ross  ( 1930)  notes  that  the  problem  of 
finding  the  point  the  sum  of  whose  distances  from  three  non-collinear  points  is  a minimum  was  proposed 
by  Fermat  and  solved  by  Torricelli  during  the  first  half  of  the  seventeenth  century  and  that  a solution 
was  published  by  Goursat  in  1902.  Ross  gives  a solution  submitted  by  E.  B.  Wilson  for  the  case  of  single 
observations  at  each  of  three  points,  and  mentions  that  Wilson  has  pointed  out  that  for  any  non- 
reentrant quadrilateral  the  point  is  the  intersection  of  the  diagonals  and  has  given  a simple  procedure 
( not  published  by  Ross)  for  the  location  of  the  point  in  the  triangular  case  where  populations  of  different  < 

sizes,  instead  of  individuals,  are  located  at  the  vertices  (the  case  considered  by  Zappa). 

Reference:  Cisbani  (1938). 

* Afanassiev,  N.  N.  ( 1940).  Statistical  theory  of  the  fatigue  strength  of  materials.  ( Russian).  Zhurnal 
Tekhnicheskoi Fiziki  \Journal  of  Technical  Physics  (USSR)]  10,  1553-1568. 

Summary:  The  author  reviews  previous  results  on  the  statistical  theory  of  fatigue  strength,  including 
those  of  Weibull  ( 1939a),  none  of  which  he  finds  satisfactory.  He  proposes  a new  theory  which  is  not  based 
on  order  statistics. 

Reference:  Weibull  1 1939a). 

Citation:  Oding  1 1946). 

* Arley,  Niels  1 1940).  On  the  distribution  of  relative  errors  from  a normal  population  of  errors. 
Mathemcitisk-Fysiske  Meddelelser  udgivet  af  det  Kgl.  Danshe  Videnskabernes  Selskab  18  (3),  62  pp. 

(JFM  66.  656-657;  MR  2.  232). 

Summary:  The  author  generalizes  the  results  of  W.  R.  Thompson  ( 1935).  Let  x,,  x2 xn  be  indepen- 

dent normal  variates  with  mean  e(x()  = X™  a^pj,  where  the  a’s  are  known  coefficients  and  the  p’s 
unknown  parameters.  Let  the  variance  of  x,  be  ir{2  = (H  P*,  where  tr2  is  unknown  but  the  weights  P,  are 
known.  Finally  let  denote  the  estimate  of  b(x,)  and  S,2  the  estimate  of  the  variance  of  x,  - both 
obtained  by  the  method  of  least  squares.  The  author  shows  that  the  probability  density  function  of  r,  = 

(x,  - f,)/S|  is  given  by  p<r>  = i const.)  ( n - m - r2)'n  m '' 2 for  |r|  < \ n-m.  He  applies  this  result  to  obtain  a 
criterion  for  the  rejection  of  observations,  which  he  compares  with  criteria  proposed  bv  various  other 
authors,  including  Chauvenet.  Vallier.  Hevdenreich,  Mazzuoli,  Rohne,  and  Topsoe-Jensen.  He  cites 
Czuber  1 1899(  as  the  source  of  much  of  his  information  about  these  criteria. 
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References:  Cranz  1 1896 1,  Czuber  ( 1899  >.  Thompson  1 1935 1,  Pearson  & Chandra  Sekar  1 1936 1,  Fisher  & 
Yates  (1938),  Arley  & Buch  (1940). 


Citations:  Arley  & Buch  1 1940i,  Cramer  1 1946 1. 

* Arley,  Niels;  Buch,  K.  Rander  1 1940).  Calculus  of  Probability  with  Applications  on  Statistics.  Theory  of 
Errors  and  Theory  of  Adjustment,  i Danish).  Copenhagen.  Second  edition,  194_;  third  edition,  194_. 
English  translation  ( 1950),  Introduction  to  the  Theory  of  Probability  and  Statistics.  John  Wiley  & Sons, 
Inc.,  New  York;  Chapman  & Hall,  Ltd.,  London.  (MR  11,  187). 

Summary:  Chapter  5 (pp.  55-71 1 deals  with  various  measures  of  central  tendency  (mean,  median,  and 
mode)  and  of  dispersion  (standard  deviation,  mean  deviation,  and  range)  as  well  as  quartiles,  deciles  and 
percentiles.  Chapters  11  (pp.  152-180)  and  12  (pp.  181-209)  deal  with  application  of  the  theory  of 
probability  to  the  theory  of  errors  and  to  the  theory  of  adjustment,  respectively.  On  p.  152,  the  authors 
state:  "By  the  theory  of  errors — a somewhat  unfortunate  but  now  generally  adopted  name — is  under- 
stood that  special  branch  of  statistics  which  deals  with  the  numerical  determination  of  physical 
quantities.”  On  p.  153,  they  divide  errors  into  three  groups:  (I)  Coarse  or  gross  errors.  (II)  Systematic 
errors.  (Ill)  Statistical  or  random  errors.  In  what  follows  [except  in  Sec.  17  (pp.  172-173),  which  deals 
with  rejection  of  stragglers),  they  assume  that  observations  encumbered  with  coarse  errors  have  already 
been  discarded  and  that  the  measurements  have  been  corrected  for  known  systematic  errors,  and 
concentrate  their  attention  on  random  errors.  They  base  their  theory  of  errors  entirely  on  the  normal 
distribution,  on  the  ground  that  "experience  has  shown  that  most  physical  measurements — corrected  for 
coarse  and  systematic  errors — are  approximately  normally  distributed,  a fact  which  may  be  explained 
theoretically”  (pp.  154-155).  Hence  they  present  only  the  method  of  least  squares  and  omit  its  alterna- 
tives based  on  order  statistics.  They  do,  however,  consider  (Example  3,  p.  160)  use  of  the  sample 
midrange  and  range  to  estimate  the  mean  and  the  standard  deviation.  Most  of  Chapter  11  deals  with 
direct  measurements,  but  indirect  measurements  are  discussed  in  Sec.  22  (pp.  178-1801.  On  p.  181.  the 
authors  state:  "In  the  theory  of  errors,  discussed  in  Chapter  1 1,  we  have  considered  the  simple  case  of  n 
independent  measurements  of  one  and  the  same  physical  quantity.  In  the  theory  of  adjustment  we 
consider  the  more  general  problem  of  n independent  normally  distributed  measurements  of  different 
quantities  [e.g.  the  three  angles  of  a trianglel  which  are  not  free  but  which,  as  we  know  beforehand,  are 
subjected  to  certain  relations ” No  use  is  made  in  Chapter  12  of  methods  based  on  order  statistics. 

Note:  All  references  to  specific  chapter,  section,  and  page  numbers  are  to  those  in  the  English  translation. 

References:  Helmert  (1872)  [1907],  Czuber  < 189 la),  Cranz  (1896)  [1925],  Czuber  (1899.  1903  [ 1 908- 
10]),  Kapteyn  ( 1903)  | Kapteyn  & van  Uven  ( 1916)  j,  Yulei  1911)  |Yule&  Kendall  1 1940)  |,  Fisher  ( 1922). 
Whittaker  & Robinson  ( 1924),  von  Mises  ( 1931),  Fisher  & Yates  ( 1 938 ),  Arley  ( 1940),  {Kendall  ( 1943), 
Cramer  ( 1946)}. 

Citation:  Arley  (1940). 

* Dodd,  Edward  L.  1 19401.  The  substitutive  mean  and  certain  subclasses  of  this  general  mean.  Annals  of 
Mathematical  Statistics  11,  163-176.  (JFM  66.  631).  Abstract.  Bulletin  of  the  American  Mathematical 
Society  46.  414. 

Summary:  The  author  discusses  various  types  of  means  which  belong  to  the  class  of  substitutive  means, 
which  are  means  such  that  if  one  substitutes  a constant  c for  each  of  a set  of  numbers,  their  mean  also 
takes  the  value  c.  Most  of  the  means  discussed  are  not  based  on  order  statistics,  exceptions  being  the 
median  and  its  generalization  due  to  Jackson  ( 1921 ).  The  author  points  out  that  the  median  of  an  even 
number  of  values  is  indeterminate  over  an  interval,  and  that  Jackson  generalized  the  definition  in  order 
to  indicate  one  method  of  selecting  a single  value  from  this  interval  of  indeterminateness.  Consider  the 
Jackson  median,  M.  of  four  numbers  s,  s Xj  s x,  s x,,  viz.  M - i x,x:,  -x..,x,i  (x4+x.t-x„-x,i.  The  author 
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points  out  that  a direct  substitution  of  x*  = c(i  = l,2,3,4>  renders  M indeterminate.  But  if  x,— »c(i  = 1, 2,3,4), 
indeed,  if  merely  x2— »c  and  x;1— *c,  so  also  does  M. 


References:  Dunkel  ( 1909),  Jackson  1 1921 ),  Dodd  ( 1922),  Pietra  ( 1925),  Galvani  1 1927),  Gini  & Galvani 
( 1929),  de  Finetti  ( 1931b),  Cisbani  ( 1938),  Gini  ( 1938). 

* Feller,  Willy  (1940).  On  the  time  distribution  of  so-called  random  events.  Physical  Review  (2)  57, 
1165-1167.  (JFM  65,  1344). 

Summary:  The  author  gives  a discussion  and  a complete  solution  of  a problem  treated  by  Ruark  ( 1939). 
The  author  i p.  906 ) states  the  problem  as  follows:  "Consider  a sequence  of  'random  events’,  that  is  to  say, 
suppose  that  the  probability  Wn(t)  of  the  occurrence,  in  a run  of  duration  t,  of  exactly  n events  is  given  by 
the  Poisson  formula:  W„(t)  = (ft)ne_fl/n!,  W„(t)  = e~n,  where  f > 0 is  a constant  characteristic  of  the 
process.  Now,  out  of  a series  of  observations,  pick  out  at  random  some  time-interval  of  length  D;  let  n be 
the  number  of  actually  observed  events  during  that  time.  Pick  out,  again  at  random,  two  consecutive 
events  among  these.  What  is  the  probability  that  the  time  elapsed  between  their  occurrence  will  exceed  a 
given  number  T < D?  In  other  words:  we  wish  to  calculate  the  conditional  probability  P(T;n,D)  that  the 
interval  between  two  consecutive  events  will  exceed  T,  under  the  hypothesis  that  it  is  known  that  these 
events  occurred  in  a run  of  duration  D during  which  there  occurred  exactly  n?2  events.”  Using  Bayes’ 
theorem,  Ruark  found  that  P(T;n,D)  = [1/t  1 -e_fn)]  (n'fD>  ( 1 -T/D>n~ ’,  but  the  author  shows  that  the 
correct  solution  is  P(T;n,D)  = (1-T/D)". 

Reference:  Ruark  (1939). 

* Fisher,  R.  A.  1 1940).  On  the  similarity  of  the  distributions  found  for  the  test  of  significance  in  harmonic 
analysis,  and  in  Stevens’s  problem  in  geometrical  probability  .Annals  of  Eugenics  10,  14-17.  iMR  1, 347). 

Summary:  "The  identity  of  the  solutions  obtained  for  two  problems  apparently  quite  unconnected  is 
shown  to  be  no  coincidence,  but  due  to  their  intrinsic  equivalence.  The  further  formulae  developed  by 
Stevens  are  also  relevant  to  one  of  the  cases  which  may  arise  when  harmonic  components  other  than  the 
greatest  suggest  the  reality  of  periodic  disturbances.”  [Author’s  summary,  p.  17).  The  two  problems 
referred  to  are  those  of  testing  the  significance  of  the  largest  of  the  harmonic  components  into  which  a 
series  of  observations  may  be  analyzed  [Fisher  ( 1 929 ) ] and  the  probability  that  every  point  of  a circle  of 
unit  length  is  included  in  at  least  one  of  n arcs,  each  of  length  x,  marked  off  at  random  on  the 
circumference  [Stevens  ( 1939 ) ).  A table  for  testing  the  significance  of  the  largest  and  second  largest 
harmonic  components  is  given.  The  tabular  values  for  second  largest  components  were  computed  by  W. 
L.  Stevens,  who  also  extended  the  author's  table  in  his  earlier  paper  [Fisher  (1929)]  for  the  largest 
component. 

References:  Fisher  1 1 929 1,  Stevens  ( 1939). 

Citations:  Garwood  i 1940),  Finney  < 1 94  1 ),  Kendall  1 1946),  Moran  (1947). 

* Frechet,  Maurice  ( 1940a).  Sur  une  limitation  tres  generale  de  la  dispersion  de  la  mediane.  Journal  de  la 
Societe  Statistique  de  Paris  81,  67-76:  discussion,  76-78.  (JFM  66.  1304 — listing  only:  MR  10,  722). 

Summary:  The  author  compares  certain  measures  of  dispersion  of  the  sample  median  and  the  sample 
mean  for  large  samples  from  unimodal  distributions  with  finite  variance.  Let  X be  a random  variable 
with  unimodal  distribution.  <rx  its  standard  error.  its  mean  absolute  error  and  its  quartile 
deviation,  and  let  M be  the  median  and  V the  arithmetic  mean  of  a sample  of  size  n from  this  distribution. 
The  author  shows  that  for  sufficiently  large  n.  i i i <rM  « 1 ,74o\  \ n,  ( ii  I s 1 .60  \ n . < i i i ) E Nl  1.35 


Es/Vn.  For  V,  there  is  the  equality  crv  = <rx/Vn  corresponding  to  (i),  but  there  are  no  inequalities  for  V 
corresponding  to  ( ii ) and  ( iii).  The  author  concludes  that  the  sample  median  should  be  more  widely  used 
except  when  the  distribution  is  known  to  be  such  that  the  sample  mean  is  better.  He  points  out  that,  in 
choosing  between  the  median  and  the  mean,  one  should  taite  account  not  only  of  the  distribution  law  but 
also  of  the  use  that  is  to  be  made  of  the  result. 

References:  Frechet  ( 1935),  Gumbel  (1937c). 

Citations:  Frechet  ( 1940b). 

* Frechet,  Maurice  ( 1940b).  Comparaison  des  diverses  mesures  de  la  dispersion.  (English  summary). 
Revue  de  I'lnstitut  International  de  Statistique  8,  1-12.  (JFM  66,  631). 

Summary:  The  author  obtains  the  following  inequalities  for  the  measures  of  dispersion  of  the  random 
variable  X itself,  the  notation  being  the  same  as  in  the  preceding  paper:  0 =s  ftx/o\  sl;0s  EX/0X  ==  2;  0 =s 
Ev  <rx  =£  \ 2.  If  Ax  is  the  upper  bound  of  the  mean  probability  density  of  X between  x,  and  x2:  Probjx,  < X 
< x.,}/(x2-x,)  when  xt,  x2  vary,  then  he  shows  that  the  following  inequalities  hold:  0=sl/Aflxs4; 
0=sl/A(rxs2  v/3:  0=sl/AExs  4.  Moreover,  he  shows  that  none  of  the  above  twelve  inequalities  can  be 
replaced  by  a sharper  one. 

Reference:  Frechet  (1940a). 

* Garwood,  F.  ( 1940).  An  application  of  the  theory  of  probability  to  the  operation  of  vehicular-controlled 
traffic  signals.  ■Journal  of  the  Royal  Statistical  Society,  Supplement  7,  65-77. 

Summary:  "The  traffic  at  a simple  cross-roads,  consisting  of  a main  stream  and  a subsidiary  stream 
crossing  it,  is  supposed  to  be  controlled  by  vehicle-actuated  signals  operating  on  the  following  principle. 
A vehicle  in  the  subsidiary  stream  will  be  kept  waiting  until  a time  interval  I,  known  as  the  vehicle 
interval,  occurs  between  successive  main-road  vehicles,  except  that  in  any  case  it  will  not  be  kept 
waiting  longer  than  M,  the  maximum  period.  Tables  and  curves  give,  for  various  values  of  I,  M and  the 
intensity  of  the  main-road  traffic,  the  probability  that  the  waiting  period  runs  to  various  times  up  to  and 
including  the  maximum  and  also  the  average  value  of  the  waiting  period.  The  main-road  traffic  is 
assumed  to  follow  the  Poisson  distribution,  and  it  is  found  that  observational  values  agree  with  the 
theory.  The  calculations  involve  the  following  problem  of  the  random  division  of  an  interval.  A number 
of  points  are  placed  at  random  on  a line:  what  is  the  probability  that  none  of  the  parts  into  which  the  line 
is  divided  is  more  than  a given  fraction  of  the  whole?  . . |Author's  summary,  pp.  72-73],  Appendix  (i) 
deals  with  the  problem  of  the  random  division  of  an  interval  and  the  contributions  of  various  authors  to 
its  solution.  Appendices  (ii  i and  i iii  i deal  with  the  probability  function  PiTi  of  the  waiting  period  and  the 
mean  waiting  period  T respectively. 

References:  Whitworth  (1897i,  Fisher  < 1 929 ),  Baticle  (1933a, b,  1935),  Levy  (1939),  Stevens  < 1 939 ) . 
Fisher  1 1940). 

Citations:  Finney  ( 1 94 1 Greenwood  ( 1 946 ),  Kendall  (1946).  Moran  ( 1947 ). 

* Gillett,  H.  W.  i 1940).  Size  effect  in  fatigue.  Metals  and  Alloys  11,  A19,  94. 

Summary:  The  author  discusses  the  size  effect  in  fatigue  from  the  point  of  view  of  the  "weakest-link" 
theory  'the  theory  of  extreme  values).  He  writes  ( p.  A 19.  94):  "It  seems  to  be  fundamental  in  fatigue  that 

the  nucleus  for  failure  starts  at  the  sorest  spot i.e..  wherever  the  relatively  highest  stress  gets  to 

work  on  the  relatively  weakest  spot.  . . . Suppose  we  have  one  big  balloon  of  1000  sq.  ft.  surface  and  1000 
toy  balloons,  each  of  1 sq.  ft.  surface.  Make  a single  pin-prick  in  each  case.  The  big  balloon  has  failed,  one 
of  the  toy  balloons  has  failed,  but  the  other  999  are  all  right.  Thus,  if  we  have  sparsely  distributed  weak 
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spots  in  a material,  we  may  take  fatigue  specimens  No.  1-999  from  it,  all  of  which  behave  well,  while  No. 
1000  will  fall  below  the  S-N  curve.  With  weak  spots  occurring  more  commonly,  a sample  of  a dozen 
fatigue  specimens  may  run  into  enough  of  them  at  the  highly  stressed  volumes  in  the  test  pieces  to  show 
a wide  S-N  'scatter  band’  instead  of  an  S-N  line,  or  it  may  not,  according  to  chance. ...  In  the  testing  of  a 
large  specimen,  with  a relatively  great  volume  stressed  to  the  maximum,  the  weak  spots  get  in  their 
work  and  make  it  impossible  to  cover  up.  Thus,  tests  on  large  specimens  tend  to  give  the  lower  limit  of  the 
scatter  band  that  small-specimen  tests  would  show  if  thousands  and  thousands  were  tested." 

* Grant,  Eugene  L.  (19401.  The  probability  viewpoint  in  hydrology.  Transactions  of  the  American 
Geophysical  Union  21,  7-12;  discussion,  12-13. 

Summary:  The  author  defends  the  probability  viewpoint  in  hydrology  against  its  critics,  but  at  the  same 
time  warns  that  extrapolation  can  be  dangerous,  as  in  trying  to  estimate  a 1000-year  flood  from  20  to  40 
years  of  record.  He  writes  (page  12):  "In  general,  the  conclusion  of  this  paper  is  that  estimates  of  the 
expected  frequencies  of  various  extreme  conditions  should  be  recognized  as  a desired  objective  in  most 
hydrologic  studies,  even  though  it  is  not  always  practicable  to  realize  this  objective.  Whenever  possible, 
investigators  should  endeavor  to  develop  methods  of  analysis  which  permit  estimating  these  frequencies 
by  interpolation  rather  than  by  extrapolation.”  The  discussion  consists  of  an  exposition  by  L.  S.  Hall  of 
the  use  of  the  probability  viewpoint  in  water-studies  of  large  storage  reservoirs. 

References:  Hazen  1 1930),  Shewhart  1 1931 ),  Creager  1 1939). 

Citation:  Gumbel  1 1941a). 

* Gumbel,  E.  J.  (1940).  La  duree  de  retour  des  temperatures  annuelles  extremes.  Comptes  Rendus  de 
iAcademie  des  Sciences  de  Paris  210,  468-470.  (JFM  66,  603). 


Summary:  The  author  writes  (pp.  468-470):  "Let  Wix)  be  the  probability  of  a value  less  than  x,  x being  a 
stationary  random  variable  of  which  one  has  observations  made  at  constant  time  intervals,  taken  as 
unity.  One  defines  the  return  periods  Tlx)  (or  Tixl]  of  a value  greater  (or  less)  than  x,  by  (1)  Tlx)  = 
1 : ( 1 -Wix>|;  Tlx)  = l:W(x).  For  a variable  unlimited  in  both  directions,  the  first  function  increases,  for 
increasing  values  of  x,  from  the  initial  value  1 to  infinity,  the  second  decreases  from  * to  1 . . . . Observed 
return  periods  are  obtained  by  the  aid  of  the  distribution  curve.  If  the  variable  is  symmetric  with  respect 
to  zero,  which  is  the  mathematical  expectation,  one  has  certainly,  according  to  ( 1),  (3i  Ti  -x)  = Tlx).  . . . 
For  two  random  variables  ,y  and  y,  with  probabilities  ,W(,y)  and  W,iy,i  such  that  (4)  , W(  — ,y I = 
1-W|(y,l,  one  obtains  the  relation,  analogous  to  (3),  (5),Ti-|y)  = T,(y,).  Equations  i4)  and  (5)  are 
satisfied  by  mlh  extreme  values  from  above  and  from  below  of  an  initial  distribution  of  the  exponential 
type,  if  the  number  of  observations  N is  very  large.  In  particular,  for  m = 1,  the  probabilities  ,W(y)  and 
W,iy)  of  the  smallest  and  largest  values  are  (6)  ,W(  -y)  = 1 — W,( y );  W,(y)  = e " where  the  reduced 
variable  y is  a linear  function  of  the  variable  x.  . . . Let  x be  the  daily  temperature  (N=365);  then  it 
follows  from  (6 1 that  the  number  of  years  showing  a maximum  annual  temperature  less  than  -y  should 
be  equal  to  the  number  of  years  showing  a maximum  annual  temperature  greater  than  v.  The  return 
period  of  a minimum  annual  temperature  less  than  -y  should  be  equal  to  the  return  period  of  a 
maximum  annual  temperature  greater  than  y.  A first  control  of  this  theory  is  furnished  by  the  postulate 
that  the  standard  deviations  s of  the  two  observed  distributions  of  extreme  annual  temperatures  should 
be  equal.  Let  ,u  and  u , be  the  observed  means  of  extreme  temperatures;  then  one  obtains  the  theoretical 
minimum  and  maximum  temperatures  ,x  and  x,  corresponding  to  the  reduced  temperatures  -v  and  y 
according  to  (7)  ,x  = ,u+C(  \ 6Tr)s-y(  \ 6/7r)s;  x,  = u, -C(  \ 6 77>s+y(  \ 6/77-is,  where  C denotes  Euler's 
constant.  One  may  trace  on  the  same  scale  the  minimum  and  maximum  annual  temperatures  by  taking 
as  a common  point  of  departure  the  theoretical  most  probable  values  of  minimum  temperature  ,u  and 
maximum  temperature  u„  which  are  18)  ,u  = ,u  +C(  \ 6 n is:  u,  = u,  -Ci  \ 6 tt)s.  The  comparison  of  the 
observed  numbers  of  years  showing  minimum  temperature  less  than  ,x  and  maximum  greater  than  x. 
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with  each  other  and  with  the  common  theoretical  frequency,  also  the  observed  return  periods  of 
minimum  temperatures  less  than  ,x  and  maxima  greater  than  x,  with  each  other  and  with  the  common 
theoretical  return  period,  furnish  criteria  for  the  deviations  of  observations  from  theory.”  I Compiler’s 
translation!. 

References:  Gumbel  ( 1939b, c). 

Citation:  Gumbel  < 1 942b ». 

Kendall,  M.  G.  (1940).  Note  on  the  distribution  of  quantiles  for  large  samples.  Journal  of  the  Royal 
Statistical  Society,  Supplement  7,  83-85.  (JFM  66,  638:  MR  2,  231 1. 

Summary:  The  author  gives  the  joint  distribution  function  of  x,  and  xm(l=sf<m«n>,  where  x,,  x2, . . . , xn 
are  the  values  of  x (arranged  in  order  of  increasing  magnitude)  in  a sample  from  a continuous  distribu- 
tion. He  shows  that  if  < and  m are  taken  as  fixed  proportions  of  n,  then  x(  and  xnl  are  asymptotically  (for 
large  ni  distributed  according  to  a bivariate  normal  distribution  whose  variances  and  covariances  he 
gives. 

Reference:  Gumbel  (1935a). 

Kontorova,  T.  A.  ( 1940).  Statistical  theory  of  strength.  ( Russian)  .Zhurnal  TekhnicheskoTFiziki  | Journal 
of  Technical  Physics  (USSR)|  10,  886-890.  (JFM  66,  1177 — listing  only). 

Summary:  The  author  reviews  the  work  of  Reinkober  ( 1931 ) and  of  Alexandrov  & Zurkov  < 1933)  on  the 
effect  of  size  on  strength.  The  latter  writers  developed  the  empirical  formula  F = a+b'r  ( A),  where  a and  b 
are  constants,  F is  the  strength,  and  r is  the  radius  of  the  cross-section  of  the  item.  They  attributed  this 
effect  to  the  occurrence  of  surface  cracks — the  greater  the  cross-section  the  greater  the  probability  of  a 
dangerous  surface  crack.  In  the  literature,  there  are  also  indications  that  the  strength  depends  on 
length,  but  experimental  data  show  that  the  strength  decreases  much  more  slowly  with  increasing 
length  than  with  increasing  radius.  The  author  develops  a statistical  theory  based  on  the  length  of  the 
most  dangerous  crack  which  yields  a result  different  from  formula  (A).  The  mean  of  the  strengths  of  a 
group  of  objects  of  size  n V should  be  the  same  as  that  of  the  minimal  strength  of  n groups  of  objects  of  size 
V.  The  author’s  theory  is  based  on  the  fact  that  the  larger  the  specimen,  the  greater  the  probability  that 
it  contains  a dangerous  inhomogeneity:  "The  probability  P,  of  the  presence  in  the  crystal  of  an 
inhomogeneity  whose  size  lies  in  the  interval  between  fmax  and  fmax  + hi  may  be  determined  by  a 
function  of  the  form  ( 1 ) P^mix  = C exp[  -U  milx  — / )2/(  Af  )2|  SI,  where  C = 1/  V27r(  At  )2,  7 being  the  mean  size 
of  the  inhomogeneity,  Af  the  effective  width  of  the  region  which  includes  possible  values  of  ( . From  this 
the  number  of  inhomogeneit  ies  of  size  ( max  contained  in  the  model  is  n,  x = n„P,  (2),  where  n„  is  the 
total  number  of  inhomogeneities.  A necessary  and  sufficient  condition  for  the  rupture  of  the  object  is  the 
presence  of  one  or  more  such  inhomogeneities.  Using  this  condition  and  replacing  n„  by  n V,  where  n is 
the  mean  number  of  inhomogeneities  occurring  in  unit  volume  of  the  material  and  V is  the  size  of  the 
specimen,  we  obtain  n V C exp|  -( ! nl.lx-f )-  /( A 7 >2|  St  = 1.(4).  From  this  U mi)x-ri2  = ( At  )2  [lg  V +lg  n +lg 
S/  -t-lgC],  (5),  or  approximately,  neglecting  7 in  comparison  with  ( max  and  omitting  lg  St\  C2max  s(  At  )2  llg 
V + lg  n + Ig  C 1. 1 5a).  To  determine  the  quantitative  relation  between  the  dimension  of  the  inhomogeneity 
/■milx  and  the  corresponding  strength  of  the  specimen  Fmln,  we  use  considerations  developed  in  the  time  of 
Griffith,  which  yield  W,  = F2f  :,/2E  ( F = tension,  E = modulus  of  elasticity,  W,  = elastic  energy ) and  W2  = 
<rt 2 (<r=! surface  tension).  This  gives  us  < = 2Err/F2.  (8).  Substituting  in  Eq.  (5a)  ( 2max  •-  4E2cr2F2mln  and  A t 
= -2E(rAF/F:l,  (8a),  we  find  finally  Fmln  = l/4 V(*lg/3V,  (9),  where  a = 4 < AF  Fl!),  fj  = n C.  The  strength 
must  therefore  be  inversely  proportional  to  the  logarithm  of  the  fourth  root  of  the  size  V.  This  relation  ( 9 ) 
has,  however,  no  relation  to  the  empirical  formula  ( A ).”  (Translation  by  Mark  Breiter  of  pp.  889-890). 
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References:  Reinkober  (1931i,  Alexandrov  & Zurkov  (1933). 

Citations:  Kontorova  & Frenkel  (1941),  Kontorova  (1943,  1946),  Oding  (1946),  Gensamer,  Saibel  & 
Lowrie  ( 1947 ),  Epstein  ( 1948a, b),  Kontorova  & Timoshenko  (1949). 

* Kullback,  S.;  Frankel,  A.  (1940).  A simple  sampling  experiment  on  confidence  intervals.  Annals  of 
Mathematical  Statistics  11,  209-213.  (JFM  66,  635;  MR  1,  347). 

Summary:  Consider  a population  which  is  uniformly  distributed  on  the  interval  (0,01,  the  range  H being 
unknown.  Interval  estimation  of  h may  be  based  on  the  range  of  a sample  of  size  n [see  Wilks  ( 1938)]  or  on 
the  sample  sum  (or  mean]  or  the  larger  (largest)  sample  value  [see  Neyman  ( 1937b ) J.  The  authors  set  up 
a simple  sampling  experiment,  using  Tippett’s  tables  of  random  numbers,  for  estimating  H from  samples 
of  sizes  2 and  4.  They  drew  3900  samples  of  size  2 and  computed  81  r/<  confidence  intervals  based  on 
sample  mean,  range,  and  largest  variate,  and  found  the  correspondence  between  the  theoretical  and 
observed  results  to  be  very  close.  Similar  results  were  obtained  for  82.08'T  confidence  intervals  from 
samples  of  size  4.  The  larger  (largest)  value  is  much  the  best  (in  the  sense  that  the  average  length  of  the 
confidence  nterval  based  on  it  is  by  far  the  shortest)  for  both  n = 2 and  n = 4;  the  sum  is  much  better  than 
the  range  far  n = 2.  but  not  quite  as  good  as  the  range  for  n = 4. 

References:  Neyman  (1937b),  Wilks  (1938). 

* Lawley,  D.  N.  ( 1940).  The  estimation  of  factor  loadings  by  tbe  method  of  maximum  likelihood.  Proceed- 
ings of  the  Royal  Society  of  Edinburgh  60,  64-82.  (JFM  66,  653,  1304;  MR  2,  110). 

Summary:  "The  method  of  maximum  likelihood  is  used  to  estimate  the  loadings  of  a battery  of  tests  in 
the  factors  which  are  assumed  to  be  present.  In  a simple  numerical  example  the  results  obtained  are 
compared  with  those  found  by  using  various  other  methods.  A method,  suitable  for  large  samples,  is  then 
given  for  testing  the  truth  of  any  hypothesis  made  concerning  the  number  of  factors  required."  ( Author’s 
summary,  p.  82).  The  matrix  equations  obtained  bv  the  method  of  maximum  likelihood  for  the  estima- 
tion of  the  factor  loadings  from  observed  test  scores  do  not  have  a unique  set  of  solutions,  but  the  author 
picks  out  a particular  set  by  the  use  of  the  largest  latent  roots  of  a pair  of  matrices  associated  with  the 
equations  of  condition.  The  resulting  method  resembles  Hotelling's  method  of  principal  components. 

References:  Fisher  1 1922),  Thomson  1 1934),  Aitken  1 1937 1. 

* Nair,  K.  R.  ( 1940a).  The  median  in  tests  by  randomization.  Sankhya  4,  543-550.  (JFM  66,  1305 — listing 
only;  MR  4,  108). 

Summary:  The  author  proposes  the  use  of  the  median  instead  of  the  mean  in  randomization  tests,  since 
the  distribution  of  the  median  of  pair  differences  for  paired  samples  or  of  the  difference  of  medians  for 
independent  samples  (for  odd  sample  sizes)  comes  out  simply,  as  does  the  distribution  of  range  or 
midrange,  whereas  the  corresponding  distributions  for  means  are  difficult  to  find.  A numerical  example 
of  the  use  of  the  median  in  a randomization  test  is  given. 

References:  Fisher  ( 1935),  Thompson  ( 1936),  Savur  ( 1937b). 

Citations:  Scheffe  ( 1943),  Wilks  ( 1948). 

* Nair,  K.  R.  (1940b).  Table  of  confidence  intervals  for  the  median  in  samples  from  any  continuous 
population.  Sankhya  4,  551-558.  (JFM  66,  1.304 — listing  only;  MR  4,  165). 
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Summary:  The  author  discusses  the  results  of  Thompson  ( 1936)  and  Savur  < 19:37b ) on  confidence 
intervals  for  the  median  when  nothing  is  known  about  the  population  distribution  except  that  it  is 
continuous.  He  gives  a table  of  confidence  coefficients  for  intervals  between  pairs  of  symmetrically 
placed  order  statistics,  based  on  Thompson’s  results,  for  samples  of  various  sizes.  He  observes  that  when 
the  population  form  is  known  it  may  be  possible  to  work  out  the  sampling  distribution  of  the  median  in 
random  samples,  but  points  out  that  this  has  been  done  only  for  rectangular  and  exponential  populations 
|see  Pearson  and  Pearson  1 1931,  1932 ) |.  For  populations  for  which  the  median  is  an  efficient  statistic  for 
estimating  the  center  of  location,  a confidence  interval  based  on  the  sampling  distribution  of  the  median 
for  the  population  under  consideration  can  be  expected  to  be  shorter  than  the  distribution-free  confi- 
dence interval  obtained  by  Thompson  and  Savur.  However,  the  greatest  merit  of  their  results  is  precisely 
that  they  do  not  depend  on  the  form  of  the  population. 

References:  Pearson  & Pearson  (1931,  1932),  Anderson  (1935),  Thompson  (1936),  Savur  (1937b). 

Citations:  Scheffe  ( 1943),  Kendall  ( 1946).  Bickerstaff  1 1947 ),  Wilks  < 1948),  Noether  ( 1949). 

Paulson,  Edward  ( 1940).  A note  on  the  distribution  of  the  median.  National  Mathematics  Magazine  14, 
379-382.  i JFM  66,  636). 


Summary:  The  author  finds  the  distribution  of  the  median  of  a random  sample  of  size  <2n  + l),  where  n is 
an  integer,  from  a symmetric  population  (whose  mean  and  median  are  both  zero)  in  terms  of  the 
incomplete  Beta  function,  which  has  been  tabulated  by  Karl  Pearson.  He  discusses  the  use  of  the  median 
in  testing  hypotheses  and  in  interval  estimation.  He  suggests  that  his  results  are  especially  useful  in 
sampling  from  populations  such  as  the  Cauchy  distribution,  for  which  the  mean  is  not  a consistent 
statistic. 


References:  Hojo  (1931),  Craig  (1932a),  Thompson  (1936). 

Pizzetti.  Ernesto  (1940).  Medie  ascendenti  e medie  discendenti.  Metron  14,  55-66.  (JFM  66,  1303). 


Summary:  Let  a„.  a,, . . . , a„  be  a sequence  of  positive  numbers  in  nondecreasing  order.  The  author  gives 
the  following  definitions  of  their  ascending  and  descending  arithmetic  means  of  order  k.  C,/kl  and  ,klC„; 
ascending  and  descending  geometric  means  of  order  k,  G„,k’  and  'k'Gn:and  ascending  and  descending 
harmonic  means  of  order  k,  H'kl  and  lk,H„: 
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The  author  states  and  proves  various  properties  of  ascending  and  descending  means.  As  n increases  from 
0 to  x,  for  fixed  k.  Cn'k’  is  monotone  increasing  but  ,k'Cn  is  monotone  decreasing.  As  k increases  from  1 to 
x,  for  fixed  n,  Cnlkl  is  monotone  decreasing,  with  limk_*Cn'k'  = a„.  but  lk'Cn  is  monotone  increasing,  with 
limk-.,  lk'Cn  = an.  Similar  relations  hold  for  ascending  and  descending  geometric  and  harmonic  means. 
Other  properties  include:  C,/-'  + '-'C„  = 2C„'";  ,2'Cn  - Cn'-”  = (n  < n +2i)A.  where  A = E ' „in-2m>(an 
a„,  i |nm-li  2|  is  Gini's  mean  difference;  "’Cn-Cn':"  = (3  2i  |n  (n+2i]A:  Gn,2,-'2’Gn  = |Gn"'|2;  log  (,2,Gn 
Gn  '1]  = |n  m--2)|A:  also  special  properties  when  the  a's  are  in  arithmetic  progression  or  in  geometric 
progression.  In  the  former  case  Cn'"  and  "C„  coincide  with  the  median  (as  well  as  with  the  arithmetic 
mean ),  Cn"’|the  author  erroneously  writes  C„""|  and  "Cn  with  the  first  and  third  quart  lies.  C,/*"  and  ""Cn 
with  the  first  and  ninth  deciles,  etc.  The  author  works  out  a numerical  example  in  which  he  computes 
ascending  and  descending  arithmetic,  geometric,  and  harmonic  means  of  orders  k - li  1 )4,10  for  n = 6 
numbers  and  verifies  several  of  the  above  properties. 


316 


References:  Czuber  ( 1914),  Pietra  ( 1925),  Gini  (1939). 


Citation:  Boldrini  (1942). 

* Roy,  S.  N.  ( 1940a  i.  Distribution  of  p-statistics  on  the  non-null  hypothesis.  Science  and  Culture  5 
562-563. 

Summary:  The  author  writes  (p.  562):  "If  k,2  (i  = 1,2 p)  be  the  p roots  of  the  determinantal  equation 

laij-k2a’iji  =0,(1),  where  Ha,^  and  ||a'|,||  are  the  dispersion  matrices  of  two  samples  X and  X'  of  sizes  n and 
n'  supposed  to  have  been  drawn  from  the  same  p-variate  normal  population  with  dispersion  matrix 
ll«ul|,  then  the  distribution  I had  obtained  |see  Roy  ( 1939)]  waS  of  the  form  Const.  ( k,2-k22) . . . ik.-’-k,,2) 
(k22— k32) . . . (k22— kp2) . . . ( kp_,2-kp2)  IIP=1  [kin-p_l/  ( 1 +X2ki2)ln'M’  2]dk,,  (2),  X2  being  equal  to  n/n'. ...  If 

fi(i  = 1,2 p)  denote  the  p roots  of  the  determinantal  equation  Jau^2«'u|  = 0,(3),  and  if  X2  = n/n'  and  if 

we  define  quantities  (u  such  that  ^ = nm/2),  = D m/2 )f( n/2 ) where  i ^ i‘  and  j / j'  but  = 

r [(m  + n)/2]  when  i = i'  andj  = j',  (4),  then  the  joint  distribution  of  p-statistics  k,  (i  = 1,2, . . . ,pi  comes  out 
in  the  form  Const,  (k,2— k22) . . . (k,2-kp2)  (k,2  - k;)2) . . . ik22  - kp2).  . . (kp_,2  - kp2>  En  * n'  - P-2{Ilpj=1 
(fi*  + X2kJ2)1  2}  {rif=1  ki"-p-’dki},(5),  where  E is  the  determinant  |{u/(f2  + X2kj2)i'2|.  It  is  easily  seen  that  if 

the  two  populations  have  the  same  dispersion  matrix,  i.e.  if  ||<xu||  = ||a’lj||,thenf1(i  = l,2 pi  = 1 and  the 

joint  distribution  (5)  is  easily  seen  to  reduce  to  (2)  as  it  should.  The  kj’s  are  supposed  to  be  arranged  in 
descending  order  of  magnitude  starting  with  k,.  . . .” 

Note:  Certain  obvious  typographical  errors  have  been  corrected  in  the  above  quotation. 

Reference:  Roy  (1939). 

Citations:  Roy  (1940b,  1942a, b). 

* Roy,  S.  N.  (1940b).  Distribution  of  certain  symmetric  functions  of  p-statistics  on  the  null  hypothesis. 
Science  and  Culture  5,  563. 

Summary:  The  author  writes  (p.  563):  "If  we  consider  the  distribution  (2)  of  | Roy  ( 1940a )]  and  define  a 

new  set  of  quantities  u,,  u2 up  which  are  the  symmetric  functions  of  the  roots  k^’of  the  determinatal 

equation  ( 1 1 of  the  foregoing  note,  and  which  are  given  by  u,  = ( 1 p)  Xp  , k,2,  (u2)2  = ( 1 pC..i  X j , k,2  kj2. 

. . . , iup)p  = ( l/pCp)  k,2  k22 . . . kp2,  ( 1 ),  then  the  joint  distribution  of  u^s  (i  = 1,2,.  . . ,p)  has  been  found  out  in 
the  form  Const.  u2(u:,)2(u4)''.  . . ( uD_, )p-'2  upl  P'n  p'-2I'2  ||p=]  du,  / [1  +X2  nC,u,  + K4  nC2(u2)2  + . . . + X2pnCp 
I Upl1’]1  n -n  -2i  2>  ( 2),  where  X2  = n/n'.  Just  as  in  ( 2 ) of  the  foregoing  paper  kp  varies  from  0 to  k„_,,  kp_,  varies 
from  0 to  kp  2and  soon,  and  finally  k2  varies  from  0 to  k,  and  k,  from  0 to  x,  so  here  it  has  been  found  that 
Up  varies  from  0 to  up _,,up  , from  0 to  up_2  and  so  on,  and  finally  u2  from  0 to  u,  and  u,  from  0 to  *.  The 
distribution  of  the  u,'s  on  the  non-null  hypothesis  is  being  worked  out  and  will  be  published  in  due 
course.  The  set  of  k,'s  defined  in  1 1)  of  the  foregoing  note  may  be  useful  for  purposes  of  testing  one 
category  of  hypotheses  and  the  set  of  U|’s  defined  in  ( 1)  of  this  note  may  be  useful  for  testing  another 
category  of  hypotheses  and  other  functions  of  the  k^s  may  be  useful  for  other  purposes." 

Reference:  Roy  1 1940ai. 

Citation:  Roy  1 1942a). 

* Singleton.  Robert  R.  1 1940).  A method  for  minimizing  the  sum  of  absolute  values  of  deviations.  A nnalso/' 
Mathematical  Statistics  11,  301-310.  iJFM  66.  634). 

Summary:  The  author  points  out  that  the  method  given  by  Rhodes  ( 1930)  for  estimation  of  the 
parameters  in  a regression  equation  bv  minimizing  the  sum  of  absolute  values  of  deviations  is  iterative 
and  recursive,  and  is  presented  without  proof.  The  author  uses  geometric  methods  and  terminology  to 
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develop  proofs  for  various  methods  and  to  obtain  a new  method  which  reduces  the  labor  by  eliminating 
the  recursive  feature,  while  retaining  the  iterative  approach.  For  purposes  of  comparison  of  his  new 
method  (steepest  descent  i and  Rhodes’  method,  he  solves  Rhodes'  illustrative  problem  by  both  methods. 

Reference:  Rhodes  1 1930). 

* de  Vergottini,  Mario  ( 1940).  Sul  significato  di  alcuni  indici  di  concentration e.Giornale  degli  Economisti 
e Annali  di  Economic!  (5)  2,  317-347.  (JFM  66,  1303-1304). 

Summary:  Two  indices  of  concentration,  introduced  bv  Bonferroni  and  Gini,  respectively,  are  B = 
£"I|tM-Ms)/n-l)M  and  R = 2jl,l(p,,-qs)/2"’1,p„,  where  M is  the  general  arithmetic  mean  and  M„  is  the 
arithmetic  mean  of  the  s smallest  of  n observations,  ps  = s/n  and  q,  = sM,;nM.  The  author  has  discussed 
the  interpretation  of  B and  R in  an  earlier  paper  [de  Vergottini  1 1939)].  Here  he  shows  B > R except  in  the 
extreme  cases  (no  concentration  and  maximum  concentration!,  in  which  both  take  the  values  0 and  1, 
respectively.  The  author  also  discusses  two  other  indices  of  concentration,  B'  = X"  J(  M's-M)/M  [ 1 +nX"  j 
( 1/s) | and  fi  = Ms)/nMS"r,'(  Fs),  where  M's  is  the  arithmetic  mean  of  the  s largest  of  n observa- 

tions, and  discusses  the  relations  between  B and  B’.  B'  and  R.  and  (i  and  R. 

References:  Gini  1 1914a),  Dalton  ( 1920),  Gini  1 1930),  Castellano  1 1933b),  Mortara  1 1934a),  Castellano 
1 1935),  d'Addario  ( 1939),  Gini  ( 1939),  de  Vergottini  ( 1939). 

Citation:  Boldrini  (1942). 

* Wald,  Abraham  ( 1940).  The  fitting  of  straight  lines  if  both  variables  are  subject  to  error.  Annals  of 
Mathematical  Statistics  II,  284-300.  (JFM  66.  638:  MR  2.  108-109). 

Summary:  The  author  considers  two  sets  of  random  variables  x,,  y , ( i = 1.2 N:  N even).  Neither  the 

true  values  X,,  Y,  nor  the  coefficients  « and  /3  of  the  linear  relation  [Y,  = nX,  + /3|  between  them  are 
known.  As  an  estimate  of  « |cf.  Lambert  ( 1 7 65b ) and  van  Beeck  Calkoen  ( 18 16 1 1 he  uses  a = a._.  a,,  where 
a,  = |(x,  + . . . + x„,i  - (xm„,  + . . . + xsi|  N,  a2  = |(y,+.  . .+ym>  - . . +vN)|  N and  m = N 2.  He 

points  out  that  the  greater  a,|  the  more  efficient  is  the  estimate  a of  «.  and  that  a , is  a maximum  when 
one  orders  the  observations  so  that  x,  « x<  s , . , s xv 

Reference:  Eisenhart  (1939). 

Citations:  Deming  ( 1943),  Nair  & Banerjee  < 1943),  Tintner  1 1945),  Kendall  ( 1946).  Kimball  ( 1946a), 
Tintner  ( 1946),  Housner  & Brennan  ( 1948),  Bartlett  (1949). 

Wilson,  Edwin  B.  (1940).  The  sampling  error  of  the  median.  Science  92,  58-59.  (JFM  66,  637). 

Summary:  The  author  points  out  that  the  usual  formula  for  the  standard  error  of  the  median  M of 
random  samples  of  size  n.  rrM  = 1 2rftM  Vn.  where  </>\,  is  the  value  of  the  probability  density  function  at  the 
median,  unlike  the  corresponding  formula  <r  \ n for  the  mean,  is  not  universally  valid.  The  author 
explores  various  pathological  cases  for  which  it  gives  incorrect  results.  He  then  sets  out  to  find  a true 
expression  for  rrM.  restricting  himself  to  samples  of  odd  size  n = 2k + 1 (k  an  integer)  from  a population, 
symmetric  about  the  origin,  with  probability  density  function  </>(x*  and  cumulative  distribution  function 
<|xxi  I not  the  author's  notation  |.  The  probability  density  function  of  the  median  is  then  iftix)  - |(2k  + 1 )! 

< k ' > - 1 | <I>(  x i |k  (1  <|)ix)|k  (ft (xi.  its  mean  is  zero,  and  its  variance  is  given  by  crM2  =/x-’ift(x idx,  where  the 
integration  extends  over  the  whole  range  of  the  function  cftix  i.  The  author  applies  this  result  to  show  that 
the  standard  error  of  the  median  of  samples  of  size  n from  the  Cauchy  distribution  cftix)  = 1 i ri  1+x2)  is 
infinite  for  n 3.  but  finite  for  n - 5,  7.  . . . 


Zappa,  Guido  (1940K  Osservazioni  sopra  le  medie  combinatorie.  Metron  14,  31-53.  tJFM  00.  1 303 >. 


Summary:  The  author  discusses  in  some  detail  combinatorial  means  and  combinatorial  power  means  as 
defined  by  Gini  < 1938).  He  gives  various  limiting  forms,  which  are  functions  of  the  largest  and  smallest 
observations,  to  which  power  means  and  combinatorial  means  tend.  Several  of  these  limits  are  due  to 
Galvani  ( 1927)  and  Cisbani  ( 1938).  The  author  gives  examples  of  the  application  of  combinatorial  power 
means. 

References:  Galvani  (1927),  Cisbani  (1938),  Gini  (1938). 

Citation:  Boldrini  (1942). 

Brookner,  R.  J.  (1941).  A note  on  the  mean  as  a poor  estimate  of  central  tendency.  -Journal  of  the 
American  Statistical  Association  36,  410-412. 

Summary:  The  author  shows  that,  for  a random  sample  of  size  N from  a rectangular  population  of  length 
1 around  an  unknown  value  H (that  is,  fix)  = 1 iftf-l/2=sx=s0  + 1/2,  fix)  =0  otherwise],  the  variance  of 
the  sample  midrange  t is  1/[2(N  + 111  N+2)].  This  compares  with  a variance  of  1 12N  for  the  sample  mean 
x.  Both  the  mean  and  the  midrange  are  unbiased  estimators  of  H.  The  ratio  of  the  variance  oft  to  that  of  x 
is  6N/((  N + 1 ) (N  +2)],  which  is  less  than  one  for  N >2  and  approaches  zero  as  N— >*.  so  the  mean  is  a poor 
estimator  of  central  tendency  for  a rectangular  population. 

* Chandra  Sekar,  C.;  Francis,  Mary  G.  (1941).  A method  to  get  the  significance  limit  of  a type  of  test 
criteria.  Sankhya  5,  165-168.  (MR  4,  165). 

Summary:  Let  m,,  tru,  . . , mk  be  k mean  squares,  each  with  f degrees  of  freedom.  Under  the  null 
hypothesis  of  no  treatment  effect,  each  m,  will  be  an  unbiased  estimator  of  the  same  variance  <r-  and  will 
be  distributed  as  \2<r2/f.  The  authors  give  a method  of  finding  critical  values,  at  specified  levels  of 
significance  (for  example.  5 r/<  and  W<  ) for  the  test  criterion  M = rnm.,x /Z*  , m,,  where  mm.,v  is  the  largest  of 
the  mean  squares.  They  show  that,  in  the  interval  [1/2,1  ] the  probability  density  function  of  M is  equal  to 
k times  the  probability  density  function  of  M,  = m,  mmak(i  = l,2,.  . ,ki.  Since  the  distribution  of  M,  is 
relatively  simple,  one  can  easily  find  the  critical  value  of  M corresponding  to  any  specified  level  of 
significance,  provided  it  lies  in  the  interval  1 1/2,1 1.  The  authors  tabulate,  to  four  decimal  places,  the 
upper  5 c/c  points  for  f = 1,  k = 2(  1 ) 13  and  the  upper  Vi  points  for  f = 1,  k = 2(  1 ) 18.  Results  for  larger 
values  of  k when  f = 1 cannot  be  found  bv  the  authors’  method,  s e they  do  not  lie  in  the  interval  1 1 2.1  ]. 

References:  Fisher  ( 1929,  1935  1 1937  ] ),  Thompson  ( 1935),  Pearson  & Chandra  Sekar  i 1 936 1.  Wishart 
(1938). 

Citation:  Kendall  (1946). 

* Cochran,  W.  G.  ( 1941 ).  The  distribution  of  the  largest  of  a set  of  estimated  variances  as  a fraction  of  their 
total.  Annals  of  Eugenics  11,  47-52.  (MR  3.  171). 

Summary:  "For  a set  of  n independent  estimates  of  the  same  variance,  each  based  on  two  degrees  of 
freedom.  Fisher  1 1929)  obtained  the  distribution  of  the  largest  estimate  as  a fraction  of  the  total.  By 
means  of  a theorem  in  probability  which  may  be  frequently  useful  in  problems  of  this  type,  this  result  is 
extended  to  a set  of  estimates  each  based  on  r degrees  of  freedom.  The  distribution  has  the  same  general 
form  as  Fisher’s  result,  but  is  simplest  in  the  case  that  he  considered.  A table  is  given  of  the  5 
significance  levels  of  the  largest  ratio,  for  small  values  of  r |l(li8.10|  and  n 1 3(  1 • 1 0 ].  The  limiting 
distribution  when  n is  large  is  briefly  discussed."  (Author's  summary,  p.  52). 
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Comments:  In  his  review  ( MR  3,  171 ),  W.  G.  Madow  calls  attention  to  the  relation  of  the  author’s  result 
to  certain  theoretical  results  in  a paper  by  the  reviewer  |Madow  (1937].  The  author’s  results  are  a 
generalization  of  those  of  Fisher  ( 1929)  for  the  special  case  r =2,  as  the  author  himself  points  out,  and  also 
of  those  of  Chandra  Sekar  and  Francis  ( 1941 ) for  r = l.  In  all  cases  of  overlap,  the  tabular  values  of  the 
author  agree  with  those  of  Fisher  and  of  Chandra  Sekar  & Francis  to  within  a unit  in  the  fourth  decimal 
place. 

References:  Fisher  & Tippett  (1928),  Fisher  (1929,  1939). 

Citations:  Finney  (1941),  Kendall  (1946),  Eisenhart  & Solomon  ( 1947 ),  Nair  (1948a). 

* Daniels,  H.  E.  ( 1941 ).  A property  of  the  distribution  of  extremes.  Biometrika  32,  194-195.  (MR  3,  171 ). 

Summary:  The  author  gives  an  empirical  approximate  relation  M = 2cot(  ncrl'l ) between  the  mean  M 
and  the  standard  deviation  <r  of  the  largest  value  in  a random  sample  of  size  n from  a standard  normal 
distribution  (N(0,1 1].  He  admits  that  his  formula  has  no  obvious  mathematical  derivation,  but  shows,  by 
comparison  with  exact  values  of  M given  by  Tippett  ( 1925),  that  for  n ss  1000  the  greatest  discrepancy  is 
only  about  1.5 r/c . For  n > 1000,  he  compares  his  approximation  with  penultimate  values  given  by  Fisher 
& Tippett  ( 1928)  and  finds  that  the  maximum  discrepancy  occurs  for  n = 7228,  for  which  his  approxima- 
tion exceeds  the  penultimate  value  by  about  3^.  He  speculates  that  the  real  discrepancy  may  be 
somewhat  less,  since  a table  given  by  Fisher  & Tippett  suggests  that  the  penultimate  values  may  be 
underestimated.  The  error  at  n = x is  less  than  1 r/<  since,  as  n— »x,  the  true  value  of  M tends  to 
7r/<rV6=  1.282/0-  and  the  approximate  value  to  1.274/<t. 

References:  Tippett  (1925),  Fisher  & Tippett  (1928). 

Citation:  Kendall  (1946). 

* Davis,  Harold  T.  (1941).  The  Analysis  of  Economic  Time  Series.  Principia  Press,  Inc.,  Bloomington, 
Indiana.  (JFM  67,  530). 

Summary:  Concerning  tests  of  significance  in  harmonic  analysis,  the  author  writes  (pp.  186-189):  "In 
order  to  understand  the  problem  of  determining  significance  in  harmonic  analysis,  let  us  consider  the 
time  series,  y(t).  Let  the  values  A„  and  Bn  |Fourier  coefficients]  be  computed  by  the  formulas  An=(2/ 
N)!,'  (l'y{t)cos  nrrt/N,  B n = ( 2/ N ) ^ ,,'y  ( t ) sin  nfl-t/N.  and  let  the  squares  of  the  amplitudes  of  the  Fourier 
sequence  be  defined  ...  by  R-=An2  + B„-.  Schuster’s  test  of  significance  may  then  be  formulated  as 
follows:  Let  RM2=4rr’/N  be  the  mean  value  of  the  squares  of  the  amplitudes  of  the  periodogram  sequence 
Rn2Then  the  Schuster  probability,  P,,,  that  any  squared  amplitude,  R-,  chosen  at  random,  will  exceed 
kRm-  is  given  by  Ps=e  K. . . . Sir  Gilbert  Walker  |(  1914)]  was  the  first  to  call  attention  to  the  inadequacy 
of  Schuster’s  test  of  significance.  His  argument  ran  as  follows:  Suppose  that  a large  value  of  R2  has  been 
found  in  the  total  Fourier  sequence  of  the  N/2  independent  terms  necessary  to  represent  N observations. 
Schuster's  test  merely  gives  the  probability  that  an  R2  chosen  at  random  shall  exceed  kRm2  But  what  is 
really  required  is  the  probability  that  some  R2  among  the  total  number  in  the  Fourier  sequence  shall 
exceed  kRm2.  We  may  state  Walker's  test  as  follows:  The  Walker  probability,  Pw(«),  that  at  least  one  R2 
among  the  total  Fourier  sequence  of  N/2  independent  values  representing  N observations  will  exceed 
kRm2  is  given  by  P\V< #c)  = 1 -(1  -e  *IN2.  . . . The  tests  of  Schuster  and  Walker  were  derived  on  the 
assumption  that  the  R2  to  be  tested  is  derived  from  a series  whose  observations  are  random  selections 
from  a normal  universe  with  known  variance  equal  to  <r2.  But  when  the  unknown  variance  must  itselfbe 
estimated  from  samples  then  these  tests  must  be  modified  to  take  account  of  this  fact.  The  analysis 
necessary  to  establish  the  criterion  in  this  case  was  carried  out  by  R.  A.  Fisher  (i  1929)].  The  test  may  be 
formulated  as  follows:  Let  g'  he  defined  by  the  ratio  g'  R-’  2<r-’.  where  R2  is  the  largest  among  the  squares 
of  the  amplitudes  of  the  Fourier  sequence.  Then,  if  n ( N 1)2.  where  N is  the  number  of  observations, 
the  Fisher  probability.  Ph.  that  g'  will  exceed  some  critical  value  g is  given  by  the  formula  1\  = 
nil-gi"  1 - |mn  1)  2! |<  1 2gi"  1 + ...  + i-  1 )m  1 1 n!  mlin-mi]  |il-mg>"  ',  where  m is  the 
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greatest  integer  less  than  1/g."  The  author  tabulates  the  Walker  probability  function,  Ptt,  on  pp.  583-599 
and  the  Fisher  probability  function,  PK,  on  pp.  601-605.  In  Chapter  9 (pp.  386-443),  the  author  discusses 
the  Pareto,  lognormal  and  other  distributions,  and  also  the  Lorenz  curve  and  Gini's  concentration  ratio, 
as  applied  to  distributions  of  wealth  and  income. 


References:  Galton  1 1869),  Pareto  ( 1897 ),  Lorenz  ( 1905),  Czuber  (1914),  Walker  < 1914),  Pietra  1 1915). 
Ricci  (1916),  Gini  (1918),  Vinci  ( 1918),  Dalton  (1920),  Amoroso  (1925),  Gini  (1926),  Saibante  (1926, 
1928),  Fisher  (1929),  Gini  (1930),  von  Bortkiewicz  (1931),  Gini  (1932),  Castellano  (1933a),  Yntema 
(1933),  Wold  (1935),  Giri  (1936),  Bresciani-Turroni  (1937). 


Citations:  Boldrini  (1942),  Kendall  (1946),  Tintner  (1946). 


* Finney,  D.  J.  ( 1941).  The  joint  distribution  of  variance  ratios  based  on  a common  error  mean  square. 
Annals  of  Eugenics  11,  136-140.  (MR  3,  172). 


Summary:  In  the  introduction  the  author  states  ip.  136):  "Fisher  ( 1929 ) derived  the  exact  distribution 
of  the  ratio  of  the  largest  of  a set  of  sums  of  squares,  each  based  on  two  degrees  of  freedom,  to  the  total  of 
the  set.  The  solution  to  a geometrical  problem,  given  by  Stevens  ( 1939 1,  was  later  ( 1940)  shown  by  Fisher 
to  be  an  equivalent  result,  and  also  to  give  the  distribution  of  the  second,  third,  etc.,  largest  of  the  set. 
Garwood  ( 1940)  has  shown  that  the  same  mathematical  solution  applies  to  yet  a third  problem.  Cochran 
( 1941 ) has  discussed  the  generalization  of  the  problem  to  sums  of  squares  based  on  any  number  of  degrees 
of  freedom.  It  is  the  purpose  of  the  present  note  to  show  the  solution  to  the  analogous  problem  of  the 
distribution  of  the  ratio  of  the  largest  of  a number  of  mean  squares,  all  based  on  the  same  number  of 
degrees  of  freedom,  to  an  independent  'error'  mean  square.  . . The  author  summarizes  his  results  as 
follows  (p.  140):  "The  distribution  has  been  obtained  of  the  largest  of  a number  of  variance  ratios,  such  as 
occur  in  an  analysis  of  variance  when  a number  of  independent  mean  squares  with  the  same  number  of 
degrees  of  freedom  are  all  compared  with  the  same  error  mean  square.  It  is  found  that  the  computation  of 
exact  significance  levels  is  a lengthy  process  on  account  of  slowness  of  convergence,  but  the  approxima- 
tion resulting  from  an  assumption  of  complete  independence  of  the  ratios  is  satisfactory  providing  that 
the  error  degrees  of  freedom  are  sufficiently  numerous.  The  solution  of  the  less  interesting  problem  of 
obtaining  significance  levels  for  the  least  of  the  variance  ratios  is  arithmetically  much  simpler,  and  the 
similar  approximation  very  satisfactory.” 

References:  Fisher  ( 1 929 ).  Fisher  & Yates  (1938),  Stevens  (19)19),  Fisher  ( 1 940 ).  Garwood  1 1 940 ). 
Cochran  1 1941 1. 

Citations:  Kendall  1 1946),  Nair  ( 1948a),  Hartley  ( 1 949 ) . 

* Frechet.  Maurice  1 194 1 ).  Sur  la  correspondance  entre  certaines  lois  derreurs  et  certaines  definitions  de 
la  distance.  Revue  Scientifique  (Paris)  79,  3-14.  (JFM  67.  1059-1060). 


Summary:  The  author  examines  two  methods  of  demonstrating  the  validity  of  the  normal  law  of 
error — the  method  of  Gauss  ( 1809)  based  on  the  postulate  that  the  arithmetic  mean  is  the  best  average  of 
a set  of  equally  reliable  observations  and  the  method  |due  to  Hagen  1 1837),  whom  the  author  does  not 
mention  | based  on  the  composition  ofa  large  number  of small  elementary  errors.  He  does  not  find  either 
method  convincing,  and  concludes  that  verification  is  possible  only  experimentally,  by  comparison  with 
actual  data.  This  can  be  accomplished  in  various  ways — by  comparing  theoretical  and  observed  frequen- 
cies in  the  various  classes  of  a grouped  frequency  distribution;  by  computing  the  Pearsonian  measure  of 
kurtosis  fi,  u,  p , fi-r.  where  pr  is  the  r,h  moment  about  the  mean,  for  the  data  and  comparing  it  with  the 
theoretical  value  |3  for  the  normal  (second  Laplacean)  law,  6 for  the  first  Lapl  'cean  law]:  or  by 
computing  the  ratios  I)  iq_.  q,i  ( d_.  d , < and  C=(qa-q,t  (c.j-c,),  where  q,  and  q:,  are  the  first  and  last 
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quartiles,  d,  and  d2  are  the  first  and  last  deciles,  and  c,  and  c.>  are  the  first  and  last  centiles,  and 
comparing  them  with  the  theoretical  values  (D  =0.5263  and  C =0.2899  for  Laplace’s  second  law, 
I)  =0.4307  and  C =0. 1772  for  Laplace’s  first  law).  The  author  applies  the  last  method  to  data  on  artillery 
fire.  Returning  to  theory,  he  shows  the  correspondence  between  laws  of  error  and  measures  of  central 
tendency  and  dispersion,  the  arithmetic  mean  and  the  standard  deviation  corresponding  to  Laplace’s 
second  law  and  the  median  and  the  mean  absolute  deviation  (from  the  median  ) to  Laplace’s  first  law,  etc. 
He  extends  this  correspondence  to  the  multivariate  case  (two  or  more  dimensions). 

References:  Bertrand  (1889),  Czuber  (1891a),  Poincare  (1896),  Wilson  & Hilferty  (1929). 

* Gnedenko.  B.  V'.  ( 1941 1.  Limit  theorems  for  the  maximal  term  of  a variational  series.  Comptes  Rendus 
iDokladyl  de  I'Academie  den  Sciences  de  I'URSS  (N.  S.t  32,  7-9.  (MR  3,  169). 

Summary:  The  author  writes  i p.  7 ):  "Consider  the  sequence  ( f,„  ...  of  mutually  independent 

random  variables,  subjected  to  one  and  the  same  distribution  law  Fix).  Form  the  random  quantities 

V n =max<f|,fj £„>. ' 1 1 It  is  easily  seen  that  the  distribution  law  of  the  rjn  is  Fn(x>.  M.  Frechet  [( 1927)) 

and  R.  A.  Fischerjsic]  and  L.H.C.  Tippett  [( 1928 )]  have  established  that  thedistribution  function  of  the 
quantities  < rjn  — b„ ' an(2>  can  converge,  for  an  appropriate  choice  of  the  constants  an>0  and  bn,  only  to 
distribution  functions  of  the  following  types  <t>„(x)=0  for  x<0,  ‘l>„(x>=  e for  x>0;  'F,l(x)=e  1 -*l_"  for 
x^O,  i/tjxi-  l forx~r-T)  where  the  constant  «>0:  and  Aixt  = ee_x.  R.  |von  ] Mises  [( 1936)]  has  given  certain 
sufficient  conditions  for  the  convergence  of  distribution  functions  of  the  quantities  (2)  to  each  of  the 
indicated  limit  laws  fora  definite  choice  of  the  constants  an>0  and  bn.”  After  some  intervening  discussion 
of  the  law  of  large  numbers,  he  continues  (p.  8):  "We  shall  say  that  the  distribution  function  F(x)  belongs 
to  the  domain  of  attraction  of  the  limit  law  Hi  x),  if  for  an  appropriate  choice  of  the  constants  an>0  and  b„ 
the  distribution  functions  of  the  random  variables  (2)  converge  to  !l(x)  with  n— *x.  As  regards  the 
domains  of  attraction,  the  following  theorems  hold.  Theorem  3.  In  order  that  the  distribution  function 
F(x>  should  belong  to  the  domain  of  attraction  of  law  4><t(x),  it  is  necessary  and  sufficient  that:  a)  FixXl 
for  every  x;  b)  for  every  constant  k>0  lims_,  {[1  —Fix)]/  1 1 — F( kx ) ] } =k<>.  Theorem  4.  In  order  that  the 
distribution  Fix)  should  belong  to  the  domain  of  attraction  of  the  law  M'.ix),  it  is  necessary  and  sufficient 
that:  a)  there  should  exist  an  x„  such  that  F( x,,)  = 1 and  F ixi  <1  for  every  x<x„;  bi  for  every  constant  k>0 
limx^  ,,{]  1 -Fikx +x(1)]/ 1 1 -F( x +x„)|}  = k<>.  Theorem  5.  In  order  that  the  distribution  function  Fixi 
| F(  x„t  = 1,  Fi  xt<  1 for  x<x,„  x„=£*]  should  belong  to  the  domain  of  attraction  of  the  law  A(x),  it  is  necessary 
and  sufficient  that  there  should  exist  such  a positive  continuous  function  A(z>.  for  which  limz_x  ,,  A(  z ) = 0, 
that  for  all  real  x limz_x  _n  {[1  -F(z(  1 +A(z)x))]/  [1  — F(z) ]}  =e  '.  From  Theorem  5 the  following  result  may 
be  deduced.  Corollary.  If  F(x)<l  for  all  x and  F(xi  belongs  to  the  domain  of  attraction  of  the  law  \(x),  then 
the  sequence  of  the  maxima  1 1 1 is  relatively  stable”.  | i .e. . for  an  appropriate  choice  of  positive  constants  Bn 
the  relation  limn_%  P{  t?„  Bn  - l|<e}=  I holds  for  every  «>0|. 

References:  Frechet  ( 1927),  Fisher  & Tippett  1 1928),  von  Mises  1 19361. 

Citation:  Smirnov  1 1949b>. 

* Gumbel.  E.  J.  ( 1941a).  The  return  period  of  flood  flows.  Annals  of  Mathematical  Statistics  12,  163-190. 
(JFM  67.  481:  MR  3,  10 — listing  only). 

Summary:  The  author  summarizes  his  results  as  follows  i pp.  187-189):  "The  theoretical  return  period 
Tlx),  the  mean  number  of  years  between  two  annual  flood  discharges  greater  than  or  equal  to  x.  is  a 
statistical  function.  . . . The  exceedance  interval  'T(xm)|  =n  (n-mi|,  and  the  recurrence  interval  "T(xm> 
I =n  i n - m + 1 ) |;  xm  being  the  m,h  flood  discharge,  where  m is  counted  from  below.  . . . The  return  period 
Tixiofa  flood  discharge  x is  found  by  [the]  formula  (Tix)  = l ( 1 — e e *>.  where  y =<»(x  — u ) ].  For  large  values 
of  x the  flood  discharge  converges  toward  a linear  function  (log,„Tix)  =0.434294  <»ix  - ui]  of  the  logarithm 
of  the  return  period.  . . . The  two  constants  of  our  formula  u are  1 a are,  respectively,  the  most  probable 
annual  flood  discharge  and  a multiple  of  the  standard  deviation  |s  = jt«\6|.  . . . Our  method  can  be 
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summarized  by  the  following  rules:  t 1 ) For  each  year  find  the  maximum  daily  discharge  xm  <do  not  use 
momentary  peaksi  and  arrange  these  n data  in  increasing  magnitudes.  (2i  Calculate  for  each  discharge 

xm  (m  = l,2 n - 1)  the  values  log  'T  (x,„)=  log  n-log  (n-nn  and  plot  the  curves  xm,  log|n/(n-m)|  and 

x,,,.,.  log  |n(n-m)|.  These  are  the  observed  exceedance  and  recurrence  intervals.  ( 3 » Calculate  the 
annual  mean  flood  u and  the  annual  mean  squared  flood  u2;  determine  . . . the  standard  deviation 
s = \ (1  + 1 i n — 1 1 ) | u^-u-|  and  the  two  constants  1/a  =0. 77970s,  u = u -0.57722/a.  (4i  The  theoretical 
flood  discharges  x corresponding  to  the  logarithm  of  the  return  period  Tix) . . . are  obtained  bv  the  linear 
transformation  x = u +y/a  . . . . Plot  x as  a function  of  log  Tix).  For  large  values  of  x and  for  extrapolation  it 
is  sufficient  to  use  the  linear  asymptote  obtained  graphically.  The  linear  part  of  the  theoretical  curve 
( x.log  T>  permits  of  two  interpretations:  First,  T is  the  theoretical  return  period  of  a flood  greater  than  or 
equal  to  x:  second,  x is  the  most  probable  flood  to  be  reached  within  T years.  The  second  interpretation 
holds  for  the  straight  line  through  the  point  ( u,0>. ...  It  is  our  claim  that  the  calculus  of  probabilities  and 
especially  the  theory  of  largest  values,  is  an  efficient  tool  for  the  solution  of  certain  hydrological 
problems." 

Comments:  For  correctness  |and  consistency  with  the  author's  formula  i9'l,  "T  <xm)=  n (n-m  + 1 ),  and 
Table  1 1,  in  rule  i2t  m should  range  from  0 to  n - 1 for  the  recurrence  interval  curve  xln. ,,  log  (n  i n - m)|,  or 
better  still,  the  curve  should  be  given  as  xm,  log  [n/ln-m  + l)],  m = l,2,  . . . , n. 

References:  Fuller  ( 1914),  Jarvis  1 1926)  (discussion  |,  Frechet  1 1927),  Fisher  & Tippett  ( 1928),  Hazen 
1 1930),  Gibrat  1 1932b),  Gumbel  ( 1935a,  1935-36),  Horton  1 1 936 1,  von  Mises  ( 1936),  Saville  1 1936),  Slade 
1 1936),  Coutagne  (1937),  Gumbel  ( 1937a, b),  Grant  (1940). 

Citations:  Gumbel  ( 1941b),  Beard  ( 1942 ),  Gumbel  1 1942b,c).  Kimball  ( 1942),  Gumbel  1 1943a,b),  Powell 
1 1943),  Gumbel  ( 1945a, b),  Kendall  ( 1946),  Kimball  ( 1946a),  Epstein  ( 1948a, b),  Epstein  & Brooks  ( 1948), 
Wilks  1 1948),  Langbein  ( 1949),  Press  ( 1 949 ) . 

Gumbel.  E.  J.  ( 1941b).  Probability-interpretation  of  the  observed  return-period  of  floods.  Transactions  of 
the  American  Geophysical  Union  22,  836-849:  discussion,  849-850.  (MR  4,  29 — listing  only). 

Summary:  The  author  states  (pp.  836-837):  "The  purpose  of  this  article  is  to  show  by  numerical 
examples  how  the  problem  of  flood  flows  can  be  treated  from  the  viewpoint  of  probability  without  making 
any  artificial  or  arbitrary  assumptions  whatever.  Methods— It  is  customary  in  hydrology  to  calculate 
either  the  observed  recurrence  or  the  observed  exceedance-intervals  of  floods.  In  a recent  article 
|Gumbel  ( 1 94 1 a ) ) we  have  shown  that  there  is  only  one  theoretical  value  which  corresponds  to  both.  We 
call  it  the  return-period.  It  is  a statistical  function  as  is  the  distribution  or  the  cumulative  frequency. 
Therefore  these  calculations  are  related  to  the  distribution  of  flows.  We  have  reproduced  this  distribution 
by  the  theory  of  largest  values. . . The  interpretation  ofthe  exceedance- and  recurrence-intervals  of  floods 
as  being  the  observed  return-periods  of  largest  values  leads  to  a formula  for  the  theoretical  return  period 
Tix)  in  years,  as  a function  of  a reduced  flood  y =a(x-u)  where  x is  the  flood-discharge,  u is  the  most 
probable  annual  flood  and  (la)  equal  to  98  per  cent  ofthe  mean  deviation  |78G  of  the  standard  deviation  |. 

. . ."  The  method  of  analysis  is  summarized  by  four  rules  given  on  pp.  839-840.  These  results  are  essentially 
the  same  as  those  given  in  the  author's  earlier  paper  (Gumbel  ( 194 la' |.  However,  the  author  makes  the 
following  addition  to  Rule  2:  ”m  is  called  the  serial  number.  The  exceedance  intervals  start  with  x,,  log 
|n  i n 1 1 1 and  end  with  x„  log  n.  There  is  no  exceedance-interval  corresponding  to  the  largest  value  x„. 
The  recurrence-intervals  start  with  x,.  0 [ - log  1 1 and  end  with  xn,  log  n.  For  given  xm,  of  course,  the 
exceedance-interval  surpasses  the  recurrence-interval.  But  this  difference  is  small,  unless  m is  large." 

References:  Hazen  1 1930),  Saville  ( 1936),  Gumbel  1 194 la). 

Citations:  Beard  1 1942),  Gumbel  1 1942c).  Kimball  i 1942).  Gumbel  1 1943b.  1945b). 


* Hsu,  P.  L.  ( 1941a).  On  the  limiting  distribution  of  roots  of  a determinantal  equation.  Journal  of  the 
London  Mathematical  Society  16,  183-194. 

Summary:  The  author  writes  (pp.  183-184):  "Consider  k p-variate  populations  and  the  matrix 
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where  £„  is  the  mean  of  the  i-th  variate  of  the  t-th  population.  ...  We  shall  assume  that  the  populations 
are  normal  ones  with  the  same  set  of  second  moments  about  the  means  which  we  shall  denote  by 
o-„=<7j|(i,j  = l,  . • . ,p).  Suppose  that  k samples,  of  sizes  m„  . . . , mk,  are  drawn  respectively  from  the  k 

populations.  . . . Denoting  by  X|t,  ....  xpl  the  means  of  the  t-th  sample,  bv  x, xp  the  grand  sample 

means,  by  s1Jt(  i,j  = 1 , . . . ,pi  the  second  moments  about  the  means  of  the  t-th  sample,  and  writing  au  = 
—i=i  mi  l!hi  ~ X|><Xj,  -Xj),  bjj  = ijk,  m|Su„  ( , = min(p,k-l),  f2  = max  ( p,k  — 1 ),  we  may  readily  see  that  the 
matrix  ||au||  is  positive  and  of  rank  t „ and  that  provided  N -k  3=  p |whereN  = if,,  m,],  the  matrix  ||bu||  is 
positive  definite.  Hence  the  determinantal  equation  in  <b  |a(j  — d>b|j|  = 0 has  a root  zero  of  multiplicity 
P~ ( i and  t ] real  positive  roots.”  The  author  proves  a theorem  which  gives  the  limiting  distribution  of 
these  ( i (ordered)  roots  as  m— »x. 

References:  Fisher  ( 1938,  1939),  Hsu  ( 1939),  Roy  ( 1939). 

Citations:  Hsu  (1941b),  Anderson  (1945),  Kendall  (1946),  Anderson  (1948). 

Hsu,  P.  L.  ( 1941b).  On  the  problem  of  rank  and  the  limiting  distribution  of  Fisher's  test  function.  Anna/s 
of  Eugenics  11,  39-41.  (JFM  67,  1058;  MR  3,  8). 

Summary:  The  author  assumes  that  d,  = ( x,  - /3lu  wu)  ( i = 1,2 pi  are  distributed  according  to  a 

multivariate  normal  law.  He  considers  the  problem  of  testing  the  hypothesis  H that  the  rank  of  the 

matrix  ||/8||.||(i'=  1,2 n,<q)  is  ( on  the  basis  of  a sample  l xinwur),  (r  = 1,2 Ns  p+q:  i = 1,2 . . . , p; 

u =1.2 qi.  where  the  rank  of  ||wur||  is  q.  Let  ||a„||  = XMVV,  ( W,MW',r'  W,MX’  and  ||au  + bj  = XMX’, 

‘j  = 1.2 p,  where  X = ||xir||,  W,  =||  w,,r||  (i*  = 1,2 n,:  r = l,2 N)  and  M=I-W’2  ( W2W'2r>W2, 

W2  = ||w,"r||  (i”  = n,  + l q;r=l,2 N).  The  criterion  <t>  which  the  author  proposes  for  testing  H is 

the  sum  of  the  t -mimp.n,)  smallest  non- vanishing  roots  of  the  equation  )au  — <frb,j|  =0.  The  author  shows 
that,  when  the  hypothesis  H is  true,  the  limiting  distribution  of  Nd>as  N— *x  is  the  y2 -distribution  with 
<p-f ) ( n,  — / ) degrees  of  freedom. 

References:  Fisher  ( 1938),  Hsu  ( 1941a). 

Citations:  Anderson  ( 1945),  Tintner  ( 1945),  Kendall  1 1946).  Tintner  1 1946),  Bartlett  1 1947b).  Anderson 
(1948),  Geary  (1948). 

KolmogorofT,  A.  1 194 1 1.  Confidence  limits  for  an  unknown  distribution  function.  An  nals  of  Mathematical 
Statistics  12,  461-463.  (MR  4,  25). 

Summary:  The  author  writes  ipp.  461-463):  "Let  x,,x2 xn  be  mutually  independent  random 

variables  following  the  same  distribution  law  (1)  P{x,«f}  = F(f).  A recent  paper  by  A.  Wald  and  J. 
Wolfowitz  [( 1939)|  deals  with  the  problem  of  using  the  observable  values  of  the  x's  to  estimate  the 
function  F(£).  In  this  connection  it  may  be  useful  to  recall  the  following  results  published  by  me  in  1933. 
Put  1 2)  F„i  £>  = N(£)  n where  N(£i  denotes  the  number  of  those  x‘s  whose  observed  values  do  not  exceed  £ 
Theorem  I : If  the  function  F(£)  is  continuous  then  the  distribution  law  of  the  quantities  (3)  I)n  = sup  |F(£  i 
f n (ft  Vn  does  not  depend  on  F(£).  Denote  by  <l>n(A'  the  value  of  the  probability  P{Dns\}  which 
is  common  to  all  continuous  distribution  I ictions  Fi£).  Theorem  2:  For  n tending  to  infinity,  the 
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distribution  function  <t>n( X ) tends  to  (4)  <J>„  (X)  ( — 1 )k  e-2k’*’  uniformly  with  respect  to  X.  A more 

elementary  proof  of  Theorem  2 was  given  by  N.  Smirnoff  [( 1939a)].  Another  paper  by  the  same  author 
[Smirnoff  ( 1939b)]  gives  a table  of  the  function  <t>(  X).  Without  the  assumption  that  F(f  i is  continuous,  we 
easily  obtain  Theorem  3:  Whatever  be  the  distribution  functio  '(f),  (5)  P{DnsX}^d>n(X).  Theorems  1 
and  3 giving  the  exact  lower  bound  of  the  probability  that  F„(v)  v\  i satisfy  the  inequality  (6)  |F(f)-Fn(f)| 
sX/vn  for  all  values  of  f,  can  be  used  to  establish  confidence  limits  for  F(f)  corresponding  to  the 
confidence  coefficient  (7)  a=d>n(X>.  These  confidence  limits  will  be  free  from  any  restriction  concerning 
the  nature  of  the  function  F(f ).  For  sufficiently  large  values  of  n we  can  use  the  limiting  distribution  (4i 
and  write  (8)  a = 4HX).”  The  author  gives  a short  table,  based  on  that  of  Smirnoff,  of  values  of  X 
corresponding  to  a = . 95, .98, .99, .995, .998, .999.  He  also  gives  an  extension,  due  to  Smirnoff,  of  the 
confidence  procedure  and  the  corresponding  test  ( the  Kolmogorov-Smirnov  test ) to  the  two-sample  case. 

Note:  The  Kolmogorov-Smirnov  test  and  the  corresponding  confidence  procedure,  in  the  two-sample 
case,  depend  only  on  the  ranks  of  the  observations  in  the  combined  sample,  and  hence  are  not  really 
relevant  to  our  subject.  Some  papers  dealing  primarily  with  them  are  included  in  this  volume  because  of 
their  relation  to  the  corresponding  one-sample  test  and  confidence  procedure,  which  do  depend  on  order 
statistics. 

References:  Kolmogoroff  (1933),  Smirnoff  [Smirnov]  ( 1939a, b),  Wald  & Wolfowitz  (1939). 
Citations:  Scheffe  ( 1943i,  Kendall  ( 1946),  Feller  ( 1948),  Wilks  ( 1948 ),  Noether  ( 1949). 

* Kontorova,  T.  A.;  Frenkel,  J.  I.  ( 1941 ).  Statistical  theory  of  brittle  strength  of  real  crystals.  (Russian). 
Zhurnal  TekhnicheskoT  Fiziki  [ Journal  of  Technical  Physics  (USSR)]  11  (3),  173-183:  English  transla- 
tion, Journal  of  Physics  (USSR*  7 (3),  108-114. 

V 

Summary:  The  authors  review  earlier  efforts  of  Reinkober  (1931),  Alexandrov  and  Zurkov  (1933), 
Weibull  (1939a)  and  Kontorova  (1940)  to  explain  the  phenomenon  of  dependence  of  unit  strength  of 
material  on  size,  and  propose  to  present  more  rigorous  and  general  results.  An  analogy  is  drawn  between 
the  most  dangerous  inhomogeneitv  in  a crystal  and  the  weakest  link  of  a chain.  Consider  a chain  made 
up  of  n links,  each  of  which  has  been  chosen  at  random  from  a finite  population  of  s links  (s>>n)  whose 
strengths  are  <t> , =s  d>2«  . . . *s<f>k<  ■ • • The  probability  that  a particular  link  has  strength  not  less 
than  d>„  is  given  by  £j«k  p^,  where  p4)  is  the  a priori  probability  of  encountering  a link  having  strength  <£,. 
The  probability  that  the  weakest  link  has  strength  <£k  is  given  by  W4  = np^,k  (2s, =k  p^l  n_1.  If  the  number 
of  chains  and  the  number  of  links  in  each  chain  are  both  sufficiently  large,  we  can  replace  this  discrete 
distribution  by  a continuous  one.  The  probability  of  finding  a chain  whose  strength  lies  in  the  interval 
from  <])0to  <£„  + d<f>  is  given  by  W(d>„)  drf>  = np  (d>„)  [I  (<£„)|n  1 d</>,  where  I (d>„)  = p(<f>)  d <b  and  p(d>)  d<6  is  the 

a priori  probability  that  the  strength  of  a single  link  of  the  chain  lies  between  <h  and  <b+d<b-  Similarly,  the 
probability  of  finding  a crystal  whose  strength  lies  in  the  interval  <F’,  F'  + dF)  is  given  by  the  same 
formula  with  <b,<b„, n and  d<j>  replaced  by  F,  F',  N and  dF,  respectively,  where  N is  the  number  of 
inhomogeneities  present,  which  is  given  by  N = NV,  where  N is  the  mean  number  of  inhomogeneities/cm:l 
and  V is  the  volume  in  cm:l.  Using  this  and  neglecting  the  one  in  the  exponent,  we  obtain  W(F')dF  = NV 
p(F')  (I  (F')pvdF.  We  assume  that  F has  a Gaussian  distribution  with  p(F)  = Ce~'*,F  F»'’,  where  F„  is  a 
priori  the  most  probable  value  of  the  strength  and  the  coefficients  C and  « are  given  by  C = 1/ 
\/27r<T"-F,1>5  and  « = 1/2  iF-F„i2.  If  we  set  F„-F’  = AF,  F-F0=y,  then  W(F')  dF=CNV  e 
[I  (AF)]^vdF,  where  I(AF)  =C  f’-y  e ny' dy.  In  the  majority  of  cases  F'<F„  or  AF~>0.  We  rewrite  the 
integral  for  I(AF)  in  the  form  liAF)  = 1 -C/^Ke  <'-v'  dy  = 1 -<C/v' a) /*  f e zidz  s 1 -e  "<AF’,/2  • \ ImAF. 
The  probability  of  finding  a specimen  of  volume  V having  the  brittle  strength  F’  can  then  be  written  in  the 
final  form  W ( F'l  dF  aCTIVe'",AFl'[l-e  ,hAFi'/ 2\  7T«AFpvdF,  where  AF  represents  the  absolute  value 
of  the  difference*  F'  F„i.  We  now  find  the  most  probable  value  F*  of  the  strength  of  a specimen  of  volume  V 
bv  differentiating  W(F’>dF  with  respect  to  F'.  setting  the  derivative  equal  to  zero,  and  solving  for  F’, 
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calling  the  result  F*.  (The  value  F„of  the  a priori  strength  may  be  considered  a constant  of  the  material, 
while  F*,  that  of  the  a posteriori  strength,  is  a decreasing  function  of  the  volume  of  the  specimen,  i The 
result  is  F*  sF„-  \ A lg  V + B,  where  A = 1/a,  B = ( 1/a)  lg  N/2  Vn.  The  authors  compare  their  results 
with  those  of  Weibull.  The  dependence  of  the  probability  of  br  ittle*  rupture  of  specimens  upon  their  size 
for  a given  stress  is  essentially  the  same  for  both  theories,  but  the  dependence  of  the  probability  of  brittle 
rupture  of  the  specimens  upon  the  stress  is  completely  different  for  the  two  theories.  Weibull  treats  the 
defects  as  indistinguishable  from  one  another,  while  the  present  authors  consider  their  seriousness. 

V 

References:  Reinkober  1 19:31 1,  Alexandrov  & Zurkov  1 1 933 ».  Weibull  < 1 939a ),  Kontorova  (1940). 

Citations:  Kontorova  1 1943,  1946),  Oding  ( 1946),  Davidenkov,  Shevandin  & Wittmann  1 1947 1,  Fisher 
& Hollomon  (1947),  Gensamer,  Saibel  & Lowrie  (1947),  Epstein  ( 1948a, b),  McAdam,  Geil.  Woodard 
& Jenkins  ( 1948),  Kontorova  & Timoshenko  ( 1949),  Weibull  ( 1949). 

* Mood,  A.  M.  ( 1941 ).  On  the  joint  distribution  of  the  medians  in  samples  from  a multivariate  population. 
Annals  of  Mathematical  Statistics  12,  268-278:  related  abstract,  Bulletin  of  the  American  Mathematical 
Society  47,  410.  ( JFM  67.  481;  MR  3,  172). 

Summary:  The  author  gives  an  exact  expression  for  the  joint  probability  density  function  of  the 
medians  x,  and  x2  of  a sample  of  size  2n  + 1 from  a bivariate  population  with  probability  density  function 
f(x,,x2).  He  shows  that  the  limiting  joint  probability  density  function  (as  n— »*)  ofv,  = (2m1  - a,x,  and  y2  = 
(2nd  - a2x2,  where  a,  = /*  f(0,x2)  dx2  + /"*  f(x,.0)  dx,  and  a2  = /*  f(x„0)  dx,  + / ",  f(0,x2>  dx2.  is  a bivariate 
normal  density  function  under  weak  conditions,  including  the  condition  that  the  population  medians  are 
zero,  with  a rather  simple  covariance  matrix.  If  f(x,,x2)  is  the  bivariate  normal  distribution  with 
correlation  coefficient  p,  the  author  shows  that  the  limiting  value  of  the  correlation  between  y,  and  y2 
(and  hence  between  x,  and  x2)  is  (2/77)  sin  'p-  He  extends  his  analysis  to  the  case  of  k-dimensional 
distributions,  showing  that  the  limiting  joint  probability  density  function  of  k quantities  analogous  toy, 
and  y2  is  a k-variate  normal  density  function.  For  k=3.  he  gives  the  elements  of  the  covariance  matrix 
explicitly. 

Reference:  Craig  ( 1932a). 

Citation:  Wilks  (1948). 

* Paulson,  Edward  ( 1941 ).  On  certain  likelihood  ratio  tests  associated  with  the  exponential  distribution. 
Annals  of  Mathematical  Statistics  12,  301-306.  (JFM  67,  480:  MR  3,  174-175). 

Summary:  The  author  considers  the  elementary  probability  law  <r  ' e x 1,1  ,r.  B*sx<x.and  calculates 
the  power  functions  of  the  iikelihood-ratio  tests  for  the  following  three  hypothesis:  ( 1)  the  hypothesis 
that  the  location  parameter  B is  equal  to  some  specified  value  |0,  without  loss  of  generality  ( w.l.o.g.l],  it 
being  assumed  that  the  scale  parameter  <r  is  known:  (2)  the  hypothesis  that  B is  equal  to  some  specified 
value  [0,  w.l.o.g.  | when  nothing  is  known  about  <r,  (3)  the  hypothesis  that  two  samples  have  been  drawn 
from  exponential  populations  with  the  same  location  parameter,  assuming  it  is  known  that  the  samples 
must  have  come  from  two  exponential  distributions  with  the  same  scale  parameter.  He  also  shows  that 
all  three  tests  are  unbiased.  In  each  case  the  likelihood  ratio  is  a function  of  the  sample  order  statistics. 
In  the  first  two  cases  let  x,=sx2s  . . . sxn  be  a sample  of  size  n.  Then  the  likelihood  ratios  are  A,  e "')  and 
\2=  { 1/ [ 1 + nx,  }Ln  , ix,  - x,)  |}n.  respectively.  Inthethirdca.se,  let  x,sx,s...s  x^andy,  sy,  . . . =£ 
y„  be  two  samples  of  sizes  n,  and  n2,  N n,  + n2.  Then  the  likelihood  ratio  is  A,  = 1 1 ( 1 + z u)  |\  where  z = 
n2  (y,  - x,)  if  y,  > x„  z = n,  ix,  - y,t  if  x,  > y„  and  u ix,  x,i  + <v,  - y,i. 

References:  Neyman  & Pearson  (1928),  Sukhatme  (1936,  1937). 

Citations:  Kendall  (1946).  Lehmann  i 1947). 
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* Pizzetti,  Ernesto  1 1941a>.  Betrachtungen  iiber  die  Messung  der  Variability  vermittels  der  mittleren 
Differenz  nach  Gini.  Archil'  fur  Rassen-  und  Gesellschafts-Biologie  34,  321-328.  (JFM  67,  475i. 

Summary:  The  author  notes  that  Gottschick  1 1939'  cites  the  formula  d = [2  i n2-m]  [p,  ip2  + 2p3  + . . . + 
(s-l>ps)  + p.,ip.,  + 2p4  + . . . + is-2)p,,i  + ...  +Ps-iPs].  given  by  Lenz  & von  Verschuer  (19281, 
as  a measure  of  variability  of  a series  of  values  grouped  into  classes  of  unit  width,  where  p,  is  the 
frequency  of  the  ith  class.  He  points  out  that  d is  nothing  but  the  mean  difference  defined  by  Gini  ( 1912)  as 
A = [2  n( n — 1 )]  Sfil1-  in-t-l-2i>  lxn_1+I-x,),  where  x,(j  = 1,  . . .,  n>  is  the  n,h  observation  in  ascending 
order.  Another  formula  given  by  Gini  ( 1912),  for  grouped  data,  is  A = [4  n i n-1  > ] — f= , dk.M  lxk  _ M|,  where 
M is  the  median  of  the  given  series  and  dkM  is  the  mean  graduated  distance  from  M of  the  pk  quantities  in 
the  class  with  class  mark  xk,  where  by  the  graduated  distance  of  two  quantities  x,  and  x2  we  understand 
the  number  ( increased  by  1 • ot  terms  of  the  series  lying  between  them.  The  author  also  gives  alternate 
formulas  for  A due  to  other  writers.  Czuber  (1914)  has  shown  that  A = 2 ( S'  — S)  n i n—  1 (where  S'  = xn  + 

( xn  + X„_,I  +(xn+xn_,  + x„_2)  t ...  -MX„  + x„. ,+...+  x, i andS  = x,  + (x,+x2)  + (x1+x2+x3i  + ...+(x,+ 
x2  + . . . + x„).  A.  de  Gleria  ( 1929)  has  shown  that  S+S'  = ( n-1  iXk=1xh,  so  that  Czuber’s  formula  may  be 
rewritten  in  the  form  A = 2{(n+l)lJI=1xh-2S}  n(n-l).  Pietra  1 1925)  and  de  Gleria  1 1930)  have  modified 
Czuber's  formula  to  accommodate  grouped  data,  obtaining  A = [2  n in  — D]  {iLk=s,Pk  + 1'  -k*,Pkxk  — 
-k= , Pk  'Pk+  1 --  — T-k* iPi 1 }-  while  de  Finetti  and  Paciello  1 1930)  have  shown  that  A = [2  n i n - 1 1]  Lkl',  qk- 
'9  -Qk1 ' xk- 1 — xk *•  where  qk  = p,  + p2  + . . . + pk  and  q = p,  + p>  + . . . + ps.  The  author  applies  the  various 
formulas  for  grouped  data  to  data  on  the  cranial  indices  of  6209  soldiers  grouped  into  31  classes,  and  finds 
that  these  formulas  require  the  following  numbers  of  arithmetical  operations  (additions,  subtractions, 
multiplications,  and  divisions):  von  Verschuer  & Lenz,  499:  Gini,  190:  Pietra-de  Gleria.  130;  de  f inetti 
& Paciello,  97. 

References:  Bowley  (1901)  1 1920],  Gini  (1912),  Czuber  1914),  Gini  (1914a).  Weinberg  (1916).  Gini 
(1918),  Dalton  (1920).  Julin  (1921),  Pietra  (1925),  Gumbe!  (1928),  Lenz  & von  Verschuer  (1928),  de 
Gleria  ( 1929).  de  Finetti  & Paciello  1 1930),  de  Gleria  ( 1930),  Gini  1 1939),  Gottschick  ( 1939). 

Citation:  Pizzetti  ( 1941c). 

Pizzetti,  Ernesto  (1941b).  Relazione  fra  il  rapporto  de  concentrazione  e l'indice  di  concentrazione  del 
Gini.  Atti  della  II  Riunione  Scientifica  della  Societa  Italiana  di  Statislica.  pp.  11-24.  (JFM  67,  476). 

Summary:  Let  0sa,sa2s  . . . « an  and  A, =— J.  t ak.  Gini  ( 1910,  1914a  * [see  also  Gini  < 1939)]  defines  the 

concentration  index  8 of  the  quantities  a,,  a2 an  by  in-i)  n = [(An-Ap  An]6  (so  far  as  8 remains 

approximately  constant  as  i varies)  and  the  concentration  ratio  by  R = X"^,(i  n— A,  A„)  L1=,  (i  ni.  By 
binomial  expansion  of  [( n — i ) n]1  ®,  the  author  proves  that  the  relation  R = 1 —3  28  + 7 1282  - 1 1283isa 
good  approximation  for  8 > 1 and  reduces  for  sufficiently  large  n to  the  less  exact  relation  R = <8  — 1 > 
(8  + 1*  given  by  Gini.  He  compares  both  8 and  R with  a third  index  a.  where  n— i = H xQ  and  H is  a 
constant,  proposed  by  Pareto  ( 1897 ).  He  illustrates  his  results  by  a numerical  example  on  distributions  of 
income. 

References:  Pareto  ( 1897).  Gini  (1910.  1914a.  1939). 


Pizzetti.  Ernesto  (1941c>.  Un  nuovo  aspetto  nella  misura  della  variability  Statistica  (Ferrara'  1, 
315-325.  (JFM  67.  1058 — listing  only). 

Summary:  Given  a sequence  of  n positive  numbers  x,  s x2  =£  . . . =£  xn.  the  author  defines  the  following 
measures  of  variability:  Mean  oscillation,  fl  = [2  n< n — 1 ) ] i.k,2ixkx,  + xk  x2  + . . . + xkxk_,>;  Mean 
oscillation  with  repetition.  l!r=[2  n i n + 1 1)  ' xk  x,  + xk  x2+  . . . + xk  xki:  Mean  quotient.  (}  = |(x2  x , • 

lx..,  x,  i ix,  x.  i ...  i x„  x,i  ixn  x2>  . . . ixn  xn  ,)]-’  >'  n-i  ; Mean  quotient  with  repet  i tit  ion.  Qr  = (<  x,  x,)  (x2  x , » 
ix,  x2>  . . . (xn  x, » ixn  x2)  . . . ixn  xn>|2n,n' 1 .He  shows  that  Hr  = [in-1 ) in  + l )]  fi+2  in  + l i and  log  Qr  = 
[ini'  in  + li)  log  If.  also  that  the  logarithm  of  the  mean  quotient  is  equal  to  the  mean 


difference  of  the  logarithms  of  the  numbers  in  the  sequence.  He  gives  examples  of  the  computation  of  the 
above  measures  for  ungrouped  and  for  grouped  data,  and  compares  their  values  in  the  latter  case  with 
those  of  the  mean  difference,  the  mean  difference  with  repetition,  the  mean  deviation  from  the  arithme- 
tic mean,  and  the  root-mean-square  deviation  from  the  arithmetic  mean.  He  shows  that  if  the  sequence 
of  numbers  has  a lower  limit  1 and  an  upper  limit  L,  then  ft,  ftr,  Qand  Qrall  attain  their  maximum  values 
(which  he  gives)  for  n/2  numbers  equal  to  I and  n/2  numbers  equal  to  L when  n is  even,  and  for  ( n + 1 )/2  [or 
(n-l)/2]  numbers  equal  to  I and  (n  — 11/2  [or  (n  + li/2]  numbers  equal  to  L when  n is  odd.  For  calculating 
Q,  he  recommends  formulas  based  on  those  for  the  mean  difference  given  by  Gini  (1939),  de  Gleria 
(1929),  and  de  Finetti  & Paciello  ( 1930),  for  which  the  author  has  discussed  the  rapidity  of  calculation  in 
an  earlier  paper  [Pizzetti  ( 1941a)].  For  calculation  of  ft  for  grouped  data,  he  recommends  the  formula  ft  = 
[2/n(n-l)] [( f,/x,) (f2x2  + . . . + fsjcs)  + (f2/x2) (f3x3  + . . . + f.xs)  + . . . + fs_,(fs./xs)  +(  £ ) + ...+(£■)],  where s 
is  the  number  of  distinct  values  of  x and  f,  is  the  number  of  times  x,  occurs  in  the  sequence. 

Note:  The  compiler  has  corrected  an  obvious  typographical  error  in  the  author’s  definition  of  Qr. 

References:  de  Gleria  (1929),  de  Finetti  & Paciello  (1930),  de  Gleria  (1930),  Gini  (1939),  Pizzetti 
(1941a). 

Citation:  Boldrini  (1942). 

* Rajalakshman,  D.  V.  (1941).  On  the  extreme  values  of  samples  taken  from  a rectangular  population.  The 
Mathematics  Student  9,  103-111.  (MR  4,  21). 


Summary:  Let  fim  and  vm  be  the  mlh  moments  of  the  maximum  and  minimum  values  in  samples  of  size  n 
taken  from  an  infinite  rectangular  population  of  range  io,  about  their  respective  arithmetic  means.  The 
author  derives  the  following  formulas:  nm  = [G>/(n  + l)]mF( -m,l;n  + l;n  + 1);  vm  = (-l)"ym,  where  F 
(a,b;c;z)  = 1 + (a-b/l-c)z  + [a(a  + l)  • b(b  + 1 )/ 1 • 2 • c • (c  + l)]z2  + . . . is  the  hypergeometric  function.  The 
author  gives  two  derivations,  the  first  using  a result  of  Pearson  & Pearson  ( 1931 ) and  the  second  using  a 
method  similar  to  that  of  Sastry  (1935).  He  verifies  the  results  experimentally,  and  finds  that  the 
empirical  distributions  of  extreme  values  are  of  Pearson  type  IX. 


References:  Pearson  & Pearson  (1931),  Sastry  (1935). 
Citation:  Rajalakshman  (1943). 


* Roller,  Paul  S.  (1941).  Statistical  analysis  of  size  distribution  of  particulate  materials,  with  special 
reference  to  bi modal  and  frequency  distributions.  Correlation  of  quartile  with  statistical  values.  Journal 
of  Physical  Chemistry  45,  241-281.  (JFM  67,  486). 


Summary:  The  author  has  found  empirically  that  the  size  distribution  of  particulate  materials  may  be 
either  a univariate  distribution  with  c.d.f.  of  the  form  F(xi  = ax  1 2e  )>*,  the  corresponding  p.d.f.  being  of 
Pearson  type  III  and  a and  b being  parameters  of  the  distribution,  or  a bi  varate  distribution  consisting  of 
a mixture  of  two  such  distributions,  with  parameters  a',  b’  and  a",  b"  respectively.  The  author  states  that 
four  statistical  constants  characterize  a material  as  to  size:  surface  area  per  gram  S.  coefficient  of 
uniformity  U,  coefficient  of  regression  R.  and  number  of  particles  per  gram  N.  He  defines  regression  as  a 
deficiency  of  the  very  coarsest  sizes  relative  to  the  others,  which  is  unrelated  to  the  usual  statistical 
definition  of  the  term.  Given  observations  which  represent  a random  sample  from  the  size  distribution, 
one  can  estimate  the  parameters  a,  b (or  a',  b',  a",  b"  in  the  case  of  a bimodal  distribution),  or  he  can 
estimate  the  median  and  the  quartiles.  The  statistical  constants  S.  U.  R,  N can  be  estimated  from  the 
parameters,  or  S and  N can  be  estimated  from  the  median  and  U and  R from  the  median  and  the 


■ 


quartiles.  The  author  defines  the  quartile  coefficient  of  uniformity  bv  U„  = 1.2x30/ix7.-,-x2s>,  where  x50  is 
the  median  and  x2:,  and  \r,  are  the  first  and  third  quartiles.  respectively.  He  states  that  results  based  on 
the  quartiles  are  good  when  U„  is  high.  He  also  considers  distributions  other  than  the 
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Pearson  type  III  for  the  size  of  the  particles,  including  the  lognormal  and  the  Weibull  (third  asymptotic 
distribution  of  smallest  values). 

References:  Pearson  (1895),  Rosin  & Rammler  (1934),  Bond  (1935). 

* von  Schelling,  Hermann  ( 1941 1.  Die  Bedeutung  der  statistischen  Methodik  fur  die  Biologie.  Ergebnisse 
des  Hygiene,  Bakteriologie,  Immunitatsforschung  und  Experimentellen  Thercipie  24,  87-149.  (JFM  67, 
500). 

Summary:  In  this  largely  expository  article  on  statistical  methodology  in  biology,  the  author  includes  a 
section  (Section  12,  pp.  141-143)  on  confidence  limits  for  the  true  median  of  a population.  He  points  out 
that  the  median,  not  being  influenced  by  the  extreme  observations,  is  often  a better  average  to  use  in 
biometry  than  the  arithmetic  mean.  Given  n measurements  . . s=  ( x,  he  notes  that  i points  lie  to 

the  left  of  the  division  point  A,  = ( ( , + f , )/2,  i = 1,2 N-l.  He  gives  a new  method,  different  from  that 

of  Thompson  ( 1936),  of  finding  lower  and  upper  confidence  limits,  A'  and  A",  for  a specified  confidence 
level,  by  use  of  the  values  of  A defined  above.  He  applies  his  results  to  data  on  the  survival  time  of  99 
rabbits  inoculated  with  tubercle  bacilli.  He  also  notes  that  the  middle  observation  (the  50th  of  99)  is  the 
observed  (sample)  median. 

References:  von  Mises  ( 1931),  Thompson  ( 1936). 

* Simon,  Leslie  E.  (1941).  An  Engineer's  Manual  of  Statistical  Methods.  John  Wiley  & Sons,  Inc.,  New 
York;  Chapman  & Hall,  Ltd.,  London. 

Summary:  In  Chapter  VII  (pp.  63-70)  the  author  gives  a method  of  process  inspection  (sampling  by 
variables)  based  on  the  use  of  control  charts  for  average  (X)  and  standard  deviation  ( cr ).  In  Appendix  C 
(pp.  188-207)  he  gives_an  alternate  system  based  on  the  range  of  subgroups.  The  control  limits  for 
averages  are  given  bv  X ± AR,  where  X is  the  average  of  the  subgroup  averages,  R the  average  range, 
and  A is  given  in  Table  Cl  ip.  205).  The  control  limits  for  ranges  are  given  by  DR,  where  D is  selected  in  a 
symmetric  manner  with  respect  to  probability  (e.g.  D(MHI5  and  D„  „9S)  or  with  respect  to  multiples  of  the 
standard  deviation  ( D :j,r  and  D.:t(r),  and  D is  given  in  Table  C2  (p.  206).  Three-decimal-place  values  are 
given  in  Table  C 1 for  A.jfr,  A, A„ , An  A„  and  Ann,  and  in  Table  C2  for  D .j(r,  Dn  D„ ,,,,  D„  0i-„  Dn 
D , jlf , Dimb  and  D„,„,  for  sample  size  n=2(  1)15.  In  comparing  the  two  systems,  the  author  writes 

i pp.  63-64):  "The  method  of  process  inspection  . . . based  on  standard  deviation  . . . requires  the  squaring 
of  numbers  and  the  taking  of  square  roots.  . . . The  method  of  standard  deviation  is  offered  because  of  its 
broad  applicability  and  high  efficiency,  i.e.  greater  information  from  a given  number  of  samples.  . . . 
However,  conditions  are  frequently  met  in  practice  where  it  is  more  economical  to  take  a few  more 
samples  and  avoid  computational  labor.  ...  In  that  event  the  simple  method  offered  in  Appendix  C may 
be  used  to  advantage,  this  method  is  based  on  the  range,  i.e.  the  difference  between  the  greatest  value 
and  least  value  in  a sample.  . . . Range  on  a sample  of  10  may  be  said  to  convey  approximately  the  same 
information  is  standard  deviation  on  a sample  of  9.  ...  "In  Chapter  XII  (pp.  133-143)  the  author 
discusses  various  measures  of  dispersion,  including  the  standard  deviation,  the  range,  the  mean 
deviation,  the  mean  successive  difference,  and  the  root-mean-square  successive  difference,  together 
with  the  relative  efficiency  (assuming  normality)  of  the  various  measures. 

References:  Laplace  (1812)  1 1886 ).  Helmert  ( 1876a),  Cranz  ( 1896)  |Cranz  & Becker  ( 1921 )],  Poincare 
1 1896i  1 1 9 1 2 1 . Yule  (1911)  |Yule  & Kendall  (1937)],  Keynes  (1921),  Whittaker  & Robinson  (1924), 
Coolidge  (1925),  Tippett  (1925),  E.  S.  Pearson  (1926),  Student  (1927),  K.  Pearson  (1931),  Shewhart 
1 1931),  Dodge  et  al.  1 1933),  Davies  & Pearson  ( 1934),  E.  S.  Pearson  (1935). 

Citations:  Dodge  (1933),  Knudsen  (1943),  Pearson  & Hartley  (1943),  Hartley  (1944),  Grant  (1946), 
Kendall  1 1946i. 
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* Smirnoff,  N.  [Smirnov,  N.  V.  ] ( 1941 ).  On  the  estimation  of  the  maximum  term  in  a seriesof  observations. 
Comptes  Rendus  i Dokladyl  de  I'Academie  des  Sciences  de  TL’RSS  < N . S.  > 33  ( 5 ),  346-350.  ( MR  5,  127). 

{Summary:  The  author  writes  (p.  346):  "Let  the  sequence  x,  < x2  < . . . <x„  ( 1 ) represent  the  results  of  n 

independent  observations  of  a random  variable  x,  enumerated  in  ascending  order  of  magnitude.  We 
suppose  that  x follows  the  normal  law  of  distribution  with  the  centre  a = Ex  and  the  variance 
<r2  = E{x  -a}2.  Assume,  however,  that  for  some  individual  observation  there  may  be  realized  with  a small 
probability  another  law  of  distribution,  different  from  the  normal  one  with  a larger  variance.  This  fact 
usually  accounts  for  the  appearance  at  the  ends  of  the  series  ( 1 ) of 'abnormal'  results  strongly  deviating 
from  the  mean.  Thus,  the  question  arises  as  to  a statistical  rule  to  be  followed  for  the  elimination  of  the 
extreme  terms  of  the  variational  series  ( 1 ) in  the  analysis  of  observational  data  or,  in  other  words,  as  to 
the  limit  of  deviations  from  the  mean  to  be  considered  practically  impossible  to  pass,  provided  there 
exists  a normal  law  of  distribution  for  a given  number  of  observations.  A variety  of  such  rules  is  known  in 
literature  [Cranz  (1896)  {Cranz,  Eberhard  & Becker  (1925}].  That  most  frequently  used  in  practice  is 
Chauvenet's  [( 1863)  j rule,  the  theoretical  foundation  of  which  is  not  satisfactory.  A more  correct,  though 
incomplete  solution  of  the  problem  has  been  obtained  by  W.  R.  Thompson  (( 1935)].  In  the  present  note  we 
obtain  the  law  of  distribution  of  the  maximum  deviation  from  the  mean  upon  which  the  evaluation  of  the 
extreme  terms  is  to  be  based.”  The  author  proceeds  to  find  the  cumulative  distribution  function  rn(  A)  of£„ 
= (xn-x)/s,  where  x is  the  sample  mean  and  s is  the  square  root  of  the  sample  variance.  For  any  fiducial 
probability  a,  the  limits  An(«)  of  significance  for  are  determined  bv  the  equation  t„(  A)=n.  The  author 
tabulates  these  limits  (2DP)  for  n = 3(  1 >20  and  a = 0.9,  0.925,  0.95,  0.975.  He  states  that,  for  small  n,  his 
limits  An(«)  do  not  differ  much  from  those  of  W.  R.  Thompson. 

References:  Chauvenet  (1863),  Cranz  (1896)  [Cranz,  Eberhard  & Becker  (1925)],  Thompson  ( 1 935 ). 

* Thompson,  Catherine  M.  (1941).  Tables  of  percentage  points  of  the  incomplete  Beta-function.  Prefatory 
note  by  E.  S.  Pearson;  description  of  the  calculation  by  L.  J.  Comrie  and  H.  O.  Hartley;  methods  of 
interpolation  by  H.  O.  Hartley.  Biometriko  32,  151-181.  (MR  3,  1 53 ). 

Summary:  The  percentage  points  of  the  incomplete  Beta-function  (i.e.,  the  values  of  x satisfying  the 
equation  [l'(p  +qi  I'( p ) I iq>]J,}x''  '( 1 -x)'1  'dx  = P>  are  tabulated  (to  five  significant  figures)  for  P = 0.005, 
0.01,0.025,  0.05,0.10,  0.25  and  0.50;  2q  = 111  ilO,  12,  15,20,24,30,40,60,  120,*. and  2p  = 1(1)30.40.60. 
120,  *.  The  purpose  of  the  table,  the  methods  of  calculation,  and  appropriate  methods  of  interpolation  are 
explained  in  the  introductory  material. 

Note:  These  tables  are  relevant  to  our  study  because  the  incomplete  Beta-function  ratio  Iv<p.q(  tabulated 
is  the  <»  probability  point  of  the  rlh  order  statistic  of  a sample  of  size  n for  the  uniform  distribution  with 
p.d.f.  fix)  = 1,  0 s x s 1 for  x = c».  p = r.  q = n-r  + 1. 

References:  Yule  (1911)  |Yule  & Kendall  (1937)],  K.  Pearson  (1931),  Fisher  & Yates  (1938). 

Citations:  Fisher  & Yates  1 1938)]  1943 1,  Mathisen  ( 1 943 ».  Hartley  1 1944i.  Kendall  ( 1946 1.  Eisenhart  & 
Solomon  ' 1947),  Murphy  ( 1948),  Nair  < 1948a),  Noether  ( 1948,  19491. 

* Tucker,  John,  Jr.  (1941).  Statistical  theory  of  the  effect  of  dimensions  and  of  method  of  loading  upon  the 
modulus  of  rupture  of  beams.  Proceedings  of  the  American  Society  for  Testing  Materials  41,  1072- 1088; 
discussion.  1089-1094. 

Summary:  "There  is  an  inherent  difference  in  the  strength  of  duplicate  test  specimens  no  matter  how 
carefully  these  specimens  are  made  or  tested.  Such  differences  are  a natural  characteristic  of  the 
materials  and  are  more  pronounced  in  some  than  in  others.  The  paper  shows  how  the  variations  in  the 
strength  of  small  elements  of  volume  within  a specimen  will  affect  the  modulus  of  rupture  of  beams  of 
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different  dimensions  and  beams  subjected  to  different  loading.  For  example,  the  modulus  of  rupture  of  a 
beam  will  be  decreased  with  beam  length  and  with  beam  depth  and  will  be  greater  in  centrally  loaded 
beams  than  in  similar  beams  loaded  at  third  points.”  lAuthor’s  synopsis,  p.  1072).  The  discussion 
includes  comments  by  Gerald  Pickett  and  G.  R.  Gause  and  a closure  by  the  author.  Pickett  writes  ip. 
1089):  "Mr.  Tucker  . . . has  questioned  the  application  of  the  weakest-link  theory  to  elements  in  parallel 
and  has  proposed  instead  the  strength-summation  theory. . . . His  analysis  of  beams  differing  in  width  on 
the  basis  of  this  summation  theory  is  excellent.  However,  the  writer  sees  no  reason  why  the  theory 
cannot  also  be  used  for  beams  of  varying  depth  . . . Gause  writes  (p.  1091):  "In  comparing  Mr.  Tucker's 
treatment  of  the  statistical  viewpoint  with  the  treatment  used  by  Weibull  the  outstanding  difference  to 
be  noted  is  the  introduction  by  Mr.  Tucker  of  the  so-called  'strength-summation  theory-.  As  stated,  this 
theory  appears  to  apply  to  certain  problems  and  to  give  results  which  agree  better  with  test  data. 
However,  certain  applications  of  this  theory  will  lead  to  inconsistencies.  . . In  his  closure,  the  author 
comments  at  some  length  on  these  and  other  points  raised  by  the  discussants. 

References:  Griffith  (1920),  Tippett  (1925),  Tucker  ( 1927 ),  Weibull  (1939a). 

Citations:  Tucker  ( 1945a, b),  Epstein  (1948b),  Frankel  (1948),  van  Meer  & Plantema  (1949). 

* Wald,  A.;  Wolfowitz,  J.  ( 1941 ).  Note  on  confidence  limits  for  continuous  distribution  functions.  A nnalsof 
Mathematical  Statistics  12,  118-119.  (MR  3,  9). 

Summary:  The  authors  call  attention  to  papers  by  Kolmogoroff  ( 1933)  and  Smirnoff  1 1939a)  containing 
results  which  anticipate  some  of  those  in  an  earlier  paper  by  the  authors  [Wald  & Wolfowitz  ( 1939)).  The 
results  of  Kolmogoroff  and  Smirnoff  provide  an  easy  method  of  constructing  tables  for  computing 
confidence  limits  for  a cumulative  distribution  known  to  be  continuous.  The  authors  correct  a typo- 
graphical error  in  an  equation  given  by  Smirnoff  ( 1939a). 

References:  Kolmogoroff  (1933),  Smirnoff  (Smirnovl  (1939a),  Wald  & Wolfowitz  (1939). 

Citations:  Scheffe  ( 1943),  Kendall  ( 1946),  Wilks  < 1948 1. 

* Wilks,  S.  S.  1 1941 ).  Determination  of  sample  sizes  for  setting  tolerance  limits.  Annals  of  Mathematical 
Statistics  12,  91-96.  (JFM  67,  481-482:  MR  3,  9). 

Summary:  "A  method  based  on  truncated  sample  ranges  (quasi-ranges  | for  determining  size  of  sample 

required  for  setting  tolerance  limits  (L,  = xr,  L2  = xn_r+1,  where  x,(  = 1,2 nl  is  the  i,h  order  statistic  of  a 

sample  of  size  n | on  a random  variable  x having  any  unknown  continuous  distribution  fix)  and  having  a 
given  degree  of  stability  is  given.  A method  for  setting  tolerance  limits  |Lj  = x -ks,  L'2  = x +ks.  where  x 
and  s are  the  sample  mean  and  standard  deviation!  corresponding  to  a given  degree  of  stability  in  case 
fix)  is  normal  is  discussed  and  a comparison  of  the  stabilities  of  the  tolerance  limits  set  by  the  two 
methods  in  the  normal  case  is  made.  Illustrative  examples  of  the  methods  are  given.”  (Author's 
summary,  p.  96).  If  P is  the  proportion  of  the  normal  universe  in  (xr,  xn  r. ,)  and  P'  that  in  ( x ks.  x - ks) 
when  E<  Pi  = E(P'(  = a.  then,  to  within  terms  of  order  1/n,  <r,,2  = a(  1 — a ) n and  cr,.2  t e 1 n-n.  where 
k \ n'(  n + 1 ).  For  a large  sample  of  a given  size,  sav  n ” 100,  and  a = 0.99,  the  efficiency  ratio  tr{,  it  • is 
0.28. 

References:  Shewhart  1 193 1 ).  Gumbel  (1935a). 

Citations:  Wald (1942),  Wilks (1942), Scheffe (194.3).  Wald  (1943).  Wilks  ( 1 943 1.  Robbins < 1944a (.Grant 
1 1946).  Kendall  1 1946i.  BickerstafT  1 1947 1,  Tukey  1 1947),  Wilks  1 1948).  Wolfowitz  1 1949(. 

* Aldanondo,  I.  1 1942).  Cuestiones  resueltas  iniimero  18).  Revista  Matematica  Hi  spa  no- Americana  ( 4 i 2, 
232-241.  (JFM  68.  282). 
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Summary:  Let  the  random  variable  x have  a distribution  whose  probability  density  function  i p.d.f.  > is  C 
x e*x!-.  0 =£  x *£  x.  The  author  finds  that  the  normalizing  constant  C is  1.  the  median  value  of  x is  \ ln4, 
its  mean  value  is  \V2,  its  standard  deviation  is  V<4-w>/2,  and  its  mode  is  1.  For  a random  sample  of 
size  n from  this  distribution,  let  u be  the  smallest  value  (first  order  statistici  and  v the  largest  value  ' n'h 
order  statistic'.  The  author  shows  that  the  p.d.f.  of  u is  nue-"u2;-'and  its  cumulative  distribution  function 
ic.d.f.  i is  1-e  nu"2,  while  the  p.d.f.  of  v is  nv[l  -e-'!  z]n-i  e-vs  2 and  its  c.d.f.  is  [1  -e-'!-]n.  The  author  shows 
that  the  median  value  of  v is  v„={2  ln[2‘  n (21  n - 1 1)}1  -,  and  its  limiting  value  as  n— is  limn  ,,v„  = 
V21nin  ln2>:  moreover,  for  any  e >0,  limn_*  P(v„-e  =s  v =s  v„+ei  = 1.  Now  let  e be  a number  with 
unspecified  sign  and  let  v = vn+e,  with  e = w v„;  the  author  shows  that  the  c.d.f.  of  w is  tl  2)*  “. 

Beard,  L.  R.  (1942).  Statistical  analysis  in  hydrology.  Proceedings  of  the  American  Society  of  Civil 
Engineers  68,  1077-1088;  discussion,  68,  1458-1464,  1661-1669  and  1847-1849;  69  1 1943),  299-305  and 
995-1005.  Transactions  of  the  American  Society  of  Civil  Engineers  108  (1943).  1110-1121:  discussion. 
1122-1160. 

Summary:  On  page  1077  the  author  gives  the  following  synopsis:  "The  basic  principles  of  the  duration 
[cumulative  frequency]  curve  are  reviewed  in  this  paper  in  such  a manner  as  to  outline  the  various  ways 
in  which  it  is  properly  used  in  hydrologic  analyses.  Some  of  the  details  and  differentiations  discussed  are 
of  small  significance  compared  to  inaccuracies  existing  in  the  greater  part  of  the  hydrologic  data 
available  today.  However,  the  proper  use  of  the  duration  curve  is  essential  to  a fundamental  understand- 
ing of  statistical  analysis  and,  since  proper  use  is  no  more  difficult  than  improper  use.  the  differentia- 
tions are  deemed  relevant  from  an  engineering  standpoint.”  On  page  1088  he  states  the  following 
conclusions:  "(a)  In  order  to  represent  best  a distribution  curve  using  a finite  number  of  occurrences,  the 
occurrences  should  not  be  plotted  with  equal  spacing;  < b » Following  from  conclusion  (a),  the  plotting  of 
series  of  occurrences  above  a base  value  as  a complete  series  is  not  mathematically  rigorous:  ( c ) The  use 
of  the  Gaussian  normal  distribution  curve  has  in  no  way  been  proved  to  be  inapplicable  to  a properly 
chosen  rainfall  or  runoff  series:  id)  The  duration  curve  can  be  used  to  determine  the  occurrence  that 
probably  will  not  be  exceeded  within  a given  period  as  well  as  that  occurrence  which  will  be  exceeded  ion 
the  average)  once  within  a given  period:  and  ie)  The  ’maximum  probable’  flood,  adequately  defined,  can 
be  determined  bv  use  of  the  duration  curve.”  The  discussion  includes  contributions  by  L.  Standish  Hall. 
H.  Allen  Foster,  Ralph  VV.  Powell,  E.  J.  Gumbel  and  others.  Much  of  the  discussion  deals  with  the  choice 
of  plotting  positions.  Gumbel’s  contribution  ( Vol.  69.  pp.  995-1005)  is  especially  significant.  On  page  995 
he  notes  that  the  author  has  raised  two  important  questions:  ”<a>  What  are  the  adequate  statistical 
theories  available  for  distributions  observed  in  hydrology:  and.  especially,  which  theoretical  distribu- 
tion must  be  chosen  for  the  largest  observed  values:  and  lb)  How  should  the  observed  frequencies  be 
corrected  to  account  for  the  small  number  of  observations.”  On  page  1005  he  summarizes  his  contribu- 
tion as  follows:  "The  correction  of  the  observed  frequencies  is  important  for  all  observations  if  their 
number  is  small  and.  only  for  the  largest  observations,  if  the  number  of  observations  is  large.  A general 
correction,  which  holds  for  all  distributions  and  for  any  number  of  observations,  does  not  exist.  To  obtain 
the  corrected  frequencies,  the  theoretical  distribution  corresponding  to  the  observations  must  he  known. 
Assuming  that  the  corrected  frequency  of  the  m,h  observations  is  the  probability  of  the  most  probable  m,h 
value,  the  corrected  frequencies  and  return  periods  for  any  distribution  and  for  any  number  of  observa- 
tions are  obtained  from  . . . (equations  given  on  page  1000],  The  corrections  vary  for  different  distribu- 
tions. It  is  safe  to  assume  that  the  theory  of  the  largest  value  land  not  the  normal  distribution)  holds  for 
the  flood  discharges.  The  return  periods  of  the  most  probable  largest  flood  discharges  are  the  recurrence 
intervals." 


References:  Yule  i 191  1 1 [ 1 9 1 7 1.  Foster  i 1924).  Tippett  < 1925).  Goodrich  < 1927).  llazen  1 1930).  Foster 
i 1934  i,  Slade  ( 1934 1 1 1 936 1.  Foster  i 1936),  Gumbel  1 194  la. b.  1942c).  Kimball  (1942).  Powell  1 1943 1. 


Citations:  Gumbel  iI945a).  Lane  & Lei  '1949). 


* Boldrini,  Marcello  ( 1942).  Statistiea.  Teoria  e Metodi.  A.  Giuffre.  Milan,  t JFM  68, 286-287  >.  Fifth  edition, 
1968, 

Summary:  This  book  is  divided  into  two  parts,  the  first  theoretical  and  the  second  methodological. 
Chapter  II  (pp.  33-80)  [see  note  below]  is  a brief  history  of  probability  and  statistics.  Mention  is  made  of 
the  following  authors  whose  work  is  relevant  to  the  present  study:  Galilei,  Simpson,  D.  Bernoulli,  Euler, 
Lagrange,  Laplace,  Legendre,  Gauss,  Bessel,  Cauchy,  Quetelet,  Herschel,  Todhunter,  Lexis, 
Edgeworth,  Fechner,  Galton,  Bertrand,  K.  Pearson,  Sheppard,  Bowley,  Yule,  M.  Greenwood.  Gini. 
Pietra,  Galvani,  "Student”,  R.  A.  Fisher,  E.  S.  Pearson,  Neyman,  Hotelling,  M.  G.  Kendall,  Wald, 
Bartlett,  Snedecor,  and  Yates.  Chapters  VIII  and  IX  (pp.  301-382)  deal  with  the  method  of  least  squares 
and  the  arithmetic  mean.  Chapter  X (pp.  383-472)  deals  with  empirical  means,  including  the  arithmetic 
mean,  the  mode,  the  median,  the  power  means,  the  geometric  mean,  and  the  harmonic  mean.  The  author 
discusses  the  median  in  Sec.  13  (pp.  433-434).  He  gives  a proof  by  Bonferroni  of  the  proposition  that  the 
sum  of  the  absolute  deviations  of  a set  of  values  from  their  median  is  less  than  from  any  other  value.  In 
Sec.  14  (pp.  434-439),  he  discusses  calculation  of  the  median  from  grouped  data,  and  in  Sec.  15  (pp. 
439-440),  he  compares  it  with  the  arithmetic  mean  and  the  mode.  Other  quantiles,  specifically  the 
quartiles,  deciles,  and  centiles  are  discussed  inSec.  16  ( pp.  440-444).  In  Chapters  XI  and  XII  ( pp.  473-702), 
the  author  discusses  measures  of  dispersion.  In  Ch.  XI,  Sec.  25  tpp.  525-527 ) he  notes  that  (for  samples 
from  a normal  population)  the  standard  error  of  the  median  is  1.253  times  that  of  the  mean,  and  that  of 
each  of  the  quartiles  is  1.363  times  that  of  the  mean.  In  Ch.  XII,  Secs.  3-7  (pp.  648-670),  he  treats  the 
mean  absolute  deviation  (from  the  mean  and  from  the  median),  the  range,  the  mean  absolute  difference 
of  Gini,  measures  of  relative  dispersion,  and  measures  of  concentration.  Analytical  measures  of  concent- 
ration due  to  Gini  and  to  Bonferroni  are  discussed  in  Sec.  13  (pp.  685-693).  Further  discussion  of  the 
method  of  least  squares  is  given  in  Ch.  XIV,  Sec.  9 (pp.  848-852),  but  only  brief  mention  is  made  of 
alternative  methods  — minimizing  the  sum  of  absolute  deviations  ( proposed  by  Laplace  and  Edgeworth: 
no  mention  is  made  of  Boscovich)  and  minimizing  the  maximum  deviation  i which  the  author  attributes 
to  Tchebycheff).  On  pp.  1324-1325,  in  Table  I,  the  author  gives  values  of  the  standard  errors  of  the 
principal  statistical  measures,  including  the  median  Me,  the  quartiles  Q,  and  Q:l,  and  the  mean 
difference  Ar.  He  gives  both  general  formulas  and  specific  ones  for  the  case  of  samples  from  a normal 
distribution.  For  samples  of  size  m from  a population  whose  variance  is  <r-.  var(Ar)  = ( 0.8068 i-’cr^m. 
variM,.)  = l/4mB-,  and  var  (Q,)  = variQ.,)  = 3(r2/16mB-.  where  B is  the  ordinate  at  the  corresponding 
population  quantile  i median  or  quartile).  For  a normal  population,  vari  M,.i  = 1 1.2533)2«r2  m and  variQ,) 
= var(Q:!)  = ( 1.3626)2cr2/m. 

Note:  All  references  to  numbers  of  specific  chapters,  sections  and  pages  are  to  those  in  the  fifth  ' 1 968 1 
edition,  the  only  one  the  compiler  has  seen. 

References:  Legendre  (1805)  [1806|.  Gauss  il809),  Laplace  1 1812), (Quetelet  1 18.35'  |1869|.  1846'. 
Todhunter  < 1865),  Bertrand  ( 1889)  1 1907],  Pearson  1 1895',  Pareto  1 1897 1.  Bowley  1901 1 1 1920 1.  Char- 
1 ier  ( 1 9 1 0 ) [ 1 920 1,  Yule  ( 191 1 1 {[Yule  & Kendall  1 1944  |}.  Galvani  1 1927).  de  Finetti  ' 1931b',  d'Addario 
( 1934bi.  Dominedo  1 1934'.  Mortara  ( 1934a. b'.  Pietra  ' 1935a, hi,  Cisbani  i 1938',  Gini  1 1938.  1939',  Piz- 
zetti  i 1940'.  de  Vergottini  ( 1 940 ',  Zappa  '1940'.  Davis  ' 194  1 >.  Piz/ett i 1 1941c.  [Kendall  1 1943 >[  1946 ]. 
Cramer  ( 1946i.  Kendall  1 1946 '[  1955]}. 

* Dodd,  Edward  L.  ( 1942'.  Certain  tests  for  randomness  applied  to  data  grouped  into  small  sets.  Ectmomet- 
rica  10,  249-257.  (MR  4.  108'. 

Summary:  The  author  presents  four  simple  tests  of  randomness  of  digits  which  he  calls  Order  Test  No. 
1.  Order  Test  No.  2.  Range  Test,  and  Replication  Test;  only  the  third  of  these  is  relevant  to  our  study.  The 
range  test  is  based  on  the  range  of  a set  of  k integers,  the  range  r being  defined  as  the  difference  between 
the  greatest  and  the  least  integers  in  the  set.  Under  the  hypothesis  of  randomness  in  a decimal  system. 

the  author  tabulates  the  probabilities  that  r 0.  1.2 9 for  k 2.  3,  4.  5,  6.  He  suggests  that  the 

randomness  of  a group  of  k-digit  numbers  be  tested  by  means  of  a chi-square  test  comparing  theoretical 
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and  observed  frequencies  of  the  various  values  of  r.  Since  the  probability  of  range  zero  is  quite  small 
when  k - 2,  he  advocates  combining  the  numbers  of  range  zero  with  those  of  range  one  and  possibly  also 
with  those  of  range  two  to  form  a single  class  for  the  chi-square  test. 


Citation:  Kendall  <1946). 


* Dudding,  B.  P.:  Jennett.  VV.  J.  ( 1942).  Quality  Control  Charts.  Part  1 of  a revision  of  B.  S.  600:  1935,  The 
Application  of  Statistical  Methods  to  Industrial  Standardisation  and  Quality  Control.  B.  S.  600  R.  British 
Standards  Institution,  London. 

Summary:  In  this  partial  revision  of  an  earlier  publication  by  Pearson  1 1935),  the  authors  describe,  in 
considerable  detail,  quality  control  charts  for  attributes  and  for  variables.  Our  interest  lies  mainly  in 
their  treatment  of  the  use  of  the  sample  range  in  control  charts  for  variables.  On  pp.  30-31  the  authors 
write:  "In  the  following  sections  . . . the  variation  in  the  measures  of  variation  is  considered,  and 
attention  drawn  to  a relation  between  the  standard  deviation  <r  and  the  average  range  (w)  of  small 
samples.  When  circumstances  are  such  that  an  accurate  estimate  of  < r can  be  made  from  w ifor  example 
when  results  are  available  for  a large  number  of  small  samples  and  values  of  s are  not  required  i then  the 
limits  for  the  control  chart  for  averages  can  obviously  be  calculated  from  the  average  value  of  range  i w). 
. . . The  limits  may  be  expressed  as 

Inner  limits  X - A', x w and  X 4-  A'ol)25  x w 

Outer  limits  X - A x w and  X +-  A „„„,  x w 

The  factors  Aj,  n2r,  and  A are  . . . given  in  Table  10,  Appendix  C.  page  64.  for  samples  containing  2 to 
12  individuals."  On  pp.  32-33,  they  write:  "Whilst  in  general  the  standard  deviation  is  the  better 
measure  for  variability  in  a product  when  the  latter  has  to  be  judged  by  the  variability  in  the  samples, 
cases  do  arise  when  the  less  sensitive  measure  rang£>‘  is  the  more  convenient.  It  has  already  been  pointed 
out  that  the  property  which  commends  the  use  of  range  is  the  ease  with  which  it  can  be  evaluated.  This 
may  assume  importance  when  large  numbers  of  samples  have  to  be  handled.  It  is  however  necessary  to 
emphasize  that  in  addition  to  being  less  accurate  than  the  standard  deviation,  range  |1  ] becomes  less 
reliable  as  the  size  of  the  sample  increases  (samples  should  not  contain  more  than  12  individuals);  |2]  is 
less  accurate  when  the  frequency  distribution  departs  from  the  Gaussian,  form.  ...  When  the 
circumstances  are  such  that  it  would  be  estimated  from  w the  control  chart  lie  ts  for  range  may  be 
expressed  as: 


Inner  limits  at  D'„.„2S  x w and  I)„.,-,  x w 
Outer  limits  at  Dj,m„  x w and  I)j, a w 

[Obvious  typographical  errors  in  the  probability  levels  have  been  corrected  by  the  compiler.  | The  factors 
D'  are  . . . given  in  Table  13A.  Appendix  3 Ipage  67)."  On  p.  36  they  write:  "Again,  if  the  circumstances 
are  such  that  the  range  ( w>  in  the  sample  results  is  recorded,  rather  than  the  standard  deviation,  then  <r 
can  be  estimated  from  the  average  of  the  values  of  range  for  the  samples  iw)  by  dividing  by  the 
appropriate  factor  dn  given  in  Table  13,  Appendix  C.  page  67.  where  n is  the  number  of  individuals  in 
each  sample."  Examples  of  the  use  of  the  range  are  given  on  pages  39-40  and  69-73.  The  median,  the 
mid-point  | midrange]  and  the  mean  deviation  |from  the  mean,  not  from  the  median  | are  defined  on  page 
52  and  arithmetical  examples  are  given  on  pp.  55-56. 

References:  Davies  & Pearson  1 1934).  Pearson  < 1935).  Pearson  & Haines  1 1935).  Pearson  |&  Hartley] 
( 1942). 


Citations:  Dodge  1 1933).  Pearson  & Hartley  (1942.  1943 1.  Rodgers  1 1944).  Grant  1 1946 1.  Egudin  1 1947 ). 
Stevens  ( 1948). 
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Evans,  W.  Duane  1 1942).  The  standard  errorof  percentiles.  Journal  of  the  American  Statistical  Associa- 
tion 37,  367-376.  iMR  4,  103). 


r 


Summary:  The  author  states  ip.  367 ):  "One  of  the  drawbacks  to  the  use  of  percentiles  has  been  the  lack  of 
some  general  method  by  which  the  probable  error  due  to  chance  deviation  in  sampling  might  be 
investigated.  With  respect  to  the  median,  the  rule  that  the  standard  error  is  about  one  and  one-quarter 
times  the  easily  estimated  standard  error  of  the  mean  is  well  known.  However,  this  rule  is  applicable 
only  when  the  population  distribution  approximates  the  normal  form.  It  is  not  valid  for  the  highly- 
skewed  and  flattened  distributions  in  which  incomes  usually  fall.  In  fact,  in  such  cases  the  standard 
error  of  the  median  is  generally  substantially  less  than  that  of  the  mean."  He  develops  an  approximate 
formula  for  the  standard  deviation  of  the  estimate  of  any  given  percentile  based  on  a sufficiently  large 
stratified  sample  from  any  parent  population.  For  the  special  case  of  the  median  of  a non-stratified 
sample,  his  formula  reduces  to  the  usual  one  [see,  for  example.  Yule  & Kendall  ' 1937 1|. 


Reference:  Yule  (1911)  |Yule  & Kendall  ( 1937 1 1. 


* Frechet.  Maurice  1 1942).  La  mediane  d un  petit  nombrede  variables  aleatoireset  sa  dispersion. ' English 
summary).  Revue  ile  I'lnstitut  International  de  Statistique  10,  139-151.  tJFM  68.  2921 

Summary:  In  his  introduction  ip.  139),  the  author  states  that  the  practicing  statistician  often  finds  the 
median  easier  to  deal  with  in  numerical  calculations  than  the  arithmetic  mean,  even  though  the 
mathematical  theory  of  the  median  is  more  difficult  than  that  of  the  arithmetic  mean.  The  latter  fact  is 
not  very  important,  since  the  theory  can  be  worked  out  once  for  all.  a task  which  the  author  undertakes. 
The  English  summary  (p.  151 1 reads  as  follows:  "Writer  shows  first  that  if  independent  variates  X,  Y.  Z. 

. . .,  in  a finite  number,  n,  have  at  least  one  probable  value  in  common,  the  probable  segment  of  the 

median  of  X,  Y,  Z tn  being  odd),  or  of  at  least  one  of  their  median  values  in  being  even),  coincides 

with  the  probable  segment  i eventually  reduced  to  a point)  common  to  X,  Y.  Z In  addition,  in  the  case 

of  n being  even,  if  M’M"  is  the  median  segment  of  X,  Y the  probable  segments  of  M’  and  M"  contain 

entirely  the  probable  segment  common  to  X.  Y In  case  there  is  no  probable  value  common  to  X.  Y.  Z. 

. . .,  the  probable  segment  of  their  median  (or  of  one  of  their  median  values  at  least)  is  between  the 
extreme  probable  values  of  X.  Y,  Z,  . . and  this  interval  may  even  be  restricted.  Various  writers  have 
already  studied  the  asymptotic  behaviour,  when  n is  very  large,  of  the  median  M„  of  an  odd  number  of 
values  X,, . . .,  Xn  of  a variate  X,  and  of  the  variance  of  Mn.  Mr.  Frechet  here  studies  the  behaviour  in  this 
same  case  of  Mn  and  of  its  dispersion,  but  starting  from  the  very  first  values  of  n (and  even  for  n being 
even,  taking  in  this  case  for  Mn  a specially  chosen  median  value  [the  midpoint  of  the  median  segment  |l. 
He  points  out  that  the  [cumulative!  frequency  curve  of  Mn.  which  — as  we  knew  already  — tends  towards 
zero  on  the  left  of  the  probable  value  lor  of  the  probable  segment)  of  X.  and  tends  towards  unity  on  the 
right,  tends  to  these  limits  without  increasing  on  the  left,  and  without  decreasing  on  the  right.  We  know 
too  that  the  dispersion  of  Mn  tends  towards  zero  with  increasing  n.  if  X has  but  one  probable  value.  From 
the  nature  of  the  variation  of  the  frequency  distribution  of  M„  with  n.  as  established  by  writer,  this  new 
property  of  the  dispersion  of  M„  may  be  deduced,  that  it  can  never  increase  with  increasing  n.  when  it  is 
constantly  measured  by  the  average  deviation  (or  constantly  by  half  the  quartile  deviation  [i.e..  by  the 
semi-interquartile  range|>.  And  this  holds  good  whether  X has  a probable  segment  or  only  one  probable 
value." 


* Gaede,  Kurt  1 1 942 ).  Anwendung  statistischer  Untersuchungen  auf  die  Prufung  von  Baustoffen. 
Rauinf’emeur  23,  291-296. 

Summary:  The  author  discusses  the  use  of  statistical  methods  in  the  testing  of  materials.  As  measures 
of  central  tendency,  he  mentions  the  median  C and  the  mode  I)  in  addition  to  the  arithmetic  mean  M.  but 
says  M is  the  most  useful  to  engineers  and  bases  his  discussion  upon  it.  As  a measure  of  dispersion,  he 
mentions  only  the  standard  deviation  q = \ ix-M)2  N.  and  as  a measure  of  relative  variability,  the 
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coefficient  of  variation  V = g/M.  He  raises  the  question:  What  is  the  expected  value  of  the  smallest  of  a 
sample  of  size  N from  a normal  distribution  with  given  mean  M and  standard  deviation  g?  He  asserts 
[incorrectly]  that  the  expected  deviation  of  the  smallest  value  K from  the  mean  is  max  v = M - K, 
where  max  v satisfies  the  equation  (2/  Vn)  f maxv„\2e  -t2  dt  = 1 - 1/N,  so  that  the  expected  smallest 
value  is  K = M ( 1 - V max  v/g)  and  its  ratio  to  the  arithmetic  mean  is  x = K/M  = 1 — V max  v/g.  He 
tabulates  max  v/g,  as  well  as  x = K/M  for  V = /*/M  = 0.1,  0.2,  0.3,  when  N = 10,  20,  40,  100,  500,  1000, 
5000,  10000. 

References:  Helmert  (1872)  [1907],  Czuber  (1891a,  1921  [1938)). 

* Gumbel,  E.  J.  (1942a).  Simple  tests  for  given  hypotheses.  Biometrikci  32,  317-333.  (MR  4,  26). 

Summary:  Let  x be  a continuous  random  variable  for  which  n observations  have  been  made.  Let  xm  be 
the  observed  values  arranged  in  increasing  order  of  magnitude,  m = 1,  2, . . .,  n being  the  serial  number. 
In  testing  the  hypothesis  that  the  observations  have  been  drawn  from  a population  with  c.d.f.  W(x),  the 
author  points  out  that  it  is  customary  to  compare  the  observations  xm,  m with  the  cumulative  frequency 
curve  x.nW(x)  [or  xm,  m/n  with  the  cumulative  probability  curve  x,  W(x)].  In  a previous  article  the  author 
[Gumbel  ( 1935a  1 1 has  shown  that  for  an  ordinary  unlimited  distribution  with  n large  and  m of  the  order 
n/2,  the  cumulative  probability  of  the  m,h  observation  converges  toward  a normal  distribution  with  mean 
Wix)  = m/n  and  standard  deviation  cr  = [l/w(x)[  VWlx)  [1  -W(x)]/n,  where  w(x)  = dW(x)  / dx  is  the  p.d.f. 
The  interval  x+a  is  called  the  control  interval  and  the  two  curves  obtained  by  plotting  x+a,  nWlxl  are 
called  control  curves.  For  a given  initial  distribution  the  mean  and  standard  deviation  of  the  m,h  value 
may  differ  from  those  of  the  general  solution,  especially  if  n is  small.  The  calculation  of  the  probability 
W(x)  and  the  control  curves  is  simplified  by  application  of  the  probability  integral  transform  y = W(x), 
which  has  the  uniform  distribution  in  the  interval  (0,1).  After  considering  classical  tests  based  on  the 
uniform  distribution,  the  author  turns  to  the  question  of  the  ideal  plotting  positions  for  n points 
distributed  uniformly  over  the  interval  (0,1 ).  Should  the  plotting  position  for  the  m,h  ordered  value  be  the 
modal  position  ym  = < m — 1 )/( n — 1 ),  the  mean  position  ym  = m/(n  + l),  or  the  position  ym  = (2m-l)/2n 
suggested  by  E.  S.  Pearson  ( 1942)?  (Other  positions  have  been  suggested,  but  the  author  considers  only 
these  three. ) He  chooses  the  mean  position  ym,  with  standard  deviation  am  = Vm(n-m  + l)/(n  + l)2(n+2) 
= Vym(  1 -ym)  / (n+2).  As  a statistic  fortesting  the  null  hypotheses  H0  that  a set  of  n ordered  values  have 
come  from  a population  with  c.d.f.  W„(x),  the  author  calculates  (5 2 = [6(n  + l 1 / n]  £nm=]  Lym  - m/(n  + l)]2 
where  ym  = W„(xm),  which  can  assume  values  between  0 and  2n  +2  and  has  mean  value  (5 2 = 1.  Critical 
values  of  (s2  are  not  given,  but  of  two  competing  hypotheses,  the  one  with  the  smaller  value  of  (s2  is  to  be 
preferred.  This  test  is  similar  to  the  Cramer-von  Mises  attest,  which  would  require  the  use  of  ym  instead 
of  vm. 

References:  Cramer  (1928),  Neyman  & Pearson  (1928),  von  Mises  (1931),  Pearson  & Pearson  (1931, 
1932),  Gumbel  (1935a,  1937b,  c),  Neyman  1 1937a),  Gumbel  (1939a),  Pearson  (1942). 

Citations:  Pearson  1 19421,  Gumbel  1 1943a),  Kendall  ( 1 946 ).  Kimball  (1947). 

* Gumbel.  E.  J.  1 1942b).  On  the  frequency  distribution  of  extreme  values  in  meteorological  data.  Bulletin 
of  the  American  Meteorological  Society  23,  95-105.  (MR  4,  29). 

Summary:  The  author  begins  ip.  95)  as  follows:  "According  to  the  usual  opinions,  the  extreme  values, 
and  especially  those  which  occur  in  meteorology,  are  so  irregular  that  no  prediction  can  be  made  of  the 
maximum  precipitation,  extreme  temperature,  maximum  pressure,  etc.,  that  will  occur  in  a given  period 
of  time.  It  is  our  aim  to  show  that,  in  reality,  they  follow  a general  law  which  can  be  verified  under  the 
same  conditions  as  any  statistical  law,  namely  that  the  number  of  observations  must  be  sufficiently 
large.  As  Tolley  |(1916i|  has  already  stated,  these  values  deserve  a special  treatment.  Because  their 
distributions  are  skew,  he  proposed  the  use  of  the  different  Pearsonian  frequency  curves.  We  believe  that 
the  distribution  of  the  largest  rallies  |Gumbel  1 1935a  1 1.  recently  found,  furnishes  the  adequate  formula." 
After  deriving  the  first  asymptotic  distribution  of  extreme  (largest  or  smallest)  values,  he  fits 
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this  distribution  to  four  sets  of  observations:  ( 1)  largest  monthly  precipitation  in  Boston  for  the  years 
1818-1940;  (2)  maximum  yearly  temperature  at  Parc  Saint-Maur,  France,  for  the  years  1851-1939;  <3> 
maximum  yearly  pressure  at  Blue  Hill  Observatory  (near  Boston)  for  the  years  1886-1940:  and  <4i 
average  monthly  minimum  temperature  in  Boston  for  the  winters  1872/73-1939/40.  He  applies  four  tests 
of  goodness  of  fit,  and  concludes  that  there  is  a satisfactory  fit  between  theory  and  observation,  even 
though  the  number  of  years  of  record  is  not  as  large  as  might  be  desired  and  some  of  the  measurements 
are  somewhat  imprecise.  Another  conclusion,  stated  on  p.  105,  is  the  following:  "The  return  period  can 
safely  be  used  for  obtaining  the  order  of  magnitude  of  future  extreme  values.” 

References:  Spillman,  Tolley  & Reed  ( 1916),  Tolley  ( 1916),  Gumbel  ( 1935a),  Horton  ( 1936),  Gumbel 
(1937b,  1940,  1941a). 

Citation:  Gumbel  ( 1943b). 

* Gumbel,  E.  J.  (1942c).  Statistical  control-curves  for  flood-discharges.  T run  suctions  of  the  American 
Geophysical  Union  23,  489-500;  discussion,  501-509.  (MR  4,  166 — listing  only). 

Summary:  On  page  489  the  author  summarizes  his  results  as  follows:  "For  sufficiently  large  and 
accurate  numbers  of  observations,  the  distribution  of  the  flood-discharges,  x,  can  be  satisfactorily 
explained  by  the  theory  of  largest  values  [Gumbel  ( 1941a ) ).  Until  now  we  have  determined  the  two 
constants  which  occur  in  this  theory  by  the  method  of  moments.  This  implies  the  calculation  of  the 
arithmetic  mean  and  of  the  standard  deviation.  The  purpose  of  this  article  is  to  simplify  and,  at  the  same 
time,  improve  the  determination  of  the  constants,  to  establish  confidence  limits  for  the  flood-discharges, 
and  to  indicate  several  methods  of  comparison  between  theory  and  observation.  The  probability  W*ix>  of 
a flood-discharge  inferior  to  x is  W*(x)  = exp  |-exp(-yl]  and  the  distribution  w*(x)  of  the  flood- 
discharges  is  w*(x>  = a exp  [-y-exp(  — y >]  where  y = «(x-u)  is  the  reduced  variable.  The  numerical 
values  of  the  probability  w*(x)  as  a function  of  y are  given  ....  The  formulas  contain  two  constants,  u and 
1/a  which  have  to  be  determined  from  the  observations.  In  accordance  with  the  usual  practice,  we  shall 
express  them  by  a mean  [the  mode  u,  for  which  W*iu)  = 1/e]  and  a measure  of  dispersion  1 1 he  mean 
deviation  8 = 0.98299/al.  . . .”  The  author  compares  his  new  method  of  determining  the  constants  with 
the  method  of  moments,  and  shows  that  the  determination  of  1/a  from  the  mean  deviation  is  25  per  cent 
more  precise  than  its  determination  from  the  standard  deviation,  while  the  mode  is  98  percent  as  precise 
as  the  arithmetic  mean.  The  discussion  includes  contributions  by  B.  F.  Kimball  and  R.  S.  Good  ridge  and 
a reply  by  the  author.  Part  of  the  discussion  deals  with  the  question  of  plotting  positions. 

References:  Fisher  & Tippett  (1928),  Hazen  (1930),  Gumbel  (1935a),  Slade  (1936),  Kimball  ( 1938). 
Gumbel  1 1941a, b),  Kimball  ( 1942 ). 

Citations:  Beard  1 1942),  Kimball  (1942),  Gumbel  ( 1943a, b),  Nordquist  ( 1945),  Kimball  1 1946a i.  Gumbel 
11948).  Press  (1949.) 

* Hartley,  H.  O.  ( 1942).  The  range  in  random  samples.  Riometrika  32,  334-348.  (MR  4.  21 ). 


Summary:  The  probability  integral  of  the  range  in  random  samples  of  size  n is  written  in  the  form 
P„(Wi  nj  ’ ,ff)|/'  " f<  x )dx  | n 1 df.  For  a normal  parent  population  fix)  = z(x)  = ( 1 \ 27r)e  ' -.  The  au- 
thor performs  certain  mathematical  manipulations  and  sets  u = £ + W.  obtaining  P„(Wi  | /■”.  . 
z(x>dx|n  + 2n  Jw  ziu)  |/JJ  w z(x>  dx|n  'du.  The  first  term  on  the  right-hand  side  of  this  equation  is  the 
probability  that  all  observations  will  lie  between  -W  2 and  +W  2,  in  which  case  the  range  s VV.  For 
large  W such  samples  constitute  an  ever-increasing  proportion  of  the  total  number  of  samples  with  range 
s W.  The  second  term  is  the  probability  that  a sample  is  not  contained  in  ( -W  2,  +W  2).  but  still  has 
range  s W.  This  term  cannot  be  ignored  if  high  accuracy  is  required  and  if  W is  small  or  moderate.  The 
numerical  integration  is  best  carried  out  simultaneously  for  values  of  n forming  an  arithmetic  progres- 
sion. For  fixed  u and  W.  the  integrands  then  form  a geometric  progression  with,  say . zi  u 1 1 /[[  vv  zi  x idx  as 
first  term  and  J’“  w zixidx  as  common  ratio.  This  is  the  method  used  by  Pearson  & Hartley  1 1942).  — 


Other  sections  of  the  paper  deal  with  the  range  of  grouped  samples,  which  is  not  directly  relevant  to  the 
present  study. 

References:  Tippett  (1925),  E.  S.  Pearson  1 1926 ),  K.  Pearson  1 1931),  E.  S.  Pearson  i1932i.  McKay  & 
Pearson  ( 1933),  McKay  ( 1935),  Pearson  & Haines  ( 1935),  Pearson  & Hartley  ( 1 942 ) . 

Citations:  Pearson  & Hartley  1 1 942 ),  Kendall  ( 1943 ),  Pearson  & Hartley  (1943),  Cramer  i1946i, 
Kendall  1 1946),  Elfving  ( 1947 ),  Gumbel  ( 1947),  Lord  ( 1947 ),  Wilks  ( 1948). 

Henry,  Franklin  1 1942).  The  practice  and  fatigue  effects  in  the  Sargent  test.  Research  Quarterly  of  the 
American  Association  for  Health.  Physical  Education , and  Recreation  13  ( 1 ),  16-29. 

Summary:  The  author's  summary  and  conclusions  ip.  28)  include  the  following  statements:  "A 
simplified  and  improved  recording  device  was  used  to  obtain  the  Sargent  jump  test  scores  of  61  male 
university  students.  The  data  obtained,  when  analyzed  as  to  mean  performance  for  each  trial  of  a 10-trial 
series,  are  found  to  show  a practice  effect.  There  is  also  evidence  of  a fatigue  effect.  The  serial  occurrence 
of 'best'  scores  confirms  these  findings. . . . Scores  based  on  the  average  of  several  trials  appear  to  be  more 
representative  of  individual  ability  in  the  Sargent  test  than  'best'  scores;  they  also  tend  to  be  more  valid. 
Correlations  between  data  obtained  by  the  method  of ’best'  scores  cannot  be  interpreted  at  their  face 
value,  as  they  seem  to  contain  a spurious  factor.  . . ."  The  author's  conclusions  are  based  entirely  on 
empirical  evidence,  not  on  statistical  theory. 

Kimball,  Bradford  F.  (1942).  Limiting  type  of  primary  probability  distribution  applied  to  annual 
maximum  flood  flows.  Annals  of  Mathematical  Statistics  13,  318-325.  iMR  4,  29 — listing  only). 

Summary:  The  author  begins  with  the  following  statement  (p.  318):  "There  is  no  doubt  that  Gumbel's 
recent  paper  |Gumbe!  ( 1941a) ) has  supplied  an  admirably  simple  technique  for  engineers  to  use  in 
approximating  the  trend  of  return  periods  of  annual  maximum  flood  flows  for  purposes  of  extrapolation. 
This  treatment  is  scientifically  of  great  interest  because  it  introduces  for  the  first  time  into  a subject 
already  treated  at  considerable  length  by  engineers,  the  theory  of  the  probability  distribution  of 
maximum  values  as  developed  by  Fisher  and  Tippett,  von  Mises,  and  others.  However,  certain  further 
observations  should  be  made  concerning  the  approach  used  by  Gumbel."  At  the  end  of  the  paper,  he 
states  the  following  conclusion  ipp.  324-325):  "The  writer  has  demonstrated  in  this  paper  that  in  fitting  a 
theoretical  probability  distribution  of  maximum  values  to  annual  maxima  of  stream  flows,  the  use  of  an 
upper  bound  for  measures  of  stream  flow  by  assumption  of  a primary  probability  distribution  of  the 
1 limited  Galton]  type  |w(x)  = K exp(  -u-/2),  where  K is  a constant  and  u = k{b  - log(a-x)},  0<x<a|ll) 
is  not  inconsistent  with  the  use  of  the  Fisher-Tippett  distribution  of  maxima,  (2)  has  a reasonable  logical 
basis  from  the  point  of  view  of  the  hydrologist,  (3)  may  materially  affect  the  estimation  of  return  periods 
when  extrapolation  is  involved,  relative  to  results  obtained  when  no  upper  bound  is  assumed.  It  has  not 
been  within  the  scope  of  this  paper  to  discuss  techniques  for  determining  such  an  upper  bound,  nor  to 
apply  the  theory  to  enough  data  series  to  draw  conclusions  concerning  goodness  of  fit." 

Comments:  Gumbel  1 1958a)  has  pointed  out  that  the  author's  suggested  limited  initial  distribution 
leads  to  the  third  asymptotic  distribution  of  largest  values. 

References:  Fisher  & Tippett  1 1928),  Hazen  (19.30),  von  Mises  (1936),  Kimball  (1938),  Gumbel 
( 1 941  a. b.  1942c). 

Citations:  Beard  (1942),  Gumbel  1 1942c,  1943a. hi.  Kimball  1 1946a). 

Livada.  Gregorio  1 1942).  Su  alcune  ordinate  caratteristiche  della  eurva  di  concentrazione.  Atti  della  111 
Riunione  Seientifiea  della  Soeieta  Indiana  di  Statistiea . pp.  25-34.  (JFM  68.  2901. 


Summary:  Given  a,  i a.  s a;,  s . . . san;  let  A(  = a,  + a2  + . . . + a,  and  An  = n • A,  where  A is  the 

arithmetic  mean  of  the  a,’ s < i = 1,  2 n).  Then  the  concentration  curve  connects  the  points  with 

coordinates  p,  = i/n,  q,  = A,/An  = A,  nA.  It  lies  below  the  straight  line  p - q = 0,  from  which  the 

distances  of  successive  points  on  the  curve  are  p,  - q,  (i  = 1,  2 n).  The  author  proves  the  equality 

Maxip,  - q()  = 'Sa:2A,  where  the  symbol  'Sx  denotes  the  expression  —”=l  a,  - xj/n.  Ifone  denotes  by  Mthe 

median  of  the  sequence  a,,  a., an  then  the  author  proves  further  that  the  distance  'SN1:2A  (from  the 

line  p - q = 0)  corresponds  to  the  value  p = 1 2.  The  author  gives  various  other  properties  of  the 
concentration  curve. 

References:  Pietra  (1915),  Gini  (1939). 

* Moore,  H.  F.;  Morkovin,  D.  (1942-441.  Progress  reports  on  the  effect  of  size  of  specimen  on  fatigue 
strength  of  three  types  of  steel.  Proceedings  of  the  American  Society  for  Testing  Materials  42  ( 1942). 
145-153;  43  (1943),  109-120;  discussion.  121-124:  44  1 1 944 >.  137-155;  discussion.  156-158. 

Summary:  The  authors  report  the  results  of  tests  of  fatigue  strength  on  specimens  of  two  carbon  steels 
and  one  heat-treated  chromium- molybdenum  steel . Five  different  sizes  of  specimens  were  tested  for  each 
kind  of  steel,  with  minimum  test  diameters  of  1/8,  14,  1/2,  7 8 or  1 in.,  and  1-1/2,  1-3/4  or  2 in., 
respectively.  The  results  show  a maximum  size  effect  for  unnotched  specimens  of  about  30'7r  of  the 
endurance  limit  for  2-inch  specimens  of  S.A.E.  1020  steel,  with  a tendency  for  the  endurance  limit  to 
become  constant  for  unnotched  specimens  of  1/2  in.  minimum  diameter  and  larger  and  for  notched 
specimens  1 in.  in  diameter  or  larger.  The  authors  compare  their  results  with  those  of  Faulhaber  < 1933) 
and  Faulhaber,  Buchholtz  & Schulz  (1933). 

Comments:  The  results  agree  qualitatively  with  what  one  would  expect  from  the  "weakest  link"  or 
"largest  flaw"  theory. 

References:  Faulhaber  ( 1933),  Faulhaber.  Buchholtz  & Schulz  (1933). 

Citations:  Fowler  ( 1 945 ).  van  Meer  & Plantema  (1949). 

* Nair.  K.  R.;  Shrivastava,  M.  P.  1 1942 ).  On  a simple  method  of  curve  Fitting.  Sankhva  6,  121-132.  (MR  4. 
279). 

Summary:  The  authors  consider  the  problem  of  fitting  a mathematical  curve  y = fix,  <».  fi,  y, . . . * to  the 

data  points  (x„y,>,  ix2,y.,) (xn,yn).  where  x,  £ x,  < . . . £ x„.  They  discuss  several  methods  of 

estimating  the  parameters  «,  fi.  y They  start  by  forming  the  residuals  v,=  y,-  fix.  «.  /3,  y. . . •>,  i = 1, 

2 n.  If  the  v's  are  normally  distributed  with  zero  means  and  the  same  standard  deviation,  the  method 

of  maximum  likelihood  is  equivalent  to  the  method  of  least  squares:  otherwise,  minimizing  1 vJ  is  only  a 
matter  of  convenience.  Next  the  authors  consider  the  method  of  averages  |see  Euler  ( 1749)  and  Mayer 
(1750)].  in  which  the  residual  equations  are  divided  into  as  many  groups  (m.  say)  as  there  are 
parameters  to  he  estimated  and  the  sum  of  the  residuals  in  each  group  is  equated  to  zero,  yielding  m 

linear  equations  in  m unknowns,  whose  unique  solution  is  easily  obtained.  Let  pt  (j  = 1 m)  be  the 

number  of  equations  in  the  j,h  group.  In  the  method  of  averages,  L™  , p,  = n.  A modification  proposed  by 
the  authors,  called  the  method  of  group  averages,  allows  the  possibility  of  omitting  some  of  the  residual 
equations,  so  that  we  no  longer  have  the  equality  , pn  = n.  but  the  inequality  L™  , pj  s n.  The  method 

of  selected  points  (pj  = l.j  = 1 mi  and  the  method  of  averages  (i!™  , p,  = n)  are  extreme  cases  of  the 

method  of  group  averages.  The  three  methods  proposed  by  Bose  ( 1938 1 are  special  cases  of  either  the 
method  of  averages  or  the  method  of  group  averages.  The  object  of  the  present  authors  is  to  find  the  best 
values  of  the  p,'ssoas  to  maximize  the  efficiencies  of  the  estimates  of  <*,  /3,  y.  ■ • ■ relative  to  those  obtained 
by  the  method  of  least  squares.  Since  it  is  impossible  to  maximize  all  these  efficiencies  simultaneously, 
they  actually  maximize  the  efficiency  of  the  coefficient  of  the  highest  degree  term  in  equations  of 
straight  lines,  parabolas,  and  curves  of  higher  degree,  and  make  a detailed  study  of  the  efficiencies  of  the 
resulting  estimates.  In  fitting  a straight  linev  o + fix.  for  example,  they  find  that  the  best  estimate  of  /3 
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(but  not  of  a)  is  obtained  by  assigning  the  first  third  (to  the  nearest  integer!  of  the  residual  equations  to 
the  first  group  and  the  last  third  to  the  second  group,  then  discarding  the  remaining  ones  in  the  middle. 
Similarly,  for  a parabola,  they  divide  the  whole  set  of  residual  equations  into  five  equal  parts  and  reject 
the  second  and  fourth  ones;  for  a curve  of  degree  p,  they  divide  the  whole  set  of  residuals  into  2p  + 1 equal 
parts  and  reject  all  the  even  ordered  ones. 

References:  Rietz  (1924),  Bose  (1938). 

Citations:  Nair  & Banerjee  (1943),  Kendall  (1946),  Mosteller  (1946),  Bartlett  (1949.) 

* Pearson,  E.  S.  (1942).  Notes  on  testing  statistical  hypotheses.  Biometrika  32,  311-316.  (MR  4,  26). 

Summary:  The  author  examines  two  questions  of  general  interest:  (1)  Is  it  necessary  to  specify  an 
alternative  hypothesis,  or  can  a test  be  made  to  depend  only  on  the  form  of  the  law  associated  with  the 
null  hypothesis?  (2)  Is  the  Neyman-Pearson  theory  of  testing  hypotheses  applicable  to  testing  the 
appropriateness  of  probability  laws  or  only  to  testing  hypotheses  concerning  numerical  values  of 
constants  contained  in  those  laws?  More  relevant  to  the  present  study  is  the  author’s  proposal  that,  in 
testing  the  hypothesis  that  a set  of  n independent  values  of  a random  variable  x have  come  from  a 
population  with  c.d.f.  F(x),  one  should  apply  the  probability  integral  transformation  y = Fix),  and  then 
test  the  hypothesis  that  the  resulting  sample  of  n independent  random  variables y,,y2, . . .,  y„  (0  < y,  s 1 1 
have  come  from  the  rectangular  population  for  which  ply)  = 1,  (0<y  < 1).  This  he  proposes  to  do  by 
comparing  the  set  of  y,  (ordered  in  ascending  magnitude)  with  the  set  l/2n,  3/2n,  5/2n, . . .,  (2n  - ll/2n. 
Th>s,  of  course,  corresponds  to  the  use  of  plotting  position  (2i  - l)/2n,  i = 1,  2,  . . .,  n,  for  the  ilh  order 
statistic  of  a sample  of  size  n. 

References:  Neyman  1 1937a),  Gumbel  (1942a). 

Citations:  Gumbel  (1942a),  Kendall  (1946). 

* Pearson,  E.  S.;  Hartley,  H.  O.  ( 1942).  The  probability  integral  of  the  range  in  samples  of  n observations 
from  a normal  population.  Biometrika  32,  301-310.  (MR  4,  19). 

Summary:  Let  x,,  x2 xn  be  a random  sample  of  size  n,  arranged  in  ascending  order  of  magnitude, 

from  a normal  population  with  mean  ^ and  standard  deviation  cr.  Then  the  range  of  the  sample  is  xn  - x, 
and  its  ratio  to  the  standard  deviation  is  w = (xn  - x,)/cr.  The  probability  integral  P„(  W)  = J ))  f„(  wldw  is 
tabulated  ( 4 DP)  for  n = 2(  1 )20  and  for  intervals  of  0.05  in  W.  Linear  interpolation  is  adequate  except  in 
the  neighborhood  of  the  upper  and  lower  quartiles.  In  a separate  table,  the  upper  and  lower  percentage 
points  at  0.171 , 0.5 fft , 1.071 , 2.5 fk  , 571 , and  1071  are  tabulated  (2  DP)  for  n = 2(1)12,  along  with  the  value  of 
the  factor  an  (4  DP)  by  which  the  range  (or  mean  range)  in  samples  of  n observations  must  be  multiplied 
to  obtain  an  unbiased  estimator  of  <r.  The  foreword  was  written  by  the  first  author.  In  a separate  section 
ipp.  309-310)  by  the  second  author,  the  numerical  evaluation  of  the  probability  integral  |see  also  Hartley 
(1942)]  is  discussed. 

References:  Tippett  ( 1925),  E.  S.  Pearson  ( 1926),  K.  Pearson  ( 1931 ),  E.  S.  Pearson  1 1932),  McKay  & 
Pearson  ( 1933),  Davies  & Pearson  ( 1934),  Pearson  ( 1935),  Dudding  & Jennett  < 1942),  Hartley  ( 1942). 

Citations:  Dudding  & Jennett  (1942),  Hartley  (1942),  Kendall  (1943),  Pearson  & Hartley  (1943), 
Gumbel  ( 1944),  Cramer  ( 1946),  Daly  ( 1946),  Grant  ( 1946),  Kendall  < 1946),  Mosteller  ( 1946),  Eisenhart, 
Hastay  & Wallis  ( 1947),  Elfving  < 1947),  Grubbs  & Weaver  ( 1947),  Gumbel  ( 1947),  Lord  1 1947),  Nair 
(1947),  Plackett  (1947),  Cox  ( 1948),  Stevens  (1948),  Wilks  (1948),  Cox  ( 1949),  Godwin  (1949b),  Howell 
( 1949),  Paulson  ( 1949),  Scheffe  ( 1949). 

* Roy,  S.  N.  ( 1942a).  The  sampling  distribution  of  p-statistics  and  certain  allied  statistics  on  the  non-null 
hypothesis.  Sankhya  6.  15-34.  iMR  4,  106). 
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Summary:  Let  S'  and  S"  be  samples  of  sizes  n'  and  n"  drawn  at  random  from  two  p-variate  normal 
populations  2'  and  2".  Letajj,  a'ij(i,j  = 1,2, . . p)  denote  the  sets  of  variances  and  covariances  of  2' and 
2"  respectively,  so  that  Ha'JI,  ||a'ij|i  are  the  dispersion  matrices  for  2'  and  2"  respectively.  Similarly,  let 
a'u,  a",j  (i  j = 1,  2,  . . .,  p)  denote  the  sets  of  variances  and  covariances  for  the  samples  S'  and  S" 
respectively,  so  that  ||a'u||,  ||a'u||  respectively  are  the  dispersion  matrices  for  the  samples.  Let  a',,  a\  (i  = 1, 

2. . . .,  p)  denote  the  means  of  the  different  characters  for  the  populations  2’  and  2"  respectively,  and  let 
a',,a"  (i  = 1,2,.  . ,,p)  denote  the  corresponding  sample  means.  The  author  derives  the  joint  distribution  of 
the  ordered  roots  in  the  determinantal  equation  \a\>  - k2a'j|  = 0 in  k2.  The  roots  of  this  determinantal 
equation  are  important  in  discriminating  between  multivariate  normal  populations  with  respect  to 
covariances.  Fisher  ( 1939)  and  Hsu  ( 1939)  have  previously  determined  the  joint  distribution  of  ordered 
roots  under  the  null  hypothesis  Ikijll  = ll«  oil-  The  author  extends  their  results  by  determining  this 
distribution  under  the  alternative  hypothesis  ll«'u!l  ^ ll«"ull- 

References:  Fisher  (1939),  Hsu  (1939),  Roy  (1939,  1940a, b). 

Citations:  Roy  (1942b,  1945),  Kendall  (1946),  Roy  1 1946a, b),  Bartlett  (1937b). 

* Roy,  S.  N.  ( 1942b).  Analysis  of  variance  for  the  multivariate  normal  populations:  the  sampling  distribu- 
tion of  the  requisite  p-statistics  on  the  null  and  non-null  hypotheses.  Sankhya  6,  35-50.  (MR  4,  106). 

Summary:  The  author  extends  previous  results  of  himself  and  other  authors  on  the  null  and  non-null 
distributions  of  ordered  roots  of  determinantal  equations  arising  in  the  case  of  two  samples  from 
p-variate  normal  populations  to  the  case  of  ( samples.  The  results  are  useful  in  the  analysis  of  variance 
for  multivariate  normal  populations.  Suppose  we  have  t samples  S(  1),  S(2>,  . . .,  SO ) of  sizes  n,,  n2,  . . ., 
n^,  mean  values  x(  l,i),  x(2,i), . . .,  x(/,i)  and  variances  and  covariances  a(  l,ij),  a(2,ij), . . .,  aU  ,ij)  (i  j = 1,2, 

. . .,  p;  the  first  argument  referring  to  the  sample  and  the  next  ones  to  the  character)  drawn  at  random 
from  ( p-variate  normal  populations  with  mean  values  f(l,i),  £(2,i),  . . .,  f(/,i)  (i  = 1,  2,  . . .,  p;  the  first 
argument  referring  to  the  population  and  the  next  one  to  the  character)  and  a common  set  of  variances 

and  covariances  a"(ij)  (i  j = 1,  2 p).  To  test  the  null  hypothesis  f(  l,i)  = £(2,i)  = . . . = fU,i)  (i  = 1,2, 

. . .,  p),  Fisher  ( 1939)  and  Hsu  ( 1939)  constructed  a set  of  statistics  t,2.  t22, . . .,  tp2  which  came  out  as  the  p 
roots  of  the  determinantal  equation  |a'(ij>  - t2a"(ij)|  = 0 in  t2,  where  a ' ( i j ) and  a"(ij)  are  defined  by  2' 
i nr  - 1 ) a (r,ij)  = (N  - / ) a" ( ij),  2'=1  nr  [a  (r.i)-a,]  [air.j)-  uj  = U - 1)  a’  (ij),  N and  a*  (i  = 1,  2, . . .,  p) 
being  given  by  N = 2£=1  nr;  a,  = 2£  nra(r,i)/  N with  i,j  = 1,2,.  . .,  p.They  found  that  the  ordered  tj’s  (i  = 

1.2.. .  .,  p)  have  the  same  joint  distribution  under  the  null  hypothesis  as  the  set  of  k,’s  (i  = 1,  2 p)  in 

the  determinantal  equation  |a(  l,ij)  - k2a(2,ij)|  = 0 in  k2have  under  the  null  hypothesis  at  l.ij)  = a(2,ij).  In 
the  present  paper,  the  author  finds  the  joint  distribution  of  the  ordered  t.’s  under  the  non-null  hypothesis 
f(l,i)  /f(2,i)  ^ . . . ^ f(/,i)  (i  = 1,  2,  . . .,  p).  The  result  may  be  viewed  as  a generalization  both  of  the 
results  of  Fisher  ( 1939)  and  Hsu  ( 1939)  and  of  the  author’s  earlier  results  [Roy  ( 1939,  1942a)]. 

References:  Fisher  (1939),  Hsu  (1939),  Roy  (1939,  1940a,  1942a). 

Citations:  Anderson  (1945),  Roy  (1945).  Anderson  (1946),  Kendall  (1946).  Roy  1 1946a. bi,  Bartlett 
( 1947a, b). 

* Wald.  Abraham  ( 1942).  Setting  of  tolerance  limits  when  the  sample  is  large.  Annals  of  Mathematical 
Statistics  13,  389-399.  (MR  4,  165). 

Summary:  The  author  considers  the  problems  of  setting  tolerance  limits  on  the  population  (or  an 
infinitely  large  second  sample)  [Problem  1 1 or  on  a second  sample  of  finite  size  [Problem  2]  on  the  basis  of 
a first  sample  of  size  n from  a p-variate  population.  On  pp.  389-390  he  writes:  ”S.  S.  Wilks  |(  1941)]  gave  a 
solution  of  Problems  1 and  2 in  the  univariate  case.  i.e.  if  p = 1 . It  seems  that  Wilks'  solution  |based  on 
order  statistics!  is  the  best  possible  one  if  nothing  is  known  about  the  probability  density  function  except 
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that  it  is  continuous.  However,  if  it  is  known  a priori  that  the  unknown  density  function  is  an  element  of 
a k-parameter  family  of  functions,  it  will  in  general  be  possible  to  derive  tolerance  limits  (not  based  on 
order  statistics]  which  are  considerably  better  than  those  proposed  by  Wilks.  Wilks'  results  can  easily  be 

extended  to  the  multivariate  case  provided  the  variates  x, x„  are  known  to  be  independently 

distributed.  [See  Wilks  1 1942).]  This  is  a serious  restriction,  since  in  many  practical  cases  the  indepen- 
dence of  the  variates  x, xpcannot  be  assumed.  The  case  of  dependent  variates  has  not  been  treated  by 

Wilks.  In  this  paper  we  give  a solution  [based  on  normal  theory,  not  on  order  statistics]  of  problems  1 and 
2 when  the  size  n of  the  [first]  sample  is  large."  The  author  considers  both  the  univariate  and  the 
multivariate  cases  for  dependent  variates. 

References:  Wilks  (1941.  1942). 

Citations:  Wilks  ( 1 942,  1942,  1948). 

* Wilks,  S.  S.  (1942).  Statistical  prediction  with  special  reference  to  the  problem  of  tolerance  limits. 
Annals  of  Mathematical  Statistics  13,  400-409.  (MR  4.  165  C 

Summary:  In  his  introduction,  the  author  writes  (p.  401 ):  ”.  . . We  may  define  100RUX  tolerance  limits 

L,(x,,  x2, . . x„)and  L2ix,.  x2 xnl  for  probability  level  a of  a sample  S,  of  size  n from  a population  with 

distribution  fixidx  as  two  functions  of  the  X’s  in  S,  such  that  the  probability  is  a that  at  least  100Ra'i  of 
the  X's  of  a further  indefinitely  large  sample  S2  ( i.e.  the  population)  will  lie  between  L,  and  L2.  Or  more 
briefly  Pi/'.'f  0 x)dx  > R(I  i = o.  The  same  notion  clearly  applies  if  S2  is  a finite  sample  of  size  N,  rather  than 
an  indefinitely  large  one.  In  this  case  we  would  be  interested  in  the  largest  integer  Na  such  that  the 
probability  is  at  least  a that  at  least  100Rn'i  ( R„  = N„  N ) of  the  X’s  in  S2  would  lie  between  L,  and  L2.  In 
most  practical  situations  we  are  able  to  assume  nothing  more  about  fix)  than  it  is  a probability  density 
function.  We  make  only  that  assumption  here.  The  only  functions  of  the  values  of  X in  S,  that  we  shall 
consider  here  in  setting  tolerance  limits  are  order  statistics,  i.e.  the  ordered  values  of  X.  because  the 
results  will  then  be  fairly  simple  and  independent  of  fix).”  At  this  stage  the  author  derives  a general 

probability  formula.  Let  X,,  X2 Xn  be  the  n values  of  X in  S,  arranged  in  order  of  increasing 

magnitude.  Let  r,.  r2 rk  be  integers  such  that  1 < r,  < r2  < . . , < rk  < n.  The  author  shows  that  the 

probability  that  N,,  N2 Nk, , iX|X,'  N,  = N )of  the  values  of  X in  S2  will  fall  in  the  intervals  ( -x.  Xr|), 

iXri,  Xrj), . . .,  i Xr>,x)  respectively  is  [N!n!(  N,  + r,  - 1 )!  ( N2  + r2  - r,  - 1 >! . . . (Nk  + rk  - rk_,  - 1 ) ! ( Nk,,  + n 
- rk) !]/  [ir,  - 1)!  <r2  - r,  - 1>! . . . irk  - rkM  - 1) ! (n  - rki ! (N  + n) ! N,!N2!  . . . Nk*,l].  which  is  clearly 
independent  of  fix).  Further  results  are  mentioned  in  the  author's  summary  ' pp.  408-409):  ”.  . Let  X , be 
the  smallest  and  X„  the  largest  value  of  X which  occurs  in  the  initial  sample.  Now  consider  a further 
sample  of  size  N.  The  following  problems  of  prediction  relating  to  the  second  sample  from  information 
yielded  by  the  initial  sample  are  considered:  < ! i What  is  the  probability  that  at  least  N„  values  of  X in  the 
second  sample  will  exceed  the  tolerance  limit  X,  set  bv  the  first  sample?  '2'  What  is  the  probability 
that  at  least  N„  values  ofX  in  the  second  sample  will  lie  between  the  twotolerancc  limits  X,and  Xnset  by 
the  first  sample?  (3)  For  given  values  of  n and  N and  « (e.g.,  .99  or  .95).  what  is  the  largest  integer  N 
such  that  the  probability  is  at  least  a that  N„  2 Na?  1 4 ) What  is  the  limiting  value  of  N„  N R„  as  N 
increases  indefinitlv?  Tables  of  values  of  N„  and  R„  are  given  for  each  of  the  two  problems  1 1 1 and  '2'.  for 
several  important  combinations  of  values  of  n and  N and  for  <»  = .99  and  .95  Problems  similar  to  1 . ' 21 
and  (3)  are  discussed  for  the  case  in  which  tolerance  limits  are  placed  on  two  or  more  qua  I it  > characteris- 
tics simultaneously.  . . ." 

References:  Shewhart  1 1931 1,  Wilks  1 1941 ),  Wald  i 1942c 

Citations:  Wald  1 1942).  SchefTe  1 1943c  Wilks  1 1943c  Grant  '1946c  Rickerstafl  1947c  Murphy  1948*. 
Wilks  1 1948c  Wolfowitz  1 1949c 
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Barnard.  G.  A.  1 1943).  The  Use  of  the  Median  in  Place  of  the  Mean  in  Quality  Control  Charts.  Technical 
Report  No.  Q.  C./R2.  i British)  Ministry  of  Supply  Advisory  Service  on  Quality  Control. 


Note:  This  report  is  undoubtedly  relevant  to  our  subject,  but  the  compiler  has  been  unable  to  obtain  a 
copy,  and  has  no  information  as  to  its  contents  other  than  that  given  in  the  title. 
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* Barricelli,  Nils  Aall  1 1943).  Les  plus  grands  et  les  plus  petits  maxima  ou  minima  annuels  d'une  variable 
climatique.  Archie  for  Matematik  og  Naturvidenskab  (Osloi  46  (6),  155-194. 

Summary:  "In  this  work  the  quantities,  varying  as  a function  of  time,  which  are  usually  measured  at  a 
weather  station  in  order  to  obtain  a description  of  the  local  climate  (as  for  example  the  air  temperature, 
the  atmospheric  pressure,  etc.)  are  called  'climatic  variables’.  I propose  to  set  forth  here  a method  of 
calculating  theoretically  the  largest  and  the  smallest  annual  maxima  lor  minimal  of  a climatic  variable 
in  a period  of  many  years.  In  this  search  I base  mv  results  entirely  on  the  work  of  E.  J.  Gumbel  |<  1934f. 
1935d ) ] on  the  extremes  of  a statistical  variable.  . . (Compiler’s  translation  of  author's  introduction,  p. 
155).  The  author  finds  excellent  agreement  between  the  largest  and  smallest  annual  maxima  and 
minima  of  temperature  and  pressure  over  a period  of  many  years,  at  various  points  in  Norway,  and  the 
values  predicted  bv  Gumbel’s  theory  of  extreme  values. 

References:  Fechner  ( 1897),  Birkeland  ( 1928),  Gumbel  1 19340,  Birkeland  & Frogner  ( 1 935 1,  Gumbel 
(1935d>. 

* Craig,  Allen  T.  1 1943).  A note  on  the  best  linear  estimate.  Annals  of  Mathematical  Statistics  14,  88-90 
(MR  4.  280). 

Summary:  The  author  writes  (Introduction,  p.  88):  "Let  the  chance  variable  x he  subject  to  the 
distribution  function  Dix)  and  as  usual  let  E[gix)]  denote  the  mathematical  expectation  of  the  function 

g(x).  If  x,.  x2 x„  constitute  a sample  [ordered  so  that  x,<x2<...<xn|  of  n independent  values  of  x. 

the  function  y = c,x,  + c2x2  + . . . + c„xn  is  frequently  called  the  best  linear  estimate  of  Fix)  when  the  c's 
are  so  chosen  that  Ely)  = E(x)  and  E[v  - Eixlj2  = it/  is  a minimum.  It  is  the  purpose  of  this  note  to  give  an 
example  of  an  estimate  v,  best  in  the  sense  defined,  yet  such  that,  y ’ being  another  estimate.  Pr[E(  x i - 8 
sysEix)  + 8]  £ Pr[E(  x)  — 8 s v ' s Ei  x>  + 8],  for  every  8 > 0.”  The  author’s  example  involves  estimation 
of  the  parameter  H of  a uniform  distribution  of  x in  the  interval  zero  to  2H  > 0.  The  best  estimate  of  the 
class  considered  is  y = i n + 1 ) xn,2n.  The  author  compares  y with  the  estimate  to  = (x,  + x„)  2.  Restates 
that  Pitman  1 1937c)]  has  proved  that  for  every  8 > 0,  Pr  [E(xi  - 8<ai<Eixi+8]  exceeds  the  probability 
that  any  other  estimate,  including  y.  will  fall  in  this  interval  of  length  28  about  the  mean  a 2. 

Comments:  The  reviewer  i J.  Neymam  notes  that  there  seems  to  be  some  misunderstanding  concerning 
this  result,  since,  for  the  actual  distributions  of  y and  <u  given  by  the  author,  it  is  easy  to  show  that, 
contrary  to  the  assertion,  P{|<o  — 0|  < 8}  < P{|y  - H\  < 8}  for  all  values  of  8 > 0.  except  those  within  an’ 
interval  0 ■ 8 •-  a II  n.  The  author's  incorrect  result  is  based  on  a misinterpretation  of  a result  given  by 
Pitman  ( 1937c).  who  showed  that  the  midrange  ix,  + x„)  2 is  the  closest  estimate  of  the  parameter  a of  the 
rectangular  population  fix)  = 1 c.a  c2sxsa  + c/2,  even  ife  is  known  |but  not  if  c is  a known  multiple 
of  a (Craig’s  example )|. 

References:  Fisher  ( 1922).  Pitman  |(  1937c > |. 

* Curtiss,  J.  H.  (1943).  Convergent  sequences  of  probability  distributions.  American  Mathematical 
Monthly  50,  94-105.  (MR  4,  248i. 


Summary:  The  author  proves  a convergence  test,  related  to  the  central  limit  theorem,  for  sequences  of 
probability  distributions.  Me  applies  his  results  to  binomial.  Poisson.  Gamma  and  Fisher  / distributions 
and  to  distributions  of  linear  forms  and  of  positional  means.  The  final  section,  on  the  distribution  of 
positional  means,  deals  specifically  with  the  median,  but  the  author  points  out  that  it  is  equally 
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applicable  to  other  quantiles.  He  writes  ip.  105):  . . The  median  in  large  samples  drawn  by  simple 

random  sampling  from  a continuous  parent  distribution  is  approximately  normally  distributed  with 
mean  p and  variance  1/{4[F'(  /i ) ]-( 2n  + 1)}  [where  p.  is  the  population  median  and  ‘2n  + 1 is  the  sample 
size|.  If  applied  to  the  first  and  third  quartiles  of  a sample  of  4n  + 1 observations,  our  method  yields  the 
results  that  these  statistics  in  large  samples  from  a continuous  parent  distribution  are  approximately 
normally  distributed  with  respective  means  qh  and  variances  3/{64n  + 16i  [F'(qki]2},  k = 1,3,  where  q, 
and  q.,  are  the  first  and  third  quartiles  of  the  [parent]  distribution.  . . . If  Z has  the  Fisher  z-distribution 
. . . , and  if  m and  n are  even  integers,  then  an  integration  bv  parts  will  show  that  Pia<eH<*i  is  equal  to 
the  sum  of  the  first  m2  terms,  and  P(  — x <e2Z<a)  is  equal  to  the  sum  of  the  last  n'2  terms,  of  the  binomial 
expansion  of  (q+p)lm+n_21'2,  with  p = ma/in  +mai,  q =1  - p.  The  distribution  of  [F  =]e2Z  has  been 
tabulated  by  Snedecor  . . .,  and  this  provides  a means  of  determining  the  points  of  the  distribution  of  Wr 
[the  sample  median]  in  terms  of  those  of  F(w).  For  example,  in  the  case  of  the  median  of  a sample  of  N = 
23,  we  find  that  if  H,2(  w)  = .95,  then  F(  w)  = .66;  that  is,  the  5 percent  point  of  the  exact  distribution  of  the 
median  is  the  34  percent  point  of  the  distribution  of  the  variates  Xj  [the  parent  distribution].” 

Reference:  Fisher  & Yates  (1938). 

Citation:  Eisenhart,  Deming  & Martin  (1948a). 

* Deming,  W.  Edwards  (1943).  Statistical  Adjustment  of  Data.  John  Wiley  & Sons,  Inc.,  New  York; 
Chapman  & Hall,  Ltd.,  London. 

Summary:  The  author  writes  ( Preface,  p.  iv):  "Different  kinds  of  problems  of  adjustment  (e.g.,  geodesy 
on  the  one  hand  and  curve  fitting  on  the  other)  are  here  unified  and  brought  under  one  general  principle 
and  one  solution.  The  distinctions  between  different  kinds  of  problems  are  left  where  they  belong, 
namely,  in  the  conditions  that  the  adjusted  values  are  subjected  to. . . . Unfortunately  and  inadvertently, 
intellectual  gulfs  have  grown  up  between  writers  in  statistics,  least  squares,  and  curve  fitting.  Each  of 
the  three  groups  has  gone  its  own  way,  rediscovering  developments  long  since  discovered  by  the  others, 
or — what  is  worse — not  rediscovering  them.  Here  the  reader  will  find  contributions  from  all  three 
groups,  and  he  will  perceive  that  they  are  complementary."  Besides  giving  a thorough  discussion  of  the 
method  of  least  squares,  not  only  when  only  one  variable  is  subject  to  error  and  all  observations  are 
equally  weighted  but  when  one  of  these  conditions  is  violated,  he  discusses  briefly  various  other  methods 
which  can  be  used  in  place  of  the  method  of  least  squares  or  to  find  a preliminary  approximate  curve.  Let 
F(x,y;  a,b,c)  = 0 be  the  function  to  be  fitted,  and  let  F„  = F(  X,Y;  a„,bn,Cn),  where  a„.  b„.  c„  are  approximate 
values  of  a,  b,  and  c and  F„is  a small  quantity.  The  author  writes  (pp.  137-138):  "In  regard  to  the  matter  of 
arriving  at  the  approximations  a„,  b,„  c„,  it  should  be  made  clear  at  the  outset  that  in  practice  this  is 
usually  not  difficult.  Often  one  will  have  good  enough  approximations  simply  from  previous  experience. 

There  are  graphical  methods,  by  which  one  draws  in  a curve  free-han. There  is  the  ’method  of 

averages',  called  by  Norman  Campbell  |(  1920)  | the  ’method  of  zero  sum’,  by  which  one  finds  what  values 
of  a,  b,  and  c will  force  the  calculated  curve  to  average  out  correctly  over  groups  of  points  (three  groups  if 
there  are  three  parameters).  Then  there  is  Cauchy's  method,  which  has  much  to  recommend  it.  Lastly, 
there  is  the  method  of  selected  points  ....  By  this  method  one  simply  selects  three  points — usually  two 
end  points  and  a middle  point,  if  there  are  three  parameters — and  solves  three  simultaneous  equations 
to  find  what  values  of  a,  b,  and  c force  the  calculated  curve  to  pass  through  these  points.  If  there  are  two 
parameters,  two  points  are  selected,  and  soon.  . . . The  method  of  selected  points  is  much  used  and  easily 
justified  on  grounds  of  simplicity,  vet  it  is  about  the  worst  conceivable  method  of  curve  fitting.  If  the 
computer  is  not  careful  to  select  representative  points,  he  throws  away  practically  all  the  information 
contained  in  the  rest  of  the  points.  ...”  A brief  discussion  of  rejection  of  observations  is  given. 

References:  Mayer  (1750),  Gauss  (1809.  1823),  Czuber  (1891a).  Pizzetti  (1892),  Campbell  (1920), 
Keynes  ( 1921  >,  Whittaker  & Robinson  1 1924).  Shewhart  1 1931 ).  Wald  1 1940). 

Citations:  Snedecor  1 1937)  1 1946|,  Stevens  1 1 948  >. 
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* Gnedenko,  B.  (1943).  Sur  la  distribution  limite  du  terme  maximum  d’une  serie  aleatoire.  Annals  of 
Mathematics  (2i  44  (3),  423-453.  (MR  5,  41). 


Summary:  Let  x,,  x2, . . . be  a sequence  of  independent  random  variables  all  subject  to  the  samec.d.f.  Fix) 
and  let  £n  = max  (x,,  x2, . . .,  xni.  One  can  easily  see  that  the  c.d.f.  of  is  Fn(x)  = P {£„  < x}  = Fn(x>.  The 
author  notes  that  much  work  has  been  done  on  the  limiting  distributions  of  F„(x>  for  large  values  of  n 
lasymptotic  distributions  of  extreme  values).  In  particular,  Frechet  (1927)  found  laws  which  can  be 
limits  for  Fn(anx)  for  a convenient  choice  of  positive  constants  an,  viz.  <t>a(x)  =0,x<0,  <t>a(x>  = exp(  -x 
x > 0 and'l'jx)  = exp  [-(  -x>“],  x < O,'!',,!  xi  = 1,  x > 0,  where  a denotes  a positive  constant.  Fisher  & 
Tippett  ( 1928)  showed  that  limiting  laws  for  Fnianx  + bni,  where  an  > 0 and  bn  are  conveniently  chosen 
real  constants,  reduce  to  laws  of  types  4>0(x>,'l'0(x>  and  the  law  A(xi  = exp  ( -e“x),  and  von  Mises  ( 1936) 
found  sufficient  conditions  for  the  convergence  of  the  laws  Fn(anx  + bn)  to  each  of  the  three  types,  for  a 
certain  fixed  choice  of  the  constants  an  > 0 and  bn.  The  author  points  out,  however,  that  these  authors 
have  not  completely  solved  the  fundamental  problems  concerning  the  limiting  distributions  of  the 
maximum  of  a random  series.  He  proceeds  to  prove  that  the  class  of  limit  laws  for  the  maxima  contains 
only  the  three  indicated  types.  He  also  gives  necessary  and  sufficient  conditions  for  the  domains  of 
attraction  of  each  of  the  limiting  types.  These  conditions  are  definitive  for  the  laws  <t>Q(  x ) and  HMx),  but 
not  for  the  law  Aix).  In  addition,  he  gives  necessary  and  sufficient  conditions  for  the  law  of  large  numbers 
and  for  the  relative  stability  of  maxima.  He  points  out  that  the  results  for  iimiting  distributions  of  the 
maximum  of  a random  series  can  easily  be  extended  to  the  minimum,  since  if  7jn  = min  (x,,  x2,  . . .,  xnl, 
then  — rjn  = maxi  -x,,  -x2 -xn). 

References:  Frechet  (1927).  Fisher  & Tippett  (1928),  de  Finetti  (1932),  von  Mises  (1936). 

Citations:  Gartste'i’n  1 1948),  Juncosa  ( 1949),  MeTzler  ( 1949i.  Smirnov  ( 1949b). 

* Gumbel,  E.  J.  ( 1943a).  On  serial  numbers.  Annals  of  Mathematical  Statistics  14,  163-178.  ( MR  4,  280). 

Summary:  The  author  points  out  that,  for  an  ordered  sample  of  size  n the  cumulative  distribution  may 
be  represented  either  bv  the  step  function  im,  xm)  or  the  step  function  (m  - 1,  xm),  m = 1,  2,  . . .,  n, 
depending  upon  whether  the  observations  are  arranged  in  order  of  increasing  or  decreasing  magnitude. 
He  shows  that  the  differences  between  the  two  ways  of  plotting  play  an  important  role  in  certain 
graphical  methods  used  by  engineers.  In  plotting  on  probability  paper,  one  uses  the  reduced  ranks  m/n 
instead  of  the  ranks  m.  If  the  plotting  position  of  the  m,h  point  is  taken  to  be  m/n,  the  last  point 
(corresponding  to  the  largest  observation)  cannot  be  plotted;  if  it  is  taken  as  (m  - l)'n,  the  first  point 
cannot  be  plotted.  To  avoid  these  difficulties,  the  compromise  position  ( m - 1 2)  n has  been  widely  used. 
This  may  be  acceptable  for  comparison  between  the  sample  c.d.f.  and  the  theoretical  population  c.d.f. 
{the  continuous  curve  [Fix),  x]},  but  it  leads  to  serious  difficulties  for  the  return  period.  The  theoretical 
return  period  of  a value  greater  than  or  equal  to  x is  defined  as  Tixi  = 1 |1  - Fix)].  Corresponding  to  the 
step  function  (m.  xm).  we  have  the  exceedance  interval  'T(xm)  = n in  - ml,  m = 1,  2,  . . .,  n - 1 and 
corresponding  to  the  step  function  i m - 1,  xmt,  the  recurrence  interval  ’Tixm)  = n/(n  - m + li.m  = 1,2, 

. . ..  n.  Corresponding  to  the  compromise  position,  we  have  thecorrected  return  period  T(xm)  = n'(n  - m + 
1 2)  proposed  by  Hazen  1 1930)  and  used  by  Kimball  ( 1942).  According  to  this  formula,  the  highest  of  n 
observations  has  return  period  2n.  which  does  not  seem  to  be  sound.  To  obtain  one  and  only  one  series  of 
observations,  the  author  adjusts  the  cumulative  frequencies,  the  corrections  depending  upon  the 
theoretical  distribution  which  is  adequate  for  the  observations.  Later  he  deals  with  the  relation  between 
serial  numbers  and  grades,  where  a grade  is  the  statistical  variate  corresponding  to  cumulative 

probability  Fix),  with  Fix)  = 1 4.  12.  3 4.  for  the  quart iles.  Fix)  = 1 10 9 10  for  the  deciles,  etc.  For 

the  median.  x„.  the  most  probable  serial  number  m„  is  m„  = in  + 1)2-  f’(x„i  4f2(x0t,  where  fix'  is  the 
theoretical  p.d.f.  The  most  probable  serial  number  for  the  median  of  a symmetrical  distribution  is  fh„  - 
( n + 1 1 2,  which  gives  the  usual  estimate  of  the  median  for  any  distribution.  For  the  two  quartiles  q,  and 
q2  the  most  probable  serial  numbers  nil q, i and  m(q2>  are  rniq,)  =in  +3)4  - 3f’iq,i  16f2(q,i  and  m(q2)  = 
(3n  + 1)  4 - 3f’iq,i  16f2iq2i.  For  the  uniform,  normal  and  exponential  distributions,  respectively,  we 


345 


have  m(q,i  = in  + 3>  4,  miq2i  = (3n  + 1 1/4;  m(q,)  = n 4 + .352,  m(q2)  = 3n  4 + .648;  miq,l  = n 4 + l,  rh(q2) 
= 3n  4 + I.  Finally,  the  author  determines  standard  errors  of  the  estimates  and  constructs  confidence 
bands  for  the  comparison  between  theory  and  observations. 


References:  Fisher  & Tippett  i 1928i,  Hazen  < 1930 1,  Pearson  & Pearson  1 1931,  1932 1,  Gumbel  i 1935a. 

1939a,  1941a,  1942a,ci,  Kimball  . 1942*. 

Citations:  Kendall  (1946i,  Gumbel  1 1 947 >. 

* Gumbel,  E.  J.  (1943b).  On  the  plotting  of  flood-discharges.  Transactions  of  the  American  Geophysical 
Union  24,  699-716;  discussion,  716-719.  i.MR  5.  211 — listing  onlyi. 

Summary:  The  author  writes  i Introduction,  p.  699 1;  "We  ask;  Which  frequency  shall  we  attribute  to  the 
m’th  observation  of  a statistical  variate,  and  especially  to  the  m'th  flood  discharge?  Let  xm  [m  = 1,  2, . . ., 
n — 1,  n]  be  n observations  arranged  according  to  increasing  magnitude.  The  question  is,  shall  we  use 
iranior  [< m — 1 > n|  as  the  observed  cumulative  frequency?  . . . Hazen  [i  1 930 > ] proposed  a compromise,  a 
corrected  frequency  Wixmt  = [im-1  2)  n]  which  has  been  accepted  widely.  . . . For  the  largest  among  n 
observations  this  method  leads  to  a return-period  2n.  But  no  statistical  device  can  increase  the  number  of 
observations  beyond  n.  Furthermore,  it  does  not  seem  safe  to  attribute  a return-period  2n  to  an  event 
which  has  already  happened  within  n years.  Therefore,  Hazen's  proposal  does  not  solve  the  problem." 

The  author  summarizes  his  proposed  general  solution  of  the  problem  as  follows  (Conclusion,  p.  715): 

"There  are  two  ways  of  plotting  the  observed  cumulative  frequencies,  and  two  ways  of  plotting  the 
observed  return-periods.  Both  wavs  are  justified.  However,  it  is  a logical  postulate  to  compare  one  and 
only  one  observed  series  with  the  theoretical  series.  Therefore,  we  attribute  to  the  m’th  observation  xman 
adjusted  cumulative  frequency  [W(xm>],  which  is  the  probability  of  the  most  probable  m'th  value  . . . To  i 

facilitate  this  procedure,  we  give  tables  of  the  difference  [m  n - Wt  for  the  normal  distribution  and  the 
distribution  of  the  largest  value.  If  the  theoretical  distribution  of  the  observed  sample  is  unknown,  the 
problem  of  the  correction  has  no  exact  solution.  However,  under  certain  analytical  conditions,  which  are 
not  very  restrictive,  we  obtain  an  approximate  solution  . . . {\V(xmi  = i nt  n > - [( m -1  > m n- 1 > ]}.  For  large 
numbers  of  observations,  the  approximate  solution  may  be  substituted  for  the  adjusted  frequencies. . . ." 

On  page  702,  the  author  notes  that  another  general  approximation  is  W'i  xm>  = [m  ( n + 1 >).  The  discussion 
includes  comments  by  Bradford  F.  Kimball,  who  accepts  the  author's  proposed  correction,  and  by  R.  S. 

Goodridge. 

References:  Hazen  ( 1930),  Horton  1 1936),  Gumbel  i 1941a, b.  1942b. c).  Kimball  < 1942).  Powell  1 1943). 

Citations:  Gumbel  ( 1945a).  Nordquist  1 1945).  Kimball  ' 1946b). 

* Gumbel,  E.  J.  ( 1943c).  La  duree  de  retour.  La  Meteorologie  (3)  no.  42,  71-98.  (MR  7,  319). 

Summary:  The  author  reviews  the  theory  of  extreme  values  which  he  has  developed  in  earlier  papers 
[e.g..  Gumbel  ' 1935a)).  with  special  emphasis  on  the  return  period,  which  he  applies  to  meteorological 
and  hydrological  data.  He  writes  (Conclusion,  pp.  97-98.  as  translated  by  the  compiler):  "Our  method 
consists  in  this:  For  a statistical  variable  of  which  the  observations  are  mutually  independent  and  occur 
in  time,  we  first  trace  the  observed  return  periods.  For  this  purpose,  we  arrange  the  observations  in  a 
nondecreasing  order,  and  we  attribute  to  the  m'h  value,  then  the  im  1 isl  value,  the  observed  period  log 
T(xmi  = log  [n.  n -m>|.  In  order  to  represent  these  observations  one  chooses  a distribution  determined  with 
regard  to  the  problem  itself  One  calculates  the  constants  by  the  method  of  moments  and  traces  the 
theoretical  curve  x = f'  log  T).  In  order  to  control  the  agreement  between  the  theory  and  the  observations 
one  also  traces  the  two  control  curves  x ± s„.  log  T.  With  the  necessary  precautions  one  can  decide 
whether  the  choice  of  the  theoretical  distribution  is  good,  and  determine  whether  the  assumed  indepen- 
dence exists,  or  whether  certain  values  are  closer  to  each  other  than  the  theory  predicts.  Thus  the  return 
period  gives  a new  criterion  for  comparing  observations  with  a theory  and  allows  an  interpietat  ion  of  the 
range  of  the  observations." 


References:  Galton  (1875),  Bertrand  (1889)  [ 1907 1,  Fuller  (1914),  Fisher  & Tippett  (1928),  Gibrat 
(1932b),  Gumbel  (1935a),  von  Mises  (1936),  Coutagne  (1937),  Gumbel  (1937b,  1939c,e). 

* Kendall,  Maurice  G.  1 1943).  The  Advanced  Theory  of  Statistics,  Volume  1.  Charles  Griffin  and  Company 
Limited,  London.  (MR  6,  89). 

Summary:  In  Chapter  2 (pp.  29-48),  the  author  discusses  measures  of  location  and  dispersion.  Measures 
of  location  considered  include  the  arithmetic,  geometric  and  harmonic  means,  the  median  and  the  mode 
(all  of  which  are  measures  of  central  tendency)  and  the  quantiles  (in  addition  to  the  median,  the  quartiles 
and  the  deciles  are  specifically  mentioned).  The  author  notes  that  the  (arithmetic)  mean,  the  median  and 
the  mode  are  the  same  for  symmetric  unimodal  distributions,  but  differ  for  skew  distributions.  He  gives 
the  empirical  relation  Mean-Mode  = 3 ( Mean-Median),  which  he  says  holds  approximately  for  unimodal 
distributions  of  moderate  asymmetry,  and  mentions  the  advantages  and  disadvantages  of  the  median  as 
compared  with  the  mean.  He  notes  that  measures  of  dispersion  fall  into  three  groups:  (a)  Measures  of  the 
distance  between  certain  representative  values,  such  as  the  range,  the  interdecile  range  and  the 
interquartile  range;  (b)  Measures  compiled  from  the  deviations  of  all  of  the  observations  from  some 
central  value,  such  as  the  mean  deviation  from  the  mean  (or  from  the  median)  and  the  standard 
deviation;  (c)  Measures  compiled  from  the  deviations  of  all  of  the  observations  from  each  other,  such  as 
the  mean  difference.  He  also  discusses  measures  of  relative  dispersion,  such  as  Pearson's  coefficient  of 
variation  and  Gini’s  coefficient  (ratio)  of  concentration.  In  Chapters  5 and  6 (pp.  1 16-163),  he  discusses 
standard  distributions,  including  binomial,  Poisson,  hypergeometric  and  normal,  also  the  Pearson 
system,  Gram-Charlier  series  and  Edgeworth  series.  In  Chapter  7 (pp.  164-185),  he  deals  with  probabil- 
ity and  likelihood,  and  in  Chapter  8 (pp.  186-203),  with  random  sampling.  In  Chapter  9 (pp.  204-230),  he 
gives  formulas,  many  of  them  only  approximate,  for  the  standard  errors  of  sample  statistics,  including 
the  mean  and  other  moments  (and  functions  of  moments),  the  median  and  other  quantiles,  the  mean 
deviation,  the  mean  difference,  the  semi-interquartile  range  and  the  range.  He  also  finds  the  covariance 
of  quantiles,  and  studies  the  distributions  of  mlh  largest  and  mlh  smallest  values  in  a sample  of  size  n. 

References:  Lagrange  (1774),  Venn  ( 1866)  [ 1 888 1,  Hel inert  (1876a),  Pearson  1 1895),  Edgeworth  ( 1905), 
Charlier  (1906),  Gini  (1912),  Fisher  (1920),  Pearson  (1920),  Jackson  (1921),  Keynes  (1921),  Morant 
( 1921 ),  Fisher  1 1922 ),  Levy  ( 1925),  Tippett  ( 1925),  Pearson  ( 1926),  Jordan  ( 1927 ).  Bowley  ( 1928),  Cramer 
1 1928i,  Fisher  & Tippett  (1928),  Pearson  & Adyanthaya  (1928),  Gini  & Galvani  (1929).  de  Finetti  & 
Paciello  (1930),  Steffensen  (1930),  Hojo  (1931),  Pearson  & Pearson  (1931),  Pearson  (1932),  Davies  & 
Pearson  (1934).  Gumbel  (1935a),  Pearson  & Haines  (1935),  Nair  (1936),  Ne.vman  (1937b),  Jeffreys 
(1939),  Hartley  (1942),  Pearson  & Hartley  (1942). 

Citations:  Snedecor  1 1937)  1 19461,  Arley  & Buch  1 1 940 ) 1 1950 1.  Boldrini  1 1 942 > 1 1968],  Cramer  1 1 946 1. 
Gumbel  ( 1946a',  Kendall  (1946),  Mosteller  (1946),  Winsten  i 1946),  Gumbel  (1947).  Purcell  (1947), 
Huzurbazar  (1948),  Benson  (1949),  Tukey  ( 1949b). 

* Knudsen,  Lila  F.  (1943).  A method  for  determining  the  significance  of  a shortage.  ■Journal  of  the 
American  Statistical  Association  38,  466-470. 

Summary:  The  author  writes  (p.  466);  "The  method  given  here  for  making  quick  decisions  with  regard 
to  shortages  in  weight  utilizes  the  range  of  a sample.  There  are  occasions  confronting  the  practical 
person  where  a choice  has  to  be  made  between  a rapid  utilization  of  statistical  methods  or  none  at  all.  The 
method  suggested  here  attempts  to  fill  this  need  for  simplicity  and  rapidity  of  application  and  can  be 
used  in  any  question  of  shortage— not  necessarily  weight  only  but  any  suspected  deviation  from  a 
standard  or  specification.  This  is  a criterion  for  the  average.  . . Rule:  Take  the  shortage  in  weight  (t he 
declared  net  weight  D minus  the  average  net  weight  x of  the  sample  |,  and  the  range  between  the  smallest 
and  largest  weights  in  the  sample  tested,  and  perform  the  simple  division:  (shortage  in 


weight  i ( range  in  sample).  Compare  this  ratio  with  the  figures  in  the  table  corresponding  to  the  number 
of  units  weighed  (size  of  sample),  (ii  If  the  calculated  value  of  this  fraction  is  less  than  the  value  in 
Column  A.  the  presumption  is  that  no  shortage  exists,  i ii ) If  this  fraction  lies  between  the  entries  shown 
in  the  two  columns  A and  B of  the  table,  shortage  is  suspected  and  additional  units  should  be  weighed, 
(iii)  If  the  fraction  is  greater  than  the  value  in  column  B,  the  presumption  is  that  a definite  shortage 
exists.”  The  table  (p.  468)  gives  .05  (Column  Ai  and  .001  (Column  B)  significance  levels  of  the  ratio 
(shortage'range)  for  samples  of  size  N =3(1  )25,  30,  40,  60,  120,  500.  These  are  approximate  significance 
levels  obtained  from  the  corresponding  significance  levels  of  Student's  t by  means  of  the  formula 
t (SVN),  where  S is  a constant  such  that  the  average  range  in  a sample  of  size  N (from  a normal 
population)  is  Scr. 

References:  Tippett  ( 1925),  Student  (1927),  Pearson  ( 1931 1,  Shewhart  (1931 ),  Davies  & Pearson  1 1934), 
Pearson  ) 1935),  Simon  ( 1941 ). 

Citations:  Daly  (1946),  Grant  (1946). 

* Kontorova,  T.  A.  1 1943).  Concerning  one  of  the  applications  of  the  statistical  theory  of  the  scale  factor 
(problem  concerning  the  strength  of  a cable).  (Russian).  Zhurnal  Tekhnicheskoi  Fiziki  [Journal  of 
Technical  Physics  (USSR)]  13  16),  296-308. 

Summary:  The  statistical  theory  previously  developed  bv  the  author,  partially  in  collaboration  with 
Frenkel,  was  directed  to  the  solution  of  problems  involving  the  rupture  of  specimens  in  which  the 
elements  were  effectively  in  series  (as  the  links  in  a chain  i.  The  author  proposes  now  to  adapt  this  theory 
to  specimens  in  which  the  elements  are  effectively  in  parallel  (as  the  wires  in  a cable).  The  problems 
studied  include  1 1 ) the  rupture  of  the  first  wire;  (2)  the  rupture  of  all  the  wires;  and  (3)  the  degree  of 
rupture  for  given  stress.  It  is  assumed  that  the  strength  of  each  wire  is  uniquely  determined  by  the  most 
dangerous  defect  in  it.  The  probability  of  encountering  a wire  having  the  strength  a.  as  given  by 
Kontorova  & Frenkel  1 1941 ),  is  given  by  Wio-'do-  = Cna>„e~a  trl* [ 1 - e-“,<r°~  2x/nat  (o-,,  - o-)]n<"«d<x 
( 1 1,  where  to,,  is  the  size  of  the  wire,  n is  the  mean  number  of  defects  occurring  per  unit  volume.  trn  is  the 
most  probable  value  of  the  strength  of  the  wire,  and  C and  a are  constants,  with  C = Va  n . The  equation 
1 1 1 is  a valid  approximation  under  the  assumption  that  the  difference  <ra  - <r  is  not  too  small,  which  can 
safely  be  made  if  the  volume  of  each  wire  is  not  too  small.  The  probability  that  one  wire  (the  weakest  one) 
has  strength  <r  is  given  by  P,  = N«Wi<r>  [J  * Wirr>  dcr|N  'd<r  (2),  where  N is  the  number  of  wires.  By 
substituting  1 1 i and  < 2'  and  making  various  approximations  involving  the  neglect  of  eras  compared  with 
ir„.  the  author  arrives  at  the  final  result  P,  ==  CNn<o„  e-  “,|7»  ,r'![l  - e -«'<>■„-  <n'  2\n-(vo-„]na,»{|l  -e-“'<r°~ 
" ’ 2 \ wo  <r„l n,“  1 1 1 2\ua  ir„l  1 dir  ' 7 '.  The  probability  that  the  strongest  of  the  N wires  has 

strengt  h it  is  given  by  PN  \Wi  <r  > |J VVi  <r  d<r]N  'drr  < 9 ).  The  author  assumes  that  the  number  of  wires 
is  sufficiently  great  so  that  the  strength  tr  of  the  strongest  wire  is  much  greater  than  the  mean  strength 
ir„.  that  is.  ,r  <r„  I n t his  case,  equat  ion  1 1 ) must  be  replaced  by  Wi  o-)  do-  s Cnai„  {e  - ov*  |2  V rra 

it  it,,  1 1 <It  I A comparison  of  1 1 1 and  1 1')  shows  that  a positive  deviation  of  a given  magnitude 
from  the  mean  strength  is  much  less  probable  than  a negative  deviation  of  the  same  magnitude.  The 
probability  Ps  t hat  t be  st longest  wire  has  st rength  it  is  given  by  PN  = CN mu,,  {e  - K »,.«  [o  \ na  i F — 
it,, 1 1"  dd'O'l"  e ' • h ' |2\  ttii  ( F irlli|n,"P  1 dir' 15),  where  JiO)  1 -e  ,,,r ' 2\  7m  <r„.  F being  the 

w bole  force  applied  to  t he  cable.  so  t hat  t he  st  ress  applied  to  one  remaining  wire  is  <r  = F as  compared 
w it h <r  F \ original l\  Let  ir*  be  t he  most  probable  value  of  t he  rupturing  tension  applied  to  the  first 
wire  and  F*  lie  the  most  probable  value  of  the  rupturing  tension  bringing  about  the  rupture  of  the  last 
wire  of  the  cable  Then  ir*  ir„  \ A Ig  N cu„  + R and  F*  = <r„  + \ A lg  N ii  u>„.  where  A = 1 a and  B = 

1 1 <« 1 Ig  1 n 2 \ mr  it,,1  Next  t he  author  considers  t he  degree  of  rupt lire  of  t be  cable  by  an  applied  F.  The 
ratio  of  the  number  of  w ire*  r already  broken  to  the  original  number  N is  called  y.  so  that  y = v N.  If,  at  a 
given  stage,  the  force  on  each  of  t he  remaining  wires  is  <r’,  this  means  that  the  strength  of  each  of  these 
wires  exceeds  fr  1 'ndor  t he  assumpt  ion  it  < < it  corresponding  to  the  case  of  not  too  small  values  of  N. 
the  number  of  remaining  w ires  at  this  stage  is  ,\  J ” \Viir>  dir.  and  the  number  of  broken  wires  is  v 
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= N [1  - { W(<r)  d<rj  (24l.  For  applied  force  F,  the  stress  on  each  wire  is  then  rr'  = F N Wi  cri  d<j 

(25).  To  find  y as  a function  of  F and  N,  we  must  solve  simultaneously  Equations  ( 24 > and  (25).  Using 
Equations  1 1 1 and  (7),  and  approximating  a binomial  expression  by  its  first  two  terms  the  author  finds  v 
= N {1  - ( no»0  2 Vjrao-,,1  [1  - e and  y = e/N  = afe-ox*.-**'1'  + b],  where  the  parameters  a = n<u0 

2V7ra  (t0  and  b =il  -a)  a are  constants  of  the  material;  also  F = (Nna*„  2vVa  <t0)<t'  [1  -e  ” |. 
which  can  best  be  solved  graphically. 

Note:  It  appears  that  the  differential  should  be  deleted  on  the  right-hand  side  (or  inserted  on  the 
left-hand  side)  of  Equations  (2),  (7),  (9)  and  ( 15). 

References:  Kontorova  (1940),  Kontorova  & Frenkel  (1941). 

Citation:  Kontorova  & Timoshenko  (1949). 

* Mathisen,  Harold  C.  1 1943).  A method  of  testing  the  hypothesis  that  two  samples  are  from  the  same 
population.  Annals  of  Mathematical  Statistics  14,  188-194.  (MR  5,  128). 

Summary:  The  author  writes  (Summary,  p.  194):  "The  problem  considered  here  is  that  of  devising  a 
simple  method  of  testing  the  hypothesis  that  two  samples  are  from  identical  populations  having 
continuous  distribution  functions.  It  may  be  summarized  briefly  as  follows.  The  first  sample  is  used  to 
establish  any  desired  number  of  intervals  into  which  the  observations  of  the  second  sample  may  fall.  A 
test  criterion  is  proposed  which  is  based  on  the  deviations  of  the  numbers  of  elements  of  the  second 
sample  which  fall  in  the  intervals  from  the  expected  values  of  the  respective  numbers.  Two  cases  are 
discussed,  that  of  two  intervals  and  that  of  four  intervals,  making  use  of  a median  and  quartiles  in  the 
first  sample  to  determine  the  intervals.  Tables  of  lr/r  and  5 '7<  points  for  several  sample  sizes  of  both  cases 
are  given.”  The  author  makes  use  of  the  facts  that,  for  first  sample  of  size  2n  + 1 , the  median  x„_ , divides 
the  range  of  x into  two  intervals  into  which,  under  the  null  hypothesis,  it  is  equally  likely  that  an 
observation  from  the  second  sample  will  fall;  for  first  sample  of  size  4n  + 3,  the  quartiles  xn. x2n*2  and 
x:ln_;t  divide  the  range  of  x into  four  such  intervals. 

Note:  Median  tests  and  quartile  tests,  such  as  those  considered  in  this  paper,  depend  only  on  the  ranks  of 
the  observations,  and  hence  this  paper  is  relevant  to  a study  of  order  statistics  only  because  it  deals 
incidentally  with  the  problem  of  determining  sample  quartiles  (and  estimating  population  quartiles). 
The  author's  solution  to  this  problem  agrees  with  that  advocated  by  the  compiler  [see  comments  on  Hojo 
(1931)]. 

Reference:  Thompson  (1941). 

Citations:  Scheffe  1 1943),  Bowker  < 1944).  Kendall  ( 1946),  Wilks  1 19481.  Wolfowitz  1 1949). 

* Nair,  K . R.;  Banerjee,  K.  S.  ( 1943).  A note  on  fitting  of  straight  lines  if  both  variables  are  subject  to  error. 
Sankhya  6,  331. 

Summary:  The  authors  write:  "Wald  [( 1940)  | has  given  a simple  method  of  fitting  a straight  line  to  a set 
of  n observed  pairs  of  values  lx*.  y()  when  both  x and  y are  subject  to  mutually  uncorrelated  errors.  The 
method  which  Wald  has  advocated  can  he  easily  recognized  as  the  Method  of  Averages  for  fitting  curves. 
Nair  and  Shrivastava  ' 1942)  have  recently  studied  the  efficiency  of  this  method,  in  comparison  to  the 
method  of  least  squares,  for  fitting  polynomials  in  x,  when  v alone  is  subject  to  error.  They  have  found 
that  a slightly  modified  method  which  they  called  the  'Method  of  Group  Averages'  will  give  more 
efficient  results  than  the  'Method  of  Averages'.  For  fitting  a straight  line  they  found  that  by  plotting  the 
points  of  mean  values  of  x and  y for  the  first  one-third  and  the  last  one-third  of  the  whole  set  of 
observations,  arranged  in  order  of  magnitude  of  x,  and  by  joining  these  mean  points  we  get  a better 
estimate  of  the  straight  line  than  any  other  two  group  means.  By  model  sampling  we  have  collected 
evidence  that  when  both  x and  y are  subject  to  error,  then  also  the  method  of  Group  Averages  gives  better 


349 


estimates  for  a and  b,  of  the  liney  = ax  + b,  than  the  method  of  averages  which  Wald  has  put  forward." 


References:  Wald  ( 1940 ).  Nair  & Shrivastava  < 1942). 

Citations:  Kendall  (1946).  Bartlett  < 1949 1. 

* Pearson,  E.  S.;  Hartley,  H.  O.  (1943).  Tables  of  the  probability  integral  of  the  studentized  range. 
Bionietrika  33,  89-99.  (MR  6,  92). 

Summary:  The  authors  write  (Introduction,  p.  89>:  "Denote  by  x, xn  a random  sample  of  n 

observations  arranged  in  ascending  order  of  magnitude  and  drawn  from  a normal  population  with 
standard  deviation  a.  The  range,  or  spread,  in  the  sample  is  then  x„  - x,  and  may  be  expressed  in  units  of 
the  standard  deviation  by  the  ratio  w = (x„  - x, ) <r.  Tables  of  the  probability  integral  of  w were  given  . . . 

| by  Pearson  & Hartley  (1942)),  together  with  tables  of  its  percentage  points.  . . . The  probability 
distribution  of  the  difference  x„  - x,  depends  on  the  standard  deviation  of  the  sampled  population.  In 

many  cases  this  will  be  unknown,  but  can  be  estimated  from  a second  independent  sample  X, X, . i, 

drawn  from  the  same  population.  If  we  denote  bv  sa  •-  XS"'X  Xi-  r.  the  estimate  of  <r-  derived 
therefrom,  it  is  easy  to  see  that  the  probability  law  of  the  ratio  q = ( xn  - x, ) s does  not  depend  on  <r.  This 
idea  of 'studentizing'  the  range  seems  to  have  occurred  first  to  W.  S.  Gosset  himself  (see  letter  of  29 
January  1932  quoted  by  E.  S.  Pearson  . . . ]( 1939)],  p.  245 1.  Following  this  suggestion,  D.  Newman  ( 1939) 
calculated  a number  of  percentage  points  for  q.  Newman’s  table  was  obtained  by  quadrature  from  E.  S. 
Pearson’s  approximate  probability  law  of  w.  Since  exact  tables  of  this  latter  integral  are  now  available,  it 
appeared  appropriate  to  revise  and  amplify  the  'student ized’  distribution  law  resulting  from  it  . . . .”  They 
describe  the  new  tables  as  follows  (pp.  89-90):  "The  probability  law  of  q depends  both  on  the  size  n of  the 
first  sample  ( from  which  the  range  x„  - x,  is  determined)  and  on  the  degrees  of  freedom  v of  the  standard 
deviation  estimated  from  the  second  sample.  The  probability  integral  may  he  denoted  by  ,P„(Q>  and 
represents  the  chance  that  the  ratio  q does  not  exceed  the  limit  (}.  As  i’—*  * and  s-’  — »<r2.  ,PniQ>  will  tend 
to  the  probability  integral  Pn(  W ) of  the  ratio  w - (x„  x , > <r.  taken  at  W Q.  It  can  now  be  proved  that  to 
an  accuracy  sufficient  for  practical  purposes  and  for  r s 10.  ,,Pn  i t^i  may  be  represented  as  a quadratic  in 
1/e.  viz.  ,.P„  ( Q)  = Pn  (Q)  + a„  (Q)/e  + bn(Q)  r-’.  The  coefficients  Pn  ((}),  an(Q>  and  b„  (Q)  are  given  in  Table  1 
[for  Q = 0 (0.25)  6.50  and  n =3(1)  20] ....  For  certain  applications  it  is  necessary  to  know  the  limits  Q 
corresponding  to  standard  probability  levels.  Table  2 gives  these  percentage  points  for  four  levels,  viz. 
the  upper  and  lower  5 and  1 'f  points.  The  lower  percentage  points  are  given  to  two  places  of  decimals,  for 
degrees  of  freedom  r [ = 10(  1 >20,  24, 30, 40, 60, 120,  * |.  . . and  for  sample  sizes  n | 2(1>20|.  . The  upper 

percentage  points  are  given  for  the  same  values  of  rand  n and  to  the  same  accuracy,  except  that  for  10  s r 
< 20  only  one  place  of  decimals  is  given.  . . .”  Applications  and  calculation  of  the  tables  are  also 
discussed. 

References:  Student  1 1927 1,  Pearson  1 1935).  Newman  1 1939).  Pearson  ' 1939'.  Simon  '1941).  Dudding  & 
Jennett  (1942),  Hartley  ( 1942 ).  Pearson  & Hartley  (1942). 

Citations:  Hartley  ( 1944 ),  Baker  i 1946 1.  Kendall  1 1946).  Duncan  1 1 947 ).  Nair  ' 1948a.bi.  Wilks  i 1948 1, 
Paulson  ( 1949). 

* Powell,  Ralph  W.  (1943).  A simple  method  of  estimating  flood  frequencies.  Cinl  Engineering  13  (2). 
105-107. 

Summary:  The  author  describes  a special  plotting  paper,  to  be  used  with  the  method  of  Gumhel  1 194  la  i, 
on  which  the  relationship  between  the  T-year  flood  and  T itself  will  plot  as  a straight  line.  Gumbel’s 
method  is  based  upon  the  assumption  that  (he  data  have  come  from  a Type  I asymptotic  distribution  of 
largest  values,  for  which  he  showed  that  (},„  + S i0.7797y  0.45005)  and  y 1 n | lml  — 1 T ) ], 

where  (}„,  the  flood  equaled  or  exceeded  on  the  average  once  in  T years.  G , average  of  annual  floods. 
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S = standard  deviation  of  annual  floods  = Vn(SQ2/n  -Q2)/(n  - 1),  y = function  of  stream  flow  defined  by 
the  preceding  equation,  n = number  of  years  of  record,  and  XQ2  = sum  of  the  squares  of  the  observed 
annual  floods.  The  author  tabulates  y and  T for  100/T  = 0.05,  0.1  (0.1 ) 0.5,  1 < 1 )5,  10(5)40,  42.96,  45i5i60, 
70i  10i90,  95,  99  and  uses  this  table  to  prepare  a special  plotting  paper  on  which  the  horizontal  lines  are 
spaced  uniformly  and  the  distance  between  the  vertical  lines  is  made  proportional  to  the  values  of  y.  so 
that  the  relationship  between  (}a  and  T will  plot  as  a straight  line.  The  vertical  scale  is  the  flow'  ( in  units 
of  103ft3/sec),  values  of  100  T are  shown  at  the  bottom,  and  values  of  T (the  return-period)  are  shown  at 
the  top.  The  author  lists  three  ways  in  which  this  paper  can  be  used:  1.  Compute  the  values  of  the  mean 
annual  flood,  Qa,  and  of  the  standard  deviation,  S,  from  the  observed  data.  Plot  the  points  T = 2,000,  Qm  = 
Qa  + 5.476S  and  T = 2.376  [sic;  should  be  2.3276]  (or  100/T  = 42.96),  Qm  = Qa.  Then  draw  a straight  line 
through  these  two  points,  which  will  give  the  value  of  Qm  for  any  value  of  T up  to  2,000  years.  As  a check, 
the  observed  values  of  all  the  annual  floods  may  be  plotted  i based  on  Horton's  recurrence  interval  rather 
than  his  exceedance  interval  or  Hazen's  compromise).  In  n years  of  record,  the  highest  is  taken  as  having 
100  T = 100  n,  the  next  highest  as  having  100  T = 200  n.  and  the  next  300  n,  etc.  The  lowest,  100  T — 
100,  cannot  be  plotted.  2.  Simply  plot  the  observed  data  as  just  described  and  fit  a straight  line  by  eye, 
without  computing  (}a  or  S.  3.  Compute  Qa  but  not  S,  and  draw  the  line  through  T = 2.3276.  Qm  = (ja  as 
near  to  the  other  points  as  possible.  The  author  states  that  with  a record  of  50  years  or  more,  all  three 
methods  give  practically  the  same  results. 

Reference:  Gumbel  < 1941a). 

Citations:  Beard  ( 1942 1 1 1943 1.  Gumbel  1 1943b),  Price  1 1943 1,  Gumbel  1 1945b),  Lane  & Lei  1 1949). 

Price.  Reginald  ('  1 1943 1.  The  Gumbel  method  of  estimating  flood  frequencies.  C nil  Engineering  13(6), 
285. 

Summary:  The  author  quest  ions  the  validity  of  a criterion  used  by  Powell  ( 1943)  to  justify  the  use  of  the 
method  oft  lumbel  1 1941a).  viz.  "of  two  methods  that  may  seem  equally  sound,  the  one  that  tends  to  give 
the  larger  values  (for  the  flood  to  be  equaled  or  exceeded  in  a given  period]  would  appear  to  be  the  safer”. 
He  says  that  'he  acceptability  of  such  a criterion  depends  upon  the  use  to  be  made  of  the  results — if  they 
are  used  for  economic  computations  rather  than  for  design  purposes,  middle-of-the-road  values  rather 
than  the  maximum  envelope  values  indicated  by  Powell's  criterion  should  be  used.  The  author  compares 
results  given  by  the  Slade.  Gumbel  and  Fuller  methods  [see  Slade  ( 1934).  Gumbel  ( 1941a)  and  Fuller 
1 1914 1 1 for  the  1875- 193 1 record  for  the  Tennessee  River  at  Chattanooga.  He  writes:  "The  Gumbel  curve 
follows  the  Fuller  method  curve  very  closely  in  shape,  but  with  slightly  lower  values.  Both  the  Gumbel 
curve  and  the  Fuller  method  curve  give  values  decidedly  above  those  given  by  the  Slade  curve,  and  both  are 
asymptotic  to  a markedly  less  degree  than  the  Slade  curve,  thus  raising  a question  as  to  whether  the 
Gumbel  curve  is  sensitive  to  a probable  physical  limit  of  flood  magnitude.  The  Gumbel  curve  method 
appears  to  possess  the  following  advantages:  ( 1 1 Computations  are  relatively  easy  and  few:  (2)  it  requires 
no  arbitrary  assumptions  of  limits  as  do  some  other  methods;  and  (3)  the  straight-line  relationships 
discussed  by  Professor  Powell  lend  themselves  to  easy  graphical  solution  of  data.  Its  disadvantages  include 
the  fact  that  the  Gumbel  method  curve  does  not  approach  a limit  nearly  as  definitely  as  does  the  Slade 
curve.  Also,  the  results  it  gives  are  apparently  high  as  compared  to  the  Slade  method,  and  the  'larger 
values'  are  undesirable  for  economic  studies." 

Reference:  Powell  1 1 943 ). 

Rajalakshman.  I).\'.  1 1943).  On  the  interval  between  the  ranked  individuals  of  samples  taken  from  a 
rectangular  population.  Journal  of  Madras  University  B 15,  31-44.  (MR  6,  235). 


Summary:  The  author  writes  (Introduction,  pp.  31-32*:  J.  Neyman  and  E.  S.  Pearson  [(1928i)  in 
establishing  the  criteria  for  testing  the  hypothesis  for  a sample  that  has  been  drawn  at  random  from  a 
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specified  population,  obtained  the  chance  of  drawing  a sample  with  range  in  the  limits  W ± dW  2 from  a 
rectangular  population,  where  W is  the  range  (xn  - x,l  of  a sample  of  size  n,  the  characters  of  the  n 
observations  of  the  sample  being  x,,  x2, . . . , x„  such  that  x,<x2s  . . . <xn  and  measured  from  one  end  of 
the  range  w [=a>]  of  the  infinite  population.  Also  Karl  Pearson  [&  Margaret  V.  Pearson  ( 19311]  derived 
an  expression  for  the  slh  moment  of  the  interval  between  the  qlh  and  q',hranked  individuals  to  be  /x's  - cus 
iq'  - q - 1 + s) !/  i n + s) ! iq'-  q - 1) ! about  one  end  of  the  range  w of  the  rectangular  population.  Bv 
taking  the  first  four  moments  in  particular,  he  obtained  the  distribution  of  the  interval  x to  bey  = ( N oji  • 
[n!/(q'  - q - 1 ) ! ( n - q'  +q)!][(q'  - q - l)/(n  - 1)  + x/o>]Q'-a-1  [( n - q'  +qlin  - ll  - x/<o]"“Q'+'1  where  the 
origin  is  the  mode  of  the  distribution  when  N samples  of  size  n are  taken,  from  the  specified  population. 
In  this  paper  the  distribution  of  the  interval  between  the  q,h  and  q,,h  ranked  individuals  is  obtained 
directly  by  adopting  a method  [using  hypergeometric  series]  similar  to  that  of  Neyman  and  Pearson,  and 
also  the  m,h  moment  of  this  interval  about  the  arithmetic  mean  of  the  intervals  of  samples  is  obtained 
and  some  special  features  of  this  distribution  are  discussed.” 

References:  Neyman  & Pearson  1 1928),  Pearson  & Pearson  ( 1931,  1932),  Sastry  ( 1935),  Rajalakshman 
(1941). 

* Scheffe,  Henry  1 1943).  Statistical  inference  in  the  non-parametric  case.  Annals  of  Mathematical  Statis- 
tics 14,  305-332.  (MR  5,  211). 

Summary:  After  an  introduction  to  non-parametric  statistical  inference,  the  author  deals  in  turn  with 
non-parametric  tests,  non-parametric  estimation,  and  a general  theory.  Most  of  the  tests  considered, 
including  the  Kolmogoroff-Smirnoff  test  in  the  two-sample  case,  depend  only  upon  ranks,  not  order 
statistics.  An  exception  is  the  test  proposed  by  Nair  ( 1940a)  for  the  analysis  of  randomized  blocks  with 
two  columns.  Let  D,=XU  -Xi2.  Fisher  ( 1935)  proposed  employing  as  a test  statistic  the  absolute  value  of 
the  mean  of  the  D,,  but  the  exact  distribution  of  this  statistic  is  laborious  to  calculate,  and  Nair  proposed 
using  instead  the  median  of  the  D,,  of  which  the  distribution  can  be  easily  calculated.  The  author  notes 
that  Nair  also  showed  that  the  distributions  of  the  range  and  of  the  midrange  of  the  D|  are  very  simple. 
Order  statistics  play  a large  role  in  non-parametric  interval  estimation.  Examples  given  by  the  author 
include  the  use  of  order  statistics  in  determining  ( 1 1 confidence  intervals  for  an  unknown  median,  or  the 
difference  of  two  medians  or  other  quantiles,  based  on  the  work  of  Thompson  ( 1936)  and  Nairn  1 940b  i,  (2) 
confidence  limits  for  an  unknown  (cumulative)  distribution  function,  based  on  the  one-sample 
Kolmogoroff-Smirnoff  statistic  [see  Kolmogoroff  ( 1933),  Smirnoff  ( 1939b ) ],  and  (3)  tolerance  limits  for 
individual  observations,  based  on  the  work  of  Wilks  (1941)  and  Wald  (1943).  In  the  last  section,  the 
author  discusses  Wald's  formulation  of  the  general  problem  of  statistical  inference  (decision  theory), 
which  encompasses  testing  and  estimation  as  well  as  problems  which  are  neither  of  these,  solutions  to 
some  of  which  make  use  of  order  statistics. 

References:  Kolmogoroff  (1933),  Fisher  (19351,  Gumbel  (1935a),  Smirnoff  (1935),  Thompson  (1936). 
Savur  (1937b),  Smirnoff  (1937b),  Thompson  (1938),  Smirnoff  [Smirnov]  1 1939b),  Wald  & Wolfowitz 
1 1939),  Nair  ( 1940a, b),  Kolmogoroff  ( 1941),  Wald  & Wolfowitz  ( 1941 ),  Wilks  ( 1941.  1942).  Mathisen 
( 1943),  Wald  ( 1943),  Wilks  ( 1943). 

Citations:  Scheffe  & Tukev  ( 1944,  1945),  Kendall  ( 1946),  Wilks  ( 1948).  Wolfowitz  1 1949). 


* Wald,  Abraham  ( 1943).  An  extension  of  Wilks’  method  for  setting  tolerance  limits.  Annals  of  Mathemat- 
ical Statistics  14,  45-55.  (MR  4.  222). 


Summary:  The  author  writes  (pp.  54-55):  ’’Consider  a pair  of  random  variables  x and  y.  Denote  by  f (x.y) 
dx  dy  the  joint  probability  density  function  of  x and  v and  suppose  that  nothing  is  known  about  fix.y) 

except  that  it  is  continuous.  A sample  of  n pairs  of  independent  observations  ( x , . y,i ixn.vn)  is  drawn 

from  this  bivariate  population.  The  sample  can  be  represented  by  n points  p, pn  in  the  plane  (x,  y >.  p, 


352 


being  the  point  with  the  coordinates  x,  and  y,.  ■ • • We  have  dealt  with  the  problem  of  finding  a rectangle  T 
in  the  plane  lx,  y),  called  tolerance  region,  such  that  we  can  state  with  high  probability,  say  . . . .98  or  .99. 
that  the  proportion  Q of  the  bivariate  population  included  in  the  rectangle  T is  not  less  than  a given 
number  b,  say  not  less  than  .98  or  .99.  The  rectangle  T is  constructed  as  follows:  Suppose  that  the  points 

Pi p„  are  arranged  in  order  of  increasing  magnitude  of  their  abscissa  values,  i.e.  x,<x2<  ■ . . <x„.  We 

draw  a vertical  line  Vn  through  the  point  pf|  and  a vertical  line  V,  through  pSi  where  r,  and  s,  are  posi- 
tive integers  such  that  lsr,,  r,<s,  - 3 and  s,<n.  We  consider  the  set  S consisting  of  the  points  pr  ,, 
. . . . p,,  , which  lie  between  the  vertical  lines  Vr  and  Vs . We  draw  a horizontal  line  H„,  through  the 
point  of  S which  has  the  r2-th  smallest  ordinate  in  S.  Finally  a horizontal  line  Hs.,  is  drawn  through  the 
point  of  S which  has  the  s.,-th  the  smallest  ordinate  in  S.  The  values  r2  and  s2  are  positive  integers  for 
which  r..,<s...  The  probability  p that  at  least  the  proportion  b( 0<b<  1 > of  the  universe  is  included  in  T is 
given  by  p = / {,  1 1'  i n + 1 ) /T  ls2  - r2)  I'  (n  — s2  + r2  + 1)]  QW  (1  - Q)n  - Vs  dP  ...  | which]  is  equal  to 
the  probability  that  F^]2(s2  - r2)  ' 2(n-s2+r2  + l ))](  1 -b)/b]  where  F has  the  analysis  of  variance  dis- 
tribution with  2(n-s2+r2  + l)  and  2(s2-r2)  degrees  of  freedom.  . . . Tolerance  regions  are  considered 
which  are  composed  of  several  rectangles.  Such  a tolerance  region  may  be  more  favorable  than  a single 
rectangle  if  x and  y are  highly  correlated.” 

Reference:  Wilks  1 1941 1. 

Citations:  Scheffe  (1943),  Kendall  (1946),  Tukev  (1947),  Murphy  (1948),  Wilks  (1948),  Wolfowitz 
(1949). 

* Wilks,  S.S.  (1943).  Mathematical  Statistics.  Princeton  University  Press,  Princeton,  N.J.  (MR  5,  41). 
Revised  and  enlarged  edition,  John  Wiley  & Sons,  Inc.,  New  York,  1962. 

Summary:  Chapter  IV  < pp.  79-97)  deals  with  sampling  theory.  Section  4.5  (pp.  89-94)  deals  with  the 
sampling  theory  of  order  statistics.  The  simultaneous  distribution  of  any  k order  statistics,  the  distribu- 
tion of  the  largest  (or  smallest)  variate,  the  distribution  of  the  median,  and  the  distribution  of  the  sample 
range  are  given  in  Subsections  4.51-4.54  (pp.  89-93),  while  Subsection  4.55  (pp.  93-941  deals  with 
tolerance  limits  based  on  order  statistics.  Chapters  VI  and  VII  are  devoted  to  the  theories  of  estimation 
and  of  testing  statistical  hypotheses.  The  former  contains  a discussion  of  both  point  and  interval 
estimation,  and  includes  Section  6.2  (pp.  133-142)  and  Section  6.3  (pp.  142-145)  on  point  estimation  and 
on  tolerance  limits,  respectively.  In  an  example  on  page  135,  the  author  shows  that  the  sample  mean  x is 
more  efficient  than  the  sample  median  x as  an  estimator  of  the  central  value  a (which  is  both  the 
population  mean  and  the  population  median)  of  a normal  population  Nia.  <r-i.  More  generally,  he  shows 
that  for  populations  symmetric  about  a and  continuous  at  a,  x is  a more  efficient  estimator  of  a than  x if 
i r < (2f  a ) | ',  but  x is  more  efficient  if  <r  > |2f(a)|  '.  An  introduction  to  multivariate  tatistical  analysis  is 
given  in  Chapter  XI  i pp.  226-270).  Section  1 1.9  i pp.  252-257 1 on  principal  components  deals  with  ordered 
eigenvalues  of  a matrix  and  is  based  on  the  work  of  Hotelling  ( 1933).  Section  11.11  ( pp.  260-270)  on  the 
sampling  theory  of  (ordered)  roots  of  determinantal  equations  is  parallel  to  the  work  of  Fisher  1 1939), 
Girshick  1 19391  and  Hsu  ( 1939).  which  the  author  mentions,  and  that  of  Roy  ( 1939),  which  he  does  not, 
but  his  derivations  are  based  on  work  performed  bv  A.  M.  Mood  in  1939  but  not  published  until  1951. 

Note:  All  references  in  the  above  summary  to  specific  chapters,  sections  and  pages  are  to  those  in  the 
1947  printing  of  the  original  1 1943)  edition. 

References:  Yule  1 191 1 1 1 1936 1,  Keynes  1 1921 ).  Fisher  1 1922).  Whittaker  & Robinson  1 1924 1.  Nevman 
& Pearson  1 1928),  von  Mises  1 1931 1.  Shewhart  ( 1931 1,  Craig  ( 1932a),  Fisher  < 1933),  Hotelling  ( 1933), 
Fisher  1 1935),  Gumbel  ( 1935a),  Hotelling  1 1936b),  Nevman  & Pearson  1 1936),  Nevman  1 1937b),  Fisher 
& Yates  i 1938 1.  Fisher  ( 1939).  Girshick  1 1939).  Hsu  ( 1939).  Smirnov  ( 19.39a).  Wald  ( 1939).  Wilks  1 194 1 ), 
Wald  (1942).  Wilks  (1942). 


Citations:  Snedecor  (1937)  [ 1946 1,  Scheffe  (1943),  Anderson  (1945,  1946),  Grant  (1946),  Hoel  (1946), 
Kendall  ( 1946),  Kimball  ( 1946a, b),  Mosteller  ( 1946),  Tintner  ( 1946),  Walsh  < 1946a, b),  Bartlett  ( 1947b), 
Bickerstaff  (1947),  Duncan  (1947),  Grubbs  & Weaver  (1947),  Jacobson  (1947),  Bartlett  (1948),  Schtit- 
zenberger  ( 1948),  Wilks  ( 1948),  Birnbaum  & Zuckerman  < 1949),  Howell  ( 1949),  Kimball  ( 1949),  Walsh 
(1949d). 

* Barnard,  G.  A ( 1944).  An  Analogue  of  TchebychefTs  Inequality  in  Terms  of  Range.  Technical  Report  No. 
Q.  C./R/ll.  (British)  Ministry  of  Supply  Advisory  Service  on  Quality  Control. 

Note:  This  report  is  undoubtedly  relevant  to  our  subject,  but  the  compiler  has  been  unable  to  obtain  a 
copy,  and  has  no  information  as  to  its  contents  other  than  that  given  in  the  title. 

* Bowker,  Albert  H.  (1944).  Note  on  the  consistency  of  a proposed  test  for  the  problem  of  two  samples. 
Annals  of  Mathematical  Statistics  15,  98-101. 

Summary:  The  author  writes  (p.  99 1:  "A  test  is  called  consistent  if  the  probability  of  rejecting  the  null 
hypothesis  when  it  is  false  (the  power  of  the  test)  approaches  one  as  the  sample  number  approaches 
infinity.  ...  It  will  be  shown  that  a test  recently  proposed  by  Mathisen  [( 1943))  is  not  consistent  with 
respect  to  certain  alternatives.  The  test  proposed  by  Mathisen  . . . may  be  described  briefly  as  follows: 
Given  two  samples  |from  populations  with  c.d.f.’s  Fix)  and  G(yt],  observe  the  number  ( m)  of  elements  of 
the  second  sample  whose  values  are  less  than  the  median  of  the  first  sample.  The  distribution  of  m is 
independent  of  the  population  distribution  under  the  null  hypothesis  [F(x)=G(x>],  Let  P{m<a}  denote 
the  probability  of  the  relation  in  braces  under  the  null  hypothesis.  If  m,  and  m2  are  significance  points 
|m,>m;,i  such  that  P{m>m, }=/!,, P{m<m2}  = f32,  fit  + /32=/3<l,  the  statistic  m can  be  used  to  test  the 
hypothesis  at  the  significance  level  (i.  This  is  the  case  of  two  intervals.  The  method  is  extended  by  using 
the  two  quartiles  and  the  median  of  the  first  sample  to  define  four  intervals  into  which  the  elements  of 
the  second  sample  may  fall.”  After  giving  proofs  (too  long  to  reproduce  here)  of  the  inconsistency  of 
Mathisen's  test,  first  in  the  two-interval  case  and  then  in  the  four-interval  case,  the  author  continues  (p. 
101 ):  "Returning  to  the  case  of  two  intervals,  if  the  samples  are  from  different  populations  and  if  their 
cumulative  distribution  functions  are  identical  in  the  neighborhood  of  their  medians,  the  test  is  not 
consistent.  If  such  a possibility  is  excluded  from  the  class  of  admissible  alternatives,  we  may  expect  that 
the  test  will  be  consistent.  For  example,  if  the  class  of  alternatives  is  limited  to  those  where 
G(xisFix+c),  c a constant,  the  test  will  be  consistent.  A similar  remark  holds  for  the  case  of  four 
intervals  or  for  any  fixed  finite  number  of  intervals.” 

Reference:  Mathisen  ( 1943). 

Citation:  Wolfowitz  ( 1949). 

* Geary,  R.C.  1 1944).  Comparison  of  the  concepts  of  efficiency  and  closeness  for  consistent  estimates  of  a 
parameter.  Biometrika  33,  123-128.  (MR  6,  10). 

Summary:  The  author  writes  (p.  123):  "Having  given  two  estimates  X and  Y of  an  unknown  parameter 
0.  E.  J.  G.  Pitman  ( 1937)  has  suggested  that  X should  be  regarded  as  a 'closer'  estimate  of  0 if  the 
probability  that  X is  greater  than  1/2.  . . . The  object  of  this  communication  is  to  compare 

'closeness',  as  defined,  with  the  familiar  concept  of  relative  'efficiency'  (Fisher,  1922)  as  determined  by 
the  variances  of  the  two  estimates.  Continuous  variation  is  assumed  throughout."  The  author  compares 
the  concepts  of  closeness  and  efficiency  for  mean,  median  and  midrange  as  estimates  of  the  location 
parameter  of  a rectangular  population  with  known  range  1.  He  writes  (Summary  and  Conclusion,  p. 
128):  "The  criterion  of  efficiency  as  determined  bv  a comparison  of  the  variances  of  two  estimates  of  an 
unknown  statistic  [sic;  parameter]  is  identical  with  the  criterion  of  closeness  when  thejoint  distribution 
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of  the  estimates  is  normal  and  the  criteria  will  not  yield  significantly  different  results  in  practice  when 
the  estimates  are  estimated  from  large  samples  and  are  consistent.  Study  of  some  particular  examples 
suggests  that,  even  when  the  distribution  of  the  estimates  is  very  different  from  normal  (e.g.,  rectan- 
gular] the  value  of  the  probability  associated  with  the  criterion  of  closeness  may  not  be  very  different 
from  what  its  value  would  be  if  normality  of  the  joint  distribution  were  assumed.  An  application  of 
Pitman’s  theory  of  closeness  [to  use  of  the  highest  car  number  observed  as  an  estimate  of  the  number  of 
cars  in  a town,  known  to  be  numbered  consecutively  from  1]  is  discussed.” 

Reference:  Fisher  (1922),  Neyman  & Pearson  (1928),  Pitman  (1937). 

Citations:  Cramer  ( 1946),  Kendall  ( 1946). 

* Gumbel,  E.  J.  ( 1944).  Ranges  and  midranges  .Annals  of  Mathematical  Statistics  15, 414-422.  ( MR  6, 162). 

Summary:  The  author  writes  (Introduction,  p.4 14 ):  "A  large  sample  of  size  n is  considered  to  be  drawn 
from  an  unlimited  symmetrical  continuous  distribution  with  zero  mean.  The  difference  and  the  sum  of 
the  largest  and  of  the  smallest  observation,  the  extremes,  are  called  range  and  midrange.  |See  Note  ( 1 ) 
below.) . . . The  concepts  'extremes’, 'range'  and  ’midrange’  allow  a simple  generalization.  Let  mx  and  xm 
be  the  m,h  observation  in  increasing  and  in  decreasing  magnitude,  henceforth  called  m,h  value  ’from 
below’  and  ’from  above’.  As  long  as  the  index  m is  small  compared  to  the  sample  size  n,  the  mlh  values 
under  consideration  are  extremes.  The  difference  and  the  sum  of  the  mlh  extreme  observations  are  called 
the  m'h  range  and  the  m'h  midrange.  [See  Note  (2)  below.  ] We  will  investigate  the  asymptotic  distribu- 
tions of  the  m,h  extremes,  of  the  mlh  range  and  of  the  mlh  midrange.  Assuming  that  the  number  of 
observations  is  large,  the  correlation  between  the  largest  and  the  smallest  observation  may  be  neglected. 
Then  the  mlh  range  and  the  mlh  midrange  are  the  difference  and  the  sum  of  two  independent  variates,  the 
mlh  extremes.  It  was  found  that  the  distribution  of  the  mlh  range  is  skew  and  the  distribution  of  the  m"1 
midrange  is  of  the  generalized  logistic  type,  which  is  symmetrical.  For  m increasing  the  distributions  of 
the  mlh  extremes,  the  mlh  ranges,  and  the  m,h  midranges  converge  toward  normality. 

Notes:  1 1)  The  midrange,  as  defined  by  the  author,  is  twice  the  usual  midrange.  (2)  The  m,h  range  and 
half  the  mlh  midrange  (as  defined  by  the  author)  are  also  called  the  m’h  quasi-range  and  the  m,h 
quasi-midrange. 

References:  Tippett  (1925),  Fisher  & Tippett  (1928),  Gumbel  (1935a),  von  Mises  (1936),  Pearson  & 
Hartley  ( 1942). 

Citations:  Gumbel  (1946a,  1947),  Wilks  (1948),  Gumbel  (1949). 

* Hartley,  H.O.  ( 1944).  Studentization,  or  the  elimination  of  the  standard  deviation  of  the  parent  popula- 
tion from  the  random  sample-distribution  of  statistics.  Binmelrika  33,  173-180.  (MR  6,  10). 

Summary:  The  author  gives  a mathematical  solution  of  the  problem  of  "Studentization"  in  statistical 

distribution.  Consider  a normal  distribution  with  mean  p and  standard  deviation  a.  Let  x,,  x, x„  be 

a sample  of  n observations  and  let  X,,  X2 Xm  be  a second  independent  sample  of  m observations,  both 

drawn  from  the  specified  population.  Let  x and  X be  the  means  of  the  two  samples  and  let  s = 
V2i(x~x)2/  (n  -1 ) and  s*  = Vid  X - X )2/(  m - 1 ) be  estimates  of  <r.  The  original  statistics  x-/^and  s*.  as  well  as 
s,  are  proportional  to  rr.  but  the  studentized  statistics  t =ix  -p>  Vn/sand  V F = s*7s  are  independent  of  (rand 
are  distributed  as  Student’s  t and  a transformation  of  Fisher's  z.  respectively.  The  author  writes  (pp.  173-174): 
’’This  simple  studentization  process  of  dividing  a statistic  by  an  independent  estimate  s of  the  parental 
standard  deviation  ir  may  be  applied  to  a number  of  other  useful  statistics  which  are  also  proportional  to 
it.  We  may  mention  here  the  range  in  a sample,  the  extreme  observation,  the  extreme  value  in  a sample 
of  random  standard  deviations,  but  there  are  many  others.  It  is  the  object  of  this  paper  to  derive  a general 
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formula  for  the  studentized  distribution  law  of  such  statistics.  The  accuracy  of  the  formula  will  be 

demonstrated  with  a numerical  example A second  application  of  the  method  may  be  found  in  a 

paper  by  Pearson  & Hartley  ( 1943),  and  it  is  hoped  to  publish  others.  Finally,  computational  methods  for 
the  systematic  tabulation  of  studentized  distribution  laws  are  briefly  outlined." 

References:  Newman  (1939),  Simon  1 1 94 1 ),  Thompson  1 1941 ).  Pearson  & Hartley  1 1943 ». 

Citations:  Baker  ( 1946),  Kendall  ( 1946),  Nair  ( 1948a,  1948b),  Hartley  ( 1949). 

* Reiersol,  Olav  ( 1944).  Measures  of  departure  from  symmetry.  Skandinavisk  Aktuarietidskrift  27,  229- 
234.  i MR  7,  211). 

Summary:  The  author  notes  that  many  different  measures  of  skewness  have  been  proposed,  all  of  which 
are  zero  when  the  distribution  is  symmetric,  but  many  of  which  may  also  be  zero  when  the  distribution  is 
unsymmetric.  He  presents  some  measures  of  skewness  which  are  zero  when  and  only  when  the  distribu- 
tion is  symmetric.  He  writes  (pp.  229-233):  "Let  us  first  consider  a statistical  series.  Let  X,.  X2 Xn 

denote  the  individual  values  of  this  series  in  ascending  order  of  magnitude  ll)X,<X2<.  . . X„  and  let 
Y ,,  Y2, . . .,  Yn  denote  the  same  series  in  descending  order  of  magnitude  )2)  Y,  > Y2  2 . . . a Yn.  Then  we 
have  (3)  Y,  = X„_,+1  ti  = 1,2,.  . .,  n).  A necessary  and  sufficient  condition  for  symmetry  is  1 4 ) X,  + X„_m  = 

2c  (i  = 1,  2, . . .,  n)  where  c denotes  the  centre  of  symmetry  of  the  series  X,,  X2 Xn.  On  account  of  (3i 

equation  (4)  may  also  be  written  (5)  X,  + Y,  = 2c  (i  = 1,2,..  nl.  . . . Proposition  1:  A necessary  and 
sufficient  condition  for  symmetry  is  that  the  dispersion  of  the  variable  X + Y is  zero. . . . Definition  1:  As 
a measure  of  departure  from  symmetry  we  shall  choose  the  ratio  between  a measure  of  dispersion  of  the 
variable  X + Y and  a measure  of  dispersion  of  the  variable  X,  possibly  multiplied  by  a constant 
independent  of  the  actual  distribution.  . . . Proposition  2:  Any  measure  of  departure  from  symmetry 
given  by  Definition  1 is  zero  when  and  only  when  the  distribution  is  symmetric.  Proposition  3:  Suppose 
that  any  of  the  measures  of  dispersion  used  is  independent  of  the  origin  of  the  variable  and  that  if  the 
variable  is  multiplied  by  a constant,  the  measure  of  dispersion  is  multiplied  bv  the  same  constant.  Then 
the  measure  of  departure  from  symmetry  is  independent  of  the  origin  and  the  scale  of  the  variable.  The 
conditions  of  Proposition  3 are  for  instance  fulfilled  for  the  standard  deviation,  the  mean  deviation  and 
the  quartile  deviation.  . . . Definition  2.  Consider  the  ratio  between  the  standard  deviation  of  the 
variable  X + Y and  the  standard  deviation  of  the  variable  X.  As  a measure  S of  departure  from  symmetry 
we  shall  use  this  ratio  multiplied  by  l/\/2  ....  Proposition  4.  The  measure  of  departure  from  symmetry 
given  by  Definition  2 is  always  nonnegative  and  less  than  unity.  It  may  take  any  value  between  zero  and 
unity. 

* Robbins,  Herbert  (1944a).  On  distribution-free  tolerance  limits  in  random  sampling.  Annals  of 
Mathematical  Statistics  15,  214-216.  (MR  6,  9). 

Summary:  The  author  writes  (pp.  214-216):  "Let  X, Xn  be  independent  random  variables  each  with 

the  continuous  and  differentiable  cumulative  distribution  function  <r(.xi  = PriX,  <X).  A continuous 
function  fix,,  . . .,  xn)  with  the  property  that  the  random  variable  Y = <rlf(X,, . . .,  X„tl  has  a probability 
distribution  which  is  independent  of  <r(x)  will  be  called  adistribution-free  upper  tolerance  limit  (d.f.u.t.l.i. 

We  shall  prove  Theorem  1.  A necessary  and  sufficient  condition  that  the  continuous  function  fix, x„i 

be  a d.f.u.t.l.  is  that  the  functionTix, x„)  = II"  , {fix, x„)  - x,}  be  identically  zero. . . . Let  Or(x,. 

. . xn)  be  the  function  whose  value  is  the  r,h  term  when  the  numbers  x, x„  are  arranged  in 

non-decreasing  order  of  magnitude  | the  r,h  order  statistic  of  the  sample  x, x„  of size  n], . . . A function 

fix, x„)  is  symmetric  if  its  value  is  unchanged  by  any  permutation  of  its  arguments.  It  is  clear  that 

the  only  continuous  and  symmetric  functions  f which  satisfy  the  identity  f 0 are  the  n functions  Or(  x,, 

. . .,  xn).  Hence  we  can  state  Theorem  2.  The  only  symmetric  d.f.u.t.l.’s  are  the  ti  functions  Orix, x„) 

(r  = 1 nl." 
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Reference:  Wilks  ( 1941 ). 


Citations:  Scheffe  & Tukey  ( 1945 »,  Wilks  ( 1948 ). 

* Robbins.  Herbert  ( 1944b).  On  the  expected  values  of  two  statistics.  Anna  Is  of  Mathematical  Statistics  15, 
321-323.  (MR  6,  162). 

Summary:  Let  Y be  a real  random  variable  with  c.d.f.  <r(y),  so  that  for  every  y,  Pri  Y < y)  = <r(y ).  Let  Y,, 
. . .,  Yn  be  n independent  variables,  each  with  the  distribution  of  Y.  Let  R = B - A and  F = <j(Bi  - tf  A), 

where  A = min  < Y Yn)  and  B = max  ( Y,,  . . Yn).  The  author  shows  that  EtFi  = in-l)/(n  + l)  and 

Et  R)  = / {1  - <rn( t ) — ( 1 - o-it))"}  dt.  He  states  that  the  former  is  a known  result  but  that  the  latter  is 

believed  to  be  new.  He  uses  the  latter  to  show  that  if  the  random  variable  has  the  p.d.f.  d>(y)  = ey/(  1 +ey)2 
and  hence  the  c.d.f.  <r(y ) = ey/(  1 +ey),  E(  R)  = 2,  3,  11/3  for  samples  of  size  n = 2,  3,  4 respectively.  He  points 
out  that  it  is  always  true  that  the  expected  value  of  the  range  for  n = 3 is  three-halves  that  for  n = 2, 
which  follows  from  the  algebraic  identity  {1  - <r’  - (1  - tr)3}  = (3/2)  {1  - cr2  - (1  - a)'2}. 

* Rodgers,  J.  W.  (1944).  Associated  statistical  techniques.  Proceedings  of  Symposium  on  Statistical 
Quality  Control,  pp.  67-74.  Ministry  of  Production,  Birmingham.  England. 

Summary:  The  author  discusses  the  use  of  the  mean  range  w of  a sample  to  estimate  the  population 
standard  deviation  rr,  with  applications  to  the  use  of  the  range  instead  of  the  standard  deviation  in  the 
analysis  of  variance.  He  notes  that  <r  may  be  estimated  by  the  relation  a = w/dn,  where  dn  is  the  factor 
given  by  Dudding  & Jennett  ( 1942),  provided  the  parent  population  is  not  too  far  from  normal  and  the 
sample  is  not  too  large  (not  more  than  10  to  15).  He  points  out  that  tables  of  the  standard  error  of  the 
range  have  been  drawn  up  and  incorporated  in  the  factors  D 99!)  and  D s75,  etc.,  given  by  Dudding  and 
Jennett.  He  considers  the  simple  one-way  analysis  of  variance  of  S samples  each  of  size  n.  Let  w,,  w2, . . ., 
ws  be  the  ranges  of  the  S samples  and  w = 2?-.  w,  S be  the  mean  range.  Then  the  estimate  a„  of  the  within 
sample  standard  deviation  is  given  bv  <r„  = w/dn.  The  estimate  of  between  sample  standard  deviation  is 
more  difficult  to  obtain.  One  could  take  therange  of  the  S means  and  apply  a formula  similar  to  the  one 
used  for  the  within  sample  standard  deviation.  But  this  gives  only  one  estimate  of  the  range  of  a sample 
of  size  S,  which  may  be  large  (say,  50).  This  difficulty  can  be  overcome  by  dividing  the  S samples  into  S'5 
groups  of  5,  preferably  at  random,  rather  than  as  they  come  in  time,  so  as  to  minimize  the’ effects  of  tool 
wear,  setting  variations  with  time,  etc.  This  having  been  done,  the  between  sample  standard  deviation  is 
then  estimated  by  <r, = w dn,  where  w is  now  the  mean  range  of  the  groups  of  five  sample  means.  The 
estimates  <r„  and  <rt, e, are  then  squared  to  obtain  the  corresponding  estimates  of  variance,  and  the 
analysis  of  variance  is  carried  out  in  the  usual  manner  from  that  point.  The  author  cautions  that  while 
this  method  is  simple  and  convenient,  especially  when  mean  ranges  have  already  been  calculated  for  use 
in  plotting  control  charts,  it  depends  upon  normality  in  a way  that  the  conventional  analysis  of  variance 
does  not,  since  the  factors  d„  were  computed  under  the  normal  assumption. 

Reference:  Dudding  & Jennett  (1942). 

* Scheffe,  H.;  Tukey,  J.  W.  ( 1944).  A formula  for  sample  sizes  for  population  tolerance  limits.  Anna/s  of 
Mathematical  Statistics  15,  217.  (MR  6,  9). 

Summary:  The  authors  write  (p.  217):  "An  interval  I is  said  to  cover  a proportion  rr  of  a univariate 

population  with  cumulative  distribution  function  Fix)  if  J,  dF  = n.  Let  X,,  X2 Xn  be  a random  sample 

from  the  population  and  Z,<Z,<...<Z„bea  rearrangement  of  X,,  X2 Xn.  Define  Z„  = Zn+,  = 

+ *,  and  consider  the  proportion  B of  the  population  covered  by  the  random  interval  (Zk,  Zn  m+1).  Then 
F3r-j  B > b}  is  independent  of  Fix)  if  Fix)  is  continuous,  and  equals  1 - I,,(n  - r + 1,  rl.  where  r = k + m and 
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Ix(p,  qt  is  K.  Pearson’s  notation  for  the  incomplete  Beta  function.  Choose  a confidence  coefficient  1 <«,  a 

pair  of  positive  integers  k,  m,  and  a fraction  b.  The  sample  size  n for  which  we  can  make  the  statement 
'the  probability  is  1 a that  the  random  interval  iZk.  Z„  cover  a proportion  b or  more  of  the 
population’  is  then  determined  by  the  equation  ( 1. 1 1 lh(  n - r + l,r>  n.  where  r k + m.  Our  approximate 
solution  is  ( 1.2)  n = (1/4)  x'„  ( 1 +b)/(l  -b)  + ( 1/2 1 (r  - 1),  where _ is  the  100  <*  percent  point  on  the  - 
distribution  with  2r  degrees  of  freedom.  . . . For  « = .1,  .05,  .025,  .01,  .005  . . . and  for  b s .9,  extensive 
numerical  calculations  indicate  that  the  error  of  ( 1.2)  is  less  than  one  tenth  of  one  percent,  and  is  always 
positive,  that  is,  n is  slightly  overestimated  by  ( 1.2).  We  have  not  yet  obtained  an  analytic  proof  of  this 
statement,  which  refers  to  the  difference  from  the  exact  i and,  in  general,  non-integral  > solution  ofi  1 . 1 1." 

Reference:  Scheffe  ( 1943). 

Citations:  Wilks  (1948),  Birnbaum  & Zuckerman  ( 1 949 > . 

* Smirnov,  N.  V.  (1944).  Approximate  laws  of  distribution  of  random  variables  from  empirical  data. 
(Russian).  Uspekhi  Matematieheskikh  Saul;  10,  179-206.  (MR  7,  19). 

Summary:  The  author  obtains  limit  theorems  concerning  the  relations  between  a theoretical  cumula- 
tive distribution  function  ic.d.f. ) and  a sample  c.d.f.  and  between  two  sample  c.d.f.’s.  On  page  203.  he 
states  the  following  theorem  concerning  the  convergence  of  the  empirical  c.d.f.’s  Sn,  ( x ) and  Sn„  < x i of  two 
independent  samples:  If  the  sizes  of  the  samples  n,  and  n2  increase  without  limit. so  that  theration.,  n,  =r 
remains  constant  whatever  may  be  the  continuous  law  of  distribution  Fixi  of  the  quantity  £,  then  P<  n,,  n2>  - 
P{Din,,  n2i  1 = sup  . Sn,  ix>  - Sn,tx)j]  £ \/Vn}  ^ <Jwxi,  (n,  — »*,  n2— >xi,  where  A > 0,  n = n,  n2 1 n,  + 

n2)  = n2/ll  + t)  and  <1>(  x»  = £k*_T  ( — 1 ) ke  -kl*7  He  points  out  that  the  limiting  law  <Jx  A'  here  is  the  same  as 
for  the  upper  limit  of  the  deviation  jSn(x)  - F(x)|  (the  Kolmogorov-Smirnov  test  statistic).  Concerning  the 
distribution  of  the  a>2  - criterion  of  von  Mises,  he  writes  |pp.  203-204  (translation  1 1:  ’’oj,,-'  = n / ’.,  g (F  (x>i 
[Sn  (x)  - F (x)|-dF  (x),  where  g(tt  is  a positive  weight  function.  The  limiting  distribution  of  u)„2  as  n — ** 
does  not  depend  on  the  form  of  the  distribution  Fixl  and  approaches  the  limiting  law  </>(  co ) = 1 - ( 1 jt> 
ik-i  , |e-W2  / V - Di X ) | ( dX/X ),  where  D(X)  = II  k , ( 1 - A/Ak)  is  the  determinant  of  the  Fredholm 
positive  symmetric  kernel  K(x,y)  = Vg(x)g(y)x(l  -y ) for  x < y,  K(x.  y)  = Vg(x)g(v ) y ( 1 -x)forx>y,(0 
<x,y<  1 ) and  Xk  ( k = 1,2,.  . .)  are  the  characteristic  values  of  the  kernel  K(x,  y ).  It  is  assumed  that  the 
function  g(t)t(l  - t)  has  continuous  derivative  in  (0,  1],  In  particular,  taking  gix)  s 1.  we  will  have  the 
following  limit  law  of  the  distribution:  </>(x)  = 1 - (2  rr ) 1 k , ,ljr  (e  \ -X  sin  X)dX. 

References:  von  Mises  (1931),  Glivenko  (1933),  Kolmogoroff  (1933),  Smirnov  [Smirnoff]  (1935, 
1937a,b,  1939a, b). 

* Wing,  S.  P.;  Price,  Walter  H.;  Douglass,  Clemeunt  T.  1 1944).  Precision  indices  for  compression  tests  of 
companion  concrete  cylinders.  Proceedings  of  the  American  Society  for  Testing  Materials  44,  839-851: 
discussion,  852-869. 

Summary:  The  authors  make  extensive  use  of  the  range  as  a substitute  for  the  standard  deviation  in 
connection  with  a study  of  the  effect,  on  the  mean  and  the  coefficient  of  variation  of  the  strength  of 
concrete  cylinders,  of  the  ratio  of  cylinder  diameter  to  maximum  aggregate  diameter.  They  give  an 
approximate  formula  fRd.a  |(D,  li'3|(l  \ in)  for  the  standard  deviation  of  a coefficient  of  variation 

determined  from  the  ranges  of  m hatches  of  n samples  each,  where  R is  the  mean  range  and  d2  and  l)4  are 
given  in  Table  I of  the  AST  M Manual  on  Presentation  of  Data  (Dodge  et  al.  (1933i).  Portions  of  the 
discussion  deal  with  the  rejection  of  observations  and  with  the  distribution  of  ranges  and  the  effects  of 
grouping.  The  aut hors  refer  to  the  work  of  Rider  1 1933 1 on  the  former  and  that  of  She wh art  ( 1931 1 on  the 
latter. 

References:  Shewhart  ( 1 93 1 ) , Dodge  et  al.  (1933).  Rider  1 1933). 
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Anderson.  Theodore  W . Jr.  < 1 945 >.  The  Non-central  Wishart  Distribution  and  its  Application  to 
Problems  in  Multivariate  Statistics.  Doctoral  dissertation.  Princeton  University.  Princeton,  N.  J. 
Publication  No.  2907.  University  Microfilms,  Ann  Arbor.  Michigan. 


* 


Summary:  The  author  derives  the  non-central  Wishart  distribution  for  the  rank  one  and  rank  two  cases. 
From  the  non-central  Wishart  distribution  he  derives  the  distribution  of  the  ordered  roots  of  certain 
determinat'tal  equations.  He  develops  likelihood  ratio  criteria  for  testing  dimensionality  of  population 
means.  The  distribution  of  the  roots  involved  in  the  test  of  dimensionality  is  derived  in  the  cases  of  the 
population  means  being  on  a line  or  a plane.  For  the  linear  case,  the  distribution  is  given  explicitly;  for 
the  planar  case,  the  distribution  is  indicated  as  a certain  definite  integral.  The  author  notes  that  Roy 
1 19-1 2b  i obtained  essentially  the  same  distribution  for  the  linear  case  i rank  h 1 1 by  geometric  methods. 
Roy  claimed  that  his  result  holds  for  the  general  case,  that  is.forh  K's  | roots  | different  fromO.with  1 sh 
* p.  where  p is  the  number  of  variables.  Roy's  distribution  has  only  one  parameter,  namely,  , Ky 
The  author  states  that  it  can  easily  be  shown  that  Roy's  result  does  not  hold  in  the  generality  he  claimed. 
He  points  out  that  for  h ■-*  2 Roy's  distribution  does  not  give  proper  limiting  results,  which  shows  that 
Roy's  results  hold  only  for  h 1 However,  he  notes  that  Hsu  1 1941ai  obtained  the  limiting  distribution 
in  the  planar  case  (h  2>.  as  well  as  in  general. 

References:  Hotelling  < 1928hi.  Fisher  1 1928.  1919'.  Hsu  1 1929.  1941a. b'.  Roy  1 1942b'.  Wilks  < 1943 1. 
Citations:  Anderson  1 1945.  194Hi. 

Daniels,  H.  E.  < 1945'.  The  stat  istical  theory  of  the  strength  of  bundles  of  threads.  I.  Proceedings  of  the 
Royal  Society  o/  London  A 182,  405-425.  AIK  7.  19'. 

Summary:  The  author  writes  i Abstract,  p.  405':  "A  group  of  parallel  threads  of  equal  length,  clamped  at 
each  end  so  that  all  threads  extend  equally  under  tension,  is  called  a bundle,  and  the  maximum  load 
which  the  bundle  can  support  is  called  its  strength.  The  object  of  the  work  is  to  study  the  probability 
distribution  of  the  strength  of  bundles  whose  constituent  threads  are  sampled  randomly  from  an  infinite 
population  of  threads  in  which  the  probability  distribution  of  strength  is  known.  The  relation  between 
the  strength  of  a bundle  and  the  strengths  of  its  constituent  threads  is  first  discussed,  and  results  are 
stated  for  bundles  so  large  that  the  proportions  of  threads  of  different  strengths  approach  their  expecta- 
tions. The  properties  of  the  probability  distribution  of  bundle  strength  are  next  developed  in  detail, 
attention  being  confined  in  the  present  paper  to  the  case  where  all  threads  have  the  same  load-extension 
curve  up  to  breaking  point.  Finally,  the  asymptotic  behavior  of  the  distribution  for  large  numbers  of 
threads  is  studied,  and  it  is  shown  that  in  the  commonest  cases  the  distribution  tends  to  assume  the 
normal  form."  The  aut  hor  reviews  the  work  of  Peirce  1 1 925 ' on  the  strengt h of  bundles,  and  notes  that 
Wei  hull  1 1 929b ' considered  the  strength  of  materials  composed  of  independent  parallel  elements.  On  the 
relation  between  a bundle  and  its  constituent  threads,  he  writes  'p.  406':  "It  is  assumed  that  for  each 
thread  there  is  a definite  extension  and  load  at  which  it  breaks,  so  that  threads  which  yield  rather  than 
snap  are  excluded  from  the  discussion.  Whatever  assumptions  are  made  about  the  elastic  properties  of 
the  threads,  the  following  sequence  of  events  occurs  when  a given  load  is  applied.  Suppose  the  load  is 
increased  gradually  from  zero  to  its  final  value.  At  first  it  is  distributed  in  some  way  between  the  n 
threads,  and  equilibrium  may  be  reached  without  any  thread  giving  way.  If  the  load  is  great  enough, 
however,  one  of  the  threads  breaks  at  some  stage  and  the  load  is  redistributed  among  the  remaining  n - 
1 threads,  each  bearing  a somewhat  larger  share  of  the  load  than  before  and  so  being  more  likely  to  give 
way.  Similarly,  a number  of  threads  may  break  successively  until  either  a point  is  reached  where  the 
remaining  threads  have  sufficient  strength  to  maintain  between  them  the  final  load,  or  no  such  point  is 
reached  and  all  the  threads  ultimately  give  way.  in  which  case,  of  course  the  bundle  is  broken.  To 
formulate  the  problem  more  precisely,  it  is  necessary  to  know  how  the  load  distributes  itself  between  the 
individual  threads  of  the  bundles,  and  this  depends  on  the  elastic  properties  of  the  threads.  . . ." 


Note:  The  simplest  case  is  that  in  which  the  unbroken  threads  share  the  load  equally,  so  that  the 
weakest  thread  breaks  first,  then  the  second  weakest,  and  so  on,  in  order  of  increasing  strength. 

References:  Peirce  ( 1926 >,  Weibull  (1939b). 

Citations:  Epstein  ( 1948a, b),  Wilks  (1948). 

* Fowler,  F.  H.,  Jr.  ( 1945).  On  fatigue  failure  under  triaxial  static  and  fluctuating  stresses  and  a statistical 
explanation  of  size  effect.  Transactions  of  the  American  Society  of  Mechanical  Engineers  67,  213-215; 
discussion,  215-216. 

Summary:  The  author  offers  the  following  statistical  explanation  of  size  effect  (pp.  214-2151:  "Let 
PlcTpido,,  = probability  of  a yield  point  after  pth  period  between  it,,  and  it,,  + do-,,,  . . . P(<Tf)d<rf  = 

probability  of  a true  ultimate  strength  between  (7,  and  (r(+d<r, Now  the  probability  that  the  true 

ultimate  strength  is  less  than  a,  is  given  by  the  formula  Pfi<r()  = ff'  Pi<rf)d<rf.  The  probability  that  the 
final  yield  point  lies  between  <rp  and  <rp  + d<Tp,  and  that  such  a final  yield  point  will  result  in  failure,  is 
given  by  the  expression  P,( <7,,)P( (rp)dfrp  and  the  probability  of  failure  in  a unit  volume  is  given  by  the 
formula  Pv  = /*  PflcrplPlo-pldo-,,.  The  next  step  is  to  consider  the  final  problem  of  whether  there  will  be  a 
failure  in  the  unit.  1 - Pv  = probability  of  no  failure  in  a unit  volume;  q = probability  of  no  failure  in  a 
volume  dv,  or  the  probability  of  no  failure  at  a given  point;  1 dv  = number  of  volumes  dv  per  unit  volume. 
As  the  probability  of  no  failure  in  a unit  volume  is  the  probability  of  no  failure  in  all  the  volumes  dv 
comprising  it,  or  the  product  of  the  probabilities  of  no  failure  in  all  of  these  elementary  volumes  ( q > 1 dvdv 
= 1 -Pv;q=(l  - Pv  )*•' . Therefore  ( 1 -Pv)d'  = probability  of  no  failure  at  a given  point  having  a volume 
dv.  As  P,  is  now  considered  known  for  every  point  in  the  solid,  the  probability  of  there  being  a point  in 
this  solid  at  which  a failure  will  occur  can  be  calculated  as  follows:  Let  P = probability  of  a failure  in  the 
entire  unit;  then  1 - P = IPdv  ( 1 — Pv)  dv  and  ln(  1 - P)  = 2 In  ( 1 — P,  )llv  =1  In  1 1 — P, ) dv;  P = 1 -e  /|n 
1 1 Pv  'dv  [6]  This  statistical  procedure  has  been  used  and  checked  experimentally  by  Weibull  [i  1 939b ) J for 
brittle  materials.  In  place  of  Equation  [6  J,  Weibull  uses  the  approximate  formula  1 - e /p'dv.  ...  If  two 
pieces  of  different  size  are  geometrically  similar  and  subjected  to  the  same  stress  distributions,  the 
probability  of  failure  is  changed.  In  Equation  [6]  let  B„  = e J",n ' 1 p>ldv»,  where  V0  = volume  of  small  piece, 
for  the  small  piece.  Note  that  1 - P,  is  always  less  than  1,  hence  ln(  1 - P,  i is  always  negative  and  B„  is 
never  more  than  1.  Let  B,  = e /lnl  1 p.’dVi  = B„  v>  v«,  where  V,  = volume  of  large  piece;  as  V,  > V,„  B,  < B„. 
Hence,  for  the  large  piece,  P is  always  greater  than  for  the  small  piece  unless  B„isO  or  1.  If  the  endurance 
limit  is  regarded  as  the  fluctuating  stress  for  which  a fatigue  failure  and  no  fatigue  failure  are 
equiprobable,  then  the  endurance  limit  becomes,  for  geometrically  similar  pieces,  a function  of  the  size  of 
the  piece." 

Note:  If  the  stress  is  uniform  throughout  the  piece,  the  piece  fails  if  and  only  if  the  strength  of  the 
weakest  elementary  volume  is  less  than  the  stress,  in  accordance  with  the' "weakest  link"  theory. 

References:  Peterson  1 1930).  Weibull  ( 1939b),  Moore  & Morkovin  1 1942-44). 

Citation:  Peterson  (1949a). 

* Gumbel,  E.  J.  1 1945a).  Simplified  plotting  of  statistical  observations.  Transactions  of  the  American 
Geophysical  Union  26,  69-82.  (MR  7.  133 — listing  only). 

Summary:  The  author  writes  ipp.  70-71):  "The  distributions  wixn.  n)  and  wix,.  ni  of  the  largest  and 
smallest  value  (of  a sample  of  size  n from  a population  with  p.d.f.  f(x)  and  c.d.f.  F(x)|  are  w(xn,  n)  = n 
F(x)n  'fix'  and  wix,,  n)  = n|l  - Fixi]n  ' fix)  (5).  If  the  distributions  (5)  possess  modes  xn  and  x,  they 
are  the  solution  of  ...  (n  1 ) = -|f'(xn)F(xn»l  P(x„)  or  in  - 1 • = |f'(x,i  [1  - Fix,)]  f -( x , ) (7).  The 
probabilities  F(xn»  and  Fix,)  obtained  from  these  equations  will  be  called  adjusted  frequencies  and  will 
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be  used  for  plotting  the  extreme  members  of  a sample.  Finally  T/xn)  = l/[  1 - F(xn)]  (8)  is  the  occurrence- 
interval.  This  solution  holds  for  any  value  of  n.”  He  states  the  following  conclusions  (p.  81):  "The 
observed  return-period  of  a value  equal  to,  or  larger  than,  the  largest  among  n observations,  called  the 
occurrence-interval,  is  a function  of  n,  and  ought  to  be  calculated  from  the  most  probable  largest  value, 
that  is,  from  the  formulas  (7)  and  (8).  Forthe  usual  distributions,  the  occurrence-interval  T(xn)  converges 
toward  n.  This  would  not  hold  if  we  determine  the  occurrence-interval  from  the  median  or  from  the  mean 
of  the  largest  value.  . . . The  adjusted  frequencies  F(xm)  of  the  m’th  observation  are  obtained  by  linear 
interpolation  between  the  probability  F(x,)  of  the  most  probable  smallest  observation  and  the  probabil- 
ity F(x„)  of  the  most  probable  largest  observation.  This  method  . . . leads  to  one,  and  only  one,  series  of 
observations  to  be  plotted  on  probability  paper  and  eliminates  the  use  of  the  exceedance-  and 
recurrence-intervals.  ...  If  the  number  of  observations  is  at  least  100,  it  is  sufficient  to  use  the 
asymptotic  formulas  (34)  and  (35)  {F(xm)  = (m/n)  - [m  - 1 ]/[n(n  - 1)]  = [m  - l)/n]  + [n  - m]/|n(n  - 1)] 
and  T/xm>  = n/(n  — m + <m  - 1 )/( n - 1)],  after  correction  of  an  obvious  omission  in  formula  (35)}.” 

References:  von  Mises  ( 1923),  Tippett  ( 1925),  Fisher  & Tippett  ( 1928),  Hazen  ( 1930),  Gumbel  ( 1937b, 
1941a),  Beard  (1942)  [1943 J,  Gumbel  (1943b). 

Citations:  Nordquist  (1945),  Kimball  (1946b),  Potter  ( 1949a, b).  Press  (1949). 

* Gumbel,  E.  J.  ( 1945b).  Floods  estimated  by  probability  method.  Engineering  News  Record  134, 833-837. 

Summary:  The  author  writes  (Contents  in  brief,  p.  833):  "Defining  a flood  for  mathematical  purposes  as 
the  largest  daily  discharge  observed  in  a 365-day  period  and  considering  flood  as  an  unlimited  statistical 
variable,  the  author  utilizes  the  theory  of  probability  to  estimate  future  floods.  The  probability  of  a flood 
equal  to  or  less  than  a certain  magnitude  is  expressed  by  a formula,  but  to  facilitate  the  application  of  the 
theory  a special  probability  plotting  paper  is  used.  However,  since  there  is  no  plotting  position  on 
probability  paper  for  zero  or  one,  in  order  to  plot  the  entire  series  of  observations  it  is  suggested  that  the 
plotting  positions  be  based  on  the  probabilities  of  the  most  probable  floods.  The  procedure  is  de- 
monstrated for  the  floods  of  the  Mississippi  River  as  recorded  at  Vicksburg  from  1890  to  1939.  . . .”  The 
author  uses  extreme-value  probability  paper  with  plotting  positions  F,  = 1/n,  Fn  = ( n - 1 >/n.  and  Fm  = F, 
+ im  - 1)  (Fn  - F, )/( n - li.jn  =2 n - 1 (linear  interpolation  between  F,  and  Fn>. 

References:  Fuller  ( 1914),  Hazen  (1930),  Gumbel  1 1941a, b),  Powell  (1943). 

Citations:  Gumbel  (1948),  Lane  & Lei  (1949). 

* Gurney,  C.  (1945).  Effect  of  length  on  tensile  strength.  Mature  155,  273-274. 

Summary:  The  author  writes  (p.  273):  "It  is  of  interest  to  derive  the  distribution  of  strength  of  rods  the 
length  of  which  differs  from  those  tested.  Consider  first  the  strength  of  rods  which  are  n times  as  long  as 
those  tested.  . . . IfF,(x)and  Fn(x)arethe  probability  integrals  for  the  strength  of  test  pieces  of  length  1 
and  n units  respectively,  the  distribution  of  the  strength  of  the  long  test  pieces  is  obtained  by  calculating 
the  chance  that  n unit  test  pieces  chosen  at  random  shall  all  be  stronger  than  a given  strength:  for  this  is 
the  chance  that  the  weakest  of  n test  pieces  shall  exceed  the  given  strength.  Thus  1 — Fn  = ( 1 — F,  )n.  This 
result  was  given  bv  Pierce  (sic;  Peirce  ( 1 926 ) |."  The  author  shows  that  this  result  holds  not  only  for  n an 
integer,  but  also  for  n = 1/m,  where  m is  an  integer.  Assuming  that  it  holds  for  all  values  of  n and  that  the 
strength  is  NiO.  1 • (normally  distributed  with  zero  mean  and  unit  standard  deviation]  when  n = 1,  he 
plots  the  mean  g.  the  standard  deviation  <r.  and  the  skewness  \ /j,  of  the  distribution  of  strength  as 
functions  of  log,„n.  His  graph  indicates  that  g.  <r  and  \ /j,  all  decrease  as  log,„n  i and  hence  n)  increases; 
however.  \ /l,  actually  increases  as  n increases.  The  author  has  taken  the  wrong  sign  for  \ /3,  through- 
out, an  error  which  probably  would  not  have  occurred  if  he  had  denoted  the  skewness  by  instead  of  \ /3,. 

References:  Tippett  1 1925),  Peirce  1 1926). 

Citations:  Gensamer,  Saibel  & Lowrie  (1947).  Gurney  il947i,  Gurney  & Pearson  (1947). 
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* Nordquist,  John  M.  ( 1945).  Theory  of  largest  values  applied  to  earthquake  magnitudes.  Transactions  of 
the  American  Geophysical  Union  26  (1),  29-31. 


Summary:  The  author  writes  (pp.  29-30):  "The  theory  of  largest  values  [see  Gumbel  ( 1942c,  1943b)] 
requiring  data  on  only  the  largest  event  in  each  of  a number  of  equal  time-intervals,  recommended  itself 
to  the  author  as  a possible  way  of  describing  the  earthquake  activity  of  a region.  A preliminary  analysis 
using  the  calendar  month  as  the  interval  having  demonstrated  the  applicability  of  the  theory  in  this 
field,  the  author  has  investigated  the  feasibility  of  using  still  shorter  intervals  ....  In  the  present  paper 
the  interval  used  is  one-third  of  a month  — the  first  day  through  the  tenth,  the  eleventh  through  the 
twentieth,  and  the  twenty-first  to  the  end  of  the  month.  This  interval  therefore  corresponds  to  that  of  one 
year  used  in  flood-analyses.  A compensating  change  has  been  made  in  the  return-period  scale  .... 
Incomplete  results  of  further  analysis  indicate  that  it  is  feasible  to  use  a time-interval  as  short  as  five 
days..  . .The  materials  used  include  (a)a  list . . . of  all  'normal'  earthquakes  of  magnitude  7-3/4  and  over, 
for  the  years  1904-39,  lb)  a list  ...  of  all  'normal’  earthquakes  of  magnitude  7 and  over  from  January, 
1926,  through  March,  1934,  Ic)  a list  of  the  earthquakes  in  a region  of  about  100,000  square  miles, 
including  most  of  southern  California  and  part  of  Lower  California,  from  January,  1934,  through 
September,  1942,  and  id)  a selection  from  <c)  of  the  earthquakes  in  a region  of  about  1300  square  miles, 
east  of  Los  Angeles. . . . Table  1 . . . [not  reproduced  here]  shows  the  reduction  [see  Gumbel  ( 1945a)]  of  the 
data  from  the  corresponding  lists  to  the  variable  Fix,,,)  plotted  on  GUMBEL’S  probability  paper  in 
Figure  2 [not  reproduced  here|.  It  will  be  seen  from  Figure  2 that  all  the  points  plotted  for  the 
earthquakes  of  the  entire  world  can  be  represented  fairly  well  by  a straight  line.  The  same  is  true  for  the 
plotted  points  for  each  smaller  region  separately,  indicating  that  in  each  case  the  observed  distribution 
of  the  magnitude  of  the  largest  earthquake  is  in  good  agreement  with  the  theory  of  largest  values  even 
when  so  short  a time-interval  as  ten  days  is  used  as  a unit.” 

References:  Gumbel  1 1942c,  1943b,  1945a). 

* Roy,  Samarendra  Nath  ( 1945).  The  individual  sampling  distribution  of  the  maximum,  the  minimum  and 
any  intermediate  of  the  p-statistics  on  the  null  hypothesis.  Sankhya  7,  133-158.  (MR  7,  317). 

Summary:  The  author  writes  I Introduction,  p.  133):  "Given  two  random  samples  S'  and  S"  of  sizes  n'  and 
n",  and  variance  and  covariance  matrices  ||a'u||  and  ||a"ij||  drawn  from  two  p-variate  normal  populations 
1'  and  X"  with  variance  and  covariance  matrices  ||a  jj||  and  |j«"u||,  it  was  shown  earlier  by  the  author  |Rov 
( 1939)  | and  also  by  others  [Fisher  ( 1939),  Hsu  ( 1939)]  that  the  null  hypothesis  (for  the  populations)  = 
)ja”u|]  could  be  appropriately  tested  bv  a set  of  p-statistics  given  bv  the  p roots  k,-\  k22, ....  k„-  ( all  positive 
in  this  particular  case)  of  the  determinantal  equation  in  k2  — > |a'(J  - k2  a",j|  = 0.  The  joint  sampling 
distribution  of  these  p-statistics  on  the  null  hypothesis  ||a'u||  = ||n"j||  was  at  the  same  time  obtained  by 
the  author  [Roy  1 1939))  and  by  others  (Fisher  ( 1939),  Hsu  ( 1939)1.  The  joint  distribution  of  these  k,’s  (i  = 
1,2,..  , p)  on  the  non-null  hypothesis  (that  is,  when  ||«'ij||  / ||a',j||)  was  also  given  by  the  author  a little 
later  [Roy  1 1942a,  b)[  and  it  was  found  that  this  involved  as  population  parameters  p quantities  *,2,  k 22, 

. . .,  k„2  which  are  all  unity  when  and  only  when  ||ajj||  = and  which  come  out  as  the  p roots  (all 
positive  in  this  case)  of  the  determinantal  equation  in  k2— * |a’„  - k2«"u|  = 0. . . .”  In  the  present  paper  the 
author  derives  the  distributions  of  the  maximum,  the  minimum  and  any  intermediate  root  under  the 
null  hypothesis.  These  distributions  can  be  expressed  as  p-fold  integrals  which  are  evaluated  with  the 
aid  of  a recursion  formula  reducing  them  step  by  step  to  single  integrals.  The  author  applies  the  results 
to  the  multivariate  analysis  of  variance. 

References:  Fisher  (1939),  Hsu  (1939),  Roy  (1939,  1942a, bi. 

Citations:  Roy  ( 1946a. b),  Bartlett  (1947b),  Nanda  ( 1948a, bi. 

* SchefTe.  H.;  Tukey.  J.  W.  1 1945 ).  Non-parametric  estimation.  I.  Validation  of  order  statistics.  Annals  of 
Mathematical  Statistics  16,  187-192.  (MR  7.  21). 
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Summary:  The  authors  write  <p.  187):  "Previous  work  on  non-parametric  estimation  has  concerned 
three  problems:  (i)  confidence  intervals  for  an  unknown  quantile  [Thompson  (1936),  Nair  (1940b)],  (ii) 
population  tolerance  limits  [Wilks  (1941,  1942)],  (iii)  confidence  bands  for  an  unknown  cumulative 
distribution  function  (cdf)  [Kolmogoroff  (1933),  Wald  & Wolfowitz  (1939,  1941)].  For  problem  (iii)  a 
solution  has  been  available  which  is  valid  for  any  cdf  whatever,  but  for  (i)  and  (ii)  it  has  heretofore  been 
assumed  that  the  population  has  a continuous  probability  density.  This  paper  validates  the  existing 
solutions  of  (i)  and  (ii)  assuming  only  a continuous  cdf.  It  then  modifies  these  solutions  so  that  they  are 
valid  for  any  cdf  whatever.  . . . E(X„  . . .,  X„)  will  denote  a random  sample  from  a population  with  cdf 
F(x),  whereas  e = (x„ . . .,xn)  will  denote  a point  in  the  sample  space  Rn.  Ift  is  a function  of  e only,  t = <2>(e), 
then  the  random  variable  T = d>(E)  is  a statistic.  The  order  statistics  of  the  sample  E are  defined  to  be  — x, 

Z, Z„,  + x,  where  z,  <z,<...  < z„  is  a rearrangement  of  x„  x2, . . ,,xn.  We  shall  write  Z„  = -x,  Zn_,  = 

+ x.  The  device  of  including  +x  and  -x  among  the  order  statistics  will  enable  us  to  avoid  special 
statements  to  cover  the  case  of  one-sided  estimation.  . . .”  The  authors  state  and  prove  the  following 
theorem  (p.  190):  "A  sufficient  condition  for  the  joint  distribution  of  F( T, ),  F(T2),  . . .,  F(Tr)  to  be 
independent  of  F in  112  [the  class  of  all  continuous  cdfs]  is  that  the  {T,}  be  a subset  of  the  order  statistics 
{Z| } of  the  sample.”  They  modify  the  solution  to  make  it  valid  for  any  cdf. 

References:  Scheffe  (1943),  Robbins  (1944a). 

Citations:  Kimball  ( 1947),  Tukey  ( 1947),  Noether  ( 1948),  Tukey  ( 1948a),  Wilks  ( 19481,  Noether  ( 1949), 
Walsh  (1949a). 

* Tintner,  Gerhard  ( 1945).  A note  on  rank,  multicollinearitv  and  multiple  regression.  Annals  of  Mathemat- 
ical Statistics  16,  304-308.  (MR  7,  132-133). 

Summary:  The  author  writes  (pp.  304-305):  "Let  X„  (i  = 1,  2, ....  Ml  be  |a  | set  of  M random  variables, 
each  being  observed  at  t = 1,  2, . . .,  N.  X„  = Mit  + yjt. . . . The  systematic  part  of  our  variables  = E \it. 
The  ylt  are  normally  distributed  with  means  zero.  Their  variances  and  covariances  are  independent  of  t. 
The  M„  and  y„  are  independent  of  each  other.  Define  X,  = X,  X„/N  the  arithmetic  mean  of  X„  and  x„  = Xlt 
- X„  the  deviation  from  the  mean.  Then  au  = X,  xlt  xJt/(  N - 1 ) gives  the  variances  and  covariances  of  the 
observations.  We  want  to  determine  the  rank  of  the  matrix  of  the  variances  and  covariances  of  M„.  Now 
assume  that  ||  V„  ||  is  an  estimate  of  the  variance-covariance  matrix  of  the  error  terms  or  'disturbances’ 
ylt.  The  elements  of  this  matrix  are  distributed  according  to  the  Wishart  distribution  and  are  indepen- 
dent of  the  M„.  . . . Assume  that  the  estimate  is  based  upon  N'  observations.  Form  the  determinantal 
equation:  (1)  jau  - A V(J|  - 0.  Apart  from  sampling  fluctuations  there  should  be  r solutions  A = 1 of 
equation  ( 1 ) if  there  are  r independent  linear  relationships  between  the  M„.  The  rank  of  the  variance- 
covariance  matrix  of  M„  is  then  M - r.  Following  a suggestion  of  P.  L.  Hsu  [( 1 94 1 b t ) made  on  the  basis  of 
the  earlier  work  of  R.  A.  Fisher  [( 1938)]  we  form  the  test  function  (2)  Ar  = (N  - 1 1 ( A,  + A2  + . . . + Ar), 
where  A,  is  the  smallest  root  of  ( 1 ),  A2  the  next  smallest,  etc.  Hence  (2)  is  [( N - 1 1 times  | the  sum  of  the  r 
smallest  roots  of  equation  ( 1 ).  The  hypothesis  to  be  tested  is  that  there  are  exactly  r independent  linear 
relationships  between  the  systematic  parts  of  our  variables  in  the  population.  This  quantity  (2)  is 
distributed  like  X ' with  r(  N -M  - 1 + r)  degrees  of  freedom  for  large  samples,  i.e.  if  N'  becomes  large.  It 
can  be  used  for  forming  an  opinion  about  the  number  of  independent  relationships  existing  among  the 
systematic  parts  of  our  variables  ( Mit ).”  On  page  307,  the  author  gives  an  expression  which  can  be  used  to 
find  the  R smallest  latent  roots  A,  and  the  corresponding  characteristic  vectors  bv  the  methods  of 
Hotelling  ( 1936a). 

References:  Hotelling  (1936a),  Fisher  (1938),  Wald  (1940),  Hsu  (1941b). 

Citations:  Tintner  ( 1946),  Anderson  1 1948),  Geary  ( 1948). 

* Tucker.  John.  Jr.  (1945a).  Effect  of  dimensions  of  specimens  upon  the  precision  of  strength  data. 
Proceedings  of  the  American  Society  for  Testing  Materials  45,  952-959;  discussion.  960. 
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Summary:  The  author  writes  (Synopsis,  p.  952 ):  "Statistical  theories  on  the  strength  of  materials  are 
applied  in  estimating  the  effects  of  change  in  a dimension  of  the  specimen  on  the  mean  strength  and  on 
the  dispersion  of  the  strength  within  a group  of  like  specimens.  The  weakest-link  theory  [see  Weibull 

!i  1939a>)  predicts  the  effects  of  an  increase  in  the  length  of  specimens  subjected  to  tension,  compression, 

flexure,  or  torsion  and  in  the  depth  of  specimens  subjected  to  flexure.  The  strength-summation  theory 
[see  Tucker  ( 1941)]  appears  to  predict  reasonably  well  the  effects  of  an  increase  in  the  cross-sectional 
area  of  specimens  subjected  to  tension  or  compression  and  of  an  increase  in  width  of  the  flexural 
specimen.  . . 

Note:  The  weakest-link  theory  depends  on  order  statistics  (extreme  values),  but  the  strength- 
summation  theory  does  not. 

References:  Tippett  (1925),  Tucker  (1927),  Weibull  (1939a),  Tucker  (1941). 

Citations:  Tucker  (1945b),  Frankel  (1948). 

* Tucker,  John.  Jr.  ( 1945b).  The  maximum  stresses  present  at  failure  of  brittle  materials.  Proceed  inf’s  of 
the  American  Society  for  Testing  Materials  45,  961-973:  discussion,  974-975. 

Summary:  The  author  writes  (p.  962):  "It  is  not  apparent  which  particular  statistical  theory  [see  Tucker 
( 1941 1 1 will  apply  to  different  materials,  and  which  should  be  used  to  predict  the  changes  in  strength  and 
in  scatter  in  strength,  concomitant  with  change  in  dimensions.  In  our  present  analysis,  the  tensile 
strength  characteristics  of  elementary  fibers,  of  which  a tension  test  cylinder  is  assumed  to  be  composed, 
must  be  determined  from  the  strength  characteristics  of  the  cylinder.  Test  data,  for  example  on  concrete 
[see  Tucker  1 1927 ) ] . . . indicated  that  for  a change  in  cross-sectional  area,  the  summation  theory  applied. 
If  we  apply  this  theory  to  our  analysis  in  the  present  paper,  the  predicted  modulus  of  rupture  is  but  little 
more  than  the  tensile  strength  of  the  materials,  a result  discordant  with  fact.  If  we  apply  the  weakest 
link  theory  [see  Tucker  (1941)]  we  obtain  a predicted  modulus  of  rupture  greater  than  the  tensile 
strength,  but  not  so  great  as  experiment  shows.  A combination  theory  is  offered,  which  has  the  merit  of 
predicting  values  for  the  modulus  of  rupture  which  are  adequately  large. 

References:  Tippett  ( 1925),  Tucker  1 1927),  Weibull  ( 1939a),  Tucker  ( 1941,  1945a). 

Citation:  Frankel  1 1 948 ). 

Anderson.  T.  W.  i 1 946 ).  The  non-central  Wishart  distribution  and  certain  problems  of  multivariate 
statistics.  Annals  of  Mathematical  Statistics  17,  409-431.  (MR  8,  394). 

Summary:  The  author  states  (in  a footnote  on  p.  409)  that  this  paper  is  part  of  his  doctoral  dissertation 
[Anderson  (1945)).  He  again  points  out  ip.  429),  as  in  the  dissertation,  that  the  distribution  of  the 
(ordered)  roots  of  the  determinantal  equation  la,,  - Abu|  = 0 in  the  linear  case  was  given  bv  Roy  [( 1942b)| 
for  au  of  dimensionality  p,  that  Roy  erroneously  claimed  that  his  distribution  is  valid  for  the  planar  case 
and  higher  rank,  and  that  the  correct  distribution  in  the  planar  case  was  given  in  the  author's 
dissertation  [Anderson  (1945)]. 

References:  Roy  ( 1942b).  Wilks  ( 1943),  Anderson  1 1945). 

Citations:  Bartlett  ( 1947a, b). 

Baker.  (1.  A.  1 1946).  Distribution  of  the  ratio  of  sample  range  to  sample  standard  deviation  for  normal  and 
combinations  of  normal  distributions.  Annals  of  Mathematical  Statistics  17,  366-369.  (MR  8.  43 — listing 
only). 
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Summary:  Previous  studies  have  been  made  of  the  distribution  of  the  ratios  of  the  sample  range  to  the 
population  standard  deviation  and  to  an  independent  estimate  of  the  population  standard  deviation. 
Here  a study  is  made  of  the  distribution  of  the  ratio  of  the  range  to  the  standard  deviation  when  both  are 
computed  from  the  same  sample.  The  mean,  standard  deviation,  g,  = \rjTl , (rK  , g2  = - 3,  and  (rK>  of  the 

distribution  of  the  ratio  of  range  to  standard  deviation  for  samples  of  size  n = 2,  4,  16,  36,  64,  TOO  are 
tabulated  for  a normal  parent  ]N(0,1)],  a symmetrical  distinctly  bimodal  parent  (A)  and  a weakly 
bi modal  but  strongly  skewed  parent  ( B).  The  results  are  quite  different  from  the  corresponding  distribu- 
tions of  range  in  terms  of  the  population  standard  deviation  [see  Pearson  ( 1931 )].  The  standard  deviation 
and  the  range  of  the  same  sample  are  correlated.  This  correlation  is  negligible  for  n s 100  for  samples 
from  the  standard  normal  population  N,  but  not  for  the  populations  A and  B,  for  which  it  is  of  the  order  of 
0.5  for  samples  of  100. 

References:  K.  Pearson  (1931),  Newman  (1939),  Pearson  & Hartley  (1943),  Hartley  (1944). 

* Brown,  George  W.;  Tukey,  John  W.  1 1946).  Some  distributions  of  sample  means.  Annals  of  Mathematical 
Statistics  17,  1-12.  (MR  7,  463). 

Summary:  The  authors  summarize  their  results  as  follows  ip.  1 ):  "It  is  shown  that  certain  monomials  in 
normally  distributed  quantities  have  stable  distributions  [see  Note  below]  with  index  2"  k.  This  provides, 
for  k > 1,  simple  examples  where  the  mean  of  a sample  has  a distribution  equivalent  to  that  of  a fixed, 
arbitrarily  large  multiple  of  a single  observation.  These  examples  include  distributions  symmetrical 
about  zero,  and  positive  distributions.  Using  these  examples,  it  is  shown  that  any  distribution  with  a 
very  long  tail  (of  average  order  > x~:i'2)has  the  distributions  of  its  sample  means  grow  flatter  and  flatter 
as  the  sample  size  increases.  Thus  the  sample  mean  provides  less  information  than  a single  value. 
Stronger  results  are  proved  for  still  longer  tails."  They  write  (pp.  2-3):  "Section  10  presents  a simple 
example  of  a distribution  symmetric  about  zero  with  such  long  tails  that  (i)  the  distribution  of  the  sample 
mean  spreads  out  faster  than  any  power  of  n [the  sample  size],  (ii ) the  median  of  a sample  of  any  size  fails  to 
have  finite  moments  of  any  positive  order,  integral  or  fractional.  . . . The  basic  consequences  of  these 
results  for  applied  statistics  can  be  summarized  in  the  following  statements,  (a)  The  positions  that  the 
Cauchy  distribution  is  an  isolated  case,  or  else  an  extreme  example  of  pathology,  are  now  untenable,  (b) 
The  use  of  the  mean  of  a sample  as  a measure  of  location  (or,  when  dealing  with  positive  distributions  fixed 
at  zero,  as  a measure  of  scale)  implies  a belief  that  the  tails  of  the  underlying  distribution  are  not  too  long, 
(c)  It  is  probable  that  the  relative  efficiencies  of  mean  and  median  are  greatly  affected  bv  the  length  of  the 
tail.” 

Note:  The  authors  write  i p.  4):  "A  distribution  is  stable  if  whenever  k and  t are  positive  and  A and  B are 
independent  chance  quantities  distributed  according  to  the  same  law,  then  kA  + ( B is  distributed  like  a 
fixed  multiple  of  A.  It  is  known  . . . that  any  stable  distribution  has  a characteristic  function  of  the  form 
e <i.  • i0*xn  u ' u \ where  0 < A s 2,  a > 0,  and  j/3|-S|<*  tan  .1  tt  A|.  Each  stable  distribution  thus  has  an  index  A 
such  that  kA  + / B and  i k*  + /m  1 » A have  the  same  distribution  when  A and  B are  a sample  of  two  from 
the  given  distribution." 

Citation:  Mosteller  i1946i. 

* Carlton,  A.  George  (1946).  Estimating  the  parameters  of  a rectangular  distribution.  Annals  of 
Mathematical  Statistics  17,  355-358.  (MR  8,  41 — listing  only). 

Summary:  The  author  writes  ( Introduction,  p.  355):  "In  this  note,  the  range  and  midrange  of  the  sample 
are  shown  to  he  a pair  of  sufficient  statistics,  and  maximum  likelihood  estimates,  for  the  true  range  and 
true  mean  of  a rectangular  distribution;  exact  and  limiting  distribution  of  midrange,  range,  and  their 
ratio  are  derived;  the  ’efficiencies'  of  the  sample  mean  and  median  as  estimates  of  the  true  mean  are 
calculated;  and  the  limiting  distribution  of  the  difference  between  two  sample  midranges  is  derived.  All 
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the  limiting  distributions  are  non-normal,  and  the  error  of  estimate  is  of  order  n 1 rather  than  the 
customary  n 1 - . The  limiting  distribution  of  midrange,  and  the  limiting  ratio  of  variances  of  the 
midrange  and  the  sample  mean  were  given  bv  Fisher  |(1922i|."  For  the  one-parameter  rectangular 
distribution  fix)  = 1 A,  0 s x < A,  the  author  points  out  (p.  358 > that  "v  (the  largest  observation!  is  a 
sufficient  statistic  and  is  evidently  the  maximum  likelihood  estimate  of  A.” 

Reference:  Fisher  ( 1922). 

Citations:  Gumbel  ( 1947 ),  Wilks  < 1948). 

Cramer,  Harald  ( 1946).  Mathematical  Methods  of  Statistics.  Princeton  University  Press.  Princeton,  NJ. 
(MR  8,  39). 


Summary:  This  book  is  divided  into  three  parts,  devoted  to  mathematical  introduction,  random 
variables  and  probability  distributions,  and  statistical  inference.  Only  the  portions  directly  relevant  to 
our  subject  will  be  summarized  here.  In  the  second  part.  Chapter  15  ipp.  166-192'  deals  with  general 
properties  of  univariate  distributions.  In  Section  15.5  'pp.  177-179).  the  author  discusses  measures  of 
location,  including  the  median,  which  he  defines  as  a value  which  divides  the  whole  mass  of  the 
distribution  into  two  equal  parts,  each  containing  the  mass  1 2.  The  median  thus  defined  may  or  may  not  be 
unique.  In  either  case,  the  median  has  the  property  that  the  first  absolute  moment  is  a minimum  when 
taken  about  the  median.  Section  15.6  < pp.  179-182)  deals  with  measures  of  dispersion,  including  the 
mean  deviation  (about  the  median  rather  than  the  mean),  the  range,  and  the  semi-interquartile  range. 
The  author  also  defines  the  quantiles  in  general,  and  specifically  mentions  the  quartiles  and  the  deciles. 
All  of  these  definitions  and  results  are  for  population  measures,  but  analogous  ones  hold  for  sample 
measures,  which  are  discussed  in  the  third  part,  especially  in  Chapter  28  ipp.  363-378),  which  deals  with 
asymptotic  properties  of  sampling  distributions.  In  Section  28.5  i pp.  367-370),  the  author  discusses  the 
sample  quantiles,  which  he  defines  as  follows  (p.  368 »:  "If  np  is  not  an  integer,  and  if  we  arrange  the 
sample  values  in  ascending  order  of  magnitude:  x,  s . . . s.  x„,  there  is  a unique  quantile  z,,  equal  to  the 
sample  value  x,,  where  n = |np  |denotes  the  greatest  integer  £ np.  If  np  is  an  integer. . . . z,,  may  be  any 
value  in  the  interval  i xnl„  xnp , ,).  In  order  to  avoid  trivial  complications,  we  assume  . . . that  np  is  not  an 
integer."  If  the  frequency  function  Ip.d.f.  | f<  x ) is  continuous  and  has  a continuous  derivative  fix),  the 
author  shows  that  the  sample  quantile  z,,  is  asymptotically  normal  14,  \ pq  n/f(£)i,  where  £ = is  the 
corresponding  quantile  of  the  population,  and  in  particular  the  median  of  the  sample  is  asymptotically 
normal  i£.  1 2fi£)\  ni,  where  l.  = {1  ■>  is  the  median  of  the  population.  For  a normal  distribution  with 
parameters  m and  ir.  the  median  is  m.  and  f'(  m)  - 1 <r  \2n  . Thus  the  median  z of  a sample  of  n from  this 
distribution  is  asymptotically  normal  1 m.  ir\  tt  2n  1,  whereas  the  mean  x is  exactly  normal  ( m.  it  \ n ).  so 
that  the  standard  deviation  of  z is  \ ir  2 1.2533  times  that  of  x.  The  author  also  shows  that  the  joint 

distribution  of  two  sample  quantiles  /.'  and  z"  is  asymptotically  normal.  If  C and  are  the  lower  and 
upper  quartiles  of  the  population,  the  semi-interquartile  range  of  the  sample,  (z”  - z')  2.  is  asymptoti- 
cally normal  with  mean  ( £"  - £’  1 2 and  standard  deviation  \ 3 1"  ( 1 2 fi  £' ) f(  l"  1+3  f2 1 £”)  8 \ n.  Thus,  for 

a normal  1 m.  <r ' population,  the  mean  and  standard  deviation  of  the  semi -interquartile  range  of  a sample 
of  size  n are  0.6745  <r  and  0.7867  <t  \ n,  respectively.  In  Section  28.6  ipp.  370-378),  the  author  considers 
some  properties  of  the  sampling  distri  hut  ions  if  the  extreme  values,  the  i:t  h values  | order  statistics),  the 
range,  and  other  similar  characteristics  of  the  sample  for  continuous  distributions  in  general  and  the 
rectangular,  (isosceles)  triangular,  Cauchy.  Laplace  (double  exponential),  and  normal  distributions  in 
part  icular.  along  with  the  limiting  forms  of  ext  re  me- value  distributions  (see  Fisher  & Tippett  1 1928 1 and 
Gumbel  (1935ai|.  Chapters  32-34  (pp.  473-524)  deal  with  the  theory  of  estimation,  and  in  them  the 
author  gives  several  examples  in  which  he  compares  the  efficiency  of  estimators  based  on  order  statistics 
'median,  smallest  value,  or  largest  value)  or  functions  of  order  statistics  (range,  midrange,  or  quasi- 
midranges'  with  that  of  estimators  based  on  the  mean  and  the  standard  deviation.  In  Example  4 ip.  485' 
of  Chapter  32.  he  shows  that  in  some  cases  of  non  regular  estimation,  estimates  based  on  order  statistics 
have  variances  which  are  smaller  than  the  Cramer-Rao  lower  hound. 


References:  Gauss  < 1809),  Laplace  (1812),  Gauss  ( 1816,  1823)  1 1880 1,  Helmert  1 1876b),  Pearson  < 1895 1. 
Poincare  (1896)  1 1912),  Sheppard  (1899a),  Kapteyn  (1903)  (Kapteyn  & van  Uven  (1916)|.  Edgeworth 
( 1905i,  Charlier  ( 1906,  1910  1 1931 1),  Yule  1 191 1 ) [Yule  & Kendall  ( 1940)],  Fisher  (1912),  Keynes  1 1921 ), 
Fisher  (1922),  Irwin  (1925a),  Levy  (1925),  Tippett  (1925),  Cramer  (1928),  Fisher  & Tippett  ( 1 928 1, 
Neyman  & Pearson  1 1928),  Pearson  |&  Advanthaya]  ( 1928),  von  Mises  ( 1931 ),  Pearson  ( 1931  >,  Fisher 
( 1933),  Davies  & Pearson  1 1934),  Fisher  ( 1935)  [ 1937 ],  Gumbel  ( 1935a),  Thompson  ( 1935),  von  Mises 
( 1936),  Neyman  & Pearson  ( 1936),  Smirnoff  ( 1936),  Neyman  ( 1937  a,b>.  Pitman  ( 1937 ),  Snedecor  ( 1937 1, 
Fisher  & Yates  ( 1 938 1 1 1943],  Wilks  ( 1938),  Jeffreys  ( 1939),  Pitman  ( 1939),  Arlev  ( 1 940 ) . Hartley  ( 1942 1. 
Pearson  & Hartley  (1942),  Kendall  (1943),  Geary  (1944). 

Citations:  Arley  & Buch  ( 1940)  [1950],  Boldrini  ( 1942)  [1968],  Elfving)  1947),  Lehmann  1 1 947 ),  Epstein 
( 1948a, b),  Epstein  & Brooks  ( 1948),  Hoeffding  1 1948),  Huzurbazar  ( 1948),  Jones  ( 1948 ),  , ilks  1 1948), 
Benson  i 1949 ),  Epstein  ( 1949a),  Noether  1 1949 ),  Smirnov  ( 1949b),  Walsh  ( 1949d i. 


Daly,  Joseph  F.  ( 1946).  On  the  use  of  the  sample  range  in  an  analogue  of  Student's  t-test.  Annals  of 
Mathematical  Statistics  17,  71-74.  (MR  7,  464). 

Summary:  The  author  writes  (p.  71 1:  "Let  x represent  independent  observations  on  a variate  x 

which  is  normally  distributed  with  mean  p and  variance  a'1.  Assuming  no  prior  information  about  the 
value  of  either  parameter,  let  H„  be  the  hypothesis  that  /a  is  equal  to  or  less  than  a specified  quantity  /a,,. 

. . . Dodge  |(  1932 ) | and  Knudsen  [( 1943) | among  others  have  proposed  tests  of  H„  based  on  a statistic  of 
the  form  G = (x  - /z„i/w  where  w is  the  sample  range.  It  is  the  object  of  this  note  to  show  how  the 
probability  distribution  of  G can  be  obtained  with  the  aid  of  the  distribution  law  of  w tabulated  by 
Pearson  and  Hartley  |i  1942  >|,  and  to  present  some  numerical  results  which  indicate  that  the  power  of  the 
resulting  test  is  the  same  for  all  practical  purposes  as  that  of  'Student's'  t-test  for  sample  size  N s 10.  The 
calculation  of  the  percent  points  of  the  G distribution  is  greatly  facilitated  by  the  following  result,  which 
does  not  appear  to  be  generally  known:  LEMMA:  If  x and  w'  represent  respectively  the  average  and  the 
range  of  a sample  of  N independent  observations  on  a normally  distributed  variate  x,  then  x and  w are 
statistically  independent."  The  author  tabulates  estimated  upper  5'r  points  ( 3 DP ) for  the  distribution  of 
G for  N = 3(1)10. 

References:  Tippett  ( 1925),  Dodge  (1932),  Pearson  & Hartley  (1942),  Knudsen  (1943). 

Citations:  Lord  (1947),  Walsh  (1947),  Wilks  (1948).  Howell  (1949),  Tukey  (1949b).  Walsh  (1949b). 

Freudenthal,  A.  M.  1 1946).  The  statistical  aspect  of  fatigue  of  materials.  Proceedings  of  the  Royal  Society 
(London)  A 187,  416-429. 

bummary:  The  author  writes  (Abstract,  p.  416':  "The  ohenomenon  which  is  usually  described  as 
fatigue'  of  materials,  but  for  which  the  term  'progressive  failure’  would  be  more  adequate,  is  the 
expression,  on  a macroscopic  scale,  of  the  progressive  destruction  of  the  cohesive  bonds  as  a result  of  the 
repetitive  action  of  an  external  load.  It  has  the  typical  features  of  a mass  phenomenon:  both  the  cohesive 
bonds  and  the  load  repetitions  are  collectives  in  a statistical  sense  |von  Mises  ( 1931 1|.  Rv  applying  the 
fundamental  rules  of  the  theory  of  probability  many  of  the  experimentally  established  relations  between 
the  principal  variables  can  be  theoretically  deduced  from  the  purely  formal  assumption  of  the  existence 
of  a statistical  distribution  function  of  the  separation-strength  of  cohesive  bonds."  Concerning  the  size 
effect,  he  writes  i p.  422 ):  For  samples  of  different  size  and.  consequently,  of  different  number  of  bonds  a 
definite  size  effect  must  be  expected;  as  the  probability  of  rupture  under  a definite  load  amplitude  S 
increases  with  increasing  number  of  bonds,  the  fatigue  strength  is  bound  to  decrease  with  increasing 
sample  size  |weakest  link  theory],  a conclusion  which  is  supported  bv  experimental  evidence.  . . . The  size 
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effect  in  the  stage  of  the  initiation  of  fatigue  cracks  is  modified  bv  an  opposing  size  effect  which  pertains 
to  the  stage  of  crack  propagation:  at  equal  rate  of  propagation  the  small  cross-section  will  be  destroyed 
more  rapidly.  The  resulting  effect  depends,  therefore,  on  the  relative  importance  of  the  stages  of  crack 
initiation  and  of  crack  propagation  in  the  process  of  rupture  in  fatigue.” 

Reference:  von  Mises  (1931). 

Citations:  Epstein  (1948a),  Peterson  (1949a),  Weibull  (1949). 

* Grant,  Eugene  L.  ( 1946).  Statistical  Quality  Control.  McGraw-Hill  Book  Co.,  Inc.,  New  York-London. 

Summary:  Part  One  of  this  pioneering  textbook  contains  two  chapters  dealing  with  the  objectives  of 
statistical  quality  control  and  some  representative  applications.  Part  Two  deals  with  Shewhart  control 
charts  for  variables  (X  and  R charts).  Chapter  III  (pp.  47-84)  introduces  some  fundamental  statistical 
concepts.  In  particular.  Section  51  (pp.  58-60)  deals  with  averages  (arithmetic  mean,  median,  and  mode) 
and  measures  of  dispersion  (standard  deviation  and  range).  The  arithmetic  mean  (average)  X is  used 
throughout  the  book,  and  the  median  (like  the  mode)  is  referred  to  only  occasionally.  The  range  R is  used 
extensively  instead  of  the  standard  deviation  cr.  Chapters  IV  (pp.  85-123)  and  V (pp.  124-147)  explain 
why  the  control  chart  works.  In  Section  69  (pp.  93-95),  the  author  discusses  the  relationship  between  <j' 
(the  true  standard  deviation)  and  R (the  average  range  of  subgroups  of  size  n).  He  compares  the  estimates 
of  it'  from  <t  and  R,  which  are  & c2  and  Rd2,  respectively,  where  c_.  and  d2  are  tabulated  (to  4 significant  figures) 
in  Table  B (p.  536)  of  Appendix  III  for  n = 2(  1 (25(5)100.  He  writes  (p.  95):  "A  practical  point  is  that  it  is 
much  easier  to  compute  R for  a subgroup  by  making  a simple  subtraction  than  it  is  to  compute  a by 
calculating  several  squares  and  a square  root.  In  control-chart  work,  this  ease  of  calculation  of  R is 
usually  much  more  important  than  any  slight  theoretical  advantages  that  might  come  from  the  use  of  cr 
as  a measure  of  dispersion  of  subgroups.  However,  in  some  cases  where  the  measurements  themselves 
are  costly  (for  example,  destructive  tests  of  valuable  items)  and  it  is  necessary  that  the  inferences  from  a 
limited  number  of  tests  be  as  reliable  as  possible,  the  extra  cost  of  calculating  standard  deviations  of 
subgroups  is  justified.”  In  Section  79  (pp.  1 15-116),  the  author  discusses  the  distribution  of  the  range.  He 
notes  that  Pearson  & Hartley  ( 1942)  havq  tabulated  the  probability  integral  of  the  range  in  samples  from 
a normal  population.  The  upper  and  lower  control  limits  on  a control  chart  for  R are  D4R  and  D:iR, 
respectively,  where  D;l  and  D.,  are  tabulated  in  Table  C (p.  537)  of  Appendix  III.  If  the  control  limits  are  to 
be  calculated  from  a known  or  assumed  value  of  cr' , they  are  D2<r'  and  D,<r',  respectively,' where  D,  and  D2 
are  tabulated  in  Table  E (p.  539).  In  Chapter  VI  (pp.  145- 180 >.  the  auHior  gives  directions  for  simple  X 
and  R charts.  The  central  line  for  the  X chart  is  either  the  grand  mean  X or  a standard  or  aimed-at  value 
X'.  The  control  limits  lie  at  a distance  A._,R  on  either  side  of  the  central  line,  at  X ± A2R  or  X'  ± A2R, 
where  A2  is  tabulated  in  Table  C of  Appendix  III.  The  values  of  A2,  D:,  and  D.,  in  Table  C and  of  D,  and  D2 
in  Table  E are  given  to  two  decimal  places  for  n = 2(  1)20;  for  n<6,  the  lower  control  limit  for  the  R chart 
is  zero,  so  D,  = D2  = 0.  Chapter  VII  (pp.  181-198)  deals  with  the  selection  of  rational  subgroups  and 
Chapter  VIII  ipp.  199-220)  with  different  adaptations  of  the  control  chart  for  variables  (including 
variable  subgroup  size,  control  limits  for  moving  averages,  probability  limits,  warning  limits,  etc.).  Part 
Three  discusses  other  Shewhart  control  charts  ( for  fraction  defective  and  for  number  of  defects),  which  do 
not  make  use  of  order  statistics.  Part  Four  gives  a statistical  approach  to  acceptance  procedures,  and 
includes  Chapter  XII  (pp.  315-338)  on  some  statistical  aspects  of  tolerance  (Wilks  (1941,  1942)  and  Wald 
1 1943)]  and  Chapter  XVI  (pp.  419-446)  on  acceptance  procedures  based  on  the  control  chart  for  variables. 
Part  Five  is  concerned  with  making  statistical  quality  control  work. 

References:  Shewhart  1 1931),  Dodge  ( 1932),  Dodge  et  al.  1 1933),  Fisher  ( 1935)  [1937],  Pearson  ( 1935), 
Simon  (1941),  Wilks  (19411,  Dudding  & Jennett  ( 1 942 ),  Pearson  & Hartley  (1942),  Wilks  (1942), 
Knudsen  (1943),  Wilks  (1943),  Eisenhart,  Hastav  & Wallis  ( 1 94 7 ). 

Citation:  Dodge  ( 1933)  1 1951 ). 
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* Greenwood,  Major  < 1946  >.  The  statistical  study  of  infectious  diseases.  Journal  of  the  Royal  Statistical 
Society  A 109,  85-103;  discussion,  103-110.  iMR  8,  591 1. 

Summary:  The  only  parts  of  this  paper  and  the  ensuing  discussion  which  are  relevant  to  our  subject  are 
Appendix  1 ipp.  97-102)  and  M.  G.  Kendall’s  contributions  to  the  discussion  (pp.  103-1051,  which  deal 
with  the  problem  of  the  random  division  of  an  interval.  In  Appendix  1,  the  author  considers  the  problem 
of  n points  taken  at  random  on  an  interval  of  length  L.  We  have  seen  (comments  on  the  work  of 
Whitworth  ( 1867)]  that  this  has  an  obvious  interpretation  in  terms  of  the  order  statistics  of  a sample  of 
size  n from  a uniform  (rectangular)  distribution,  the  lengths  of  the  partial  intervals  between  successive 
points  being  the  differences  between  successive  order  statistics.  After  discussing  the  contributions  of 
Whitworth  and  later  ones  by  von  Bortkiewicz  ( 1915)  and  by  Morant  (1921 1,  the  author  finds  the  first  four 
moments  of  the  distribution  of  the  length  of  the  partial  intervals.  The  n points  divide  the  interval  of 
length  L into  n + 1 partial  intervals  whose  mean  length  is  L / (n  + 1),  with  g.,  = L2n  / ( n + It2  (n  + 2),  g:l  = 
2L3n  (n-l)/(n  + l):,(n-i-2)(n+3)  and  g4=  3L4n  (3n2-n+2)<  (n  + l)4(n+2)  (n+3)  (n+4),  from  which  it 
follows  that  /3,  = 4(  n - l)2  in  + 2)  In  (n  + 3)2  and  fi.,  = 3(n  + 2)  (3n2  — n + 2)/n(n  + 3)(n  + 4).  The  author 
also  derives  the  distribution  of  the  sum  of  the  squares  of  the  n + 1 partial  intervals.  Kendall  writes  (p. 
104:  "As  he  (Greenwood]  says,  it  was  Whitworth  who  seems  to  have  been  the  first  to  consider  this 
problem  in  any  sort  of  generality,  but  it  may  be  of  interest  to  point  out  (what  is  not  generally  realized) 
that  the  essential  mathematics  of  Whitworth's  theorem  were  carried  out  by  Dirichlet  (no  reference 
given  | earlier  in  the  nineteenth  century.  Whitworth  himself  proves  his  result  by  a long  inductive  chain 
of  argument,  whereas  it  follows  almost  immediately  from  Dirichlet’s  integrals.  More  recently  the 
problem  has  been  studied  from  the  point  of  view  of  finding  the  distribution  of  the  greatest  part  into  which 
the  magnitude  is  divided.  Whitworth  himself  solved  this  problem,  but  it  has  been  re-discovered  and 
applied,  for  example,  by  Fisher  [( 1929)]  to  harmonic  analysis,  several  writers  to  the  test  of  significance  of 
the  variance  ratio  in  the  analysis  of  variance,  and  by  Garwood  [( 1940)]  and  others  in  problems  arising 
out  of  the  control  of  traffic  and  telephone  switchboards.  More  recently  still  Stevens  [( 1939)]  solved  what 
is  essentially  the  same  problem  in  connection  with  the  distribution  of  points  on  a circle,  a form  which  I 
think  was  suggested  by  biological  considerations.  Nearly  all  this  work  has  concerned  the  distribution  of 
the  greatest  of  the  fragments  into  which  the  random  interval  is  divided.  Professor  Greenwood  has, 
however,  put  forward  rather  a different  form  of  the  problem,  since  he  is  more  interested  in  the  closeness 
of  equality  of  the  parts,  and  he  has  accordingly  suggested  as  a test  of  departure  from  randomness  the 
distribution  of  the  variance  of  the  parts  into  which  the  interval  is  divided.  I do  not  remember  seeing  this 
version  before.  . . 

References:  Whitworth  ( 1867 1 ( 1887 1.  von  Bortkiewicz  ( 1915),  Morant  ( 1921 ),  Fisher  1 1929).  Stevens 
1 1939),  Garwood  1 1940). 

Citation:  Moran  1 1947). 

* Gumbel,  E.  J.  (1946a).  On  the  independence  of  the  extremes  in  a sample.  Annals  of  Mathematical 
Statistics  17,  78-81.  (MR  7.  464) 

Summary:  Let  x he  a continuous  unlimited  variable  with  probability  density  function  ip.d.f.)  </>ix>  and 
cumulative  distribution  function  ic.d.f.  i <txx).  and  let  mx  be  the  m'h  observation  from  the  bottom  and  xk 
the  k,h  observation  from  the  top  in  a sample  of  size  n.  The  author  shows  that  the  joint  p.d.f.  of  ,„x  and  xk  is 
equal  to  the  product  of  the  p.d.f.’s  of  mx  and  xk.  and  hence  that  „,x  and  xk  are  independent,  provided  1 1 • n is 
large,  1 2)  the  ranks  m and  k are  small,  and  (3)  the  initial  distribution  </>(  x)  is  of  the  exponential  type  subject 
to  L’Hospital’s rules  limx  , (</»'  lx)  rf>ix>]  = !imx.  . ( </»« x > <Jxxi)and  limN  | </>'( x ) </>ixi|  = - limx  , { <f»< x ) 1 1 
- 4>ix)|}. 

References:  Gumbel  1 1935a).  Kendall  (1943)  1 1 945 1.  Gumbel  > 1 944 ). 

Citations:  Gumbel  1 1947 >.  Wilks  1 1948).  Gumbel  1 1949). 
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* Gumbel,  £mile-J.  (1946b).  Determination  commune  des  constantes  dans  les  distributions  des  plus 
grandes  valeurs.  Comptes  Rendus  de  1' Academic  des  Sciences  (Paris)  222.  34-36.  (MR  7.  464). 

Summary:  The  author  writes  (pp.  34-36,  compiler’s  translation):  ”M.  Frechet  |i  1927>]  and  R.  A.  Fisher 
[&  L.H.C.  Tippett  ( 1928)]  have  established  two  stable  asymptotic  distributions  oflargest  values.  The  two 
probabilities  F,  iz)  and  F2  (x)  that  a largest  value  is  less  than  or  equal  to  z (or  to  xi  can  be  written  in  a 
uniform  way,  ( la)  F,(z)  = exp  [(  -v/z)k],  ( lb)  F2(x)  = exp  [ -e  *«'*  Ul],  where  exp  denotes  the  exponential 
function.  The  parameters  v (and  u)  are  the  largest  values  such  that  their  probability  is  the  reciprocal  of 
the  number  e.  The  first  distribution  does  not  possess  moments  of  order  greater  than  or  equal  to  k.  For  the 
second  distribution,  all  the  moments  exist.  An  estimate  of  the  constants  v and  k can  be  made  with  the  aid 
of  the  inverse  moments  m_|,  of  order  t defined  by  m ,= /’  z ' dFizi.  The  calculation  leads  to  m ,=v  T 
( 1 + ( /k ),  from  which  follows,  for  ( = 1,  (2)  m_,  = v_l  F(  1 + l/k>  and,  for  l = 2,  (3)  m 2/(  m_,)2  = F(  1 + 2/k) 
F-  ( 1 + 1/ki.  We  substitute  for  the  first  members  of  equations  (2)  and  (3)  the  numerical  values  obtained 
from  the  observations:  then  equation  (3)  leads  to  the  knowledge  of  the  parameter  k and  equation  ( 2 ) gives 
v.  These  formulas  can  provide  a comparison  between  an  observed  distribution  oflargest  values  and  the 
formula  ( la).  It  is  usual  to  determine  the  constants  a and  u of  formula  ( lb)  by  the  method  of  moments, 
which  leads  to  (4)  x = u + -y/«,  «2o-2  = 7r2/6,  where  x denotes  the  arithmetic  mean,  a the  standard 
deviation,  and  y Euler’s  constant.  An  analogous  method  can  be  used  for  the  formula  (la).  We  note  first 
that  the  two  formulas  are  related  by  a logarithmic  transformation.  We  se*  x = log  z in  (lb)  and  we  obtain 
(5)  F( z ) = exp|(  - eu  /z),r).  that  is  to  say  the  formula  ( la),  v being  replaced  by  e"  and  k bv  a.  That  is  why  we 
calculate  the  geometric  moments  for  the  first  distribution.  The  geometric  mean  g and  the  geometric 
mean  square  g2  are  defined  by  (6)  n log,,  g = X',1  log,.  x,„  n log,,  g2  = 12"  log,.2  x, „ where  n is  the  number  of 
observations.  Since  the  deri  natives  f,(z)  and  f2(x)  of  the  probabilities  ( 1 a ( and  (lb)  are  related  by  f,(  z ) dz  = 
f2(x)  dx,  the  geometric  moments  of  order  ( of  the  first  distribution  1 7 1 log,,  g'  = log,/  z f,  (z)  dz  are  equal 
to  the  ordinary  moments  x'  of  the  second  distribution  x'  = f ’ ,x'  f2(x)  dx.  Therefore,  for  i = 1, 2,  (8)  log,,  g 
= log,,  v + y k,  log,,  g2  = 77-  6k2  + (log,,  g)2.  The  geometric  dispersion  <r2„,  defined  by  <r2K  = log,,  g2  - (log,.g)2. 
gives  (9)  k2<r2t  7T2/6.  By  replacing  the  first  members  of  equations  (8i  and  (9)  by  the  observed  values 
obtained  from  (6),  one  obtains  an  estimate  of  the  constants  in  the  formula  ( la)  and  this  method  is  entirely 
analogous  to  equations  (4)  valid  for  the  formula  (lb)." 

Note:  Three  obvious  typographical  errors  were  corrected  during  translation. 

References:  Frechet  (1927),  Fisher  |&  Tippett]!  1928). 

* Hoel.  Paul  G.  ( 1946).  The  efficiency  of  the  mean  moving  range.  Annals  of  Mathematical  Statistics  17. 
475-482.  (MR  9.  151). 


Summary:  The  mean  moving  range  w i/1  |X| . , - - x,,  (n  - 1 1 of  n observations  defined  by  the  author  is 
simply  the  mean  successive  difference  defined  by  Breger  il881>,  which  does  not  require  ordering  the 
observations,  and  hence  is  not  directly  relevant  to  our  study.  However,  the  author  also  defines  a 
generalized  mean  moving  range.  He  writes  ( p.  479):  "Let  r,  deonte  the  range  of  the  [k]  observations  from 
x,  to  x,  k Then  the  variable  W =( r,  + r, + ...+ r„  kM)  in  - k -I- 1 1 will  represent  a generalized  mean 
moving  range,  of  which  w will  be  a special  case  when  k 2."  The  author  shows  that  (W  - E(Wl]  rr„  is 
.i-\  mptot ically  normally  distributed  with  zero  mean  and  unit  variance,  provided  only  that  x possesses  a 
continuous  distribution  function  for  which  the  third  absolute  moment  exists.  He  notes  that  the  existence 
t (hi-  third  absolute  moment  for  x insures  the  existence  of  the  same  moment  for  r,." 

Reference:  Wilk-  1913' 
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* Jones,  A.  E.  (1946).  A useful  method  for  the  routine  estimation  of  dispersion  from  large  samples. 
Biornetrika  33,  274-282.  (MR  8,  42). 

Summary:  The  author  writes  (Introduction,  p.  274):  "It  is  often  possible,  in  certain  types  of  mass 
production,  to  use  a large  sample  of  articles  for  sample  routine  inspection  and  to  find  with  ease  the 
articles  with  more  extreme  values  of  the  characteristic  measures.  ...  In  these  cases,  a great  deal  of 
labour  can  be  saved,  if  the  dispersion  is  estimated  from  these  extreme  values,  which  may  comprise  only 
about  59e  of  the  total.  Such  an  estimate  of  dispersion  may  be  used  in  controlling  variability  by  specifying 
limits  for  this  estimate.  One  method  of  specifying  the  variability,  which  avoids  the  complication  of 
subdividing  the  sample,  is  to  lay  down  limits  for  the  difference  between  the  sum  of  the  r highest  and  r 
lowest  values  in  the  sample.  In  this  paper  it  will  be  shown  how  the  mean,  variance  and  also  higher 
moments  of  this  difference  can  be  found.  Approximate  formulae,  which  are  reasonably  easy  to  calculate, 
are  given  for  the  mean  and  variance  of  the  difference.  These  should  be  satisfactory  for  most  practical 
purposes.  In  Table  1 [p.  280]  are  given  exact  values  [to  3 significant  digits]  of  the  mean  and  variance  of 
the  difference  in  the  case  when  the  parent  population  is  Gaussian  (normal)  for  selected  sample  sizes  [ n ] 
and  values  of  r [n  = 100,  r = 5,  7;  n = 200,  r = 5,  7,  10,  12;  n = 400(200)1000,  r = 5,  7,  10,  12 , 16,  20],  The 
mean  and  variance  with  other  parent  populations  [which  decrease  exponentially  in  their  tails]  may  be 
calculated  by  applying  equations  . . . [and  tables  given  by  the  author|.” 

Note:  The  difference  S = (xn  + xn  ,+...+  x„  ,.*,)—  (x,  + x2  + ...  xr)  [not  the  author's  notation]  satisfies 
the  equation  S = w,,  where  w,  = x,,^  - xi+l  is  the  i'h  quasi-range  of  the  sample  of  size  n. 

Citations:  Nair  ( 1947,  1948b),  Cole  ( 1949). 

* Kendall,  Maurice  G.  ( 1946).  The  Advanced  Theory  of  Statistics,  Volume  II.  Charles  Griffin  & Company 
Limited,  London.  (MR  8,  473). 

Summary:  The  author  writes  ( Preface,  p.  vi;  "This  volume  falls  into  five  sections.  The  first,  comprising 
chapters  17  to  20,  deals  with  Estimation.  The  second,  comprising  chapters  21, 23,  24  and  26  to  28,  covers 
the  Theory  of  Statistical  Tests,  including  the  Analysis  of  Variance  and  Multivariate  Analysis.  The  third, 
consisting  of  Chapter  22,  deals  with  Regression  Analysis  and  completes  the  account  of  statistical 
relationship  begun  in  chapters  13  to  16  of  Volume  I [ Kendall  ( 1943)].  In  the  fourth,  chapter  25,  I have 
tried  to  give  an  introductory  account  of  the  reaction  of  theoretical  considerations  on  the  Design  of 
Statistical  Inquiries.  Finally,  the  fifth,  comprising  chapters  29  and  30,  deals  with  the  Analysis  of 
Time-Series.  The  literature  of  statistical  theory  is  now  so  vast  that  it  seemed  worth  while  devoting 
considerable  space  to  a bibliography,  which  is  given  in  Appendix  B.  . . ."  Material  in  the  various  sections 
which  is  relevant  to  order  statistics  will  be  summarized,  and  the  pertinent  references  will  be  listed. 
Chapter  17  (pp.  1-49)  begins  with  a discussion  of  estimation  and  some  desirable  properties  of  estimators 
Iconsistence  (consistency),  unbiasedness,  efficiency  and  sufficiency]  and  continues  with  a treatment  of 
maximum  likelihood  estimators.  The  author  (pp.  5-6)  compares  the  sample  mean  and  the  sample  median 
as  estimators  of  the  center  of  a symmetric  population.  For  a normal  population  both  are  consistent  and 
unbiased  estimators  of  the  population  mean  (median).  The  efficiency  of  the  sample  median  relative  to 
the  sample  mean  is  always  s 1,  with  equality  holding  only  for  sample  size  n = 2,  in  which  case  the  two 
are  identical,  and  asymptotically  (as  n — * x)  approaches  2 tt  = 0.637.  Fora  Cauchy  distribution,  however, 
the  sample  median  is  a consistent  estimator,  but  the  sample  mean  is  not.  The  asymptotic  variance  of  the 
former  is  tt-  4n,  while  that  of  the  latter  is  infinite.  In  Example  17.5  (pp.  6-7),  the  author  shows  that  the 
efficiency  of  the  sample  mean  deviation  (multiplied  by  \ - 2 to  make  it  asymptotically  unbiased), 
relative  to  that  of  the  sample  standard  deviation,  as  an  estimator  of  the  standard  deviation  of  a normal 
population  with  unknown  mean  is  asymptotically  1 '( 77  2»  = 0.876.  He  does  not  state  whether  the  mean 
deviation  is  taken  about  the  sample  median  or  about  the  sample  mean;  asymptotically,  of  course,  it 
makes  no  difference.  On  pp  27-28.  he  discusses  sufficient  estimators  when  the  range  (of  the  population) 


' 

depends  on  the  parameter!  s).  If  the  range  of  the  frequency  function  is  from  H to  b ia  to  Hi,  where  biai  is 
fixed,  a sufficient  estimator  (if  one  exists > for  H must  be  a function  of  the  smallest  (largest)  sample 
member  x,(xn ).  Modification  is  necessary  when  both  extremes  of  the  range  depend  on  H.  In  Example  17.15 
(p.  28),  the  author  considers  the  rectangular  distribution  dF  = dx/2H,  -0  < x < #.  He  states  (incorrectly) 
that  we  should  take  as  our  estimate  of  H the  smaller  of  x,  and  -xn;  actually,  we  should  take  the  larger  of 
-X|  and  x„.  Among  the  exercises  at  the  end  of  Chapter  17  ipp.  45-49),  Exercises  17.3,  17.4  and  17.6 
involve  use  of  the  median.  Exercise  17.11  the  largest  member  of  the  sample,  and  Exercise  17.16  the 
midrange,  as  estimators.  Chapter  18  deals  with  miscellaneous  methods  of  estimation,  including 
minimum  variance,  minimum  x 2 and  least  squares,  with  no  specific  mention  of  order  statistics.  Chapter 
19  is  concerned  with  confidence  intervals.  On  pp.  81  and  83,  the  author  mentions  the  tables  of  confidence 
intei  /als  (between  pairs  of  order  statistics)  for  the  median  and  other  quantiles  in  samples  from  any 
(continuous)  population  given  by  Nair  ( 1940b) — see  Exercise  19.5  (p.  84)  and  also  Thompson  1 1936)  and 
Savur  ( 1937b).  Exercises  19.1  and  19.3  (p.  83)  involve  use  of  the  sample  range  or  largest  value  to  estimate 
H for  the  rectangular  population  dF  = dx/H , 0 s x s H.  Chapter  20  deals  with  fiducial  inference,  with  no 
« specific  mention  of  order  statistics.  Chapter  21  treats  some  common  tests  of  significance,  including  tests 

of  goodness  of  fit  [the  X 2-test,  which  is  not  based  on  order  statistics,  and  the  ar-test  (Cramer-von  Mises 
test)  with  test  statistic  w 2 = J*x  {F(x)  - F(x)}2  dx,  where  Fix)  is  the  observed  cumulative  distribution 
function  (c.d.f.)  and  Fix)  is  the  hypothetical  c.d.f.,  and  a modification  by  Smirnoff  ( 1936 1 with  test 
statistic  to2  = / (F  - F)2  dF,  both  of  which  do  involve  order  statistics!.  It  is  pointed  out  on  p.  108  that 
E(ar)  = A,/2n,  where  A,  is  Gini’s  mean  difference.  The  Kolmogorov-Smirnov  test  is  not  mentioned. 
Chapter  22  covers  regression  (linear  and  curvilinear,  simple  and  multiple),  but  only  the  method  of  least 
squares  is  presented,  not  any  of  the  alternatives  based  on  order  statistics.  Chapters  23  and  24  on  the 
analysis  of  variance  and  Chapter  25  on  the  design  of  sampling  inquiries  contain  nothing  relevant  to  our 
subject.  In  Chapters  26-28  on  the  further  theory  of  statistical  tests,  the  only  explicit  mention  of  order 
statistics  is  in  Exercise  27.3  (p.  327),  which  involves  the  distribution  of  the  range  of  samples  of  3 from  a 
normal  population.  In  his  discussion  of  the  distribution  of  canonical  correlations  in  Chapter  28.  the 
author  alludes  (p.  357)  to  more  general  results  (on  the  distribution  of  the  ordered  roots  of  random 
matrices)  by  Fisher  ( 1939),  Hsu  ( 1939)  and  Roy  ( 1939)  [see  also  Girshick  1 1939)  |.  Chapters  29  and  30  deal 
with  the  analysis  of  time  series,  and  the  only  mention  of  order  statistics  occurs  on  p.  434.  where  the 
author  discusses  both  the  approximate  test  of  Walker  ( 19141  and  the  exact  test  of  Fisher  1 1929)  for  the 
largest  intensity  in  a periodogram.  He  points  out  that  Davis  ( 1941 ) tabulated  probabilities  for  both  tests 
and  that  Stevens  (1939)  |see  also  Fisher  (1940)  and  Finney  ( 1 94 1 ) [ extended  Fisher's  results. 

References:  Laplace  (1812)  [1818),  Todhunter  (1865),  Venn  ( 1866 ) [1888],  Whitworth  i1867i  [1901], 
Helmert  ( 1875b,  1876a, b),  Bertrand  ( 1889),  Pearson  ( 1895),  Fechner  1 1897),  Sheppard  1 1899a),  Galton 
(1902),  Pearson  (1902),  Czuber  (1903)  [1921 1,  Kapteyn  (1903),  Edgeworth  (1905),  Charlier  (1906), 
Keynes  (1911),  Fisher  (1912),  Gini  (1912),  Walker  (1914),  von  Bortkiewicz  (1915),  Gini  ( 1916b),  Brunt 
( 1917),  Fisher  ( 1920),  Pearson  ( 1920),  Czuber  ( 1921),  Jackson  ( 1921 ),  Keynes  ( 1921 1,  Morant  1 1921 ), 
Fisher  (1922),  Dodd  (1923),  Rietz  (1924),  Whittaker  & Robinson  il924)  (1940),  Irwin  (1925a, b).  Levy 
(1925),  Pietra  (1925),  Tippett  (1925),  Pearson  (1926),  Jordan  (1927),  Student  (1927),  Rowley  (1928i, 
Cramer  (1928),  Fisher  & Tippett  (1928),  Neyman  & Pearson  ( 1 928 ),  Pearson  & Adyanthaya  il928), 
Sophister  ( 1928),  Fisher  1 1929),  Gini  & Galvani  ( 1929),  Pearson  & Adyanthaya  ( 1929).  Rider  ( 1929).  de 
Finetti  & Paciello  (1930),  Gini  (1930),  Steffensen  (1930),  Edgett  (1931),  de  Finetti  (1931a),  Galvani 
(1931),  Hojo  (1931),  von  Mises  (1931),  Pearson  (1931),  Pearson  & Pearson  (1931),  Shewhart  (1931), 
Student  (1931),  de  Finetti  (1932),  Galvani  (1932),  Gini  (1932),  Pearson  (1932),  Pearson  & Pearson 
( 1932),  Pietra  ( 1932a),  Bartlett  ( 1933),  Cantelli  ( 1933),  Castellano  ( 1933a, b),  de  Finetti  1 1933).  Fisher 
(1933),  Glivenko  (1933),  Hojo  (1933),  Kolmogoroff  (1933),  McKay  & Pearson  (19331,  Rider  (1933), 
Romanovsky  ( 1933),  Watkins  ( 1933),  Davies  & Pearson  1 1934),  Fisher  1 1934),  Mortara  ( 1934b),  Pollard 
(1934),  Anderson  (1935),  Castellano  (1935),  Fisher  (1935),  Gumbel  ( 1935a, b.c),  McKay  (1935),  Olds 
1 1935),  Pearson  & Haines  ( 1935),  Smirnoff  ( 1935),  Thompson  ( 1935),  Wold  ( 19351,  Girshick  ( 1936),  Nair 
( 1936),  Neyman  & Pearson  ( 1936),  Pearson  & Chandra  Sekar  ( 1936),  Pitman  1 1936),  Smirnoff  1 1936), 
Sukhatmef  1936),  Thompson  ( 1936),  Ville  ( 1936),  Ait  ken  1 1937 ).  Camp(  1937 ).  Gumbel  ( 1937a,  1937-38), 
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Madow  11937),  Neyman  ( 1937a, b),  Pitman  (1937),  Savur  ( 1937b ),  Sukhatme  1 1 937 ),  Bartlett  (1938), 
Bose  ( 1938),  Bruen  ( 1938),  Cisbani  ( 1938),  Fisher  ( 1938),  Fisher  & Yates  ( 1938),  Gini  ( 1938),  Gumbel 
(1938a),  Jeffreys  (1938),  Thompson  (1938),  Wilks  (1938),  Wishart  (1938).  Eisenhart  (1939),  Fisher 
(1939),  Girshick  (1939),  Gumbel  (1939a),  Hsu  (1939),  Jeffreys  (1939),  Levy  ( 1 939 ) Newman  ( 1939 ), 
Pitman  (1939),  Roy  (1939),  Stevens  (1939),  Wald  (1939),  Wald  & Wolfowitz  (1939),  Fisher  (1940), 
Garwood  ( 1940),  Nair  ( 1940b),  Wald  ( 1940),  Chandra  Sekar  & Francis  ( 194 1 1,  Cochran  ( 1941 ),  Daniels 
(1941),  Davis  (1941),  Finney  (1941),  Gumbel  (1941a),  Hsu  ( 1941a, bi,  Kolmogoroff  (1941),  Paulson 
( 1941 ),  Simon  ( 1941 ),  Thompson  ( 1941 ),  Wald  & Wolfowitz  1 1941 ),  Wilks  ( 1941 ),  Dodd  ( 1942),  Gumbel 
(1942a),  Hartley  (1942),  Nair  & Shrivastava  (1942),  Pearson  (1942),  Pearson  & Hartley  (1942),  Roy 
1 1942a, b),  Gumbel  (1943a),  Kendall  (1943),  Mathisen  (1943),  Nair  & Banerjee  (1943),  Pearson  & 
Hartley  (1943),  Scheffe  (1943),  Wald  (1943),  Wilks  (1943),  Gearv  (1944),  Hartley  (1944). 

Citations:  Snedecor  ( 1937  if  1 956],  Boldrini  ( 1 942 )[  1968],  Bartlett  ( 1947b),  Hartley  ( 1949),  Press  ( 1949). 

* Kimball,  Bradford  F.  (1946a).  Sufficient  statistical  estimation  functions  for  the  parameters  of  the 
distribution  of  maximum  values.  Annals  of  Mathematical  Statistics  17,  299-309.  (MR  8,  475). 

Summary:  The  author  considers  the  problem  of  estimating  from  a sample  a confidence  region  for  the 
parameters  a and  u of  the  distribution  of  maximum  values  with  p.d.f.  fix)  = <*  exp(  -t-e~'),  t = a(x-u), 
-x  < x < +oc.  He  sets  up  what  he  calls  "statistical  estimation  functions"  suggested  bv  the  functional 
form  of  the  probability  distribution  of  the  sample,  and  finds  the  moment  generating  function  of  these 
estimation  functions.  He  also  treats  such  an  estimation  by  the  method  of  maximum  likelihood.  As  a 
numerical  illustration,  he  discusses  four  methods  for  setting  up  an  approximate  95' J confidence  interval 
for  the  99'^  point  of  x for  the  distribution  of  maximum  values,  using  data  taken  from  the  57-year  record  of 
annual  maximum  flood  flows  on  the  Tennessee  River  at  Chattanooga,  1875-1931  (see  Kimball  (1938, 
1942 ) |.  The  result  sought  is  a 95r/r  confidence  interval  for  the  100-year  flood.  Method  1 is  based  on  the 
statistical  estimation  functions  developed  by  the  author.  Method  2 on  maximum  likelihood  statistical 
estimation  functions.  Method  3 on  the  limiting  distribution  of  the  maximum  likelihood  estimates  ti  and 
a,  with  variances  unknown,  and  Method  4 on  the  limiting  distribution  of  li  and  with  variances 
estimated  by  taking  a = a as  estimated  from  the  sample.  The  author  recommends  Methods  I and  4. 

References:  Fisher  & Tippett  (1928),  Wald  (1940).  Gumbel  (1941a,  1942c),  Kimball  ( 1 942 ),  Wilks 
( 1943). 

Citations:  Kimball  (1946b,  1949),  Press  (1949). 

* Kimball,  Bradford  F.  ( 1946b).  Assignment  of  frequencies  to  a completely  ordered  set  of  data.  Transac- 
tions of  the  American  Geophysical  Union  27,  843-846;  discussion,  28  ( 1 947  >,  951-953. 

Summary:  The  author  writes  (Abstract,  p.  843)  . . If,  for  purposes  of  graphical  fitting,  it  is  found 

desirable  to  assign  a frequency  to  each  sample  value,  the  writer,  in  general,  recommends  the  mean 
frequency  of  the  m,h  ordered  observation:  f1,,,  - m/(n  + 1 1.  In  certain  cases  it  may  be  possible  to  estimate 
the  frequencies  of  the  m,h  values  by  f\n  F|E(xm)|  independently  of  the  unknown  parameters,  and  such 
points  might  prove  more  desirable  to  use  for  graphical  fitting  near  the  extremes,  if  errors  along  the  x 
direction  are  balanced  out  visually,  relative  to  these  points."  He  also  writes  (pp.  844-845):  "In  a broad 
sense  the  estimation  of  the  parameters  (Problem  A)  does  not  involve  assignment  of  frequencies  to 
observed  data  but  rather  furnishes  an  estimate  of  the  complete  frequency  function — under  a subjective 
assertion  as  to  the  form  of  function  that  should  be  used.  It  is  when  one  wishes  to  test  the  validity  of  the 
above  assertion  (Problem  B)  that  it  may  be  found  necessary  to  assign  frequencies  to  observed  data.  . . . 
Let  fitted  cumulative  frequency  curve  be  denoted  by  G(x)  ....  The  test  offit  which  the  writer  is  working 
on  would  involve  the  squares  of  the  deviations  of  G(xm)  from  its  expected  value  E(Fm)  = m(n  + l).m  = 1. 
2..  . . n.  Perhaps  for  this  reason  the  author  is  especially  inclined  to  favor  the  use  of  = E(Fm)  =min  + l) 
as  a reference  point  for  plotting  . . ."  E.  J.  Gumbel  writes  i Discussion,  pp.  951-952):  "Probability 
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coordinate  papers  are  constructed  in  order  to  obtain  traight  lines  tor  the  observed  frequencies  which 
allow  a simple  forecast.  Kimball's  question,  which  frequency  to  assign  to  the  nfth  value,  is  important  for 
the  use  of  such  papers  designed  for  an  unlimited  variate  since  this  frequency  is  the  plotting  point  for  the 
m’th  observation.  In  the  writer’s  opinion,  the  following  prerequisities  must  be  met:  ' 1 ' The  plotting 
position  must  be  such  that  all  observations  can  be  plotted.  This  condition  is  not  fulfilled  for  the  plotting 
positions  m/n  and  im-li/n.  ...  i2i  The  return  period  of  a value  equal  to  or  larger  than  the  largest 
observation,  and  the  return  period  of  a value  equal  to  or  smaller  than  the  smallest  observation  should 
converge  toward  n,  the  number  of  observations.  This  condition  is  not  fulfilled  in  Hazen’s  method  since 
the  choice  of  ( m - 1/2  In  as  plotting  position  leads  to  a return  period  of  2n  for  the  extreme  observations. . . . 

( 3 ) The  observations  should  be  equally  spaced  on  the  frequency  scale,  that  is,  the  difference  between  the 
plotting  positions  of  the  m + 1st  and  the  m’th  observation  should  be  a function  of  n only,  and  independent 
of  m.  This  condition  need  not  be  fulfilled  if  the  probabilities  of  the  mean,  median,  or  modal  m’th  values 
are  chosen  as  plotting  positions.  Furthermore  the  choice  of  the  mean  or  median  m'th  values  need  not 
fulfill  condition  (2).  ( 4 > The  plotting  position  ought  to  be  analytically  simple,  and  have  an  intuitive 
meaning.  The  writer  [Gumbel  1 1945a)]  has  proposed  to  choose  the  probabilities  of  the  most  probable 
smallest  and  of  the  most  probable  largest  value  as  plotting  positions  of  the  two  extremes,  and  to 
determine  the  remaining  n-2  plotting  positions  from  linear  interpolation.  Kimball  proposes  to  choose 
the  mean  frequency  of  the  m’th  observation.  As  the  characteristic  values  of  the  extremes,  the  writer 
chooses  their  modes  whereas  Kimball  chooses  a new  kind  of  average.  Kimball’s  procedure  is  simpler 
since  it  does  not  require  any  analytic  calculations.  If  the  sample  is  sufficiently  large,  both  methods  are 
practically  identical  since  the  differences  are  only  of  the  order  n The  test  of  fit  on  which  Kimball  is 
working  is  very  interesting.  The  writer  has  calculated  the  expectation  of  the  squared  a difference  of 
G(xmi  from  its  expected  value  m tn  + li  which  turnsout  to  be  l|6in  + li].  If  Kimball  succeeds  in  finding 
the  distribution  of  the  squared  difference,  this  test  will  henceforth  rightly  occupy  the  role  which,  up  to 
now,  is  occupied,  wrongly,  by  the  Chi  square  test.  Consequently  the  writer  wants  to  encourage  Kimball 
to  continue  this  research."  Kimball’s  rejoinder  is  given  on  pp.  952-953. 

References:  Gumbel  < 1943hi.  Wilks  1 1943),  Gumbel  1 1945a),  Kimball  1 1946a). 

Citation:  Gumbel  i 1948). 

Kontorova.  T.  A.  i1946i.  The  statistical  theory  of  the  scale  factor.  iRussian).  Shorn  if:  Dokladov  po 
Dinamivheskni  Pruch nosti  Detain  Muslim  [Collection  of  Papers  on  the  Dynamic  Strength  of  Machine 
Parts |.  pp.  178-184.  I/.d-vo  Akademii  Nuuk  SSSR.  Moscow-Leningrad. 

Summary:  This  paper  deals  primarily  with  thesizeeffect  on  the  transition  temperature  from  ductile  to 
brittle  fracture.  However,  the  author  reviews  the  results  given  in  her  earlier  papers  | Kontorova  ( 1940), 
Kontorova  & Frenkel  1 1941 1|  on  the  statistical  theory  of  brittle  strength,  based  on  the  weakest-link  or 
largest  i mo  dang  rousl-flaw  theory.  She  writes  |p.  181  < translation!]:  "With  the  aid  of  very  elementary- 
considerations  of  the  theory  of  probability  it  is  possible  to  show  that  the  probability  WiF'dF  that  the 
brittle  strength  which  corresponds  to  the  most  dangerous  flaw,  i.e.,  the  strength  of  the  specimen  as  a 
whole,  will  lie  in  an  interval  between  F and  F + dF  will  be  determined  by  the  function  W iFidF  = 
NVCe  " F tv  1 1 -e  <>'K.  K • 2\  mt  < F„  K»|N’V  dF.itv.  where  F,,--  the  value  of  the  brittle  strength  which 
corresponds  to  the  most  frequently  encountered  flaw,  i.e.,  to  the  flaw  with  'mean  hazard  level’,  N = the 
average  number  of  flaws  per  unit  volume  of  the  material,  V - the  volume  of  the  specimen,  and  a and  C 
are  constants.  Equation  (6i  shows  that  the  probability  W(  FidF  of  encountering  one  value  or  another  of 
the  strength  of  the  specimen,  determined  by  consideration  of  all  the  numerous  material  defects,  depends 
not  only  on  the  value  of  the  strength  F itself,  hut  also  on  the  volume  V of  the  specimen.  It  is  easy  to  show, 
further,  that  the  most  probable  strength  F*  of  a specimen  of  volume  V.  i.e.,  the  strength  which  is 
determined  bv  the  condition  <iW  aF  = 0,  is  also  a function  of  V.  With  an  increase  in  the  volume  V of  the 
specimen,  it  diminishes  acording  to  the  law  F*  = F„  \ Ct  lg  V + CY  (7)."  She  also  shows  that  an 
increase  in  the  size  of  the  specimen  is  accompanied  by  a decrease  in  the  scatter  of  values  of  the  brittle 
strength  F about  its  most  probable  value  F*. 
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References:  Kontorova  (1940),  Kontorova  & Frenkel  < 1 94 1 1 . 


* Mosteller,  Frederick  ( 1946).  On  some  useful  "inefficient"  statistics.  Annals  of  Mathematical  Statistics  ] 

17,  377-408.  (MR  8,  447). 

Summary:  The  author  writes  (Summary,  p.  377):  "Several  statistical  techniques  are  proposed  for 
economically  analyzing  large  masses  of  data  by  means  of  punched-card  equipment;  most  of  these 
techniques  require  only  a counting  sorter.  The  methods  proposed  are  designed  especially  for  situations 
where  data  are  inexpensive  compared  to  the  cost  of  analysis  by  means  of  statistically  ’efficient’  or  'most 
powerful’  procedures.  The  principal  technique  is  the  use  of  functions  of  order  statistics,  which  we  call 
systematic  statistics.  It  is  demonstrated  that  certain  order  statistics  are  asymptotically  jointly  distri- 
buted according  to  the  normal  multivariate  law.  For  large  samples  drawn  from  normally  distributed 
variables  we  describe  and  give  the  efficiencies  of  rapid  methods:  i i ) for  estimating  the  mean  by  using  1,2. 

....  10  suitably  chosen  order  statistics;  . . . I ii  i for  estimating  the  standard  deviation  by  using  2.  4.  or  8 
suitably  chosen  order  statistics;  ...  (iii)  for  estimating  the  correlation  coefficient  whether  other 
parameters  of  the  normal  bivariate  distribution  arc  known  or  not  (three  sorting  and  three  counting 
operations  are  involved) ....  The  efficiencies  of  procedures  ii  i and  iii  i are  compared  with  the  efficiencies 
of  other  estimates  which  do  not  involve  sums  of  squares  or  products." 

References:  Pearson  ( 1920),  Jackson  1 1921 ),  Tippett  ( 1925),  Fisher  & Tippett  ( 1928).  Pearson  1 1931 ), 

Gumbel  1 1935a),  Smirnoff  ( 1935,  1937b),  Fisher  & Yates  ( 1938)  1 1943  ],  Gumbel  ( 1939f>,  Nair  & Shrivas- 
tava  (1942),  Pearson  & Haitley  (1942),  Kendall  (1943),  Wilks  (1943),  Brown  & Tukey  (1946). 

Citations:  Dodge  ( 1933)  1 1 951 1,  Hastings,  Mosteller,  Tukey  & Winsor  1 1947 1,  Wilks  ( 1948),  Cole  1 1949i,  ( 

Godwin  1 1949b ». 

* Oding,  1.  A.  i 1946i.  Influence  of  fize  and  shape  of  specimens  on  their  fatigue  strength,  i Russian ).  Shorn  ik 
Dok  Iadov  po  Dinamicheskoi  Prochnosti  Detalei  Mash  in  [Collection  of  Papers  on  the  Dynamic  Strength  of 
Machine  Parts],  pp.  141-156.  Izd-vo  Akademii  Nauk  SSSR,  Moscow- Leningrad. 

Summary:  The  author  reviews  the  work  of  various  writers  on  the  effect  of  size  and  shape  of  specimens  on 
the  fatigue  limit.  He  begins  with  the  work  of  Peterson  1 1930),  who  showed  that,  with  an  increase  in 
diameter  of  the  specimen,  the  fatigue  limit  decreases,  especially  when  the  form  is  such  as  to  produce 
stress  concentration.  Faulhaber,  Buchholtz  & Schulz  ( 1933)  performed  experiments  which  confirmed 
Peterson's  results.  The  author  enumerates  five  causes  of  the  scale  effect,  including  the  inhomogeneity  of 
the  strength  and  mechanical  properties  of  the  microvolumes  making  up  the  specimen  (statistical  theory 
of  strength).  He  asserts  that  this  theory  i the  weakest-link  theory  based  on  the  theory  of  extreme  values) 
can  account  for  much  hut  by  no  means  all  of  the  size  effect  observed  in  practice.  He  notes  that  Weihull 
( 1939a ),  Kontorova  ' 1940 ).  and  Kontorova  & Frenkel  (1941)  applied  this  theory  to  the  static  strength  of 
brittle  materials,  while  Afanassiev  1 1940 1 used  statistical  theory  for  the  direct  solution  of  the  problem  of 
fatigue  strength.  The  results  of  these  authors  show  that  the  fatigue  strength  must  decrease  not  only  with 
an  increase  in  the  cross  section  of  the  specimen  but  also  in  its  length.  The  author  expresses  the  opinion 
that  the  technological  factor  < surface  effects,  etc.  i is  the  most  important  of  all  factors  in  determining  the 
size  effect,  playing  an  even  larger  role  than  statistical  theory.  He  also  reports  the  results  of  an 
experimental  investigation  of  the  scale  factor  which  revealed  the  presence  of  a size  effect  for  untempered 
but  not  for  tempered  specimens  of  structural  steel. 

References:  Peterson  (1930).  Faulhaber.  Buchholtz  & Schulz  (1933).  Weihull  (1939a).  Afanassiev 
(1940).  Kontorova  (1940).  Kontorova  & Frenkel  (1941). 
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* Roy,  S.  N.  (1946a).  Multivariate  analysis  of  variance:  the  sampling  distribution  of  the  numerically 
largest  of  the  p-statistics  on  the  non-null  hypothesis.  Sankhya  8,  15-32.  (MR  8,  475>. 

Summary:  The  author  writes  (Introduction,  p.  15):  "In  earlier  papers  by  the  author  [Roy  <1939. 
1942a, b)]  it  was  shown  that  ( i ) the  problem  of  testing  the  identity  of  population  dispersion  matrices  for 
two  multivariate  normal  populations,  and  ( ii ) the  general  problem  of  multivariate  analysis  of  variance 
could  each  be  tackled  by  a corresponding  appropriate  set  of  p-statistics  having  the  same  joint  (and  hence 
individual)  sampling  distribution  on  the  null-hypotheses  for  (i)  and  (ii),  but  having  entirely  different 
joint  (and  hence  individual)  sampling  distribution  on  the  non-null  hypotheses  that  are  associated  w th 
(i)  and  (ii)  respectively.  The  common  joint  distribution  of  the  p-statistics  on  the  null  hypotheses  for  (i) 
and  (ii),  the  joint  distribution  of  the  p-statistics  on  the  non-null  hypothesis  for  (i>,  the  joint  distribution 
on  the  non-null  hypothesis  for  (ii)  and  the  individual  distributions  of  the  p-statistics  on  the  non-null 
hypotheses  for  (i)  and  (ii) — the  same  for  the  two  cases — were  all  found  by  the  author  in  earlier  papers 
[Roy  (1939,  1942a, b ) ] in  the  order  mentioned  here.  It  is  the  object  of  the  present  paper  to  obtain  the 
sampling  distribution  of  the  numerically  largest  of  the  p-statistics  on  the  non-null  hypothesis  for  (ii), 
that  is,  for  multivariate  analysis  of  variance.  It  will  be  seen  both  from  this  as  well  as  from  the  previous 
paper  [Roy  (1945)]  that  the  distribution  of  the  numerically  smallest  or  any  intermediate  of  the 
p-statistics  on  the  non-null  hypothesis  for  (ii)  could  be  derived  in  general  by  the  same  method  as  that 
actually  used  for  the  largest  statistic.  But  the  case  of  the  largest — and  not  of  any  other — is  worked  out  in 
detail,  for  a special  reason.  It  will  be  shown  in  the  next  paper  [it  is  not  clear  what  paper  is  meant,  but  it  is 
not  Roy  ( 1946b  )|  that  in  a certain  sense  (which  will  be  explained  in  that  paper)  the  numerically  largest  of 
the  p-statistics  supplies  the  most  powerful  test  and  should  thus  be  used  in  preference  to  any  other  of  the 
p-statistics  on  the  non-null  hypothesis.” 

Note:  The  reviewer  (G.  W.  Brown)  points  out  that  Anderson  ( 1946)  and  Bartlett  ( 1947a)  have  challenged 
the  general  result  of  Roy  ( 1942b),  except  for  the  case  of  only  one  non-zero  root.  He  infers  land  Bartlett 
( 1946b)  explicitly  states  (p.  187 )[  that  the  results  in  the  present  paper  are  valid  only  for  that  special  case. 

References:  Roy  (1939,  1942a, b,  1945). 

Citations:  Roy  (1946b).  Bartlett  (1947b). 

* Roy,  S.  N.  ( 1 946b ) . A note  on  multi-variate  analysis  of  variance  when  the  number  of  variates  is  greater 
than  the  number  of  linear  hypotheses  per  character.  Sankhya  8,  53-66.  (MR  8,  475). 

Summary:  The  author  writes  (pp.  53-55):  "The  present  note  is  mostly  a sequel  to  two  previous  papers 
[Roy  1 1942a,b(  j by  the  author  and  should  be  read  together  with  those  papers  in  particular  and  some  other 
papers  |Roy  (1939,  1945,  1 946a ) ] in  general  by  the  author.  It  is  well  known  for  univariate  normal 
populations  that  the  problem  of  analysis  of  variance  associated  with  (7-1)  linear  hypotheses  can  be 
made  to  depend  upon  the  problem  of  testing  the  hypotheses  of  the  equality  of  mean  values  for  7 
univariate  normal  populations.  It  can  be  also  easily  proved  along  similar  lines  that  for  multivariate 
normal  populations  the  problem  of  analysis  of  variance  associated  with  (7-1)  linear  hypotheses  per 
character  can  be  easily  linked  up  with  the  problem  of  testing  the  hypothesis  of  equality  of  mean  values  of 
each  character  for  7 p-variate  normal  populations.  For  the  case  7 1 sp  a set  of  p-statistics  appropriate  to 

this  latter  situation  were  introduced  bv  the  author  and  their  joint  sampling  distribution  obtained  both 
on  the  null  hypothesis  of  equality  and  on  the  non-null  hypothesis  of  inequality,  in  earlier  papers  [Roy 
( 1939,  1 942b)  |.  The  present  note  proposes  to  discuss  and  solve  a similar  problem  for  the  case  7 - 1 <p.  We 
shall  in  the  main  follow  the  notation  of  two  previous  papers  [Roy  ( 1942a. b)|  by  the  author,  of  which  the 
present  one  is  mostly  a sequel.  Given  7 samples  with  sizes  nr.  sample  means  xra  and  sample  dispersion 
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matrices  ar  li — r=l,2,  . . . t , referring  to  samples  or  populations  and  i j = 1,2  ...  p referring  to 
characters— drawn  from  t p-variate  normal  populations  with  population  means  £ri  and  a common 
dispersion  matrix  a”u(ij  = l,2  . . . p)  the  problem  was  to  test  the  hypothesis  £n=  =(#j  with  i = 1,2, 

. . . p.  A set  of  p-statistics  t,,  t>,  . . . tp  which  in  a certain  sense  could  be  regarded  as  an  appropriate 
generalisation  of  the  usual  statistic  'between  variance/within  variance’  (for  the  univariate  easel  was 
constructed  and  the  joint  distribution  of  these  both  on  the  null  as  on  the  non-null  hypotheses  was  worked 
out  [Roy  ( 1939, 1942b)].  This  was  for  the  case  / - 1 2p  and  the  set  of  t,’s  came  out  as  the  p roots  (all  real  i of 
the  following  determinantal  equation  in  t:  |aj,-t2a"„|  = 0 ( 1.1 1 where  a'u=  Sj=1nr(xr,-x,)  (xr)— x,)/(f  - 1 1, 
a'',j=  ( nr  - 1)  ar (nr-l),  x(=  £r=,  npc^/  £'rlnr. , . . The  individual  distribution  of  these  t,’son  the 

null  hypothesis  and  in  particular  the  distribution  of  the  largest  root  tp  and  the  smallest  t,  were  worked 
out  by  the  author  in  an  earlier  paper  [Roy  ( 1945)].  As  observed  earlier  [Roy  ( 1945, 1946a)] . . .,  the  largest 
root  t„  plays  a specially  important  part  and  the  sampling  distribution  of  t„  (or  rather  a function  of  it . . .) 
on  the  non-null  hypothesis  was  also  obtained  earlier  [Roy  ( 1946a)]  by  the  author.  All  this  was,  of  course, 
for  the  case  / - 1 sp.  We  shall  now  consider  the  case  of  p>f  - 1 and  point  out  the  consequent  changes  that 
should  be  introduced  at  the  appropriate  stages  in  the  earlier  papers  [Roy  (1942a, bi]  . . . Put  ('  = < -l. 
Then  it  is  well  known  that  if  p</ ' the  determinantal  equation  (1.1)  will  be  a p-th  degree  equation  in  t2, 
while  ifp>/ ' it  will  be  a t ’th  degree  equation  in  t2.  Let  the  roots  in  the  latter  case  be  denoted  by  t,2,  t22, . . . 
t,.2.  We  shall  be  concerned  to  find  the  joint  distribution  of  these  tj’s  (i  = l,2,  . . . 

Note:  The  comments  of  Anderson  1 1945, 1946)  and  Bartlett  ( 1947  a)  concerning  the  validity  oft  he  results 
of  Roy  1 1942b)  on  the  non-null  hypothesis  are  equally  applicable  to  the  present  paper  [see  Bartlett 
(19471J  p.  187 1.  This  fact  is  also  pointed  out  in  the  review  by  G.  W.  Brown  (MR  8,  475). 

References:  Roy  (1939,  1942a, b,  1945,  1946a). 

Citation:  Bartlett  (1947b). 

* Tintner,  Gerhard  ( 1946).  Some  applications  of  multivariate  analysis  to  economic  data.  Journal  of  the 
American  Statistical  Association  41,  472-500. 

Summary:  The  author  writes  (pp.  472-473):  "This  essay  proposes  to  introduce  the  economic  statistician 
to  some  of  the  newer  methods  of  multivariate  analysis.  The  emphasis  will  be  on  methods  of  estimation 
and  not  on  tests  of  hypotheses.  Tests  of  significance  will  be  indicated  where  they  have  been  established. 

. . . We  will  deal  only  with  the  following  methods:  (1)  Discriminant  analysis:  Here  we  propose  to 
determine  linear  functions  of 'indexes’  computed  from  various  measurable  characteristics  of  certain 
data.  The  data  have  been  classified  into  two  groups.  Discriminant  analysis  tries  to  establish  linear 
functions  of  the  characteristics  which  are  such  that  they  distinguish  most  successfully  between  these 
groups.  This  method  was  invented  bv  R.  A.  Fisher.  A test  of  significance  utilizes  earlier  work  of  Harold 
Hotelling.  (2)  Principal  components:  We  try  to  answer  the  following  question:  Is  it  possible  to  analyze  a 
set  of  variables  into  a more  fundamental  set  of  components  ('factors’)  possibly  fewer  in  number?  Which 
portion  of  the  total  variance  can  be  accounted  for  by  each  component?  The  best  method  in  this  field  is  due 
to  Harold  Hotelling.  (3)  Canonical  correlation:  Assume  we  have  two  sets  of  variables.  How  can  we 
determine  linear  combinations  (’indexes’)  of  the  variables  in  each  set  in  such  a fashion  that  the 
correlation  between  the  indexes  becomes  a maximum?  This  method  is  due  to  Harold  Hotelling.  (4) 
Weighted  regression:  Assume  that  we  have  a set  of  variables  all  of  which  are  subject  to  disturbances 
('errors’ i.  How  can  we  find  a weighted  linear  regression  function  which  will  give  us  the  ’best’  estimates  of 
the  weighted  regression  coefficients?  This  method,  evidently  closely  related  to  classical  multiple  regres- 
sion analysis,  is  in  its  present  form  due  to  Tjalling  Koopmans.  It  can  also  be  used  to  answer  a question 
previously  raised  by  Ragnar  Frisch:  How  many  linear  relationships  exist  probably  between  the  vari- 
ables i multicolli nearity )?”  The  author  points  out  that  Methods  ( 2 )-( 4 ) are  all  related  to  ordered  roots  of 
determinantal  equations.  The  first  principal  component  which  accounts  for  most  of  the  variance  is  the 
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largest  root  of  a certain  determinantal  equation,  as  is  the  square  of  the  maximum  canonical  correlation 
coefficient.  The  minimum  of  the  weighted  sum  of  squares  Q in  weighted  regression  is  (N-l>  times  the 
smallest  root  of  a certain  determinantal  equation,  and  the  smallest,  next  smallest  . . . etc.  roots  can  be 
used  in  a test  of  collinearity. 

Note:  Fisher  1 1938)  has  shown  that  Method  ( 1 ) also  depends  (in  a different  way)  upon  order  statistics. 

References:  Hotelling  (1933),  Girshick  (19361,  Hotelling  ( 1936a, b),  Fisher  (1938,  1939),  Girschick 
( 1939),  Hsu  ( 1939),  Wald  ( 1940),  Davis  ( 1941 ),  Hsu  ( 1941b),  Wilks  ( 1943),  Tintner  ( 1945). 

Citation:  Bartlett  ( 1947b). 

* Tukey,  John  W.  (1946).  Sampling  from  contaminated  distributions  (abstract  of  preliminary  report). 
Annals  of  Mathematical  Statistics  17,  501;  Bulletin  of  the  American  Mathematical  Society  52,  828. 

Summary:  The  author  writes  (Abstract,  p.  501):  "A  contaminated  distribution  is  a nearly  normal 
distribution  in  which  extreme  observations  are  more  frequent  than  in  a normal  distribution.  By 
studying  the  bias  and  variability  of  several  measures  of  dispersion  when  applied  to  samples  from 
particular  one-parameter  families  of  contaminated  distributions  it  is  shown  that:  (i)  for  nearly  normal 
distributions,  the  mean  deviation  is  often  better  than  the  standard  deviation;  (ii)  small  changes  in  the 
underlying  distribution  may  increase  the  sampling  variance  of  the  standard  deviation  by  a factor  of 
three.  This  suggests  that,  in  the  broad  class  of  cases,  the  mean  deviation  is  safer  than  the  standard 
deviation  when  a single  dispersion  is  estimated  from  a set  of  data.  This  conclusion  need  not  apply  in  an 
analysis  of  variance  situation.” 

Note:  The  author  does  not  state  in  the  above  abstract  whether  his  mean  deviation  is  taken  from  the 
arithmetic  mean  or  from  the  median. 

Citations:  Tukev  ( 1949c, e,f). 

* Walsh,  John  E.  (1946a).  Some  significance  tests  based  on  order  statistics.  Annals  of  Mathematical 
Statistics  17,  44-52.  (MR  7,  464). 

Summary:  The  author  writes  (Summary,  pp.  44-45):  "In  this  paper  significance  tests  are  developed 
whose  application  requires  only  the  determination  of  one  order  statistic  and  the  computation  of  sums  of 
sample  values.  The  simplest  case  considered  is  that  of  testing  a new  sample  value  x on  the  basis  of  m 
previous  sample  values  y,,  . . .,  ym,  all  sample  values  being  assumed  from  normal  populations  with  the 
same  variance.  Two  separate  tests  of  whether  the  mean  of  the  new  population  from  which  x was  taken 

exceeds  the  mean  oft  he  population  from  which  were  drawn  consist  in  accepting  the  alternative 

that  the  new  population  mean  exceeds  the  old  population  mean  if  1 1 » x ^ |(  \ m + 1 + 1 ) m £7  y,  - \ m + 1 

y(u,  [or | (2)  x > [(  v m + 1 - l)/m  1^7  y,  + \ m + 1 y,m  + , where  y,u,  is  the  u"'  largest  ofy, vm.  It  can  be 

shown  that  both  of  these  tests  have  the  same  power  so  that  either  one  might  be  equally  well  selected  for 
use.  In  practical  application,  however,  there  may  exist  reasons  for  preferring  one  test  to  the  other. 
Similarly,  the  alternative  that  the  new  population  mean  is  less  than  the  old  population  mean  will  be 
accepted  if  (3)  x < [( \ m + 1 +D/m  |X7  y,  - \ m + 1 y,m+,  | or  [ ( 4 ) x < [( \ m + 1 - 1 1 m|i:7  y,  + \ m + 1 y(ul. 

All  four  of  these  significance  tests  have  the  same  power,  also  the  same  significance  level  «tu.  ml.  By 
appropriate  choice  of  u and  m the  significance  level  can  be  made  to  assume  values  suitable  for 
significance  tests.  For  example,  <»(  1,6)  .0156,  a(2,  10)  = .0107,  «(3,  13)  = .01 10,  a(4,  16)  = .0107.  The 

above  tests  are  still  valid  if  each  of  ym  equals  a sum  of  r sample  values.  These  order  statistic  tests 

are  generalized  to  the  case  where  x is  a sum  of  r new  sample  values;  v, ym  each  equals  a sum  of  s past 

sample  values  and  another  sum  of  relatively  weighted  past  sample  values  is  used  but  not  as  an  order 
statistic.  The  introduction  of  this  relatively  weighted  sum  allows  less  reliable  past  information  to  be 


378 


lumped  together  and  weighted  according  to  its  relative  importance.  In  comparing  the  order  statistic  tests 
with  the  most  powerful  tests  which  could  be  used  for  these  alternatives  it  is  found  that  the  size  of  the 
samples  used  must  be  increased  in  order  to  bring  the  efficiency  of  the  order  statistic  test  up  to  that  of  the 
corresponding  most  powerful  test.  Thus  the  advisability  of  using  the  order  statistic  test  will  depend  upon 
whether  it  is  more  desirable  to  take  larger  samples  but  have  less  computation." 

Reference:  Wilks  (1943). 

Citation:  Wilks  (1948). 

* Walsh,  John  E.  ( 1946b).  Some  order  statistic  distributions  for  samples  of  size  four.  Annals  of  Mathemati- 
cal Statistics  17,  246-248.  (MR  8,  43). 

Summary:  The  author  writes  ( Summary,  p.  246):  "Let  x,,  x,,  x:t,  x4  represent  the  values  of  a sample  of  size 
four  drawn  from  a normal  population.  There  is  no  loss  of  generality  in  assuming  that  the  distribution 
function  of  this  population  has  zero  mean  and  unit  variance.  Denote  it  by  N(0,1 ).  Let  x(ll  be  the  i,h  largest 
of  x,,  x2,  x.i,  x4.  The  purpose  of  this  note  is  to  determine  the  joint  distribution  of  X(J)  + XC1>  - XC2I  — X,,„xl4l  - 
x(  :o  + x(2,  - x,,„  and  x(4)  - x,:l)  - x,2,  + xm,  and  derive  from  thisjoint  distribution  the  joint  distribution  of 
these  statistics  taker,  in  pairs,  also  the  distribution  of  each  statistic  itself.” 

Reference:  Wilks  (1943). 

Citation:  Nair  (1947). 

* Winsten,  C.  B.  (1946).  Inequalities  in  terms  of  mean  range.  Biometrika  33,  283-295.  (MR  8,  43). 

Summary:  The  author  writes  (Summary,  p.  295):  "Two  inequalities  are  found  in  terms  of  mean  range  of 
samples  of  nln  = 2,  3,  4,  . . .).  The  first  is  true,  as  is  Tchebycheffs,  for  any  frequency  distribution 
whatsoever.  The  second  holds  for  any  unimodal  symmetrical  distribution.  Both  are  shown  to  be  the  best 
possible  of  their  type.  Diagrams  are  given  to  facilitate  the  use  of  the  inequalities  for  the  cases  n = 2,  3, 

. . .,  9,  10.  A derivation  is  also  given  of  the  Gauss-Winkler  inequalities  analogous  to  that  used  for 
inequalities  in  terms  of  the  mean  range.”  He  also  writes  (p.  283):  "The  new  inequality  is  not  an  exact 
analogue  of  Tchebycheff  s.  Instead  of  considering  the  fixed  interval  (p  - ta,  p + t<r),  we  consider  a 
variable  interval  (x,  x + tw„)  of  fixed  length  L = twn  [wn  is  the  mean  range  of  samples  of  n |.  For  a given 
distribution  d,  and  fixed  t,  the  fraction  of  d falling  outside  this  interval  is  a function  of  x,  p,|(x,  t)  say.  We 
know  that  pd(x,  t)  < 1,  and  it  therefore  follows  that  pd(x,  t)  has,  for  all  x,  an  upper  bound.  pd(t)  say.  It  is  this 
upper  bound,  pd(t),  that  will  be  considered." 

References:  Kendall  (1943),  Barnard  (1944). 

* Bartlett,  M.  S.  (1947a).  The  general  canonical  correlation  distribution.  Annals  of  Mathematical 
Statistics  18,  1-17.  (MR  8,  474). 

Summary:  The  author  writes  ip.  1):  "In  the  statistical  theory  of  the  relation  of  one  vector  variate  with 
another  (see  Hotelling  |<  1936b)),  the  simultaneous  distribution  of  the  canonical  correlations  r,.  which 
are  the  roots  of  a certain  determinantal  equation,  was  first  obtained  in  1939  (Fisher  | ( 1 939 ) ).  Hsu 
[( 1939)],  Roy  [( 1939 > | in  the  special  but  important  case  when  the  true  roots  or  correlations  p,  are  zero. 
Roy  (( 1942b) ] has  since  investigated  the  case  where  the  true  roots  are  not  zero  when  these  non-zero 
values  arise  from  non-central  means.  The  present  investigation  is  primarily  intended  to  cover  the 
alternative  case  where  non-zero  roots  arise  from  the  existence  of  true  correlations  p,.  The  method  de- 
veloped is,  however,  also  applicable  to  the  case  of  non-central  means:  and  it  is  shown  that  the  general 
distribution,  which  for  more  than  one  non-zero  root  becomes  very  complicated,  does  not  in  the  case  of 
non-central  means  agree  with  the  distribution  given  bv  Roy  |<  1942b)  | except  in  the  case  of  only  one  non- 
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zero  root.  . . . This  conclusion  has  also  been  reached  by  T.  W.  Anderson  [( 1 946 1 ],  who  has  given  a solution 
of  the  non-central  means  problem  in  the  cases  of  either  one  or  two  non-zero  roots." 

References:  Hotelling  (1936b),  Fisher  (1939),  Hsu  (1939),  Roy  (1939.  1942b),  Anderson  (1946). 


Citation:  Bartlett  (1947b). 

* Bartlett,  M.  S.  (1947b).  Multivariate  analysis.  Journal  of  the  Royal  Statistical  Society,  Supplement  9. 
176-190;  discussion,  190-197.  (MR  9,  453). 

Summary:  The  author  writes  (pp.  176-179):  "In  matrix  notation  the  analysis  of  variance  and  covariance 
of  a number  of  correlated  variates  is  very  succinctly  expressed  ....  For  example,  if  the  sample  S is  split 
up  into  two  components  which  are  mutually  orthogonal,  S = X + Y,  ( 1 1,  say,  we  have  the  corresponding 
analysis  of  sums  of  squares  and  products  (analysis  of  variance  and  covariance):  SS'  = (X  + Yi(X  + Y )'  = 
XX'  + YY',  (2),  where  X'  is  the  transpose  of  X and  the  terms  YX'  and  XY'  vanish  owing  to  the 
orthogonality  of  the  components  X and  Y.  . . . In  cases  where  it  is  useful  to  make  an  over-all  test  of  the 
effect  of  treatments  (or  other  relevant  classification)  a test  based  on  the  general  criterion  A = |YY'|/  |SS'|, 
(3),  where  X is  the  component  to  be  tested,  was  proposed  (this  being  equivalent  to  the  appropriate 
likelihood  criterion  in  the  special  case  of  testing  the  differences  in  means  among  k multivariate  samples 
... ).  ...  It  is  well  known  that  the  splitting  up  of  a sample  in  analysis  of  variance  can  be  regarded  as  the 
regression  analysis  of  the  sample  in  terms  of  other  variates  or  pseudo- variates,  and  ...  it  is  convenient  to 
discuss  the  analysis  in  terms  of  regression.  We  therefore  change  the  notation  of  equations  ( 1 1 and  (2),  and 
write  S2  for  S,  S,  for  the  set  of  'independent  variates'  that  we  are  taking  the  regression  on,  and  S2 , for  the 
'residual  component’  of  S._,  after  the  regression  on  S,  has  been  removed.  For  equation  1 1 1 we  now  have  . . . 
So  = Bo,  S,  + So ,,  (4),  where  the  matrix  of  regression  coefficients  is  Bo,  = C.,,  C,,"1,  (5)  where  C2,  = S2  S',, 
C,|  = S,  S',,  Coo  = So  S o and  C.,2  , = S2 , S 2 ,:  and  for  equation  (2i  we  have  C22  = C2,  Cn  ~ 'C,.,  + C22 , (6).  The 
analysis  of  a new  dependent  variate  obtained  by  a linear  transformation  of  the  original  set.  a'S2,  say.  is 
given  by  a'S2  = a'B2,  S,  4-  a'S2 ,,  (7),  whence  a'C22  a = a'C21  C,,~‘  C,.,  a + a'C22 , a (8).  Equation  (6) 
represents  an  analysis  of  variance  of  the  variate  a'S2:  and  the  ratio  of  the  first  to  the  second  sum  of 
squares  on  the  right-hand  side  of  (8)  measures  the  significance  of  the  dependence  of  a'S2on  S,.  To  find  the 
particular  variate  a'S2  which  maximizes  this  ratio  we  choose  the  coefficients  a as  a solution  of  the 
equation  ( C21C,,  1 Cl2  - R-C22)  a = 0,  (9)  where  |C2,CM  1 C,2  - R2C22|  = 0(10).  Multiplying (9)  on  the  left 
by  a',  we  have  R-  = a'C2|Cll_,C,2a/a'C22a  < 1 1 ) so  that  R2  is  the  fraction  oft  he  total  sum  of  squares  that  we 
have  been  maximizing,  and  must  be  the  largest  root  of  ( 10).  It  is  also  the  square  of  the  multiple  correlation 
between  a'S2  and  S,.  The  relation  of  a'S2  to  S,.  while  maximized,  does  not  in  general  exhaust  the  real 
dependence  ofS2  on  S,,  and  ifthe  variate  a'S2  is  removed,  we  may  still  find  a significant  relation  from  the 
remaining  variates  (chosen  to  he  uncorrelated  with  a'S,l.  In  fact,  a repeated  maximization  for  such  a 
i educed  sample  would  be  found  to  lead  to  another  root,  the  second  largest,  of  the  original  equation  ( 10): 
and  so  on.  Hotelling  [i  1936b)],  to  whom  the  above  type  of  analysis  is  due,  has  shown  that  the  original  set 
S2  can  be  transformed  into  an  equivalent  mutually  uncorrelated  set  A S2.  say,  each  variate  of  which  is 
associated  with  one  of  the  roots  R2  in  1 10);  such  a system  of  variates  with  their  corresponding  partners 
from  transformations  of  S,  are  called  canonical  variates,  and  the  corresponding  roots  R2.  or  rather  their 
square  roots  R.  canonical  correlations.  I shall  for  convenience  refer  to  such  an  analysis  as  a canonical 
analysis.  To  relate  these  roots  with  the  over-all  test  A defined  in  equation  (3),  we  may  note  that  equation 
( 10)  may  he  written  1 - C2,C,,  1 C,2C22  1 — 1 1 - R2)|  = 0.  ( 12),  whence  I lf_,  (1  - R2,i  = 1 — C2,Cn  ‘C12 
C22  C2,  C„  ' C,2|  )C22j  = A (13).  This  relation  is  sometimes  useful  if  we  wish  to  test  the 

significance  of  the  remaining  roots  R2r.,  . . . R2,,  when  the  first  r roots  R2,  . . . R2r.  say,  which  are 
established  to  be  associated  with  real  relationships  between  S2  and  S,,  have  been  removed.  We  have  A = 
\’A”  II]  , il  R2t  * 1 1 V r • , ''  R2,),  where  the  \'2  test  approximation  for  \ may  be  extended  to  A"  ...  . 

giving {n  il  2)ip  + q + 1 ) } log,.  V’i  14)  with  (p  r)(q  r)  degrees  of  freedom."  The  author  also 
discusses  i Section  6.  pp.  186-  188i  the  general  sampling  distribution  of  the  canonical  roots  | Fisher  1 1939). 
Hsu  1 1939).  Roy  1 1939.  1942a.b.  1945.  1946a,bt,  Anderson  ( 1946).  Bartlett  ( 1947a*].  Relevant  portions  of  the 


— 


discussion  include  (1)  the  comments  of  R.  C.  Geary  concerning  the  interrelationships  among  the  theory 
of  the  roots  of  determinantal  equations  (discovered  by  Fisher  and  developed  by  Hsu,  Bartlett  and  others). 
Hotelling’s  principal  component  theory,  and  Tintner’s  theory  of  linear  relationships  between  economic 
series  and  (2)  the  statement  by  Sir  Cyril  Burt  that  the  method  of  principal  components,  usually 
associated  with  the  name  of  Hotelling,  was  first  suggested  by  Karl  Pearson  (no  reference  given)  as  early 
as  1901,  and  was  in  fact  the  earliest  form  of  factor-analysis  ever  proposed. 

References:  Hotelling  ( 1933,  1936b),  Bartlett  ( 1938),  Fisher  ( 1938,  1939),  Girshick  ( 1939 ) , Hsu  ( 1939 ) , 
Roy  ( 1939),  Hsu  ( 1941b),  Roy  ( 1942a, b),  Wilks  ( 1943),  Roy  ( 1945),  Anderson  ( 1946),  Kendall  ( 1946),  Roy 
( 1946a, b),  Tintner  (1946),  Bartlett  (1947a). 

Citations:  Bartlett  (1948),  Rao  (1948). 

* Bickerstaff,  Thomas  Alton  (1947).  Certain  Order  Probabilities  in  Nor.-Parametric  Sampling.  Unpub- 
lished Ph  D.  Dissertation,  University  of  Michigan,  Ann  Arbor. 

Summary:  The  author  writes  ( Introduction,  pp.  2-4 ):  "An  ordered  sample  of  n unequal  variates  ( Xj),  i = 

1,  2,  3 n,  defines  n sample  points  and  n(n-l)/2  sample  intervals  (x,,  Xj)  with  l<i<j<n.  Let  the 

universe  percentages  measured  from  zero  be  designated  by  Greek  letters  o < /3  < y . . . with  range  (0,  1 ) 
and  let  p(,  pj,  pk,  etc.  be  the  unknown  universe  percentages  below  x|t  Xj,  xk,  etc.  respectively  of  the  sample. 
Then  in  terms  of  these  n(  n + 1 )/ 2 sample  statistics  of  order,  and  these  comparable  universe  parameters  of 
order,  questions  concerning  probabilities  such  as  the  following  may  be  phrased:  (1)  P(p,  < a);  (2)  P(a  < p* 
< j3);  (3)  P[( Pi,  Pj)  > a],  ( Pi,  Pj)  being  an  interval;  (4)  P[o  < (plt  Pj)  < /3] ; (5)  P( pj  < a < pj);  (6)  P( pj  < a < /3  < 
Pj);  (7)  P(a  < pj  < pj  < /3>;  (8)  P(a  < pj  < /3  < Pj);  (9)  P(p,  < a < Pj  < /3);  ( 10)  P(p,  < /3,  Pj  > a);  and  (11)  P[( ph, 
pk)  > j3, 1 P|.  Pj)  > a],  for  h < i < j < k.  A study  of  these  probabilities  and  their  values  involves  a number  of 
considerations  such  as  sample  size  and  form.  We  shall  deal  here  with  the  infinite  universe  of  one  variable 
assuming  a continuous  distribution  function  but  specifying  nothing  about  parameters  or  distribution 
form. . . . Chapter  I provides  such  fundamentals  and  auxiliary  matter  as  are  needed.  A notation  system  is 
introduced,  the  probability  integral  transformation  is  applied,  distribution  functions  of  order  statistics 
are  provided,  and  general  moment  characteristics  are  derived.  Chapter  II  deals  with  questions  involving 
a single  sample  point.  Special  cases  such  as  the  median,  an  extreme,  or  a quartile  are  included. 
Probabilities)  1 1 and  ( 2)  above  are  evaluated.  Chapter  III  deals  with  the  single  sample  interval  including 
the  sample  range.  The  presence  of  bias  is  observed.  Probabilities  (3)  and  (4)  above  are  evaluated.  The 
study  of  the  individual  behavior  of  two  sample  points  distributed  jointly  provides  the  subject  for  Chapter 
IV.  Confidence  limits  find  their  logical  place  here  and  limits  for  universe  intervals  as  well  as  for  universe 
points  are  established.  The  probabilities  (5)  to  (10)  above  are  found  expressible  in  terms  of  certain 
incomplete  double  integrals.  Chapter  V extends  Chapter  IV  to  include  joint  distributions  of  any  two 
order  statistics  without  common  elements.  Such  probabilities  as  (11)  above  are  considered.  Joint 
distributions  of  two  statistics  with  common  elements  are  considered  in  Chapter  VI.  Included  is  the  study 
of  the  median  and  a centra!  interval  considered  jointly  with  the  question  of  independence  involved.  The 
joint  probability  surface  is  developed  and  a regression  system  in  such  a case  is  provided.  Chapter  VII  is 
concerned  with  the  study  of  the  joint  probability  surface  and  the  incomplete  double  integral  involved  in 
Chapters  IV  and  V.  Certain  tables  of  these  integrals  are  exhibited  and  problems  illustrating  the  theory- 
are  solved.  Chapter  VIII  consists  of  a concluding  summary." 
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Note:  For  an  application  of  the  results  of  this  dissertation  and  further  results  on  order  statistics  obtained 
by  the  use  of  probability  integral  transformations,  see  the  dissertation  by  Bennett  (1952). 

References:  Neyman  & Pearson  (1928),  Pearson  & Adyanthaya  (1928),  Rider  (1929),  Hojo  (1931), 
Pearson  & Pearson  (1931),  Craig  (1932a),  Thompson  (1936),  Neyman  (1937a),  Savur  (1937b),  Nair 
(1940b),  Wilks  (1941,  1942,  1943). 

Cohan,  G.  M.  (1947).  New  uses  for  the  average  range.  Industrial  Quality  Control  3 (6),  17-19. 

Summary:  The  author  writes  (pp.  17-18):  "It  is  a well-known  fact  that  no  matter  how  well  centered  a 
process  is,  if  the  variability  exhibited  in  sampling  is  excessive,  the  process  will  yield  scrap  or  rework  or 
both.  To  determine  excessive  variability  the  use  of  the  standard  deviation  or  the  average  range  is 
employed.  The  standard  deviation  may  be  computed  by  the  root-mean-square  method  from  the  first  fifty 
pieces  taken  from  the  process,  or  by  taking  much  smaller  samples  at  intervals  and  computing  the 
standard  deviation  from  the  average  range.  If  six  standard  deviations  exceed  the  total  tolerance,  scrap  or 
rework,  or  both,  will  result.  This  procedure  may  be  shortened  and  used  to  advantage  in  many  instances 
by  making  use  of  the  average  range  in  terms  of  percentage  of  the  total  tolerance  rather  than  following 
the  procedure  of  computing  sigma.  The  use  of  average  range  in  terms  of  per  cent  of  the  total  tolerance  is 
more  direct  and  can  be  more  readily  understood  by  plant  personnel.  This  device  may  be  used  to 
advantage  in  the  following  instances:  1 ) To  determine  when  the  range  of  a sample  or  a series  of  samples  is 
large  with  relation  to  the  specification  limits.  2)  To  determine  the  amount  of  scrap  or  rework  being 
produced  under  ( 1 ).  3)  To  aid  in  setting  limits  beyond  which  X should  not  deviate  when  R is  small  with 
relation  to  the  specification  limits.  4)  To  determine  when  and  how  much  to  reset  a process  that  has 
deviated  from  nominal.  . . . With  these  advantages  in  mind  a table  is  presented  (for  samples  of  5)  which 
may  be  used  as  a ready  reference  for  estimating  in  any  one  of  the  above  instances.  The  range  is  presented 
in  terms  of  per  cent  of  the  total  tolerance  so  that  it  will  fit  any  particular  specification  . . . .”  He  also 
writes  ( p.  19):  "Tables  for  samples  of  any  other  size  may  be  compiled  in  the  same  manner  by  substituting 
the  proper  value  of  d2  in  computing  the  standard  deviation.  A note  of  warning  should  accompany  the  use 
of  these  tables.  They  are  based  on  the  assumption  that  a normal  distribution  of  individual  observations 
and  their  averages  exists  which  very  often  is  not  the  case  especially  in  small  runs.  However,  if  these 
limitations  are  realized  and  appreciated  the  tables  may  be  used  to  advantage  in  many  instances.” 

Davidenkov,  N.;  Shevandin.  E.:  Wittmann.  F.  ( 1947 ).  The  influence  of  size  on  the  brittle  strength  of  steel. 
Journal  of  Applied  Mechanics  14,  A-63-A-67.  (AMR  1 #87). 
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Summary:  The  authors  write  ip.  A-63):  "Experiments  on  static  tension  and  bending  of  cylindrical 
specimens  of  brittle  phosphorous  steel  in  liquid  air  reveal  the  statistical  nature  of  the  size  effect  and  give 
a good  qualitative  verification  of  Weibull’s  theory.”  In  the  section  on  statistical  theory  of  size  effect,  they 
write  ipp.  A-64-A-65):  "Considering  now  the  statistical  theory  of  the  size  effect,  it  may  be  recalled  that 
this  approach  was  the  (qualitative)  explanation,  proposed  long  ago  by  Alexandrov  and  Jurkov  [( 1933)]  in 
their  investigation  of  the  great  strength  of  thin  glass  threads.  . . . The  statistical  theory  of  strength, 
whose  mathematical  interpretation  was  given  independently  by  W.  Weibull  [( 1939a)]  and  T.  Kontorova 
and  J.  Frenkel  [( 1941)]  is  based  upon  the  assumption  that  brittle  failure  is  determined  not  by  the  value  of 
the  average,  but  of  the  local  stress  in  the  piece,  at  the  locus  where  the  most  dangerous  structural  defect  is 
located.  The  specimen  can  be  represented  as  consisting  of  a set  of  volume  elements  of  various  strengths 
connected  in  series,  the  strength  being  distributed  according  to  the  probability  law.  The  larger  the  piece, 
the  lower  the  strength  of  its  weakest  element  and  therefore  the  lower  the  strength  of  the  piece  itself. 
According  to  Weibull  the  distribution  of  local  strength  of  the  material  is  arbitrarily  assumed  to  be 
described  by  a power  law.  In  the  expression  for  the  'risk  of  rupture'  B = J n(<r)  dv,  the  function  n(o-)  is 
written  as  la-/(r„)m  where  m and  au  are  constants  of  the  material,  m being  a characteristic  of  the  degree  of 
homogeneity  of  the  material  and  is  larger  the  higher  the  homogeneity.  Both  constants  must  be  deter- 
mined experimentally,  and  it  is  only  necessary  to  know  a set  of  strength  values  for  a number  of 
specimens.  . . . According  to  the  theory  of  T.  Kontorova  and  J.  Frenkel,  the  distribution  of  the  faults  is 
assumed  to  follow  the  normal  Gaussian  law,  while  the  number  of  constants  characterizing  the  material 
increases  to  three.  In  spite  of  its  advantage  over  Weibull’s  theory  in  the  sense  of  stricter  physical 
foundation,  this  theory  is,  however,  less  convenient  for  practical  purposes.”  In  their  conclusion,  the 
authors  state  (p.  A-67):  "The  experimental  data  . . . lead  to  the  conclusion  that  the  statistical  theory  of 
strength  explains  satisfactorily  and  without  inner  contradictions  the  influence  of  size  on  the  brittle 
strength  of  steel.  . . . The  brittle  strength  varies  with  increase  of  size  more  and  more  slowly,  so  it  can  be 
assumed  that  this  tends  to  some  definite  limit.  The  theoretical  meaning  of  this  limit  consists  in  the  fact 
that  starting  with  a sufficiently  large  specimen,  a complete  set  of  all  possible  nonhomogeneities  will  be 
present.  The  larger  the  specimen,  the  closer  this  limit  will  be  approached.” 

References:  Alexandrov  & Zurkov  (1933),  Weibull  (1939a),  Kontorova  & Frenkel  (1941). 

Citations:  Epstein  ( 1948a, b),  McAdam,  Geil,  Woodard  & Jenkins  (1948),  Peterson  (1949a). 

* Domb,  C.  ( 1947).  The  problem  of  random  intervals  on  a line.  Proceedings  of the  Cambridge  Philosophical 
Society  43,  329-341.  (MR  8,  591). 

Summary:  The  author  states  the  problem  as  follows  (p.  329):  "Suppose  that  events  occur  at  random 
points  on  a line  from  t = -x  to  +x,  the  probability  of  an  event  occurring  between  t and  t + dt  being  \dt.  If 
we  select  any  interval  of  the  line,  say  the  interval  10,  y],  there  will  be  a finite  probability  that  it  contains 

0,  1,  2 r,  . . . events;  in  fact,  it  is  not  difficult  to  show  that  these  probabilities  form  a Poisson 

distribution,  the  probability  that  the  interval  contains  r events  being  \ryre~Xv/r! ....  Consider  the  case 
when  each  event  consists  of  an  interval  of  length  a (an  event  being  characterized  by  its  first  point).  What 
is  the  probability  that  the  covered  portion  of  the  [0,  y | lies  between  x and  x + dx?  A related  problem,  that 
of  n given  intervals  at  random  points  on  the  circumference  of  a circle,  has  been  discussed  by  W.  L. 
Stevens  (( 1939) |.  The  methods  used  in  the  present  paper,  however,  are  basically  different  from  those  of 
Stevens,  since  the  concept  of  random  events  on  an  infinite  line  leads  naturally  to  the  use  of  continuous 
processes.  Some  of  the  results  given  by  Stevens  will  be  deduced  in  the  course  of  the  work.”  In  Section  7 
(p.  334),  the  author  considers  the  case  of  n given  events  and  derives  Stevens'  solution.  In  Sections  8 and  9 
ipp.  334-337),  he  discusses  the  distribution  of  gaps  and  the  moments  of  that  distribution. 

Comments:  For  the  special  case  where  n is  fixed  and  « = 0.  the  gaps  are  those  between  the  order 
statistics  of  a sample  of  size  n from  a uniform  distribution.  This  case  is  related  to  work  on  the  random 
division  of  an  interval  bv  various  authors,  including  Clifford  (1866),  von  Bortkiewicz  (1915).  Morant 
( 1921 ),  Fisher  ( 1940),  Garwood  ( 1940),  and  Moran  ( 1947 ). 
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Reference:  Stevens  (1939). 


* Duncan,  David  B.  (1947).  Significance  Tests  for  Differences  between  Ranked  Variates  Drawn  from 
Normal  Populations.  Ph.D.  thesis,  Iowa  State  College,  Ames,  Iowa. 

Summary:The  author  writes  (Summary,  p.  115):  "Consider  n variates  drawn  from  n normal  populations 
with  the  same  variance  for  which  an  independent  estimate  based  on  p degrees  of  freedom  is  available.  A 
multiple  choice  significance  test  is  required  for  testing  the  n(n-l)/2  differences  between  the  variates 
taken  in  all  possible  pairs.  The  main  requirement  of  the  test  is  that  it  has,  as  closely  as  possible,  the  same 
properties  with  respect  to  each  difference  as  an  a -level  t test  has  to  the  single  difference  in  the  simple 
case,  n = 2.  This  type  of  problem  is  commonly  met  for  example,  in  varietal  yield  trials  and  similar 
agricultural  experiments.  A test  is  proposed  which  places  upper  bounds  on  errors  comparable  to  type  1 
errors  in  the  case  n = 2 and  at  the  same  time  compares  favorably  with  other  alternatives  in  minimizing  a 
weighted  average  risk  function  relative  to  the  remaining  errors.  The  test  is  given  in  detail  for  the  cases  n 
= 3,  a = .05,  p = oc;  n = 3,  a = .05,  p = 10;  and  n = 4,  a = .05,  p = On  p.  52  he  states:  "The  most 
convenient  form  in  which  the  proposed  test  can  be  tabled  is  in  terms  of  significant  values  for  the 
differences  kuv[=gv+u  - gv]  between  the  ranked  variates  gt.  It  is  helpful ...  to  refer  to  these  differences  as 
'ranked’  differences  and  to  the  subscripts  u and  v as  the  lag  and  the  position  of  each  respectively.  Thus  kuv 
may  be  referred  to  as  the  'vlh’,  'lag  u’,  ranked  difference.  The  significant  value  k*v  = k(a,  p,  n,  u,  v,  k1/3)  for 
agiven  kul.  depends  on  o,p,n,u,v  and  k 1/3  where  k,^  are  the  first  u - 1 lagonedifferencesk^(/3  = v,  v + 1, 

. . . , v+u-1)  into  whick  kuv  can  be  subdivided.”  These  values  are  tabulated  in  Tables  12.1  - 12.3  (pp. 
54-55)  for  the  cases  mentioned  in  the  author’s  summary. 

References:  Whittaker  & Robinson  (1924),  Fisher  (1935)  [1942],  Snedecor  (1937)  [1946],  Fisher  & 
Yates  ( 1938 )[1943 ],  Wald  (1939),  Pearson  & Hartley  (1943),  Wilks  (1943). 

Citations:  Tukey  (1948c,  1949a). 

* Egudin,  G.  I.  (1947).  Certain  relations  between  the  moments  of  the  distribution  of  extreme  values  in 
random  samples.  (Russian).  Doklady  Akademii  Nauk  SSSR  (N.S.)  58,  1581-1584.  (MR  9,  295). 

Summary:  The  author  points  out  that  many  recent  authors  [e.g.  Tippett  (1925),  E.  S.  Pearson  (1926, 
1932),  McKay  & Pearson  ( 1933),  and  Newman  ( 1939)]  have  studied  the  distribution  of  extreme  values 
and  range  in  samples  of  a given  size,  mainly  from  a normal  population,  and  that  the  calculations  of 
certain  constants  which  their  publications  contain  are  extremely  significant  for  statistical  quality 
control,  especially  by  the  range  method  as  recommended  by  Dudding  & Jennett  ( 1942).  Let  Xl  n,  X2  n, . . ., 
Xn  n be  the  order  statistics  of  a sample  of  size  n from  a population  with  cdf  F(x).  Then  the  author  shows 
that  the  mean  of  the  moments  of  order  r of  the  order  statistics  about  the  origin  is  equal  to  the 
corresponding  population  moment,  i.e. 

(l/n)S5=,XLn  = ( l/n)IJ=1/_xTxrFk,n(x)  = J*,xrdF(x),  where  X^  n = /*xxrdFk  n(x) 

and  Fk,„(x)  is  the  cdf  of  the  k,h  order  statistic.  The  author  also  establishes  certain  recurrence  relations 
between  the  moments  of  extreme  values  in  samples  from  a normal  population. 

References:  Tippett  ( 1925),  E.  S.  Pearson  ( 1926,  1932),  McKay  & Pearson  ( 1933).  Romanovsky  ( 1933), 
Newman  (1939),  Dudding  & Jennett  (1942). 

* Eisenhart,  Churchill;  Hastay,  Millard  M.;  Wallis,  W.  Allen  (1947).  Acceptance  sampling  when  lot 
quality  is  measured  by  the  range  (based  on  a memorandum  by  M.  A.  Girschick).  Selected  Techniques  of 
Statistical  Analysis  (edited  by  Churchill  Eisenhart,  Millard  M.  Hastay  and  W.  Allen  Wallis),  Chapter  5 
(pp.  225-234).  McGraw-Hill  Book  Company,  Inc.,  New  York-London.  (MR  9,  365). 
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Summary:  The  authors  write  (p.  227):  "The  range,  defined  as  the  difference  between  the  largest  and 
smallest  observations  in  a sample,  is  familiar  in  industrial  experimentation  and  quality  control  as  a 
measure  of  dispersion  in  samples.  Many  applications  of  the  range  are  to  normal  or  nearly  normal 
populations,  for  which  the  variability  is  better  characterized  by  the  standard  deviation.  The  range  is 
used  to  measure  dispersion  in  samples  because  of  the  ease  with  which  it  can  be  determined,  and  because 
in  small  samples  it  is  almost  as  efficient  a measure  of  variability  as  the  standard  deviation.  The  present 
chapter  is  concerned  with  an  interesting  reversal  of  these  roles,  where  the  variability  of  the  lot  or  process 
is  characterized  in  terms  of  the  range  tself  but  where  the  standard  deviation  is  used  as  the  sampling 
statistic  to  determine  whether  the  range  meets  specified  requirements.  One  type  of  problem  in  which  the 
range  is  the  parameter  of  ordinary  interest  is  that  of  ensuring  the  virtual  simultaneity  of  a set  of  events. 
They  also  write  ip.  229):  "For  a normal  distribution  the  probability  that  the  range  of  k independent 
observations  is  less  than  some  preassigned  number  U depends  only  on  the  standard  deviation  <r.  . . . Let 
cr i be  the  value  of  the  lot  standard  deviation  that  defines  good  quality.  Then  o-,  depends  on  the  group  size 
k,  on  the  acceptable  value  U of  the  range  in  groups  of  k,  and  on  the  proportion  of  ranges  that  can  be 
allowed  to  exceed  U.  These  three  quantities  are  related  to  <x,  through  the  cumulative  distribution  of  the 
standardized  range,  which  gives  the  probability  that  the  range  Rk  of  k items  from  a normal  distribution 
will  exceed  any  specified  multiple  Wk  of  the  population  standard  deviation  a.  Tables  of  the  cumulative 
distribution  of  the  range  have  been  published  by  Pearson  |&  Hartley  (1942)].”  Test  procedures,  in  the 
cases  of  single  sampling  and  of  sequential  sampling,  are  given  for  testing  the  hypothesis  that  the  range 
of  a sample  of  size  k does  not  exceed  a specified  value,  based  on  the  sample  standard  deviation. 

References:  Tippett  (1925),  Pearson  (1931),  Fisher  & Yates  (1938),  Pearson  |&  Hartley]  (1942). 

Citation:  Grant  (1946). 

* Eisenhart,  Churchill;  Solomon,  Herbert  ( 1947).  Significance  of  the  largest  of  a set  of  sample  estimates  of 
variance.  Selected  Techniques  of  Statistical  Analysis  (edited  by  Churchill  Eisenhart,  Millard  M.  Hastay 
and  W.  Allen  Wallis),  Chapter  15  ( pp.  383-394).  McGraw-Hill  Book  Company,  Inc.,  New  York-London. 
(MR  9,  365). 

Summary:  The  authors  write  (pp.  386-387):  "Bartlett’s  test,  though  applicable,  is  somewhat  inapprop- 
riate when  the  alternative  to  homogeneity  that  is  most  likely  to  represent  the  true  situation,  or  that  is  of 
special  importance  when  it  does  obtain,  is  that  the  expected  value  of  some  one  of  the  mean  squares 
(variance  estimates)  substantially  exceeds  the  expected  values  of  the  others,  which  may  be  homogeneous 
or  not.  By  'some  one’  it  is  meant  that  prior  to  the  analysis  of  the  data  — or,  better,  prior  to  the  collection  of 
the  data  — there  is  no  basis  for  identifying  the  anomalous  one  of  the  set.  ...  In  situations  of  this  type 
what  is  needed  is  a test  of  the  statistical  significance  of  the  amount  by  which  the  largest  of  the  variance 
estimates  exceeds  the  others.  Cochran  [( 1941)]  has  developed  such  a test  and  has  provided  a small  table 
of  5 per  cent  significance  levels  to  facilitate  its  use.”  A more  extensive  table  of  5 'it  significance  levels  and 
a table  of  1%  levels,  which  were  not  tabulated  by  Cochran,  are  given  in  this  chapter,  and  the  methods  of 
computation  are  discussed. 

References:  Davies  & Pearson  ( 1934),  Pearson  & Chandra  Sekar  ( 1936),  Cochran  ( 1941 ).  Thompson 
(1941). 

* Elfving,  G.  (1947).  The  asymptotical  distribution  of  range  in  samples  from  a normal  distribution. 
Biometrika  34,  111-119.  (MR  8,  395). 

Summary:  The  author  writes  (Introductory,  p.  Ill):  "Consider  a sample  of  n observations,  taken  from 
an  infinite  normal  population  with  the  mean  0 and  the  standard  deviation  1.  Let  a be  the  smallest  and  b 
the  greatest  of  the  observed  values.  Then  w = b - a is  the  range  of  the  sample.  For  certain  statistical 
purposes  knowledge  ofthesamplingdistribution  of  range  is  needed.  The  distribution  function,  however, 
involves  a rather  complicated  integral,  whose  exact  calculation  is,  for  n > 2,  impossible.  Tippett  1 1925), 
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E.  S.  Pearson  (1926,  1932)  and  McKay  & Pearson  (1933)  have  studied  and  calculated  the  mean,  the 
standard  deviation  and  the  Pearson  constants  /3„  /3,  of  the  range.  Fitting  appropriate  Pearson  curves  to 
the  distribution  by  means  of  these  parameters,  Pearson  (1932)  has  computed  approximate  percentage 
points  for  it.  Later  on.  Hartley  (1942)  and  Hartley  & Pearson  [Pearson  & Hartley]  (1942)  have,  by 
numerical  integration,  tabulated  the  distribution  function  for  n = 2, . . .,  20.  As  pointed  out  by  Pearson, 
the  distribution  of  range  is  very  sensitive  to  departures  from  normality  in  the  tails  of  the  parental 
distribution.  The  effect  of  such  departures  becoming  more  perceptible  for  increasing  n,  the  practical 
importance  of  the  range  distribution  is,  perhaps,  small  for  large  samples.  Nevertheless,  it  seems  to  be  at 
least  of  theoretical  interest  to  investigate  the  asymptotical  distribution  of  the  range  for  n — » *.  This  is  the 
purpose  of  the  present  paper.  The  results  are  summarized  in  a theorem  at  the  end  of  the  inquiry . In  the 
above-mentioned  theorem,  which  is  stated  on  p.  1 18,  the  author  expresses  in  terms  of  a Hankel  function 
the  common  limit  Fix)  as  n ->  * of  the  cumulative  distribution  functions  (c.d.f.’s)  Fn(x)  and  F*  (x)  of  x = 
2n  v'<t>(a)<J>(  -b)  and  x*  = 2n<t>(  -w/2),  where  w is  the  range  of  a sample  of  size  n from  a normal  population 
with  c.d.f.  ix)  = ( 2tt)  ~1/2  /i.expi  -u2  / 2)  du.  He  also  states  that,  for  n a 12,  Fn  ( x ) satisfies  the 
inequalities  |F„(xt  — F (x)|<  ( 8/n ) ( 1 + 3x2/n),  |Fn(x)  - F(x)|  < (4x2/n)  [log(  vn/x)  + 1/2].  The  proof  does 
not  actually  require  normality;  the  theorem  is  valid  if  the  frequency  function  is  of  the  form  g(x)  = C 
exp[-|  x |p  / p],  where  1 < p < 2. 

References:  Tippett  ( 1925),  Pearson  (1926),  Fisher  & Tippett  ( 1928),  Pearson  ( 1932),  McKay  & Pearson 
(1933),  Gumbel  (1935a),  Hartley  (1942),  Pearson  & Hartley  (1942),  Cramer  (1946). 

Citations:  Gumbel  (1947),  Cox  (1948),  Gart¥teTn  (1948),  Wilks  (1948),  Gumbel  (1949). 

* Fisher,  J.  C.;  Hollomon,  J.  H.  (1947),  A statistical  theory  of  fracture.  Transactions  of  the  American 
Institute  of  Mining  and  Metallurgical  Engineers  171,  546-561.  (AMR  2 #1142). 

Summary:  The  authors  endeavor  to  construct  a consistent  theory  to  explain  the  size  effect  in  solids,  the 
scatter  of  fatigue-stress  values,  and  the  dependence  of  fracture  stress  upon  strain,  and  to  suggest  a 
quantitative  relation  between  the  structure  and  the  fracture  stress.  They  assume  that  the  material  has 
an  idealized  structure,  that  of  an  elastic  solid  containing  many  cracks  which  are  oriented  at  random. 
They  assume  an  exponential  distribution  of  crack  sizes  ( widths)  and  work  out  the  probability  of  failure, 
when  subjected  to  a specified  stress,  of  a specimen  containing  a single  crack  and  of  one  containing  many 
cracks.  One  of  their  conclusions  is  that  there  is  a marked  decrease  in  strength  with  increasing  number  of 
cracks,  with  no  marked  size  effect  to  be  expected  in  the  case  of  materials  containing  many  cracks.  They 
point  out  that  the  theory  of  Kontorova  & Frenkel  ( 1941 ),  which  is  based  on  the  assumption  of  a normal 
(Gaussian)  distribution  of  flaw  strengths,  breaks  down  (for  different  reasons)  when  the  number  of  flaws 
is  either  too  large  or  too  small.  They  also  point  out  that  any  quantitative  theory  of  fracture  must  take 
account  of  the  fact  that  the  defect  producing  the  largest  stress  concentration  in  the  specimen  must  be 
responsible  for  initiating  fracture.  Their  own  theory  differs  from  that  of  Kontorova  & Frenkel  mainly  in 
assuming  an  exponential  distribution  of  flaw  widths  instead  of  a normal  distribution  of  flaw  strengths. 

References:  Griffith  (1920),  Kontorova  & Frenkel  (19411  [Frenkel  & Kontorova  (1943)]. 

Citations:  Gensamer,  Saibel  & Lowrie  (1947),  Epstein  (1948b),  McAdam.  Geil,  Woodard  & Jenkins 
(1948). 

* Gensamer,  Maxwell;  Saibel,  Edward;  Lowrie,  Robert  E.  ( 1947).  Report  on  the  fracture  of  metals.  Part  11. 
Welding  Journal  < Welding  Research  Supplement)  26,  472s-484s.  (AMR  1 #276). 

Summary:  In  a section  on  nonuniform  stress  and  strain  and  the  size  effect,  the  authors  write  < pp. 
476s-477s);  "The  effects  of  stress  and  strain  gradients  have  been  studied  considerably  in  connection  with 
the  so-called  'size  effect’.  However,  as  was  stated  in  the  initial  survey  |Gensamer.  Saibel  & Ransom 
( 1947 ) |,  'size  effect’  probably  consists  of  three  factors  which  must  be  separated  from  one  another,  namely. 
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the  statistically  greater  possibility  of  finding  a given  defect  in  a larger  section,  the  smaller  stress 
gradients  in  large  sizes,  and  induced  stresses  in  large  sizes  due  to  restriction  of  strain.  ...  In  general, 
little  experimental  evidence  has  been  found  of  size  effects  in  tension  tests  of  metals.  However,  the 
preparation  of  homogeneous,  metallurgical^  identical  large  and  small  specimens  is  very  difficult.  Thus, 
the  gathering  of  really  significant  data  requires  very  exacting  care. ...  A number  of  attempts  have  been 
made  to  account  for  size  effect  in  fracture  strength. . . .”  In  particular,  the  authors  summarize  the  results 
of  Kontorova  ( 1940),  Kontorova  & Frenkel  ( 1941),  and  Fisher  & Hollomon  1 1947).  In  their  final  section, 
they  outline  a recommended  research  program  involving  further  work  on  the  effect  of  volume  of  notched 
and  unnotched  specimens  on  fracture  strength. 

References:  Griffith  (1920),  Kontorova  (1940),  Kontorova  & Frenkel  (1941)  [Frenkel  & Kontorova 
(1943)],  Gurney  (1945),  Fisher  & Hollomon  (1947),  Gensamer,  Saibel  & Ransom  (1947). 

* Gensamer,  Maxwell;  Saibel,  Edward;  Ransom,  John  T.  ( 1947).  Report  on  the  fracture  of  metals.  Part  I. 
Welding  Journal  ( Welding  Research  Supplement)  26,  443s-472s.  (AMR  1 #276). 

Summary:  In  a section  on  size  effects  ( pp.  453s-454s),  the  authors  write:  "The  effect  of  stress  and  strain 
gradients  has  not  received  much  direct  study.  Most  of  the  work  has  involved  gradients  produced  by 
notches,  and  is  therefore  open  to  question. ...  A phenomenon  intimately  connected  with  gradients  is  the 
'size  effect’.  This  question  is  of  considerable  practical  importance  since  small  scale  tests  often  predict  safe 
structures  which  subsequently  fail  when  made  full  scale.  The  size  effect  can  apparently  be  resolved  into 
three  separate  effects  ( 1)  the  smaller  stress  gradients  in  large  sizes,  (2)  the  greater  statistical  possibility 
of  finding  a defect  in  large  sections  and  (3)  the  induced  stresses  due  to  reduction  of  strain  by  large  sizes. 
Most  of  the  work  on  size  effect  has  been  done  by  bending  notched  bars  with  little  attempt  to  separate 
these  factors.  The  general  rule  of  size  has  been  that  as  long  as  geometrical  similarity  is  observed,  tensile 
properties  will  be  the  same.  However,  in  the  presence  of  gradients,  scaling  the  external  dimensions 
usually  changes  the  gradient  in  some  irregular  way  so  that  properties  naturally  change.  . . . The  true 
effects  of  size  and  gradients  have  received  practically  no  fundamental  treatment.  The  experimental 
program  in  this  survey  outlines  an  attack  to  study  these  variables  with  reference  to  both  the  flow  and 
fracture  strength.  . . In  a section  on  snicrocrack  theory  and  size  effect,  the  authors  describe  briefly  a 
statistical  analysis  of  crack  distribution  and  density  that  has  been  developed  in  an  effort  to  explain  the 
various  aspects  of  size  effect. 

Comments:  Of  the  three  separate-»aspects  of  the  size  effect  mentioned  bv  the  authors,  only  (2)  is 
primarily  statistical  in  nature.  It  is  amenable  to  treatment  by  the  statistical  theory  of  extreme  values. 

References:  Griffith  (1920,  1924). 

Citation:  Gensamer,  Saibel  & Lowrie  (1947). 

* Grubbs,  Frank  E.;  Weaver,  Chalmers  L.  (1947).  The  best  unbiased  estimate  of  population  standard 
deviation  based  on  group  ranges.  Journal  of  the  American  Statistical  Association  42,  224-241. 

Summary:  The  authors  write  (Abstract,  p.  224):  "In  order  to  better  the  efficiency  of  the  statistic  range 
for  sample  sizes  greater  than  eleven,  a method,  which  possesses  practical  efficiency,  is  given  in  this  paper 
for  dividing  a sample  into  groups  so  that  an  estimate  of  the  standard  deviation  of  the  normal  population 
sampled  can  be  formed  from  a linear  function  of  the  group  ranges.  The  estimate  so  obtained  is ’best’  in  the 
sense  that  it  is  unbiased  and  has  a smaller  variance  than  any  other  estimate  which  is  based  on  a linear 
compound  of  group  ranges.  In  dividing  a sample  into  groups  for  using  the  range  of  groups,  it  is  shown  in 
the  Appendix  so  that  the  most  efficient  group  size  is  eight  [cf.  Pearson  ( 1932)].  Table  I of  this  paper  gives 
the  approximate  percentage  points  [upper  and  lower  0.5^,  lri , and  5ri  points)  for  the  best 
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unbiased  estimate  based  on  group  ranges  [for  total  sample  size  2(  1 ilOO]  and  Table  II  gives  approximate 
percentage  points  [same  levels]  for  the  estimate  based  on  mean  range  determined  from  r groups  [r  = 
1(1)15]  or  samples  of  equal  size  n [ =6(1)10].”  Table  A of  the  Appendix  gives  (to  four  decimal  places)  the 
standard  deviations  of  the  unbiased  estimates  s/cn  and  Rn/dn  of  the  population  standard  deviation  a, 
where  s and  Rn  are  the  standard  deviation  and  the  range,  respectively,  of  a sample  of  size  n = 2(  1 >25. 
Table  B gives  the  following  moment  constants  of  the  range  for  n =-2(  1)12:  Mean  ( dn),  Std.  dev.  ( kn),  a.  „ a4, 
dn/k2,  (dn/kn)2,  (dn/k„)3  a:)  [all  to  five  significant  figures]  and  (dn/k„P{a4  - 3}  [to  four  significant  figures]. 

References:  Tippett  (1925),  Pearson  ( 1932),  Davies  & Pearson  ( 1934),  Pearson  & Hartley  ( 1942 1,  Wilks 
(1943)  [1946]. 

* Gumbel,  E.  J.  (1947).  The  distribution  of  the  range.  Annals  of  Mathematical  Statistics  18,  384-412. 
Abstract,  Bulletin  of  the  American  Mathematical  Society  53,  68.  (MR  9,  195). 

Summary:  By  convolution  of  the  asymptotic  distribution  of  the  two  extremes,  the  author  deduces,  for 
unlimited  symmetrical  distributions  of  exponential  type,  the  asymptotic  distribution  of  the  "reduced” 
sample  range  R = an  ( w - 2u„),  where  w is  the  ordinary  range,  and  an,  un  are  parameters  depending  on 
the  initial  distribution  and  the  sample  size  n.  He  determines,  in  a similar  manner,  the  asymptotic 
distribution  of  the  reduced  midrange  v = a (x,  + xn),  and  obtains  the  asymptotic  distributions  of  the 
reduced  extremes  by  introducing  the  transformations y,  = a(x,  + u)  and  yn  = a (xn  - u).  He  gives  several 
tables  and  graphs,  and  generalizes  his  results  to  the  mth  range  and  to  the  asymmetrical  case. 

Comments:  The  author’s  result  for  the  range  in  the  symmetric  case,  like  that  of  Elfving  (1947),  is 
expressed  in  terms  of  Hankel  functions;  Elfving’s  2n<t>(  -w/2)  corresponds  asymptotically  to  Gumbel’s 
2e~R/2.  A comparison  with  the  tables  of  Pearson  & Hartley  ( 1942)  shows  that  the  accuracy  of  the  two 
methodsisabout  the  same  for  samples  of  size  n = 20  from  a normal  population,  but  that  Elfving's  method 
is  somewhat  more  accurate  than  Gumbel’s  for  small  ranges. 

References:  von  Bortkiewicz  ( 1922a, b),  Tippett  ( 1925),  E.  S.  Pearson  ( 1926),  Student  ( 1927),  Fisher  & 
Tippett  (1928),  K.  Pearson  (1931),  McKay  & Pearson  (1933),  Gumbel  (1935a),  McKay  (1935),  Hartley 
(1942),  Pearson  & Hartley  (1942),  Gumbel  (1943a),  Kendall  (1943),  Gumbel  (1944),  Carlton  (1946), 
Gumbel  (1946a),  Elfving  (1947). 

Citations:  Cox  (1948),  Gartstefn  (1948),  Wilks  (1948),  Gumbel  (1949). 

* Gurney,  C.  ( 1947).  The  Statistical  Estimation  of  the  Effect  of  Size  on  the  Breaking  Strength  of  Rods. 
Reports  and  Memoranda  No.  2157,  Aeronautical  Research  Council  (London).  March  1945  (issued  in 
1947).  (AMR  2 #628)  [See  Note  below]. 

Summary:  The  author  writes  (Conclusion,  p.  1963):  "A  practically  important  size  effect  is  to  be  expected 
in  materials  with  large  variation  in  strength  of  nominally  identical  pieces,  the  variation  probably  being 
largest  in  material  whose  average  strength  approaches  the  maximum  possible  in  flawless  material.  A 
brittle  material  may  be  expected  to  fail  at  the  breaking  stress  of  the  weakest  of  the  n elements  of  which  the 
material  may  be  considered  to  be  composed.  In  considering  the  strength  of  rods  of  ductile  material,  the 
effect  of  length  may  be  expected  to  follow  the  'least  of  n‘  theory,  while  the  mean  strength  of  rods  of  given 
cross-sectional  area  may  be  expected  to  exceed  that  of  the  mean  of  the  n unit  pieces  of  which  the  cross 
section  may  be  considered  to  be  composed.  In  both  'least  of  n’  and  'mean  of  n’  theories,  n may  be  greater  or 
less  than  unity.  The  fact  that  n can  take  values  less  than  unity  is  of  interest,  as  n less  than  unity  has  no 
meaning  in  usual  sampling  theory.  From  the  discussion  on  the  practical  application  of  the  theory  of  the 
least  of  n,  it  is  concluded  that  fitting  a normal  curve  to  experimental  strength  data  is  not  likely  to  lead  to 
accurate  results  [since,  under  the  'least  of  n’  theory,  if  the  strength  is  normal  for  one  length,  it  is 
non-normal  for  every  other  length].  The  first  three  moments  of  the  experimental  results  should  be 
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computed  and  the  length  to  give  a normal  distribution  of  strengths  estimated  from  the  value  of  V/81 
[=  a3],  cr  or  fi  according  as  one,  two  or  three  lengths  have  been  tested.  The  use  of  V/3,  is  limited  to  cases 
where  the  length  tested  is  between  1/10  and  100  times  the  normal  length. . . . From  the  discussion  on  the 
source  of  strength  variation  in  materials,  it  is  concluded  that  many  materials  are  not  statistically 
homogeneous  and  to  such  materials  the  theory  of  the  least  of  n does  not  strictly  apply.  Application  of  the 
theory  to  such  cases  will  usually  give  a strength/size  gradient  greater  than  that  in  practice.  . . 

Note:  It  appears  that  the  reviews  of  this  report  and  the  following  one  (Gurney  & Pearson  (1947)]  have 
been  inadvertently  interchanged. 

References:  Tippett  (1925),  Peirce  (1926),  Weibull  ( 1939a, b),  Gurney  (1945). 

Citation:  Gurney  & Pearson  (1947'. 

* Gurney,  C.;  Pearson,  S.  (1947).  The  Effect  of  Length  on  the  Strength  of  a Steel  Wire.  Reports  and 
Memoranda  No.  2158,  Aeronautical  Research  Council  ( London),  November  1945  (issued  in  1947).  (AMR 
2 #481)  [See  Note  on  Gurney  (1947)]. 

Summary:  The  authors  write  (Summary,  p.  1965):  "Sets  of  strength  tests  on  two  lengths  cut  from  the 
same  coil  of  steel  have  been  made,  each  set  consisting  of  about  one  hundred  tests  on  nominally  identical 
test  pieces.  The  lengths  tested  were  1 in.  and  240  in.  Three  pairs  of  sets  of  tests  were  made,  there  being 
some  difference  in  the  handling  of  the  wire  and  the  testing  apparatus  bet  ween  each  pair  of  sets.  The 
results  have  been  compared  with  those  predicted  by  statistical  theory  (see  Gurney  ( 1947)]  assuming  that 
a normal  distribution  of  strength  would  be  obtained  for  a unique,  but  initially  unknown  length  of  wire, 
and  that  the  strength  of  the  wire  is  statistically  homogeneous.  The  experiments  show  small,  but 
significantly  different  [sic;  small,  but  significant  differences  in  the]  distributions  of  strength  of  the  long 
and  short  wires,  the  general  trends  of  the  results  being  in  agreement  with  the  theory.  Mean  strength  and 
scatter  of  test  results  decrease  with  increasing  length  and  the  skewness  tends  to  become  more  negative. 
The  experiments  are  too  few  to  enable  an  accurate  comparison  with  theory  to  be  made,  but  it  is  fairly 
certain  that  influences  other  than  those  which  the  theory  is  intended  to  cover  are  having  significant 
effects.  . . 

References:  Peirce  (1926',  Fisher  & Tippett  (1928),  Gurney  (1945,  1947). 

* Hastings,  Cecil,  Jr.;  Mosteller,  Frederick;  Tukey,  John  W.;  Winsor,  Charles  P.  ( 1947).  Low  moments  for 
small  samples:  A comparative  studv  of  order  statistics.  Annals  of  Mathematical  Statistics  18,  413-426. 
(MR  9,  195). 

Summary:  The  authors  write  (Summary,  p.  413):  "The  means,  variances,  and  covariances  [of  the  order 
statistics]  for  samples  of  size  < 10  from  the  normal  distribution,  a selected  long-tailed  distribution  [r(  u) 
= ( 1 — u ) 1 10  -u  1 10,  where  u has  the  uniform  distribution  on  the  interval  [0,  1]  and  x = r(u)  is  the 
variable  considered],  and  the  uniform  distribution  are  tabled  and  compared  with  the  usual  asymptotic 
approximations.  The  methods  of  computation  used  and  the  accuracy  expected  are  discussed.  Use  is  made 
of  the  representation  of  an  arbitrarily  distributed  variate  as  a monotone  function  of  a uniformly 
(rectangularly)  distributed  variate.  It  is  hoped  that  these  tables  will  encourage  experimentation  with 
new  statistical  procedures.” 

References:  Fisher  & Yates  (1938)  [1943],  Mosteller  (1946). 

Citations:  Jones  ( 1948),  Wilks  ( 19481,  Godwin  ( 1949a, b).  Nair  ( 1949a),  Purcell  1 1949).  Walsh  ( 1949d>. 

* Jacobson,  Paul  H.  (1947).  The  relative  power  of  three  statistics  for  small  sample  destructive  tests. 
Journal  of  the  American  Statistical  Association  42,  575-584. 
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Summary:  The  author  writes  (Abstract,  p.  575):  "The  probability  distributions  are  given  for  the  mean  of 
the  three  smallest  ordered  observations  (m)  and  for  the  median  of  all  observations  <md)  in  samples  of  size 
five  drawn  from  a normal  distribution  with  unit  variance  and  zero  mean.  The  Neyman-Pearson  theory  is 
used  to  demonstrate  the  extent  by  which  X affords  a more  powerful  test  method  than  m or  m(1  for  testing 
the  hypothesis  that  p = 0 under  the  alternative  hypothesis  that  p > 0.  Also,  m is  shown  to  be  superior  to 
md,  and  both  are  evaluated  in  terms  of  the  power  of  X in  samples  of  size  three  and  four.  These  results  are 
applied  to  destructive  tests,  and  a special  kind  of  problem  is  cited  for  which  there  are  economic  grounds 
for  the  use  of  m.” 

References:  Hojo  (1931),  Wilks  (1943). 

Citation:  Purcell  (1949). 

* Kimball,  Bradford  F.  (1947).  Some  basic  theorems  for  developing  tests  of  fit  for  the  case  of  the  non- 
parametric  probability  distribution  function,  I.  Annals  of  Mathematical  Statistics  18,  540-548.  (MR  9, 
295). 

Summary:  The  author  writes  (Summary,  p.  540):  "In  developing  tests  of  fit  based  upon  a sample  On(x^  in 
the  case  that  the  cumulative  distribution  function  F(X)  of  the  universe  ofX’s  is  not  necessarily  a function 
of  a finite  number  of  specific  parameters  — sometimes  known  as  the  non-parametric  case  — it  has  been 
pointed  out  by  several  writers  that  the  'probability  integral  transformation’  is  a useful  device  ....  The 
author  finds  that  a modification  of  this  approach  is  more  effective.  This  modification  is  to  use  a 
transformation  of  ordered  sample  values  from  a random  sample  On(x,)  based  on  successive  differences  of 
the  cdf  values  Fix,).  A theorem  is  proved  giving  a simple  formula  for  the  expected  values  of  the  products 
of  powers  of  these  differences,  where  all  differences  from  1 ton  + 1 [u,  = F,,ur  = Fr  - Fr_,  (r  = 2, 3, . . .,  n), 
un+1  = 1 - Fn,  where  F(  < F1+,  and  0 =£  F,  < 1)  are  involved  in  a symmetrical  manner.  The  moment 
generating  function  of  the  test  function  defined  as  the  sum  of  m squares  of  these  successive  differences  is 
developed  and  the  application  of  such  a test  function  is  briefly  discussed.” 

References:  Neyman  (1937a),  Gumbel  (1942a),  Scheffe  & Tukey  (1945). 

* Kincaid,  W.  M.  (1947).  Numerical  methods  for  finding  characteristic  roots  and  vectors  of  matrices. 
Quarterly  of  Applied  Mathematics  5,  320-345.  (AMR  1 #205). 

Summary:  The  author  writes  (p.  320):  "The  present  paper  treats  the  problem  of  finding  the  characteris- 
tic roots  and  vectors  of  a matrix  (having  linear  elementary  divisors).  The  emphasis  throughout  is  on 
methods  of  getting  numerical  results  in  practical  cases  rather  than  on  theoretical  questions.  Symmetric 
matrices  are  taken  up  first,  and  methods  are  discussed  for  finding  ( a)  the  largest  characteristic  root  and 
corresponding  vector  and  (b)  the  other  roots  and  vectors.  All  these  methods  are  variants  of  the  iteration 
process.  They  are  then  extended  to  general  matrices,  with  particular  reference  to  the  case  of  complex 
roots.  The  paper  closes  with  a brief  discussion  of  the  solution  of  algebraic  equations  by  means  of  matrices. 
Among  earlier  work  on  this  subject,  we  may  mention  that  of  Hotelling  [( 1 936a ) 1 and  Aitken  |<  1937)|. 
Indeed,  much  of  the  material  in  the  present  paper  is  taken  from  Aitken’s,  though  some  modifications 
have  been  introduced,  particularly  with  regard  to  the  determination  of  roots  other  than  the  largest. . . 

References:  Hotelling  (1936a),  Aitken  il937>. 

* Lehmann,  E.  L.  (1947).  On  optimum  tests  of  composite  hypotheses  with  one  constraint.  Annals  of 
Mathematical  Statistics  18,  473-494.  (MR  9,  454). 

Summary:  The  author  writes  (Summary,  p.  473):  "This  paper  is  concerned  with  optimum  tests  of  certain 
composite  hypotheses.  In  section  2 various  aspects  of  a theorem  of  Scheffe  concerning  type  B,  tests  are 


discussed.  It  is  pointed  out  that  the  theorem  can  be  extended  to  cover  uniformly  most  powerful  tests 
against  a one-sided  set  of  alternatives.  It  is  also  shown  that  the  method  for  determining  explicitly  the 
optimum  test  region  may  in  certain  cases  be  reduced  to  a simple  formal  procedure.  ...  In  section  4 the 
totality  of  similar  regions  is  obtained  for  a large  class  of  probability  laws  which  admit  a sufficient 
statistic.  [Let  p(x)  = f(x)/g(0)  be  a pdf  and  let(a)k(0)  <x  <cor(b)  0<x  sb(0).lt  is  shown  that  in  case  (a) 
the  smallest  value  in  the  sample  is  a sufficient  statistic  for  0,  while  in  case  (b)  the  smallest  and  largest 
sample  values  are  jointly  sufficient.]  Some  composite  hypotheses  concerning  exponential  and  rectangu- 
lar distributions  are  treated  in  section  5.  It  is  proved  that  the  likelihood  ratio  tests  of  these  hypotheses 
have  various  optimum  properties.  [For  the  exponential,  use  is  made  of  the  transformation  (introduced  by 
Sukhatme  (1937))  Z,  = nY„  = (n  - i + 1)(Y1  - Y|_,),  (i  = 2, . . ,,n)  where  Y,  is  the  ith  of  the  x’s  in  order 
of  magnitude;  for  the  rectangular,  use  is  made  of  Yk/Yh+I,  as  well  as  Y,  and  Yn.J’ 

References:  Neyman  & Pearson  (1928),  Pitman  (1936),  Neyman  (1937b),  Sukhatme  (1937),  Paulson 
(1941),  Cramer  (1946). 

* Lord,  E.  (1947).  The  use  of  range  in  place  of  standard  deviation  in  the  t-test.  Biornetrika  34,  41-67; 
corrigenda,  39  (1952),  442.  (MR  8,  394). 

Summary:  In  the  Introduction  (pp.  41-42),  the  author  summarizes  work  on  the  range  of  samples  from  a 
normal  population  by  Tippett  (1925),  E.  S.  Pearson  (1926,  1932),  McKay  & Pearson  (1933),  Davies  & 
Pearson  ( 1934),  Pearson  & Haines  ( 1935),  Hartley  ( 1942),  and  Pearson  & Hartley  ( 1942).  He  then  writes 
(p.  42):  "As  a result  of  the  work  outlined  above,  the  range  is  now  of  considerable  importance  in  many 
fields,  especially  in  industrial  quality  control,  where  its  simplicity  has  enabled  it  to  be  extensively  and 
easily  applied  to  the  measurement  of  fluctuations  in  the  variability  of  quality  of  a manufactured  article 
or  material.  In  the  present  paper  an  investigation  is  made  of  the  use  of  range  estimates  of  standard 
deviation  in  the  consideration  of  the  statistical  significance  of  deviations  of  sample  means  in  normal 
random  sampling  theory.  This  use  of  range  estimates  of  standard  deviation  is  analogous  to  the  use  of 
root-mean-square  estimates  in  the  well-known  t-test.  [The  s of  Student's  ratio  is  replaced  by  an  estimate 
of  < t based  on  the  range,  w(m,n)/dn,  where  w(m,n)  is  the  mean  value  of  m ranges  w,  obtained  from  m 
independent  samples  or  subgroups,  each  containing  n observations,  and  dn  is  the  expected  value  of  the 
range  in  samples  of  n from  a normal  population  with  unit  standard  deviation.)  Tables  of  u(m,n)  = x 
d„/wim,n),  where  x is  N(0,1),  are  given,  at  several  probability  levels,  arid  these  may  be  employed  in 
determining  the  statistical  significance  of  either  the  deviation  of  a sample  mean  from  some  fixed  or 
hypothetical  population  value,  or  the  difference  between  the  means  of  two  samples.  These  tables  may 
also  be  used  for  obtaining  rapid  estimates  of  the  accuracy  of  a sample  mean  from  the  variation  within  the 
sample  as  measured  by  the  range.  The  use  of  range,  in  place  of  root-mean-square  estimates  of  standard 
deviation,  in  this  modified  form  of  the  t-test  necessarily  entails  some  loss  of  precision.  It  will,  however,  be 
shown  in  a future  paper  (Lord  (1950)]  that  this  reduction  in  accuracy  is  negligible  for  all  practical 
purposes.  F urthermore,  this  slight  disadvantage  of  the  new  test  is  compensated  bv  its  greater  simplicity, 
involving  a reduced  amount  of  computing  compared  with  the  usual  t-test."  At  the  end  of  the  paper 
examples  are  given  of  the  use  of  the  range  in  biological  and  medical  as  well  as  industrial  experimenta- 
tion. Tables  are  given  of  the  upper  lOOcr^  points  of  u(m,n)  for  « = .10,  .05.  .02,  .01,  .002.  .001;  m = 
1(1)6(2)10(5)20,  30;  n = 2(1)10,  12,  20. 

References:  Tippett  < 1925),  E.  S.  Pearson  ( 1926),  K.  Pearson  ( 1931),  E.  S.  Pearson  ( 1932),  McKay  & 
Pearson  (1933),  Davies  & Pearson  (1934),  Pearson  (1935),  Pearson  & Haines  (1935),  Hartley  (1942), 
Pearson  & Hartley  (1942),  Daly  1 19461. 

Citations:  Snedecor  1 1937)  [1956],  Walsh  1 1947),  Tukev  ( 1949b).  Walsh  ( 1949b). 

* von  Mises.  R.  (1947).  On  the  asymptotic  distribution  of  differentiable  statistical  functions.  Annals  of 
Mathematical  Statistics  18,  309-348.  iMR  9.  194). 


Summary:  This  paper  does  not  deal  primarily  with  order  statistics.  However,  the  following  portion  ip. 
310)  is  relevant:  . . Statistical  functions  are  known  whose  distributions  assume,  asymptotically,  a form 
different  from  the  Gaussian.  One  example  is  Pearson’s  Chi-square,  another  the  test  function  w 2, 
introduced  by  H.  Cramer  |( 1928)]  and  the  author  | von  Mises  ( 1931 1 1:  f = w-  = / g'txi  [Snixl  -Vn(xt]2  dx 
where  g'(x)  >0  and  Vn(x)  = ( 1/n)  | V,(x)  + V2(x)  + . . . + Vn(xi|.  N.  V.  Smirnoff  [i  1936, 1937a )]  computed 
the  asymptotic  distribution  of  or  for  the  case  that  all  V„ixi  and,  therefore,  Vn(x)  equal  one  and  the  same 
distribution  function  V(x).  The  result  differs  widely  from  the  Gaussian  distribution."  The  above-stated 
result  for  the  distribution  of  or  is  derived  on  pp.  346-348. 

References:  Cramer  (1928),  von  Mises  (1931),  Smirnoff  (1936,  1937a). 

Citation:  Hoeffding  ( 1948). 

* Moran,  P.  A.  P.  (1947).  The  random  division  of  an  interval.  Journal  of  the  Royal  Statistical  Society, 
Supplement  9,  92-98.  (MR  9,  291). 

Summary:  The  author  writes  (p.  92):  ".  . . Greenwood  [(1946)]  has  proposed  the  following  problem, 
which  is  of  interest  in  providing  a test  of  significance  in  the  statistical  study  of  infectious  diseases.  Let  n 

points  be  distributed  at  random  in  the  unit  interval  (0,1 ),  thus  forming  n + 1 intervals  I I„. ,.  What  is 

the  statistical  distribution  of  S = In  the  present  paper  we  discuss  this  problem.  The  theory  of 

various  distributions  connected  with  the  random  division  of  an  interval  has  been  discussed  by  many 
writers  (Clifford  [( 1866)],  v|on]  Bortkiewicz  |(  1915)].  Morant  [( 1921 1],  Fisher  |(  1940)],  Garwood  |(  1 940 ) ], 
and  others)  and  has  many  applications  to  statistical  problems.  Both  Clifford  and  Fisher  remark  that  this 
problem  is  equivalent  to  considering  n + 1 quantities  x,=  11,1  which  are  non-negative  and  satisfy  I"*'  x,  = 
1,  and  whose  probability  distribution  is  such  that  equal  areas  on  the  positive  part  of  the  n-dimensional 
plane  defined  by  this  equation  correspond  to  equal  probabilities  for  the  corresponding  division  of  the 
interval."  The  author  computes  the  first  four  moments  of  the  random  variable  S and  shows  that  the 
distribution  of  S is  asymptotically  normal. 

Comments:  The  n + 1 intervals  I,, . . .,  In*,  may  be  thought  of  as  the  gaps  between  order  statistics  x„  . . ., 
xnof  a sample  of  size  n from  a uniform  distribution  on  the  interval  (0,1 1,  the  first  gap  being  x,  - 0 = x,  and 
the  last  being  1 - xn — see  comments  on  Domb  (1947). 

References:  Clifford  (1866),  von  Bortkiewicz  (1915),  Morant  (1921),  Fisher  (1940).  Garwood  (1940), 
Greenwood  1 1946). 

* Nair,  K.  R.  ( 1947 ).  A note  on  the  mean  deviation  from  the  median.  Biometrika  34,  360-362.  ( MR  9.  363). 

Summary:  The  author  points  out  that,  for  samples  from  a normal  population,  the  exact  sampling 
distribution  is  known  for  m,  the  mean  deviation  from  the  sample  mean,  but  not  for  m'.  the  mean 
deviation  from  the  sample  median;  however,  it  is  known  that  E(  m’)  «-  E(m)  |the  equality  holds  only  for 
sample  size  n = 2 and  asymptotically  as  n — * x|.  He  shows  that,  for  samples  of  size  3 or  4,  the  standard 
error  of  m'  is  less  than  that  of  m:  however,  the  coefficient  of  variation  of  m'  is  the  same  (to  at  least  five 
decimal  places)  as  that  of  m for  samples  of  size  3 and  slightly  greater  than  that  of  m for  samples  of  size  4. 
He  writes  Ip.  362):  "In  conclusion,  it  seems  worth  making  the  following  point:  ia>  if  expressions  for  the 
expectation  and  variance  of  m'  were  available  and  tables  of  its  probability  integral  worked  out,  (b>  if  the 
efficiency  of  the  m'  estimate  compared  to  the  m estimate  for  n > 4 was  not  appreciably  worse  than  for  the 
case  n =4.  there  would  be  strong  practical  grounds  for  using  m'  rather  than  m in  view  of  greater 
simplicity  in  calculation.  In  both  cases  we  must  first  arrange  the  observations  in  order  of  magnitude. 
Then  if  x,  s x2  < . . . s x„.  m ' may  be  calculated  from  the  formula  m ' = 1 1 m-(xn  , + x„  + xn>  - 

(x,  + x2  + . . . +x,)}>  where  t = n/2  or  (n-1 1/2  according  as  n is  even  or  odd.  For  m.  however,  we  must  also 
calculate  the  arithmetic  mean  x and  look  for  xk  and  xk. , between  which  x lies.  Then  m can  be  obtained 
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from  one  of  the  three  formulae  nm/2k  = x - (x,  + x2  + . . . + xk)/k,  nm/2in-k)  = lxk+,  + . . . + x„)/(n-k)  - 
x,  n2m/2k(n-k)  = (xk+1  + . . . + xn)/ln-k>  - lx,  + ...  + xk)/k.  This  certainly  involves  a rather  long 
process.  It  is  interesting  to  note  that  m'  becomes  a special  case  of  the  measure  of  dispersion  based  on 
difference  between  the  sums  of  the  first  and  the  last  r observations  ( in  order  of  magnitude)  suggested  by 
Jones  (1946),  the  range  becoming  another  special  case  of  the  same  measure,  when  r = 1.” 

References:  Helmert  (1876a),  Fisher  (1920),  E.  S.  Pearson  (1926),  Pearson  & Hartley  (1942),  Jones 
(1946),  Walsh  (1946b). 

Citations:  Nair  ( 1948b),  Godwin  ( 1949b),  Nair  ( 1949a). 

* Plackett,  R.  L.  ( 1947).  Limits  of  the  ratio  of  mean  range  to  standard  deviation.  Biometrika  34,  120-122. 
(MR  8,  395). 

Summary:  Values  of  dn  = wn/cr,  where  wn  is  the  mean  range  in  samples  of  size  n and  cr  is  the  population 
standard  deviation,  have  been  tabulated  for  samples  from  a normal  population  and  used  extensively  in 
control  chart  work  to  estimate  cr  from  the  mean  range  of  a number  of  small  samples.  The  author  shows 
that  populations  exist  for  which  dn  is  arbitrarily  near  to  zero,  while  for  no  population  will  it  exceed  the 
value  d„  (max.)  = n,/(2{(2n  - 2)!  - [in  - l)!]2}/(2n-l)!),  which  tends  to  v/(n  + 1/2)  for  large  n.  He  exhibits 
populations  for  which  dn  attains  the  value  d„(max.);  these  populations  are  rectangular  for  n = 2,  3.  He 
tabulates  yin  + 1/2),  d„  (max.),  d„(normal),  and  dn  (rectangular)  for  n = 2(1)12;  all  are  given  to  five 
decimal  places  except  dn  (normal),  which  is  given  to  three  decimal  places.  He  points  out  that  for  n < 12,  dn 
(normal)  and  dn  (rectangular)  agree  to  within  1( 3% ; however,  the  difference  increases  with  n.  The  value  of 
dn  ( max.)  approaches  the  asymptotic  value  v in  + 1/2)  quite  rapidly,  differing  from  it  bv  less  than  0.1*2  for 
n = 12. 


References:  Pearson  & Advanthaya  (1928),  K.  Pearson  (1931),  Pearson  [&  Hartley]  (1942). 

* Purcell,  Warren  B.  (1947).  Saving  time  in  testing  life.  Industrial  Quality  Control  3 (5),  15-18. 

Summary:  The  author  writes  (pp.  15-16):  "In  testing  life,  . . . use  of  the  statistics  of  average  and  range 
requires  that  each  test  be  continued  until  the  last  unit  has  reached  the  end  of  its  life.  The  consequent 
delay  in  obtaining  the  data  is  fatal  to  the  effective  use  of  this  Modern  Quality  Control  Technique.  In 
many  cases,  the  difficulty  has  been  partially  overcome  by  increasing  the  severity  of  the  life  test.  A classic 
example  is  the  shortening  of  the  life  of  incandescent  lamps  from  1000  hours  to  about  5 hours  by  burning 
at  1509/  of  rated  voltage.  Even  at  this  acceleration,  however,  it  often  requires  7 or  8 hours  to  burn  out  the 
last  lamp  of  a sample;  yet  the  final  result  might  yield  an  average  so  low  or  a range  so  great  that  need  of 
corrective  action  is  indicated.  Attempts  to  shorten  the  life  further  cause  abnormal  arcs  and  do  not  give  a 
true  picture  of  normal  life.  Since  the  test  cannot  be  further  accelerated,  it  is  necessary  to  accelerate  the 
statistics.  In  conventional  statistics,  average  is  used  to  indicate  a shift  in  the  whole  population;  range  is 
used  to  indicate  a change  in  population  dispersion.  A shift  in  the  whole  population  can  also  be  indicated 
by  the  median,  or  central  failure  in  the  sample:  a population  shift  or  change  in  dispersion  can  be 
indicated  by  the  minimum,  or  first  failure  in  the  sample.  The  use  of  median  and  minimum  as  statistics 
substantially  accelerates  the  results.  A tendency  toward  short  life  which  is  indicated  by  the  sample  is 
indicated  quickly.  It  is  not  necessary  to  continue  the  test  beyond  the  median,  and  corrective  action  can  be 
started  promptly."  On  page  17,  the  author  gives  formulas  for  control  limits  for  medians  and  minima,  and 
tabulates  factors  for  computing  them  for  samples  of  size  n = 3(  1 >9. 

Reference:  Kendall  (1943). 

* Ruggles,  Richard;  Brodie.  Henry  1 1947).  An  empirical  approach  to  economic  intelligence  in  World  War 
II.  Journal  of  the  American  Statistical  Association  42,  72-91. 
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Summary:  The  authors  report  the  story  of  the  development  of  a technique,  used  by  the  Economic 
Warfare  Division  of  the  American  Embassy  in  London,  starting  in  early  1943,  for  analyzing  markings 
and  serial  numbers  obtained  from  captured  German  equipment  in  order  to  obtain  estimates  of  German 
war  production  and  strength.  Given  a sample  of  serial  numbers,  the  total  number  in  the  series  was 
estimated  to  be  the  largest  serial  number  in  the  sample  plus  the  average  gap  between  successive  ordered 
serial  numbers,  as  we  can  see  from  the  following  statement  (p.  82):  "The  highest  mold  number  [for  tank 
tires]  of  one  maker  was  77  and  the  average  gap  in  the  series  was  about  3 cases,  so  it  was  estimated  that 
this  plant  had  about  80  molds.” 

Comments:  For  an  analysis  of  the  statistical  methods  used,  see  Goodman  (1952). 

* Tanenhaus,  Seaman  J.  (1947).  The  median  as  a typical  value  for  Walker  yarn  abrader  data.  Textile 
Research  Journal  17,  281-286. 

Summary:  The  author  writes  (Abstract,  p.  281):  "The  data  obtained  on  the  Walker  yarn  abrader  in  the 
determination  of  abrasion-resistance  of  yarns  form  frequency  distributions  which  are  decidely  positively 
skewed.  The  mean  of  such  distributions,  being  affected  by  the  extremes,  tends  to  be  atypical . The  modal 
class  is  too  broad  for  precise  differentiation  and  the  first  breaks  are  too  varible  to  be  of  use.  The  median, 
which  is  independent  of  the  extreme  values,  is  more  representative.  Furthermore,  by  computing  the 
average  median  of  several  sets  of  yarns  rather  than  determining  the  lot  median,  a saving  of  time  of 
approximately  50  per  cent  is  effected.” 

Reference:  Dodge  et  al.  ( 1933)[  1943 ]. 

Tukey,  John  W.  (1947).  Non-parametric  estimation  II.  Statistically  equivalent  blocks  and  tolerance 
regions  — the  continuous  case.  Annals  of  Mathematical  Statistics  18,  529-539.  (MR  9.  295). 

Summary:  The  author  writes  (Summary,  p.  529):  "Wald  [( 1943)]  extended  the  usefulness  of  tolerance 
limits  to  the  simplest  multi-dimensional  cases.  His  principle  [successive  elimination]  is  here  used  to 
provide  many  new  ways  of  using  a sample  of  n to  divide  the  range  of  the  population  into  n + 1 blocks  of 
known  behavior.  The  exact  tolerance  distribution  for  the  proportions  of  the  population  covered  by  these 
blocks  is  extended  from  the  case  of  a continuous  probability  density  function  to  the  case  of  a continuous 
cumulative  distribution  function.  Such  an  extension  is  needed  in  dealing  completely  with  multivariate 
cases  even  when  the  underlying  distribution  is  as  smooth  as  a multivariate  normal  distribution.  The 
devices  used  in  Paper  I (Scheffe  & Tukey  1 1945)]  to  extend  the  usefulness  of  tolerance  limits  to  the  case  of 
a discontinuous  underlying  distribution  will  be  applied  in  the  next  paper  of  this  series,  with  some 
extension,  to  extend  the  usefulness  of  these  general  tolerance  regions  to  the  case  of  a discontinuous 
distribution.  Some  of  these  results  specialize  into  new  results  for  the  univariate  case,  although  they  do 
not  seem  to  have  any  immediate  practical  application.  . . ." 

References:  Wilks  (1941),  Wald  (1943),  Scheffe  & Tukey  (1945). 

Citations:  Murphy  (1948),  Tukey  (1948a),  Wilks  ( 1 948 ). 

* Walsh,  John  E.  (1947).  An  extension  to  two  populations  of  an  analogue  of  Student's  t-test  using  the 
sample  range.  Armais  of  Mathematical  Statistics  18,  280-285.  (MR  9,  48). 

Summary:  The  author  writes  (Summary,  p.  280i:  "The  modified  t-test  [based  on  the  sample  range] 
considered  bv  Daly  [( 19461  and  also  by  Lord  1 1 947 > | is  used  to  develop  one-sided  significance  tests  to 
decide  whether  the  mean  of  a new  normal  population  exceeds  the  mean  of  an  old  normal  population 
having  the  same  variance.  Significance  tests  are  also  developed  to  decide  whether  the  mean  of  the  new 
population  is  less  than  the  mean  of  the  old  population.  These  tests  require  very  little  computation  for 
their  application  and  are  approximately  as  powerful  as  the  most  powerful  tests  for  these  hypotheses.” 
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References:  Daly  (1946),  Lord  (1947). 


Anderson,  T.  W.  (1948).  The  asymptotic  distributions  of  the  roots  of  certain  determinantal  equations. 
Journal  of  the  Royal  Statistical  Society  B 10,  132-139.  (MR  10,  553). 

Summary:  The  author  writes  (Introduction,  p.  132):  ".  . . Geary  [( 1948)]  has  used  the  roots  of  a certain 
determinantal  equation  to  construct  a criterion  for  testing  hypotheses  about  the  number  of  linear 
relations  holding  between  the  coefficients  of  linear  regression  functions  of  multivariate  normal  variates. 
One  of  the  matrices  involved  in  the  determinantal  equation  is  the  covariance  matrix  of  the  variates;  the 
other  is  composed  of  weighted  sums  of  the  sample  regression  coefficients.  The  criterion  suggested  by 
Geary  is  similar  to  that  suggested  by  P.  L.  Hsu  [( 1941b)]  for  the  case  in  which  the  covariance  matrix  is 
replaced  by  its  estimate  from  the  sample.  If  r is  the  number  of  independent  linear  relations  among  the 
regression  coefficients,  the  asymptotic  distribution  of  the  r smallest  roots  is  the  same  as  in  Hsu’s  case 
[Hsu  (1941a)];  the  asymptotic  distribution  of  the  other  is  modified  by  scale  factors  which  make  the 
distribution  more  concentrated  (Theorem  1).  The  asymptotic  distribution  of  the  criterion,  which  is  the 
sum  of  the  r smallest  roots,  is  the  X 2 -distribution  (Theorem  2).  Geary  also  studies  an  approach  to  the 
problem  of  linear  relations  suggested  by  Gerhard  Tintner  [( 1945)].  In  this  case  the  expected  values  are 
not  assumed  to  be  linear  functions  of  known  fixed  variates,  but  are  arbitrary  constants  satisfying  a 
number  of  linear  equations.  For  testing  hypotheses  about  the  number  of  equations  Tintner  has 
suggested  the  use  of  roots  of  a determinantal  equation  involving  the  covariance  matrix  of  the  variates 
and  the  sample  covariance  matrix.  The  asymptotic  distribution  of  all  the  roots  of  this  equation  are  given 
in  Theorem  3.  The  r smallest  roots  are  distributed  asymptotically  like  the  characteristic  roots  of  a matrix 
with  a certain  normal  distribution.  The  asymptotic  distribution  of  the  criterion  (properly  normalized)  is 
normal  (Theorem  4).  This  note  has  been  prompted  by  the  use  that  Geary  has  made  of  the  roots  of  these 
two  determinantal  equations.  Although  the  proofs  of  the  theorems  in  this  note  are  not  new,  being  merely 
adaptations  of  Hsu's  proof,  and  although  parts  of  the  theorems  have  been  anticipated  by  Gearv  and 
others,  it  seems  useful  to  give  these  results  explicitly  for  the  benefit  of  other  investigators,  and  to  verify 
that  they  can  be  derived  rigorously.  The  note  concludes  with  some  remarks  about  the  models  of  Geary 
and  Tintner,  and  an  indication  of  more  general  conditions  under  which  the  theorems  hold.” 

References:  Fisher  (1939),  Hsu  (1939,  1941a, b),  Anderson  (1945),  Tintner  (1945).  Geary  (1948). 

Citation:  Geary  1 1948). 

* Bartlett.  M.  S.  ( 1948).  Internal  and  external  factor  analysis.  British  Journal  of  Psychology,  Statistical 
Section  1,  73-81. 

Summary:  The  author  notes  that  he  has  discussed  and  illustrated  at  some  length  elsewhere  |Bartlett 
) 1 947b > J the  mutual  relation  between  two  sets  of  variables  (Hotelling  (1936b)].  He  stresses  that  the 
canonical  transformation  of  one  group  of  variables  into  "factors”  is  made  with  reference  to  an  external 
criterion,  the  other  group  of  variables;  for  that  reason  he  refers  to  it  as  an  external  factor  analysis,  in 
contrast  with  the  internal  canonical  or  factor  analysis  of  a single  set  of  variables.  He  discusses  some  tests 
of  significance  to  be  applied  to  the  roots  of  a determinantal  equation:  ( 1 ) a X'  approximation  for  the 
significance  of  the  k smallest  roots  and  (2)  the  significance  of  the  ratio  of  the  two  smallest  roots.  He 
tabulates  the  5 ’ i and  V i critical  values  of  this  ratio  for  external  and  internal  analysis  with  degrees  of 
freedoms  = 1(1)10(2(20(5)50(10)100. 

References:  Hotelling  1 1933,  1936b),  Wilks  1 1943).  Bartlett  1 1947b>. 

* Cox,  D.  R.  i 1948).  A note  on  the  asymptotic  distribution  of  range.  Biometrika  35,  310-315.  i MR  10,  466). 
Summary:  The  author  writes  i Introduction  and  summary,  p 310):  "In  a recent  paper  Elfving  ( 1947  > has 
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given  an  asymptotic  form  for  the  distribution  of  range  in  large  samples.  In  the  present  note,  two  other 
methods  of  obtaining  an  asymptotic  form  for  the  range  distribution  are  discussed  which  have  the 
advantage  of  being  expressed  directly  in  terms  of  the  range,  while  Elfving's  form  involved  a non-linear 
transformation  of  range.  Numerical  results  are  given  for  a normal  population  comparing  the  exact 
distribution  of  range  with  the  two  approximations  discussed  here,  and  with  Elfving’s  approximation.” 
The  two  methods  discussed  by  the  author  are  ( 1 ) derivation  from  the  results  of  Fisher  & Tippett  ( 1928 ) on 
the  distribution  of  extremes,  which  was  previously  discussed  in  detail  by  Gumbel  ( 1947),  as  the  author 
acknowledges  in  a footnote  and  (2)  an  asymptotic  form  obtained  by  the  method  of  steepest  ascents.  The 
author  tabulates  the  exact  values  of  the  mean,  standard  deviation,  /3,  and  fiz  for  the  range  of  normal 
samples  of  size  n = 10,  20,  50,  100,  500.  1000,  together  with  the  results  of  method  ( 1 ) for  the  same  values 
of  n and  those  of  method  (2)  and  Elfving’s  approximation  for  n = 20,  50.  The  results  for  method  (2)  are 
more  accurate  than  those  for  method  (1)  [Gumbel’s  method)  but  less  accurate  than  those  for  Elfving’s 
method. 

References:  Tippett  ( 1925),  E.  S.  Pearson  ( 19261,  Fisher  & Tippett  < 1928),  K.  Pearson  ( 1931 ),  Pearson 
& Hartley  (1942),  Elfving  (1947),  Gumbel  (1947). 

* Eisenhart,  Churchill:  Deming,  Lola  S.:  Martin,  Celia  S.  ( 1948a).  The  probability  points  of  the  distribu- 
tion of  the  median  in  randon  samples  from  any  continuous  population  labstract).  Annals  of  Mathemati- 
cal Statistics  19,  598-599. 

Summary:  The  authors  write  (pp.  598-599):  "The  abscissa  of  the  (one-tail)  e-probability  point  of  the 
distribution  of  the  median  in  random  samples  of  size  n = 2m  + 1 ( m > 0)  from  any  continuous  population 
is  identical  with  the  abscissa  of  the  corresponding  Pf,n-probability  point  of  the  parent  distribution,  where 
Pftn  is  determined  by  ( 1)  m + n 2 Cj  pkn  1 1 ~ P(,,n)n~k  = e,(0<esll.  From  ( 1)  it  follows  that  (2)  Pi_f,n 
= 1 - P,.  nand  that  (3)  Pen  = xE(n  + 1,  n + 1)  = |1  +Ff.  (n  + 1,  n + 1 )]“ 1 = {1  + exp[2ZP(n  + 1,  n + 1 )]}~', 
where  xf  (i>„  e2),  Fs  ( */,,  i/2)  and  Zf.  (i>„  e2)  denote  the  e-probability  points  of  the  incompete-beta-function 
distribution,  Snedecor’s  F-distribution  and  Fishers’s  z-distribution,  for  r,  ( =2q)  and  e2  ( =2p) 'degrees  of 
freedom’,  respectively.  The  foregoing  results  are  certainly  not ’new’:  Harry  S.  Pollard  >|(  1934)]  implicitly 
used  the  first  equality  on  the  extreme  left  of  (3)  . . .,  and  John  H.  Curtiss  (1943))  has  given  the 
generalization  of  ( 1 ) appropriate  to  the  case  of  the  'r  th  position'  in  random  samples  from  any  continuous 
population  . . . and  utilized  (3)  explicitly  to  obtain  the  5rf  point  of  the  distribution  of  the  median  in 
random  samples  of  size  n = 23.  The  aim  of  the  present  paper  is  to  give  these  results  somewhat  greater 
publicity — they  are  hardly  'well-known’.  To  this  end  a table  ...  is  given  of  the  values  of  Pt  n to  5 
significant  figures  for  e = 0.001,  0.005,  0.01,  0.025,  0.05,  0.10,  0.20,  0.25  and  n = 3(2)15(  10)95,  together 
with  expressions  from  which  P n can  be  evaluated  accurately  and  conveniently  for  values  of  n (and  el  not 
included  in  the  table.  Numerical  examples  illustrate  the  use  of  the  table  and  formulas.  Concise 
derivations  of  the  fundamental  relations  and  formulas  are  given  in  an  appendix.” 

Note:  The  full  text  and  tables  (slightly  edited)  of  this  paper  and  the  two  succeeding  ones  were  published 
much  later  |Eisenhart.  Deming  & Martin  (1963)). 

References:  Pollard  ( 1934 ),  Curtiss  (1943). 

Citation:  Eisenhart,  Deming  & Martin  (1948b). 

* Eisenhart,  Churchill:  Deming,  Lola  S.;  Martin,  Celia  S.  ( 1948b).  On  the  arithmetic  mean  and  the  median 
in  small  samples  from  the  normal  and  certain  non-normal  populations  (abstract).  Annals  of  Mathemati- 
cal Statistics  19,  599-600. 

Summary:  The  authors  write  (pp.  599-600):  "Let  x,  n and  x,.  n denote  the  abscissae  of  the  one-tail 
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c-probability  points  of  the  arithmetic  mean  and  the  median,  more  specifically,  the  abscissae  exceeded 
with  probability  e by  the  mean  and  the  median,  respectively,  in  random  samples  of  size  n ( = 2m  + 1 ) from 
any  specified  population,  and  let  o-xn  and  o-jn  denote  the  standard  deviations  of  the  mean  and  the  median 
in  such  samples,  respectively.  The  following  symmetrical  populations  with  zero  location  parameters  and 
unit  scale  parameters  are  considered  in  this  paper:  normal  (Gaussian)  exp(  - x2  / 2)/\'2tt , — * < x < x; 
double-exponential  (Laplace)  exp(  — |x|)/2,  — x < x s x;  rectangular  (uniform)  1,  - l/2sx<  1/2;  Cauchy 
[77  ( 1 + x2)]-',  -x  < x<  x;  sech  (sech \)hr,  — * < x < x;  sech  2 (derivative  of 'logistic’)  sech2x/2,  -x  s x < x. 
Using  the  basic  table,  relating  probability  points  of  the  distribution  of  the  median  to  probability  points  of 
the  parent  distribution,  given  . . . [by  Eisenhart,  Deming  & Martin  (1948a)],  values  of  xf.n  for  random 
samples  from  each  of  the  above  distributions  have  been  evaluated,  and  are  tabulated  to  5 decimal  places 
in  the  present  paper,  for  n = 3(2)15(  10)95  and  e = 0.001,  0.005,  0.01,  0.025,  0.05,  0.10,  0.20,  0.25.  In  the 
case  of  the  normal  distribution,  values  of  xe  n to  5 decimal  places  are  given  also  for  the  aforementioned 
combinations  of  e and  n.  Comparison  of  the  values  of  xen  and  xE,n  gives  precise  numerical  meaning  to  the 
well-known  lesser  accuracy  of  the  median  as  an  estimator  of  the  center  of  a normal  population,  for 
samples  of  any  odd  size  (n  = 2m  + 1). . . In  the  case  of  the  double-exponential  distribution,  values  of  xE„ 
are  given  to  4 decimal  places  for  n = 3(2)11,  and  e = 0.005,  0.01,  0.025,  0.05,  0.10,  0.25,  for  comparison 
with  the  corresponding  values  of  xe>n.  It  is  found  that  when  n = 3,  xe  3 < x,.^  for  = 0.005,  0.01,  and  0.025, 
indicating  that  in  random  samples  of  3 from  a double-exponential  distribution  the  arithmetic  mean 
furnishes  narrower  confidence  limits  for  the  center  of  the  distribution  at  0.95,  0.98  and  0.99  levels  of 
confidence.  When  n = 5,  the  mean  is  'better’  at  the  .98  and  .99  levels  of  confidence;  and,  when  n = 7,  at  the 
0.99  level.  For  all  other  combinations  of  e and  n(>  3),  the  median  is 'better’.  In  the  case  of  the  rectangular 
distribution,  values  of  xE  n are  tabulated  to  4 decimals  for  n =3(2)9  and  values  of  xf  n,  the  ^-probability 
point  of  the  mid-range  in  samples  of  n,  for  n = 3(2)15(  10)95,  in  each  instance  for  e = 0.005,  0.01,  0.025, 
0.05,  0.10,  0.25,  and  in  the  case  of  xe  n for  e = 0.001  also.  The  superiority  of  the  midrange  over  the  mean 
and  the  median,  well-known  but  here  exhibited  numerically  for  the  first  time,  is  truly  amazing.  . . .” 

Note:  See  note  on  preceding  paper. 

Reference:  Eisenhart,  Deming  & Martin  (1948a). 

* Eisenhart,  Churchill;  Martin,  Celia  S.  ( 1948).  The  relative  frequencies  with  which  certain  estimators  of 
the  standard  deviation  of  a normal  population  tend  to  underestimate  its  value  (abstract).  Annals  of 
Mathematical  Statistics  16,  600. 

Summary:  The  authors  write  (p.  600):  "Let  x,,  x2,  . . .,  xn  denote  a random  sample  of  n independent 
observations  from  a normal  population  with  mean  p.  and  standard  deviation  <r.  Common  estimators  of  a 
are  s,  = VS1’  , ( xt  — x )2  / n,  s2  = s,  Vn  / (n  - 1),  s3  = s,  /c2,  m,  = \/nl  2 S’1 . , |x,  - x|  / n,  m2  = m,  Vn  / (n  - 1 ), 
and  R,  = ( x,  - xs)/d2,  where  x = 2^,  xt/  n,  x,  is  the  largest  and  xs  the  smallest  of  the  x’s,  c2  = Els,),  and  d2 
= E(x,  — xs)  ....  A table  is  given  that  shows  to  3 decimals  the  relative  frequencies  (probabilities)  with 
which  these  estimators  tend  to  underestimate  a when  n = 2(  1)10,  12,  15,  20,  24,  30,  40,  60.  The  results 
show  among  other  things  that,  for  very  small  samples  (n  < 10)  such  as  chemists  and  physicists  commonly 
use,  Bessel’s  formula  for  the  probable  error,  which  is  based  on  s2,  has  a marked  downward  bias  in  the 
probability  sense  (in  addition  to  its  known  slight  downward  bias  in  the  mean  value  sense),  whereas 
Peters’  formula,  which  is  based  on  m2,  has  only  a slight  downward  bias  in  the  probability  sense  and  no 
bias  in  the  mean  value  sense.  A table  of  divisors  is  given  bv  means  of  which  'median  estimators'  of  it  can 
be  computed  readily  from  the  basic  quantities  2?  , ( x,  x )-’,  2’’  , |x,  - x|,  and  (x,  — xN),  that  is,  estimators 
that  will  over-and  under-estimate  it  equally  often  in  repeated  use.  An  application  to  control  charts  is 
noted.  Median  estimators,  like  maximum  likelihood  estimators  ('modal  estimators')  have  the  useful 
property  that  if  T,  is  a median  estimator  of  h,  then  f(T|2i  is  a median  estimator  of  fifll.a  property 
unfortunately  not  possessed  by  the  customary  'unbiased'  I’mean'i  estimators." 
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Note:  See  note  on  paper  bv  Eisenhart,  Deming  & Martin  ( 1948a). 

* Epstein.  Benjamin  (1948a).  Statistical  aspects  of  fracture  problems.  ■Journal  of  Applied  Physics  19, 
140-147.  (MR  9,  360). 

Summary:  The  author  writes  (Abstract,  p.  1 40  >:  "In  recent  years  there  has  been  an  increasing  interest 
in  the  development  of  statistical  theories  of  strength.  A main  aim  of  these  theories  is  to  explain  in  a 
reasonable  way  such  things  as  the  dependence  of  the  strength  of  specimens  on  their  volume  or  length.  In 
this  paper  it  is  pointed  out  that  the  problems  posed  by  these  models  are  equivalent  to  an  important 
problem  in  mathematical  statistics,  namely,  the  distribution  of  the  smallest  value  in  samples  of  size  n 
drawn  from  a population  having  some  probability  density  function  fix).  The  calculations  made  by 
mathematical  statisticians  give  a far  more  complete  description  of  the  results  to  be  expected  than  do  the 
estimates  to  be  found  up  to  now  in  the  technical  literature."  After  reviewing  the  work  of  Griffith  ' 1920, 
1924),  Peirce  (1926),  Weibull  (1939a,  b),  Kontorova  (1940),  Kontorova  & Frenkel  < 1 94 1 1 |Frenkel  & 
Kontorova  ( 1943)]  and  Davidenkov,  Shevandin  & Wittmann  i 1947 1 on  the  "weakest  link"  concept , that  of 
Tippett  1 1925),  Fisher  & Tippett  1 1928)  and  Gumbel  1 1935a,  1937a,  1941a ' on  extreme- value  theory  and 
that  of  Daniels  ( 1945)  on  the  statistical  theory  of  bundles  of  threads,  the  author  gives  his  own  exposition 
of  the  statistical  theory  of  extreme  values.  In  his  concluding  remarks,  he  writes  (pp.  146-147 ):  "When  one 
looks  at  the  problem  of  fracture  in  its  most  general  setting  it  is  clear  that  the 'weakest  link'  concept,  when 
applicable,  may  be  the  key  to  the  occurrence  of  certain  observed  relationships  between  the  strength  of 
specimens  and  their  size.  . . . From  a statistical  point  of  view,  certain  phenomena,  which  may  on  the 
surface  appear  to  be  different,  are  really  equivalent  since  they  lead  in  each  instance  to  the  same  problem, 
namely,  the  distribution  of  the  smallest  value  in  large  samples.  Now.  it  is  not  unreasonable  to  suppose 
that  the  distribution  of  strengths  due  to  flaws  is  Gaussian  or  perhaps  more  generally  of  the  form  A 
expi  -B;x -M'1’)  for  large  values  of  jx-ju|  (where  A,  B.  p.  and  p are  positive  constants).  Under  such 
hypotheses  statistical  theory  leads  to  the  prediction  that  the  most  probable  value  of  the  smallest  value  in 
samples  of  size  n must  decrease  as  (log  n)1  ^and  that  the  distribution  of  smallest  values  in  samples  of  size 
n must  be  negatively  skewed. . . . One  other  important  point  that  we  wish  to  emphasize  is  that  one  should 
not  expect  the  'weakest  link'  hypothesis,  attractive  as  it  may  be.  to  explain  all  phenomena  relating  to  the 
strength  of  materials.  In  the  first  place  it  is  implicitly  assumed  in  this  paper  that  the  flaws  are  all 
independent  and  do  not  in  any  way  influence  each  other.  There  are  physical  situations  (for  example, 
notched  specimens]  where  such  an  assumption  is  not  justified.  In  the  second  place  there  have  been 
attempts  (see,  for  example,  A.  M.  Freudenthal  [i  1946i]i  to  apply  the  weakest  link  concept  tothe  study  of 
the  fatigue  of  materials.  We  believe  that  such  an  attack  is  basically  incorrect  even  if  it  leads  to  the 
prediction  of  relationships  which  agree  reasonably  well  with  what  is  found  in  nature.  For  example,  the 
relat  ion. ship  between  the  length  of  time  required  to  break  a speci  men  and  the  applied  load  is  in  its  very 
essence  a time-dependent  problem.  The  specimen  is  changing  and.  therefore,  any  essentially  static 
approach  which  uses  the 'weakest  link' concept  without  modification  leaves  out  certain  basic  features 
of  the  process. 

References:  Griffith  ' 1920,  1924).  Tippett  ( 1925i,  I’eirce  1 1 926 1.  Fisher  & Tippett  ( 1928).  K.  Pearson 
' 1931  '.  Gumbel  ( 1935a.  1937a).  Weibull  1 1939a,  hi.  Kontorova  1 1940).  Gumbel  ( 1941a).  Kontorova  & 
Frenkel  il941)  |Frenkel  & Kontorova  1 1943 ) |.  Daniels  (1945).  Cramer  (1946).  Freudenthal  (1946). 
Davidenkov,  Shevandin  & Wittmann  < 1 947 ). 

Citations:  Epstein  i 1948b).  Epstein  & Brooks  1 1948i,  Epstein  1 1949a'.  Peterson  1 1949a. b). 

Epstein.  Benjamin  i 1948hi.  Application  of  the  theory  of  extreme  values  in  fracture  problems.  Journal  of 
the  American  Statistical  Association  43,  403-412. 

Summary:  This  paper  covers  much  of  the  same  material  as  the  preceding  one  (Epstein  ( 1948a'|.  The 
author  shows  that  the  theory  of  extreme  values  is  pertinent  to  the  treatment  of  certain  aspects  of 
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fracture  or  breakdown  of  materials  used  in  modern  technology  and  makes  an  attempt  to  integrate  some 
of  the  results  scattered  throughout  the  statistical  literature.  He  writes  ipp.  403-404):  "In  essence,  all  the 
statistical  models  proposed  in  the  study  of  fracture  take  as  a starting  point  Griffith’s  theory  [Griffith 
(1920,  1924)]  which  states  that  the  difference  between  the  calculated  strengths  of  materials  and  those 
actually  observed  resides  in  the  fact  that  there  exist  flaws  in  the  body  which  weaken  it.  Accepting  this 
point  of  view  is  equivalent  to  assuming  that  there  will  be  a distribution  of  strengths  in  a given  specimen 
in  the  sense  that  a different  amount  of  force  will  be  needed  to  fracture  a specimen  at  one  or  another  point. 
There  are  many  physical  situations  where  failure  at  one  point  means  failure  of  the  entire  specimen.  But 
this  simply  means  statistically  that  it  is  the  worst  flaw  among  N flaws  (where  N is  the  number  of  flaws  in 
the  specimen  i which  determines  the  strength  of  a specimen  and  therefore  the  theory  of  extreme  values  is 
immediately  applicable.  Clearly  N increases  as  the  specimen  size  increases  and,  therefore,  the  depen- 
dence of  strength  on  specimen  size  is  equivalent  statistically  to  the  problem  of  how  the  distribution  of 
smallest  (or  largest)  values  depends  on  N.  Generally  speaking,  asymptotic  theory  is  applicable  since  N, 
the  number  of  flaws,  is  large  in  most  practical  problems.”  The  author  proceeds  to  summarize  work  on  the 
strength  of  materials  bv  Peirce  (1926),  Weibull,  ( 1939a, b),  Kontorova  (1940),  Kontorova  & Frenkel 
( 1941 1 (Frenkel  & Kontorova  ( 1 943 ) |,  Davidenkov,  Shevandin  & Wittmann  1 1947)  and  other  authors,  as 
well  as  the  related  work  on  the  theory  of  extreme  values  by  Tippett  ( 1925),  Fisher  & Tippett  ( 1928), 
Gumbel  (1935a)  and  others.  He  gives  the  asymptotic  distributions  of  smallest  and  largest  values  in 
samples  of  size  n in  large)  for  the  distributions  of  Laplace,  Gauss,  and  Weibull  and  the  mode,  the  mean, 
and  the  variance  for  each  of  these  asymptotic  distributions. 

References:  Griffith  (1920,  1924),  Peirce  (1926),  Fisher  & Tippett  (1928),  Gumbel  (1935a,  1937a), 
Weibull  ( 1939a, b),  Kontorova  (19401,  Gumbel  (1941a),  Kontorova  & Frenkel  (1941)  (Frenkel  & Kon- 
torova (1943)],  Tucker  (1941),  Daniels  (1945),  Cramer  ( 1946 ),  Davidenkov,  Shevandin  & Wittmann 
(1947),  Fisher  & Hollomon  (1947),  Epstein  (1948a),  Epstein  & Brooks  (1948). 

* Epstein,  Benjamin;  Brooks,  Hamilton  (1948).  The  theory  of  extreme  values  and  its  implications  in  the 
study  of  the  dielectric  strength  of  paper  capacitors.  Journal  of  Applied  Physics  19,  544-550. 

Summary:  The  authors  apply  the  theory  of  extreme  values  to  the  study  of  the  dielectric  strength  of 
paper  capacitors  and  its  dependence  on  capacitor  size.  The  statistical  theory  presented  is  essentially  the 
same  as  in  the  two  preceding  papers  (Epstein  ( 1948a, b ) ],  except  that  interest  now  centers  in  the 
distribution  of  largest  (rather  than  smallest)  values.  The  reason  for  this  is  given  in  the  following 
statement  (p.  545):  "Since  the  dielectric  strength  of  a capacitor  in  the  immediate  neighborhood  of  a 
conducting  particle  is  determined  by  the  size  of  the  particle,  it  is  immaterial  from  a statistical  point  of 
view  whether  one  considers,  on  the  one  hand,  the  distribution  of  dielectric  strengths  in  the  neighborhood 
of  flaws,  or  on  the  other,  the  distribution  of  the  sizes  of  the  conducting  particles.  In  this  paper  it  will  prove 
convenient  to  study  the  distribution  of  dielectric  strengths  of  capacitors  by  considering  the  distribution 
of  the  largest  values  in  samples  of  size  n drawn  from  a population  of  conducting  particles  following  some 
size  distribution  law  described  by  a continuous  probability  density  function  fix)."  The  authors  write 
down  the  basic  formulas  for  such  a distribution.  In  applying  the  results  to  the  dielectric  strength  of 
capacitors,  they  assume,  on  the  basis  of  empirical  evidence,  that  the  size  distribution  of  conducting 
particles,  fix),  is  of  exponential  type  fix)  = \e  *x,  x>  0. 

References:  Griffith  (1920,  1 924 ).  Peirce  (1926),  Fisher  & Tippett  (1928),  Gumbel  (1935a,  1937a, 
1941a),  Cramer  ( 1946).  Epstein  ( 1948a). 

Citations:  Epstein  1 1948b,  1949a). 

* Feller,  W.  1 1948i.  On  the  Kolmogorov-Smirnov  limit  theorems  for  empirical  distributions.  Annals  of 
Mathematical  Statistics  19,  177-189;  corrections,  21  (1950),  301-302.  (MR  9,  599;  11,  674). 
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Summary:  The  author  writes  (Summary,  p.  177):  "Unified  and  simplified  derivations  are  given  for  the 
limiting  forms  of  the  difference  (1)  between  the  empirical  distribution  of  a large  sample  and  the 
corresponding  theoretical  distribution  and  (2)  between  the  distributions  of  two  large  samples.”  He 
defines  the  empirical  distribution  of  the  ordered  sample  X*  s XJ  s . . . s XJ  from  a distribution  with 
c.d.f.  Fix)  to  be  the  step  function  SN(x)  = Oforx<Xf  ,Ss(x>  = k/N  for  X*  <x<X£+1,  SN(x)  = 1 for  x > XJ  . 
He  gives  simplified  proofs  of  the  following  theorems:  Theorem  1 (Kolmogoroff  [( 1933)]).  Suppose  that 
F(x)  is  continuous  and  define  the  random  variable  DNby  DN  = l.u.b.  |SN(x)  - F(x)|.  Then  for  every  fixed  z > 
0 as  N — » =c,  pr  {Dn  s z N-1/2}  — » L(z)  where  L(z)  is  the  cumulative  distribution  function  which  for  z > 0 is 
given  by  either  of  the  following  equivalent  relations,  L(z)  = 1-2  (-D'-'e-*'  = i2v)m  z~‘  = j 

e-i2»-i»v/8i;  For  z <0we  have,  of  course,  L(z)  = 0.  Theorem  2 (Smirnov  [( 1939a,  b)]).  Let  (X„  . . . , Xmi  and 
( Y,,  . . . , Yn)  be  two  samples  of  mutually  independent  random  variables  having  a common  continuous 
distribution  F(x).  Let  Sm(x)  and  Tn(x)  be  the  corresponding  empirical  distribution  functions  and  define  a 
new  random  variable  Dra  nby  Dm  „ = l.u.b.  |Sm  (x)  - Tn(x)|.Put  N = mn/(m  + n)  and  suppose  that  m — » x,  n 
— » * so  that  m/n  — * a,  where  a is  a constant.  Then  for  every  fixed  z > 0,  Pr  {Dm,n  s z N~1/2}  — » L(z),  where 
L(z)  is  the  same  as  in  Theorem  1.  He  also  proves  the  following  theorem.  With  the  notations  and 
assumptions  of  Theorem  1 let  D+  = l.u.b.  {S„(x)  - F(x>}.  Then  Pr  {D*  « z N-1'2}  — > 1 - e-2*2. 

Comments:  The  compiler  has  already  pointed  out,  in  his  comments  on  the  paper  by  Smirnov  ( 1939b), 
that  Dm  n does  not  depend  upon  the  order  statistics  of  either  of  the  two  samples,  but  only  on  the  ranks  of 
the  observations  from  the  two  samples  in  the  combined  sample.  However,  because  the  statistic  Dm  n has 
the  same  limiting  distribution  as  the  statistic  DN,  which  does  depend  upon  the  sample  order  statistics, 
papers  dealing  with  Dm  n,  and  not  just  those  dealing  with  DN,  are  included  in  this  bibliography. 

References:  von  Mises  (1931),  Kolmogoroff  (1933),  Smirnov  (1939a,b),  Kolmogoroff  (1941). 

Citations:  Smirnov  (1948),  Chung  (1949),  Dobb  (1949),  Kac  (1949),  Maniya  (1949). 

* Frankel,  Jacob  Porter  ( 1948).  Relative  strengths  of  Portland  cement  mortar  in  bending  under  various 
loading  conditions.  Proceedings  of  the  American  Concrete  Institute  45,  21-32;  discussion,  32-1-32-5. 

Summary:  The  author  compares  the  results  of  applying  the  theory  of  Tucker  (1927,  1941),  based  [the 
author  says]  on  the  normal  distribution,  and  that  of  Weibull  ( 1939a, b),  based  on  the  Weibull  distribu- 
tion, to  the  relative  strengths  of  mortar  in  bending.  According  to  Weibull’s  theory,  the  probability  P of 
rupture  is  given  by  P = 1 - exp{-kV[(S-S^)/S0]m},  where  k is  a constant  depending  on  the  method  of 
loading,  V is  the  volume  of  the  specimen,  S is  the  applied  stress,  is  the  minimum  stress  (location  or 
threshold  parameter)  below  which  no  rupture  will  occur,  S0  is  a particular  stress  constant  (scale 
parameter),  and  m is  a (shape)  parameter  to  be  determined.  The  author  states  that  Tucker’s  theory  is 
essentially  a special  case  of  Weibull’s  with  m = 2.  On  the  basis  of  tests  performed  on  99  small  mortar 
beams  under  sixth-,  third-,  and  center-point  loading,  he  finds  that  m = 2.9  and  that  there  is  excellent 
agreement  between  Weibull’s  theory  and  the  experimental  findings.  Further  light  is  shed  on  the  relative 
strengths  and  weaknesses  of  the  two  theories  ( Weibull’s  and  Tucker’s)  by  the  discussion,  which  consists 
of  comments  by  Tucker  and  a closure  by  the  author.  Of  particular  interest  is  Tucker’s  assertion  that  the 
author’s  statement  that  he  (Tucker)  assumes  a normal  strength  distribution  is  incorrect;  he  states  that 
the  only  essential  in  his  philosophy  is  the  author’s  Eq.  (2),  1 — Pv  = ( 1 — P0)\  where  P„  is  the  probability 
of  failure  of  a unit  volume  and  Pv  that  of  a specimen  of  volume  V. 

Comments:  The  author’s  statements  that  Tucker's  theory  is  based  on  the  normal  distribution  and  that  it 
is  a special  case  of  Weibull’s  for  m = 2 are  inconsistent,  since  the  Weibull  distribution  is  not  normal  for 
shape  parameter  m = 2 (or  for  any  other  value  of  m);  it  has  skewness  a:,  = 0 form  = 3.6,  while  = .631  for 
m = 2.  Tucker’s  denial  that  his  theory  is  based  on  the  normal  distribution  resolves  the  discrepancy. 

References:  Tippett  (1925),  Tucker  (1927),  Weibull  ( 1939a, b),  Tucker  (1941.  1945a, b). 
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GartsteYn,  B.  N.  ( 1948 ).  On  certain  limit  laws  for  the  range.  (Russian).  Doklady  Akademii  Nauk  SSSR 
(N.  S.)  60  (7),  1119-1121.  (MR  10,  51). 


Summary:  Let  the  random  values  of  a finite  sequence  ■■■,£„  be  independent  and  have  the  same 
continuous  c.d.f.  (cumulative  distribution  function)  Fix).  The  random  value  p„  = £n  ~ Vn  is  called  the 
range,  where  = max  (f„  £>, . . .,  £„),  t)„  = min  (f„  f,, . . .,  £n).  The  author  generalizes  the  work  of  several 
recent  authors,  including  Gumbel  ( 1947)  and  Elfving  ( 1947),  on  the  limiting  distribution  of  the  range. 
Let  4>n(r)  be  the  c.d.f.  of  the  range  p„  and  let  'l'n(r)  = Fn(r)*[l  -F(  — r)]n  be  the  convolution  of  thec.d.f.'sof 
and  -r)„.The  author  states  (without  proof)  Theorem  1:  In  order  for  the  function  4>n(a„u  + bnl,  for  the 
proper  selection  of  the  constants  an  > 0 and  b„,  to  converge  as  n — ► * toward  some  limiting  c.d.f.  d>(u) 
which  is  different  from  the  improper  c.d.f.  which  is  0 for  u < a and  1 for  u > a,  where  a = constant,  it  is 
necessary  and  sufficient  for  'F„(anu  + bn)  to  converge  similarly,  for  the  same  a„  and  bn,  and  in  that  case 
the  two  limiting  c.d.f.’s  coincide.  He  then  imposes  an  additional  limitation  on  the  initial  c.d.f.  Fix), 
namely  that  F(x)  is  such  that  limiting  distributions  of  the  maximum  £n  and  the  minimum  rjn  exist.  He 
points  out  that  Gnedenko  (1943)  has  shown  that  these  limiting  distributions  must  be  of  one  of  the 
following  types:  (1)  d^u)  = 0 for  u < 0,  = e~u  “ for  u > 0;  (2)  4,a(u)  = e~‘~ul<,for  u :=  0,  = 1 foru  > 0;  (3)  X(  u) 
= e"1,  u,  where  a is  a positive  constant.  The  author  then  proves  (with  the  aid  of  a lemma)  Theorem  2:  The 
class  of  possible  limiting  laws  for  convolutions  of  c.d.f.’s  of  the  maximum  and  minimum  terms  consists  of 
laws  of  the  following  six  types:  d>  <u),’F  (u),  X<  u ),  <t>  ( u ) « <t>  (au), 'F  (u)*'F  lau),  A(u>*Aiau),  wherea  = 
constant.  It  follows,  as  a direct  consequence  of  Theorems  1 and  2,  that  the  limiting  distribution  of  range 
can  belong  only  to  one  of  the  indicated  six  types.  The  author’s  results,  together  with  those  of  Gnedenko 
(1943),  make  it  possible  to  obtain  those  of  Gumbel  (1947). 

References:  Gnedenko  (1943),  Elfving  (1947),  Gumbel  (1947). 

* Geary,  R.  C.  ( 1948).  Studies  in  relations  between  economic  time  series.  Journal  of  the  Royal  Statistical 
Society  B 10,  140-158.  (MR  10,  553). 

Summary:  The  author  writes  ( Introduction,  p.  140):  "The  present  paper  owes  its  origin  to  a suggestion 
by  Richard  Stone,  who  . . . was  struck  by  the  fact  that  Harold  Hotelling’s  principal  component  theory 
[Hotelling  ( 1933 ) J depends  on  the  ascertainment  of  the  largest  significant  latent  roots  of  a certain 
determinant,  whereas  in  Gerhard  Tintner’s  theory  [Tintner  ( 1945)]  . . . the  smallest  latent  roots  of  the 
same  determinant  are  utilized.  He  suggested  that  I should  examine  the  genesis  of  the  relationship 
between  the  two  theories,  and  indeed  largely  anticipated  the  findings  at  the  end  of  Section  1 of  this 
paper.”  In  Section  1,  the  author  establishes  the  complementarity  of  the  Hotelling  principal  component 
theory  and  the  Tintner  theory.  In  Section  2,  he  makes  some  observations  on  the  Tintner  theory;  in 
Section  3,  he  develops  a new  theory;  and  in  Section  5,  he  investigates  the  consistency  and  efficiency  of  the 
estimates  of  the  principal  components.  Concerning  these  results,  he  writes  (Summary,  pp.  157-158):  "In 
the  Tintner  theory  of  relations  between  p economic  series  the  incidental  estimates  of  the  systematic 
parts  between  which  r linear  relations  subsist  are  linear  functions  of  the  first  ip-r)  principal  compo- 
nents of  the  original  series  as  observed.  While  the  incidental  estimates  of  the  systematic  parts  are 
consistent,  they  are  not — and  they  are  not  claimed  to  be  bv  Tintner — valid  estimates  because  in  utilizing 
so  many  parameters  in  the  process  of  deriving  the  maximum  likelihood  estimates  they  take  on  to 
themselves  a proportion  of  the  error  variance.  ...  To  overcome  the  difficulty  that  in  the  Tintner  theory 
the  incidental  estimates  of  the  systematic  parts  are  not  satisfactory  ...  a new  theory  is  developed  (in 
section  3)  appropriate  to  the  case  in  which  the  systematic  parts  can  be  estimated  by  an  expansion  in  a 
finite  number  of  orthogonal  functions.  It  is  shown  (in  section  5i  that  in  this  case  the  estimates  of  the 
coefficients  are  more  efficient  than  are  those  found  using  the  Tintner  method.  A X 2 test  is  developed  for 
ascertaining  the  number  of  linear  relations.  The  large  sample  variance  of  the  ratio  of  a pair  of 
coefficients  as  estimated  by  the  method  in  the  many  variable  case  assumes  . . . |a|  remarkably  simple 
form  . . . 

References:  Hotelling  (1933i.  Fisher  & Yates  (1938)119431,  Hsu  1 1941b),  Tintner  (1945),  Anderson 


Citation:  Anderson  (1948). 

* Gumbel,  E.  J.  1 1948).  The  Statistical  Forecast  of  Floods.  Bulletin  No.  15,  Ohio  Water  Resources  Board, 
Columbus. 

Summary:  The  author  writes  (Abstract,  p.  1):  "In  Bulletin  No.  7 of  the  Ohio  Water  Resources  Board,  a 
probability  paper  based  on  the  statistical  theory  of  extreme  values  was  used  for  the  floods.  If  this  theory 
holds,  the  observed  floods  for  a given  stream  plotted  on  this  paper  in  a prescribed  way  are  scattered 
around  a straight  line.  It  is  our  purpose  now  to  trace  this  theoretical  line  to  be  used  for  a statistical 
forecast,  and  to  construct  the  control  curves  valid  for  all  floods.  First  we  show  these  methods  for  an 
arbitrary  continuous  unlimited  distribution  involving  two  constants.  Then  we  apply  it  to  the  floods,  and 
give  a numerical  example.  Finally  we  show  a procedure  deciding  whether  historical,  scattered  records  of 
peaks  may  be  combined  with  continuous  present-day  records  of  floods.”  The  author  discusses  both  the 
construction  of  probability  paper  for  any  specified  continuous  distribution  and  the  plotting  of  points  on 
such  a paper.  Concerning  the  latter,  he  writes  (p.  2):  "The  plotting  positions  F,  and  Fn  of  the  smallest  and 
the  largest  observations  x,  and  xn  are  chosen  as  being  the  probabilities  <t>(x,l  and  <t>(xn)  of  the  most 
probable  smallest  and  largest  values.  The  plotting  positions  of  the  n-2  intermediate  observations  are 
obtained  by  linear  interpolation  between  Fn  and  F,.  A simplification  of  this  procedure  has  recently  been 
proposed  by  B.  F.  Kimball  [( 1946b)].  To  the  m'th  observation  he  attributes  its  mean  frequency  Fm  = 
m/in  + 1).  If  n is  sufficiently  large,  say  at  least  50,  the  difference  between  the  two  procedures  is  small. 
Consequently  Kimball’s  procedure  may  be  used  as  an  alternative  for  large  n.” 

References:  Gumbel  (1935a,  1942c,  1945b),  Kimball  ( 1 946b ). 

Citation:  Press  ( 1949). 

* Higuchi,  Takeru;  Leeper,  H.  M.;  Davis,  D.  S.  1 1948).  Determination  of  tensile  strength  of  natural  rubber 
and  GR-S.  Effect  of  specimen  size.  Analytical  Chemistry  20  (11),  1029-1033. 

Summary:  The  authors  write  (Summary,  p.  1030):  "Peirce’s  equation  [based  on  the  weakest-link 
theory],  which  relates  observed  tensile  strength  of  textile  fibers  with  their  length,  was  found  to  be 
applicable  to  rubberlike  material  if  specimen  volume  is  used  in  place  of  specimen  length.  Experiments  in 
which  the  tensile  strength  of  GR-S  and  natural  rubber  compositions  were  determined  for  a range  of 
specimen  volumes  yielded  results  in  close  accord  with  theory.  A tenfold  increase  in  the  volume  of  the 
material  results  in  a decrease  of  308  and  339  and  of  204  pounds  per  square  inch  in  the  observed  tensile 
strength  of  GR-S  and  comparable  natural  rubber  stocks,  respectively.  The  numerical  magnitudes  of  the 
slopes  of  the  straight  lines  obtained  when  tensile  strengths  were  plotted  against  the  logarithms  of  the 
relative  specimen  volumes  are  shown  to  bear  direct  relationships  to  the  homogeneity  of  the  stocks  under 
test.  The  use  of  a dumbbell  sample  with  a constricted  center  should  result  in  a relatively  simple  means  of 
measuring  quantitatively  the  degree  of  homogeneity  of  rubber  compositions.” 

Reference:  Peirce  (1926). 

* Hill,  L.  R.:  Schmidt,  P.  L.  (1948).  Insulation  breakdown  as  a function  of  area  labstract).  Electrical 
Engineering  67,  76. 

Summary:  The  authors  write  t Abstract,  p.  76):  "It  is  found  in  practice  that  large  areas  of  insulation  have 
a lower  average  breakdown  voltage  and  less  variability  than  small  areas  of  the  same  insulation.  This 
paper  applies  probability  theory  [extreme  value  theory | to  give  a theoretical  explanation  of  this 
phenomenon  on  the  basis  of  insulation  variability,  excluding  electrode  edge  and  contact  effects.  General 
expressions  are  derived  from  which  tables  and  curves  are  calculated  for  rapid  and  easy  translation  from 
a distribution  of  an  elemental  area  to  that  of  n areas  of  insulation  in  parallel." 
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Citations:  Peterson  1 1949a, b). 


* Hoeffding,  Wassily  (1948).  A class  of  statistics  with  asymptotically  normal  distribution.  Annals  of 
Mathematical  Statistics  19,  293-325.  (MR  10,  134). 

Summary:  The  author  writes  (Summary,  p.  293):  "Let  X„  . . . , X„  be  n independent  random  vectors,  X,, 

= (X;1’ X1,'rl),  and  <t>(x,,  . . . ,xm)a  function  of  m ( < n)  vectors  x„  = (x„m, . . . , x,!r>).  A statistic  of  the 

form  U = 2"<t>(  Xa(, ....  XU[n)/  n(n  — l)...(n  — m + 1),  where  the  sum  X"  is  extended  over  all  permutations 

(a am)  of  m different  integers,  1 < <*>  s n,  is  called  a U-statistic.  ...  It  is  shown  that  if  X„  . . . , Xn 

have  the  same  distribution  and  4>(x,, . . . , xm)  is  independent  of  n,  the  d.f.  of  Vn(U  - H ) tends  to  a normal 
d.f.  asn— * xunderthesoleconditionoftheexistenceofEd^lX,,  • • • , Xm).  Similar  results  hold  for  thejoint 
distribution  of  several  U-statistics  (Theorems  7.1  and  7.2),  for  statistics  U'  which,  in  a certain  sense,  are 
asymptotically  equivalent  to  U (Theorems  7.3  and  7.4),  [and]  for  certain  functions  of  statistics  U or  U' 
(Theorem  7.5) . . . . Examples  of  statistics  oftheform  UorU' are  the  moments,  Fisher’s  k-statistics,  [and] 
Gini’s  mean  difference  . . . .”  Concerning  the  mean  difference  and  the  coefficient  of  concentration,  the 
author  writes  (pp.  313-314):  "If  Y,, . . . , Yn  are  n independent  real-valued  random  variables,  Gini’s  mean 
difference  (without  repetition)  is  defined  by  d = 2 „ ^ p |Ya  - Y^l  / n(n  - 1).  If  the  Ya’s  have  the  same 
distribution  F,  the  mean  of  d is  8 = J'f  jy , - y2|  dF(y,>  dF( y2 ),  and  the  variance  . . . is  a'2  (d)  = 2{2£,  (8)  (n  - 
2)  + £2  (8)}/  n(n  - 1),  where  £,  (8)  = f { /|y,  - y2|  dF(y2)}2dF(y,)  - 82,  £2(8)  = //  (y,  - y2)2  dF(y , I dF(y2)  - 82 
= 2cr2  ( Y)  - 82.  . . . U.  S.  Nair  [( 1936 ) ] has  evaluated  cr2  ( d ) for  several  particular  distributions.  By 
Theorem  7.1,  Vn(d  - 8)  is  asymptotically  normal  if  £2  (8)  exists.  If  Y,,  . . . , Yn  do  not  assume  negative 
values,  the  coefficient  of  concentration  (cf.  Gini  [(1914a)])  is  defined  by  G = d/2Y,  where  Y = XY,yn.  G is  a 
function  of  two  U-statistics.  If  the  Ya’s  are  identically  distributed,  if  E{  Y2}  exists,  and  if  g = E{  Y}  > 0, 
then,  by  Theorem  7.5,  Vn(G  - 8/  2g)  tends  to  be  normally  distributed  with  mean  0 and  variance  82  £i  ( /a)  / 
4/x4  - 8^,  ( pt,8>  / /x;‘  + 4,(8)/ /a2,  where  4,  ( /x)  = /y2dF(y)  - /a2  = <r2(  Y),  £,  (/a, 8)  = J7y,  |v,  - y2|dF(y,)dF(y2)  - 
p.8,  and  £,  (8)  is  given  |above|.” 

References:  Yule  ( 1911)  [Yule  & Kendall  ( 1937)],  Gini  ( 1914a),  Nair  ( 1936), "Cramer  ( 1946),  von  Mises 
(1947). 

* Housner,  G.  W.;  Brennan,  J.  F.  ( 1948).  The  estimation  of  linear  trends.  Annals  of  Mathematical  Statistics 
19,  380-388.  (MR  10,  201). 

Summary:  The  authors  write  (Summary  p.  380):  "This  paper  deals  with  the  problem  of  bivariate 
regression  where  both  variates  are  random  variables  having  a finite  number  of  means  distributed  along 
a straight  line.  A regression  statistic  is  derived  which  is  independent  of  change  in  scale  so  that  a prior 
knowledge  of  the  frequency  distribution  parameters  is  not  required  in  order  to  obtain  a unique  estimate. 
The  statistic  is  shown  to  be  consistent.  The  efficiency  of  the  estimate  is  discussed  and  its  asymptotic 
distribution  is  derived  for  the  case  when  the  random  variables  are  normally  distributed.  A numerical 
example  is  presented  which  compares  the  performance  of  the  statistic  in  this  paper  with  that  of  other, 
commonly  used  statistics.  In  the  example  it  is  found  that  the  method  of  estimation  proposed  in  this  paper 
is  more  efficient.”  For  the  case  of  ungrouped  data  (one  sample  point  for  each  x),  the  proposed  estimate  of 
the  regression  coefficient  (slope)  b of  the  line  Y = a + bX  reduces  to  the  form  b = X"_,  y,  ( i - i)/X"=,  x,(i  - i), 
where  the  x’s  are  ordered  bv  magnitude.  In  the  special  case  when  the  x’s  are  equally  spaced,  the  proposed 
estimate  is  identical  with  the  least  squares  estimate. 

Reference:  Wald  (1940). 

* Huzurbazar.  V.  S.  (1948).  The  likelihood  equation,  consistency  and  the  maxima  of  the  likelihood 
function.  Annals  of  Eugenics  14,  185-200.  (MR  10,  388). 
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Summary:  The  author  writes  (Summary,  pp.  199-200):  "It  is  shown  under  fairly  general  conditions  that 
the  probability  that  the  likelihood  function  of  a sample  of  n independent  observations  from  a distribution 
has  a maximum  approaches  certainty  as  n — » x,  thus  justifying  in  general  terms  the  word  ’maximum’ 
appearing  in  'Maximum  Likelihood’.  . . . Interest  lies  in  a stationary  maximum  when  the  range  is 
independent  of  the  parameter  and  in  a terminal  maximum  (i.e.  a maximum  occurring  at  an  end-point  of 
an  interval)  when  the  range  depends  upon  the  parameter  (except  in  the  case  discussed  in  §6.2  of  this 
paper  [the  case  1(0)  =0,  where  1(0)  = E{  (0/00)  logf(x,  0)}  = a’fla,  0)  - b’f(b,  0)  and  f(x,  0)  is  the  p.d.f.  of  the 
distribution  under  consideration,  with  range  ( a, b),  a and  b being  functions  of  0])  because  it  is  with  them 
that  the  optimum  properties  of  consistency  and  efficiency  are  associated  in  the  respective  cases  in 
general.  It  is  proved  that  when  the  range  is  independent  of  the  parameter,  a consistent  solution  of  the 
likelihood  equation  is  unique.  When  the  range  depends  upon  the  parameter,  the  likelihood  equation  has 
no  consistent  solution  under  certain  conditions.  But  then  the  two  extreme  observations  in  a sample  play 
the  almost  analogous  role  of  the  likelihood  equation  in  providing  a fairly  good  consistent  estimator 
(except  in  the  case  of  §6.2  where  again  the  likelihood  equation  triumphs).  It  is  pointed  out  that  under 
general  conditions  the  actual  proof  of 'maximum’  follows  that  of 'consistency’.  The  statement  'Maximum 
likelihood  estimators  are  consistent’,  familiar  in  the  literature,  would,  with  due  regard  to  the  logical 
order  in  which  things  can  be  actually  proved  under  general  conditions,  run  as  'The  consistent  solution  of 
the  likelihood  equation  when  the  range  is  independent  of  the  parameter,  as  well  as  the  consistent 
estimator  provided  by  the  two  extreme  observations  in  a sample  when  the  range  depends  on  the 
parameter,  is  a maximum  of  the  likelihood  function  with  a probability  approaching  certainty  as  n — * x.” 
In  Section  5.2,  the  author  quotes  a simple  theorem  on  order  statistics  first  proved  by  Dodd  ( 1923)',  and  in 
Section  5.3,  he  obtains  the  limiting  forms  of  the  greatest  and  the  smallest  members  in  a sample  and 
formulae  for  the  order  of  their  variances  in  large  samples. 

References:  Fisher  (1922),  Dodd  (1923),  Pitman  (1936),  Kendall  (1943)  (1945),  Cramer  (1946).  ( 

* Jones,  Howard  L.  (1948).  Exact  lower  moments  of  order  statistics  in  small  samples  from  a normal 
distribution.  Annals  of  Mathematical  Statistics  19,  270-273.  (MR  9,  601). 


Summary:  The  author  writes  (Summary,  p.  270):  "Exact  means  in  samples  of  size  < 3,  and  exact  second 
moments  and  product-moments  in  samples  of  size  s 4,  are  given  ...  in  terms  of  it  for  order  statistics 
selected  from  the  normal  distribution  N(0,  1).  The  derivation  employs  multiple  integration  and  some 
general  properties  of  the  moments.”  The  following  general  properties  are  used:  E(x,)  = — E(xn  .,+,>,Eix,2> 
= EiV^*,).  E(x,x,)  = E(xn_l  + 1xn^+|),S"rl1S"=i*l  E(x,Xj)  = 0,2,1,  E(x,l  = 0. 21,  E(x,2)=n,  2,1,  E(x,x,)  = l(i  = 
1,  2 n). 


References:  Cramer  (1946),  Hastings,  Mosteller,  Tukey  & Winsor  (1947). 
Citations:  Godwin  (1949a),  Nair  (1949a). 


* McAdam,  D.  J.,  Jr.:  Geil,  G.  W.;  Woodard,  D.  H.;  Jenkins,  W.  D.  ( 1948).  Influence  of  size  and  the  stress 
system  on  the  flow  stress  and  fracture  stress  of  metals.  Metals  Technology  15,  Technical  Paper  No.  2373. 
(AMR  2 #738). 


Summary:  The  authors  study  the  applicability  of  the  statistical  theory  of  fracture  and  the  size  effect 
(based  on  the  assumption  that  fracture  is  determined  bv  the  largest  defect)  to  ductile  metals.  After 
reviewing  the  work  of  Griffith  1 1920),  Weibull  (1939a),  Kontorova  & Frenkel  (1941),  Davidenkov, 
Shevandin  & Wittmann  (1947),  and  Fisher  & Hollomon  ( 1947),  they  present  the  results  of  their  own 
experimental  investigation  on  notched  and  unnotched  specimens  of  oxygen-free  copper  and  of  carbon 
steel.  They  state  the  following  conclusions  ip.  11):  "The  statistical  theory  of  fracture  is  not  applicable  to 
the  fracture  of  metals  after  even  slight  plastic  deformation.  Since  the  use  of  notched  specimens  for  the 
investigation  of  the  influence  of  the  stress  system  on  fracture  requires  enough  ductility  to  relieve  most  of 
the  stress  concentration,  the  statistical  theory  is  not  applicable  to  such  fractures.  The  results  of  this 
investigation,  in  which  notched  and  unnotched  specimens  varying  greatly  in  size  were  tested  to  fracture. 
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show  conclusively  that  the  increase  in  the  fracture  stress  with  increase  in  the  sharpness  of  the  notch  is 
due  to  the  increase  in  the  ratio  of  transverse  to  longitudinal  tensile  stress,  not  to  a size  effect.” 


References:  Griffith  (1920),  Weibull  (1939a),  Kontorova  & Frenkel  (1941)  [Frenkel  & Kontorova 
(1943)],  Davidenkov,  Shevandin  & Wittmann  (1947),  Fisher  & Hollomon  (1947). 

* Murphy,  R.  B.  ( 1948).  Non -para  metric  tolerance  limits.  Annals  of  Mathematical  Statistics  19,  581-589. 

(MR  10,  414). 

Summary:  The  author  writes  (Summary,  p.  581):  "In  this  note  are  presented  graphs  of  minimum 
probable  population  coverage  by  sample  blocks  determined  by  the  order  statistics  of  a sample  from  a 
population  with  a continuous  but  unknown  cumulative  distribution  function  (c.d.f.).  The  graphs  are 
constructed  for  the  three  tolerance  levels  .90,  .95,  and  .99.  The  number,  m,  of  blocks  excluded  from  the 
tolerance  region  runs  as  follows:  m = 1(  1)6(2)10(5)30(  10)60(20)100,  and  the  sample  size,  n,  runs 
from  m to  500.  Thus  the  curves  show  the  solution,  fi,  of  the  equation  1 — a = Ip  tn-m-t-  l,m)  for  a = 

.90,  .95,  .99  over  the  range  of  n and  m given  above,  where  Is  ( p,q ) is  Pearson’s  notation  for  the 
incomplete  beta  function.  Examples  are  cited  . . . for  the  one-  and  two-variate  cases.  Finally,  the 
exact  and  approximate  formulae  used  in  computations  for  these  graphs  are  given.” 

References:  Thompson  (1941),  Wilks  (1942),  Wald  (1943),  Tukey  (1947,  1948a). 

* Nair,  K.  R.  ( 1948a).  The  studentized  form  of  the  extreme  mean  square  test  in  the  analysis  of  variance. 

Biometrika  35,  16-31.  (MR  9,  601). 

i 2 

Summary:  Part  I (pp.  16-21)  of  this  paper  is  devoted  to  an  extension  of  Hartley’s  results  on  expansion  of 
the  studentized  integral,  and  is  not  directly  relevant  to  our  subject,  though  reference  is  made  ( on  p.  2 1 ) to 
the  studentized  range  and  the  studentized  extreme  deviate.  Part  II  (pp.  21-30)  deals  with  application  to 
tests  regarding  the  largest  and  smallest  of  several  variances.  The  author  writes  (pp.  21-22):  "Let  s,2, . . ., 
sk2  be  independent  estimates  of  an  unknown  variance  <r2  of  a normal  population  each  calculated  from 
sums  of  squares  having  n degrees  of  freedom  and  arranged  in  ascending  order  of  magnitude.  Let  s„2  be 
another  independent  estimate  based  on  i/ degrees  of  freedom  against  which  each  of  the  first  k estimates  is 
to  be  tested  for  significant  differences  from  s02.  In  routine  analysis  of  variance  where  such  tests 
frequently  occur,  it  is  customary  to  test  each  of  the  k variances  against  s„2  and  separately  declare 
whether  there  is  a significant  difference  or  not.  Forming  now  for  each  of  the  independent  s,2  the  ratio  F>  = 

S|2/s„2,  it  is  obvious  that  the  largest  ratio,  Fk  = sk2/s„2,  is  more  likely  to  be  declared  significant  than  any 
other  variance  ratio  in  the  set.  Indeed,  for  k = 20  it  would  be  expected  to  be  significant  at  the  5ff  level  of  F 
for  m and  v degrees  of  freedom.  This  source  of  bias  can  be  eliminated  if  the  probability  integral  of  the 
largest  variance  ratio  is  numerically  evaluated.  Although  the  theory  discussed  in  this  paper  applies  to 
any  value  of  m,  owing  to  practical  difficulties,  tables  [to  2 decimal  places]  of  the  upper  5 and  lfr  points  of 
the  largest  variance  ratio  have  been  prepared  only  when  m = 1 [for  k = ll  1 )10,  v = 10,  12,  15,  20,  30,  60, 

*|,  which  is  the  most  important  case  in  practice.  Thus,  as  Wishart  ( 1938)  has  pointed  out,  it  has  useful 
application  in  the  analysis  of  variance  for  2 x 2 x 2 x . . . factorial  design.  It  could  in  fact  be  applied  to  the 
analysis  of  any  designed  experiment  where  the  total  variance  due  to  treatment  effects  is  split  up  into 
components  each  having  a single  degree  of  freedom.  Another  possible  application  is  in  the  fitting  of 
curves  with  orthogonal  terms,  e.g.  orthogonal  polynomials  and  harmonic  analysis.  It  may  well  happen 
that  while,  taken  as  a whole  there  is  no  significant  curvilinearitv.  the  coefficient  of  a single  high  order 
term  turns  out  to  be  very  large  compared  to  the  rest.  The  new  tables  will  be  useful  in  testing  whether 
such  isolated  coefficients  are  significantly  large.  The  theory  developed  for  the  largest  variance  ratio 
could  easily  be  extended  to  any  other  ranked  ratio.  Of  these  the  smallest,  namely,  F , = s,2/s„2  has  been 
considered.  Occasions  to  test  the  significance  of  the  smallest  of  k variance  ratios  are  much  less  frequent 
than  that  of  the  largest.  In  the  former  case  we  are  concerned  with  the  lower  percentage  points  of  the 
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probability  integral,  in  order  that  a test  could  be  made  whether  an  observed  smallest  ratio  is  signifi- 
cantly small.  In  field  experiments,  the  smallest  of  k variances  tested  may  become  significantly  small 
compared  to  the  'error’  variance  (s„2)  if  the  m + 1 groups  of  plot  values  from  which  the  m degrees  of 
freedom  of  that  variance  were  obtained  show  a high  negative  intra-class  correlation.  The  extreme  value 
that  this  correlation  can  have,  if  there  are  t plots  in  each  group,  is  - 1/(  t - 1 ),  so  that  it  can  be  - 1 only  if  t 
= 2.  Wishart  ( 1938)  again  gives  an  example  where  a test  for  significance  of  smallest  variance  ratio  when 
m = 1 is  appropriate. . . .’’The  author  shows  that  the  probability  that  the  smallest  of  k variance  ratios,  F„ 
is  < q2  is  given  by  1 -j^lq)  = {1  — a0  — (a,/v)(  1 -l/8v)},  where  a„ and  a,  are  quantities  which  he  tabulates 
(to  6 and  5 decimal  places,  respectively)  for  k = 2(1)10  and  q = 0.01(0.01)0.10. 

References:  Neyman  & Pearson  (1928),  Sukhatme  (1937),  Wishart  (1938),  Cochran  (1941),  Finney 
(1941),  Thompson  (1941),  Pearson  & Hartley  (1943),  Hartley  (1944),  Nair  (1948b). 

* Nair,  K.  R.  ( 1948b).  The  distribution  of  the  extreme  deviate  from  the  sample  mean  and  its  studentized 
form.  Biometrika  35,  118-144.  (MR  9,  602). 

Summary:  The  author  reviews  various  tests,  based  on  order  statistics,  for  the  presence  of  outliers  in 
samples  from  a normal  population  with  mean  p.  and  standard  deviation  cr,  where  either  /a  or  <j  (or  both) 
may  be  unknown.  He  writes  (p.  119):  "In  this  paper  attention  is  mainly  concentrated  on  the  McKay 
[(1935)]  statistic,  u = (xn  - x)lcr  (or  (x  - x,)/cr)  and  its  studentized  form  [Q  =]  (xn  - x)/st,  (or  (x-  xj/s^) 
[where  Sj,is  an  estimate  of  cr,  with  v degrees  of  freedom,  which  is  independent  of  the  sample  x„  . . .,  xn].  It 
is  shown  that  the  distribution  of  u can  be  obtained  by  a more  direct  method  than  was  employed  by  McKay 
and  that  it  can  be  reduced  to  certain  integrals  which  have  recently  been  termed  G-functions  by  Godwin 
...  in  his  representation  of  the  distribution  of  the  mean  deviation.  Tables  of  the  probability  integral  of  u 
and  of  its  studentized  form  have  been  prepared.  Apart  from  serving  as  a criterion  for  rejection  of  an 
outlying  observation  in  a 'normal'  sample  when  ^ and  <x  are  unknown,  the  studentized  form  of  u has 
useful  applications  in  judging  the  significance  of  a single  outstanding  treatment  (best  or  worst)  in  a 
group  of  treatments  tried  out  in  a designed  experiment.  Some  illustrations  are  given  in  the  paper.” 
Tables  include  a 6-decimal-place  table  of  the  extreme  deviate  u for  n = 3(1)9  and  u = 0.01(0.01)4.70;  a 
2-decimal  place  table  of  the  lower  and  upper  0.1  r/< , 0.501,  1.0%,  2.5%,  5.0%,  and  10. O^  points  of  the 
extreme  deviate;  a table  (varying  numbers  of  decimal  places)  of  three  auxiliary  quantities  required  for 
calculating  the  probability  integral  of  the  studentized  extreme  deviate  Q for  n = 3(1)9  and  Q = 
0.00(0.20)4.00;  a 2-decimal-place  table  of  the  lower  5%  and  1%  points  of  Q for  n = 3(1)9  and  v = 
10,15,30,*;  and  a similar  table  of  the  upper  5%  and  1%  points  of  Q for  v = 10(1)20,24,30,40,60,120,*. 

References:  Irwin  (1925b),  Tippett  (1925),  Student  (1927),  McKay  & Pearson  (1933),  McKay  (1935), 
Thompson  (1935),  Pearson  & Chandra  Sekar  (1936),  Pearson  & Hartley  (1943),  Hartley  (1944),  Jones 
(1946),  Nair  (1947). 

Citations:  Nair  (1948a),  Tukey  (1948c).  Godwin  (1949b),  Nair  (1949a),  Tukey  (1949a). 

* Nanda,  D.  N.  (1948a).  Distribution  of  a root  of  a determinantal  equation.  Annals  of  Mathematical 
Statistics  19,  47-57.  (MR  9,  453). 

Summary:  The  author  writes  (Summary,  p.  47):  "S.  N.  Roy  [( 1945)]  obtained  . . . the  distribution  of  the 
maximum,  minimum  and  any  intermediate  one  of  the  roots  of  certain  determinantal  equations  based  on 
covariance  matrices  of  two  samples  on  the  null  hypothesis  of  equal  covariance  matrices  in  the  two 
populations.  The  present  paper  gives  a different  method  [based  on  a result  of  Hsu  ( 1939)]  of  working  out 
the  distribution  of  any  of  these  roots  under  the  same  hypothesis.  The  distribution  of  the  largest,  smallest 
and  any  intermediate  root  when  the  roots  are  specified  by  their  position  in  a monotonic  arrangement  has 
been  derived  for  p = 2,  3,  4,  and  5 by  the  new  method.  The  method  is  applicable  for  obtaining  the 
distribution  of  roots  of  an  equation  of  any  order,  when  the  distributions  of  the  roots  of  lower  order 
equations  have  been  worked  out.” 
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References:  Hsu  (1939),  Roy  (1945). 

Citation:  Nanda  (1948b). 

* Nanda,  D.  N.  ( 1948b).  Limiting  distribution  of  a root  of  a determinantal  equation.  Annals  of  Mathemati- 
cal Statistics  19,  340-350.  (MR  10,  135). 

Summary:  The  author  writes  (Summary,  p.  340):  "The  exact  distribution  of  a root  of  a determinantal 
equation  when  the  roots  are  arranged  in  a monotonic  order  was  obtained  by  S.  N.  Roy  [(1945)] ....  A 
different  method  for  deriving  the  distribution  of  any  one  of  these  roots  has  been  described  by  the  author 
[Nanda  ( 1948a)  j.  In  the  present  paper  the  limiting  forms  of  these  distributions  are  obtained.  This  paper 
gives  a method  by  which  the  limiting  distributions  can  be  obtained  without  undergoing  an  inordinate 
amount  of  mathematical  labor.” 

References:  Hsu  (1939),  Roy  (1945),  Nanda  (1948a). 

* Noether,  Gottfried  E.  ( 1948).  On  confidence  limits  for  quantiles.  Annals  of  Mathematical  Statistics  19, 
416-419.  (MR  10,  135). 

Summary:  The  author  writes  (pp.  416-417):  "In  finding  confidence  limits  for  quantiles  it  is  usual  to 
determine  two  order  statistics  Z,  and  Zj  which  with  a given  probability  contain  the  unknown  quantile 
between  them.  The  values  of  i and  j corresponding  to  a given  confidence  coefficient  can  be  determined 
with  the  help  of  the  distribution  laws  of  order  statistics  as  is  shown,  e.g.,  in  Wilks  [( 1948)].  The  purpose  of 
this  note  is  to  determine  i and  j with  the  help  of  a confidence  band  for  the  unknown  cumulative 
distribution  function."  For  any  arbitrary  value  x,  the  author  considers  the  sample  c.d.f.  Fn(x)  as  the 
sample  estimate  of  the  unknown  parameter  p = F(x>  of  a binomial  distribution.  He  proceeds  to  use  the 
tables  of  percentage  points  of  the  incomplete  beta  function  [C.  M.  Thompson  (1941)],  as  suggested  by 
Scheffe,  to  find  the  confidence  limits.  He  shows  that  the  resulting  confidence  limits  for  the  median  are 
the  same  as  those  found  by  W.  R.  Thompson  < 1936),  who  used  a different  method. 

References:  W.  R.  Thompson  ( 1936),  C.  M.  Thompson  ( 1941 ),  Scheffe  & Tukey  ( 1945),  Wilks  ( 1948). 

Pillai,  K.  C.  S.  (1948).  A note  on  ordered  samples.  Sankhya  8,  375-380.  (MR  10,  723). 

Summary:  The  author  studies  the  effect  of  ordering  a sample  with  special  reference  to  problems  relating 
to  Fisher's  theory  of  information  and  the  distribution  of  the  semirange.  The  amount  of  information 
concerning  an  unknown  parameter  contained  in  a random  sample  of  size  n is  n times  that  in  a single 
observation.  When  the  sample  is  ordered,  however,  the  information  contained  in  an  observation  depends 
upon  its  rank  in  the  ordered  sample.  The  author  obtains  a general  expression  for  the  information  in  the 
i-th  order  statistic  of  a sample  of  size  n concerning  an  unknown  parameter  0 of  any  population  whose 
p.d.f.  is  continuous  and  twice  differentiable.  He  also  obtains  expressions  for  the  information  concerning 
the  mean  a and  the  standard  deviation  <r  contained  in  the  i-th  order  statistic  of  a sample  of  size  n from  a 
normal  population.  He  tabulates  the  results  (to  2 decimal  places)  for  n = 2(1)12  for  a and  n =2(1 ) 10  for  <r, 
with  i - 1(  1 >|n + l)/2]  in  each  case.  Because  of  symmetry,  the  (n-i  + l)-th  observation  contains  the 
same  amount  of  information  as  the  i-th  observation  concerning  either  a or  <r.  The  central  observations 
give  the  most  information  concerning  a and  the  extreme  observations  give  the  most  information 
concerning  ir.  The  author  gives  an  unbiased  estimator  of  <r  which  is  a function  of  n multiplied  by  the 
semirange  i xn  - x , > 2.  He  also  gives  expressions  for  the  p.d.f.  and  the  c.d.f.  of  the  semirange  in  terms  of 
the  normal  probability  integral. 

Reference:  Hojo  1 1931). 
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* Rao,  C.  Radhakrishna  (1948).  Tests  of  significance  in  multivariate  analysis.  Biometrika  35,  58-79.  (MR 
9,  602). 

Summary:  The  author  shows  how  to  solve  a number  of  problems  in  multivariate  analysis  by  the  use  of 
discriminant  functions.  The  only  mention  of  methods  based  on  order  statistics  is  the  following  (p.  59): 
"The  introduction  of  the  discriminant  function  led  to  a new  method  of  deriving  test  criteria  suitable  for 
multiple  variates.  The  problem  is  reduced  to  the  case  of  a single  variate  by  using  a linear  compound  of  the 
several  variables,  where  the  compounding  coefficients  are  chosen  so  as  to  maximize  the  value  of  a 
statistic  suitable  for  a single  variate.  The  application  of  this  method  to  test  the  difference  in  mean  values 
for  several  groups  gave  rise  to  the  theory  of  [ordered]  canonical  roots  of  determinantal  equations  ( Roy, 
1939;  Fisher,  1939;  Hsu,  1939).  The  distribution  of  the  individual  roots  and  the  exact  nature  of  the  tests 
require  further  study.  Wilks’  statistic,  which  is  a symmetric  function  of  the  canonical  roots,  may  be 
considered  as  providing  an  overall  test  of  the  hypotheses  concerned.” 

References:  Neyman  & Pearson  (1928),  Hotelling  (1936b),  Bartlett  (1938),  Fisher  (1938,  1939),  Hsu 
(1939),  Roy  (1939),  Bartlett  ( 1947b). 

* Schiitzenberger,  Marco  P.  (1948).  An  abac  for  the  sample  range.  Psychometrika  13  (2),  95-97. 

Summary:  The  author  writes  (p.  95):  "An  abac  is  computed  which  gives  the  probability  that  at  least  qVr 
of  the  whole  population  will  be  included  in  the  range  of  a random  sample  of  given  size.  Applications  are 
suggested  for  testing  homogeneity  of  a sampling  from  a given  population.  Let  a sample  of  N values  be 
randomly  drawn  from  an  infinite  continuous  distribution.  The  present  chart  gives  the  probability  p that 
at  least  q per  cent  of  the  whole  population  lie  between  the  extreme  values  of  the  sample. ...  It  is  easy  to 
prove  that  the  probability  p,  the  percentage  q,  and  the  sample  size  N are  related  by  p = 1 -[m-l)/m]N“' 
[(N +m-l)/m],  (1)  where  m = 1/(1  -q).  For  large  enough  N and  m,  ( 1)  may  be  closely  approximated  by  p = 
1 — (r+2)e_r~',  where  r = N/m  - 1.  The  important  fact  is  that  (1)  holds  for  every  continuous  infinite 
distribution,  even  leptokurtic  or  platykurtic,  skew  or  multimodal.”  Values  of  q,  from  50^  to  99.8%,  are 
plotted  on  the  ordinate,  and  values  of  N,  from  5 to  1000,  are  plotted  on  the  abscissa,  with  both  scales 
logarithmic.  Equi-probability  curves  are  drawn  for  p = .999,  .99,  .9,  .75,  .5,  .25,  .1,  .01,  and  .001. 
Applications  in  the  field  of  psychology  are  discussed. 

Reference:  Wilks  (1943). 

* Smirnov,  N.  (1948).  Table  for  estimating  the  goodness  of  fit  of  empirical  distributions.  Annals  of 
Mathematical  Statistics  19,  279-281.  (MR  9,  599). 


Summary:  An  editorial  note  (p.  279)  states:  "The  table  presented  on  pp.  280-281  was  originally 
published  in  [Smirnov  (1939b)].  It  gives  values  of  L(z)  -1-2  2*=1  (-l)‘,~1e,'v  = (2-n-)1'2  z~'  S*=1 
e-i2i.-i)V/82’  ( which  is  also  derived  in  [Feller  (1948)].  Let  (X,,  . . .,  Xn)  be  a sample  of  independent 
variables  with  the  same  continuous  cumulative  distribution  Fix),  and  let  N(z)  be  the  number  of  X,  which 
are  < z.  By  empirical  distribution  is  meant  the  step-function  F*  (z)  = N(z)/n.  The  maximum  Dn  of  the 
difference  |FJ  (z)  - F(z)|  is  a random  variable  and  L(z)  is  the  limiting  cumulative  distribution  function  of 
nl/2  Dn.  If  Dmn  is  the  maximum  of  the  difference  |F*  (z)  - F**  (z)|  between  the  empirical  distributions  of 
two  independent  samples  of  sizes  m and  n,  respectively,  then  L(z)  is  also  the  limiting  cumulative 
distribution  function  of  (mn/lm  + n))1 1 Dmn.”  Values  of  L(z)  are  tabulated  to  6 DP  for  z = ,28(  .01)2.49,  to  7 
DP  for  z = 2.50(0.05)2.80,  and  to  8 DP  for  z = 2.85(0.05)3.00.  They  vary  from  .000001  for  z = 0.28  to 
.99999997  for  z = 3.00. 
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References:  Smirnov  (1939b),  Feller  (1948). 


Citations:  Doob  (1949),  Noether  (1949). 

* Stevens,  W.  L.  ( 1948).  Control  by  gauging.  Journal  of  the  Royal  Statistical  Society  B 10,  54-98;  discus- 
sion, 98-108. 

Summary:  The  author  writes  (Summary,  p.  55):  "Although  it  has  long  been  realized  that  the  'quality 
control’  of  a metrical  character  can  be  achieved  by  testing  the  product  against  a pair  of  gauges  (instead  of 
making  exact  measurements),  progress  has  been  delayed  bv  the  widely  held  but  erroneous  belief  that  the 
efficiency  of  such  a technique  is  so  low  as  to  make  it  almost  always  uneconomical.  The  purpose  of  this 
paper  is  to  provide  a theoretical  basis  for  control  by  gauging,  thus  permitting  an  accurate  evaluation  of 
the  system  in  comparison  with  the  more  orthodox  methods.  The  interesting  result  emerges  that  it  is 
possible  to  achieve  with  ten  gauged  articles  the  same  sensitivity  of  control  of  the  mean  as  is  given  by  eight 
articles  exactly  measured.  When  the  possibility  of  this  high  efficiency  has  been  demonstrated,  it  is  clear 
that  the  case  for  control  by  gauging  must  be  reopened.  . . The  author  points  out  that  using  a single 
gauge  at  the  mean  is  equivalent  to  using  the  median  to  estimate  the  mean  of  a population  (efficiency  2lir 
= 63. 7%  for  a normal  distribution).  For  the  usual  two  gauges,  he  shows  (p.  72)  that,  for  estimating  the 
standard  deviation,  the  efficiency  of  gauging  is  somewhat  lower  (around  60'# , he  says)  than  for  estimat- 
ing the  mean  (around  80r#  ).  However,  he  writes  (p.  74):  "It  should  be  noted  that  the  efficiency  of  the 
estimate  of  <j  derived  from  a gauged  sample  has  been  based  on  a comparison  with  the  efficient  estimate 
derived  from  exact  measurements,  i.e.  V{S(x-x)2/(n-l)}.  It  is,  however,  usual  in  quality  control  to 
employ,  not  this  estimate,  but  the  sample  range.  The  range  leads  to  an  estimate  of  standard  deviation 
which  is  nearly  lOOfi  efficient  in  small  samples,  but  which  begins  to  fall  appreciably  below  full  efficiency 
when  n exceeds  10.  Hence  in  comparison  with  the  use  of  a range  chart,  control  of  the  standard  deviation 
by  gauging  is  somewhat  more  efficient  than  ...  [in  comparison  with  use  of  the  sample  standard 
deviation].”  In  his  contribution  to  the  discussion  (pp.  101-102),  E.  S.  Pearson  writes  ".  . . equivalance  in 
sensitivity  was  not  for  n = 10  using  a + c [where  a is  the  number  of  articles  passing  the  smaller  gauge  and 
c the  number  failing  to  pass  the  larger  gauge]  and  n = 6 using  S.  D.  or  range  [as  indicated  by  the  author’s 
60'#  efficiency  value],  but  more  nearly  for  n = 10  using  a + c and  n = 4 using  S.  D.  or  range.” 

References:  Fisher  ( 1922),  Dudding  & Jennett  ( 1942),  Pearson  & Hartley  ( 1942),  Deming  ( 1943). 

* Thomas,  Harold  A.,  Jr.  ( 1948).  Frequency  of  minor  floods  .Journal  of  the  Boston  Society  of  Civil  Engineers 
35,  425-442. 

Summary:  The  author  discusses  the  limitations  of  the  probability  method  of  flood  prediction,  the  return 
period  of  floods,  the  distribution  of  the  largest  Hood,  plotting  positions  of  Hoods,  and  a non-parametric 
method  of  flood  estimation.  If  the  probability  is  p that  a design  flood  will  not  be  exceeded  in  a given  year, 
he  reasons  that  the  probability  that  it  will  nob  be  exceeded  for  t-1  consecutive  years'  and  will  then  be 
exceeded  in  the  t'h  year  is  p'  '( 1 -p),  so  that  the  average  return  period  will  be!  = Id  -p)  + 2p(  1 -p)  + 1 
3p2(  1 -p)  + . . . + tp,_l(  1 -p)  +...  = 1/(1  -p).  Concerning  the  distribution  of  the  largest  flood,  he  writes 
(pp.  434-435):  "In  a subgroup  of  n floods  the  probability  df)  that  (n-m)  floods  will  be  smaller  than  a 
certain  value  (},  ( m - 1 ) floods  will  be  larger  than  Q,  and  one  flood  will  fall  in  the  range  (}  ± dQ  2 is  d 0 =/ 

( J,)rnp"'m  ( 1 -ptm_l  dp.  (4),  where  p is  the  probability  that  a flood  of  size  (J  will  not  be  exceeded  during  atlv 
year.  The  probability)!  that  the  actual  p -value  of  the  m'h  of  n floods  will  be  less  than  a certain  fixed  v^»lue, 
say  Po.  may  be  obtained  by  integrating  Equation  (4).  0 = („)  m/J"  pn_mi  1 -p>m  'dp.  (5).  For  the  case  hi  the 
largest  floods  im  = 1),  f)  = n pn  ‘dp  = p0".  (6).  . . ."  Concerning  the  plotting  positions  of  floods,  he 
writes  ip.  436):  "According  to  Equation  (4).  the  probability  that  the  actual  p-value  of  the  largest  flood 
i m = 1 ) lies  within  a range  of  p ± dp  2 is  as  follows:  df)  = npn  'dp.  Taking  moments  of  p ahouj  the  origin 
zero,  the  mean  p-value  of  the  largest  of  n floods  is  given  by  the  relation  p = J * pdf)  = n/J  ppn  'dp  = 
n ( n + 1 ).  (7).  . . . The  theory  underlying  Equation  1 7 1 may  be  generalized  to  apply  to  the  determination  of 
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plotting  positions  of  floods  other  than  the  largest.  For  the  m,hof  n floods,  p = ( n-m  + 1 1.  ( n + 1 1.  (8).”  In  his 
discussion  of  the  non-parametric  method  of  flood  estimation,  he  shows  (p.  437 i that  the  probability  that 
in  t future  years  the  m,h  of  n past  floods  will  he  exceeded  exactly  k times  is  <bk  = mt|i  i <J,ri  m + ni  < mVk1-  The 
author  summarizes  his  results  as  follows  i p.  442 ):  "The  probability  method  of  flood  prediction,  properly 
applied,  will  yield  useful  estimates  of  the  frequency  of  minor  floods.  Of  the  two  forms  of  applications  of 
the  method,  parametric  and  non-parametric,  the  latter  is  to  be  preferred,  since  it  gives  exact,  not 
approximate  flood  probabilities." 

* Tukey,  John  W.  (1948a).  Nonparametric  estimation,  III.  Statistically  equivalent  blocks  and  mul- 
tivariate tolerance  regions— the  discontinuous  case.  Annals  of  Mathematical  Statistics  19,  30-39.  ( MR  9 
453). 

Summary:  The  author  writes  (Summary,  p.  30):  "In  Paper  II  of  this  series  [Tukev  ( 1947 1 ] it  was  shown 
that  if  n functions  and  a sample  of  n were  used  to  divide  the  population  space  into  n + 1 blocks  in  a 
particular  way,  and  if  the  joint  cumulative  of  the  functions  were  continuous,  then  the  n + 1 fractions  of  the 
population,  corresponding  to  the  n + 1 blocks,  were  distributed  symmetrically  and  simply.  In  Paper  I of 
this  series  [Scheffe  & Tukey  ( 1945 ) ] it  was  shown  that  the  one-dimensional  theory  of  tolerance  regions 
could  be  extended  to  the  discontinuous  case,  if  equalities  were  replaced  by  inequalities.  In  this  paper  the 
results  of  Paper  II  will  be  extended  to  the  discontinuous  case  with  the  same  weakening  of  the  conclusion. 
The  devices  involved  are  more  complex,  but  the  nature  of  the  results  is  the  same  ....  As  a tool,  it  is  shown 
that  any  n-variate  distribution  can  be  represented  in  terms  of  an  n-variate  distribution  with  a continu- 
ous joint  cumulative  (in  fact,  with  uniform  univariate  marginals),  where  each  variate  of  the  given 
distribution  is  a different  monotone  function  of  the  corresponding  variate  from  the  continuous  distribu- 
tion.” He  continues  (Introduction,  pp.  30-31):  "The  importance  of  extending  the  simple  results  of  the 
continuous  case  to  the  more  complex  results  of  the  discontinuous  case  may  not  be  clear  at  first  thought. 
Yet  all  the  data  with  which  the  statistician  actually  works  comes  from  discontinuous  distributions. 
Often  these  distributions  are  very  fine-grained  . . .,  but  all  their  probability  is  concentrated  at  discrete 
points.  ...  In  order  to  deal  with  the  discontinuous  case,  we  must  face  two  problems:  ...ill  What  to  do 
about  'ties'?  (2)  Finite  probabilities  associated  with  cuts."  He  solves  the  first  problem  by  using  the  idea  of 
lexicographical  ordering.  He  points  out  that  if  we  want  a certain  set  of  blocks  to  cover  at  least  a certain 
amount  with  a certain  probability  we  must  add  the  adjoining  cuts  and  if  want  a certain  set  of  blocks  to 
cover  at  most  a certain  amount  with  a certain  probability  we  may  add  only  those  cuts  which  do  not  adjoin 
blocks  not  in  our  set.  He  then  solves  the  second  problem  by  introducing  the  sets  explicitly. 

References:  Scheffe  & Tukey  (1945),  Tukey  (1947). 

Citation:  Murphy  (1948). 

* Tukey,  John  W.  ( 1948b ).  Some  elementary  problems  of  importance  to  small  sample  practice.  Human 
Biology  20,  205-214. 

Summary:  The  author  discusses  several  problems.  His  proposed  solut'on  of  one  of  them  involves  the  use 
of  order  statistics.  He  writes  (pp.  206-207):  "It  would  be  highly  desirable  to  have  a modified  version  of  the 
t-test  with  a greater  resistance  to  skewness  when  used  as  a one-sided  test.  . . . Casting  about  for  a 
possible  way  in  which  to  bring  about  this  modification,  our  attention  is  struck  by  the  work  of  Egon 
Pearson  |&  N.  K.  Adyanthaya  ( 1929),  pp.  280-286]  and  Walsh  ( unpublished)  on  the  use  of  the  expression 
( midrange-assumed  mean  I/range  in  very  small  samples.  The  efficiency  is  very  high  when  t he  unde  riving 
distribution  is  normal,  and  the  distribution  is  remarkably  little  affected  by  deviations  from  normality,  it 
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thus  seems  possible  that  an  improved  modification  of  the  t-test  might  < 1 1 be  based  on:  the  sample  mean, 
the  sample  variance,  the  sample  size,  the  upper  and  lower  sample  semiranges  (upper  semirange  = 
greatest  observation  minus  sample  mean,  lower  semirange  = sample  mean  minus  smallest  observa- 
tion): (2)  approximately  reduce  to  a constant  times  the  'midrange/range’  expression  in  samples  of  3 or  4 
(samples  of  2 are  trivial):  and  (3)  approximately  reduce  to  t for  large  samples  without  an  unusually 
discrepant  observation.  An  example  of  an  expression  with  roughly  plausible  properties  is 


where 


upper  semirange  - lower  semirange 
upper  semirange  + lower  semirange 


sample  mean  - assumed  mean 

t = 

V sample  variance  sample  size 


and  K may  depend  on  the  sample  size.  Whether  this  is  the  right  sort  of  expression  is.  of  course, 
doubtful.  . . .” 


Reference:  Pearson  [&  Adyanthaya]  (1929),  Walsh  [(1949b)]. 

* Tukey,  Johr  W.  (1948c).  Comparing  Individual  Means  in  the  Analysis  of  Variance.  Memorandum 
Report  No.  6.  Statistical  Research  Group.  Princeton  University,  Princeton,  NJ. 

Summary:  The  author  writes  i Summary,  p.  1 >:  "The  practitioner  of  the  analysis  of  variance  often  wants 
to  draw  as  many  conclusions  as  are  reasonable  about  the  relation  of  the  true  means  for  individual 
'treatments',  and  a statement  bv  the  F-test  (or  the  z-test)  that  they  are  not  all  alike  leaves  him 
thoroughly  unsatisfied.  The  problem  of  breaking  up  the  treatment  means  into  distinguishable  groups 
has  not  been  discussed  at  much  length,  the  solutions  given  in  the  textbooks  differ  and.  what  is  more 
important,  seem  solely  based  on  intuition.  After  discussing  the  problem  on  a basis  of  combining  intuition 
with  some  hard,  cold  facts  about  the  distributions  of  certain  test  quantities  (or  'statistics’)  a simple  and 
definite  procedure  is  proposed  for  dividing  treatments  into  distinguishable  groups,  and  for  determining 
that  the  treatments  within  some  of  these  groups  are  different,  although  there  is  not  enough  evidence  to 
say  'which  is  which'.  The  procedure  is  illustrated  on  examples."  More  specifically,  he  writes  (pp.  4-6): 
"When  the  real  differences  between  variety  means  are  large,  how  do  we  realize  this  fact?  Three  vague 
criteria  come  naturally  to  mind:  i 1 ) There  is  an  unduly  wide  gap  between  adjacent  variety  means  when 
arranged  in  order  of  size,  (2)  One  variety  mean  straggles  too  much  from  the  grand  mean.  (3)  The  variety 
means  taken  together  are  too  variable.  It  is  these  three  criteria  we  are  going  to  apply  in  order  to  hreak  up 
an  observed  set  of  means.  We  need,  then,  quantitative  tests  for  detecting  < 1 > excessive  gaps.  (2) 
stragglers,  (3)  excessive  variability.  These  must  be  used  when  the  variance  of  an  individual  observed 
mean  is  not  known  exactly,  but  rather  when  it  is  estimated  from  some  other  line  of  an  analysis  of 
variance  table.  The  tests  which  we  use  must  therefore  be  Studentized  tests.  Exact  tests  for  1 2 1 [based  on 
the  Studentized  extreme  deviate — see  Nair  ( 1948b)]  and  (3)  [based  on  the  familiar  F-test  (or  z-test  i of  the 
analysis  of  variance]  are  available,  but  for  the  present  we  shall  confine  ourselves  to  an  approximate  and 
conservative  test  for  ( 1 1 [given  in  an  appendix  on  the  largest  gap].  . . . We  propose  to  use  these  tests 
successively,  and  in  the  following  order  and  manner.  First,  apply  the  gap  test  to  break  up  the  means  into 
one  or  more  broad  groups.  Second,  apply  the  straggler  test  within  these  groups  to  further  hreak  off 
stragglers  within  groups.  Third,  apply  the  F-test  to  these  new  subgroups  to  detect  excess  variability. . .“ 

References:  Fisher  1 1 935 1[  1947),  Snedecor  1 1937 1|  1946  ].  Fisher  & Yates  ( 1 938 1|  1948 ).  Newman  1 1939). 
Duncan  1 1947 ).  Nair  i 1948th i. 


* Wilks,  S.  S.  ( 1948).  Order  statistics.  Bulletin  of  the  American  Mathematical  Society  54, 6-50.  ( MR  9,601 ). 

Summary:  The  author  writes  (Introduction,  pp.  7-8):  "There  are  many  problems  of  statistical  inference 
in  which  one  is  unable  to  assume  the  functional  form  of  the  population  distribution.  Many  of  these 
problems  are  such  that  the  strongest  assumption  which  can  be  reasonably  made  is  continuity  of  the 
cumulative  distribution  function  of  the  population.  An  increasing  amount  of  attention  is  being  devoted 
to  statistical  tests  which  hold  for  all  populations  having  continuous  cumulative  distribution  functions. 
Problems  of  this  type  in  which  the  distribution  function  is  arbitrary  within  a broad  class  are  referred  to 
as  non-parametric  problems  of  statistical  inference.  An  excellent  expository  account  of  the  theory  of 
non-parametric  statistical  inference  has  been  given  by  Scheffe  [( 1943)].  In  non-parametric  problems  it  is 
being  found  that  order  statistics,  that  is,  the  ordered  set  of  values  in  a random  sample  from  least  to 
greatest,  are  playing  a fundamental  role.  . . . There  are  both  theoretical  and  practical  reasons  for  this 
increased  attention  to  nonparametric  problems  and  order  statistics.  From  a theoretical  point  of  view  it  is 
obviously  desirable  to  develop  methods  of  statistical  inference  which  are  valid  with  respect  to  broad 
classes  of  population  distribution  functions.  It  will  be  seen  that  a considerable  amount  of  new  statistical 
inference  theory  can  be  established  from  order  statistics  assuming  nothing  stronger  than  continuity  of 
the  cumulative  distribution  function  of  the  population.  Further  important  large  sample  results  can  be 
obtained  by  assuming  continuity  of  the  derivative  of  the  cumulative  distribution  function.  From  a 
practical  point  of  view  it  is  desirable  to  make  the  statistical  procedures  themselves  as  simple  and  as 
broadly  applicable  as  possible.  This  is  indeed  the  case  with  statistical  inference  theory  based  on  order 
statistics.  Order  statistics  also  permit  very  simple  'inefficient'  solutions  of  some  of  the  more  important 
parametric  problems  of  statistical  estimation  and  testing  of  hypotheses.  The  solutions  are  inefficient  in 
the  sense  that  they  do  not  utilize  all  of  the  information  contained  in  the  sample  as  it  would  be  utilized  bv 
'best  possible'  (and  computationally  more  complicated)  methods.  But  this  inefficiency  can  be  offset  in 
many  practical  situations  where  the  size  of  the  sample  can  be  increased  by  a trivial  amount  of  effort  and 
expense.  It  is  the  purpose  of  this  paper  to  present  some  of  the  more  important  results  in  the  sampling 
theory  of  order  statistics  and  of  functions  of  order  statistics  and  their  applications  to  statistical  inference 
together  with  some  reference  to  important  unsolved  problems  at  appropriate  places  in  the  paper."  After 
making  some  remarks  on  the  history  of  order  statistics,  starting  with  the  work  of  Karl  Pearson  1 1902  i on 
the  Galton  difference  problem,  the  author  proceeds  to  the  technical  discussion,  which  covers  the 
following  topics  and  more  [see  Note  below):  sampling  distributions  for  coverages  in  the  case  of  one 
dimension;  examples  of  direct  applications  of  coverage  distributions  for  the  case  of  one  dimension 
(confidence  limits  of  median,  quartiles  and  other  quantiles:  population  tolerance  limits);  distribution  of 
single  order  statistics  (exact  and  limiting  distributions  of  xlr);  limiting  distribution  of  largest  or  smallest 
value  in  a sample);  joint  distributions  of  several  one-dimensional  order  statistics  and  applications 
• distribution  of  sample  range;  limiting  distribution  of  two  or  more  order  statistics  in  large  samples; 
estimation  of  population  parameters  by  order  statistics;  application  of  order  statistics  to  breaking 
strength  of  thread  bundles);  confidence  bands  for  the  cdf  Fix);  sampling  distributions  of  coverages  for  the 
case  of  two  or  more  dimensions  (for  regions  determined  by  one-dimensional  order  statistics;  for  rectan- 
gular regions  in  the  case  of  independent  random  variables:  Wald's  results  for  rectangular  regions  in  case 
the  random  variables  are  not  independent;  Tukev's  generalization  of  Wald's  results;  extensions  of 
distribution  theory  of  coverages  and  order  statistics  to  the  discrete  case);  application  of  multi- 
dimensional coverages  and  order  statistics  to  estimation  problems;  one-dimensional  parametric  tests 
involving  order  statistics. 

Note:  The  author's  definition  of  order  statistics  is  somewhat  broader  than  the  compiler's.  The  former 
includes,  but  the  latter  excludes,  nonparame'ric  methods  based  on  ranks,  runs,  and  randomization. 

References:  K.  Pearson  ( 1902,  1920),  von  Bortkiewicz  ( 1922a. b).  Dodd  ( 1923).  Irwin  ( 1925a).  Tippett 
1 1925).  Frechet  ( 1927),  Fisher  & Tippett  • 1928).  Craig  • 1932a).  Kolmogoroff  1 1933).  McKay  & Pearson 
1 1933),  Davies  & Pearson  1 1934).  Gumbel  1 1935a).  McKay  ( 1935),  Smirnoff  i 1935),  von  Mises  1 1936). 
Thompson  (1936),  Gumbel  (1937b),  Savur  (1937b).  Smirnoff  (1937b).  Thompson  (1938),  Smirnov 


( 1939a,b>,  Wald  & Wolfowitz  ( 1939 1,  Nair  ( 1940a, b),  Gumbel  1 1941a>,  Kolmogoroff  1 1941 1,  Mood  ( 1941 ), 
Wald  & Wolfowitz  < 1941),  Wilks  ( 1941 ),  Hartley  ( 1942),  Pearson  & Hartley  ( 1942),  Wald  ( 1942),  Wilks 
( 1942),  Mathisen  ( 1943),  Pearson  & Hartley  ( 1943),  Scheffe  ( 1943),  Wald  ( 1943),  Wilks  ( 1943),  Gumbel 
( 1944),  Robbins)  1944a),  Scheffe  & Tukey  ( 1944),  Daniels)  1945),  Scheffe  & Tukey  ( 1945),  Carlton  ( 1946), 
Cramer  ( 1946),  Daly  ( 1946),  Gumbel ) 1946a),  Mosteller  < 1946),  Walsh  ( 1946a),  Elfving  1 1947 ),  Gumbel 
11947),  Hastings,  Mosteller,  Tukey  & Winsor  11947),  Tukey  (1947),  Walsh  ) 1949b). 

Citation:  Noether  ) 1948). 

* Bartlett,  M.  S.  (1949).  Fitting  a straight  line  when  both  variables  are  subject  to  error.  Biometrics  5, 
207-212. 

Summary:  The  author  presents  and  illustrates  a modification  of  the  method  of  Wald  ) 1940)  for  fitting  a 
straight  line  when  both  variables  are  subject  to  error.  This  modification  involves  the  use  of  three  groups 
icontaining,  as  nearly  as  possible,  equal  numbers  of  points)  instead  of  two,  the  result  being  the  line 
through  the  centroid  of  the  middle  group  with  slope  equal  to  that  of  the  line  joining  the  centroids  of  the 
two  extreme  groups,  not  the  latter  line  itself,  as  proposed  by  Nair  & Shrivastava  < 1942).  The  author 
shows  that  his  method  has,  in  general,  greater  efficiency  than  Wald’s.  He  states  that  it  is  theoretically 
preferable  to  the  method  of  Nair  & Shrivastava. 

References:  Wald  (1940),  Nair  & Shrivastava  (1942),  Nair  & Banerjee  (1943). 

* Benson,  F.  1 1949).  A note  on  the  estimation  of  mean  and  standard  deviation  from  quantiles.  Journal  of 
the  Royal  Statistical  Society  fill,  91-100. 

Summary:  The  author  writes  (Introduction,  p.  91):  "Kendall  ( 1943,  p.  36)  defines  quantiles  as  the  n-1 
variate  values  which  divide  the  total  frequency  into  n equal  parts.  We  propose,  however,  to  follow  a more 
general  definition  given  by  Cramer  ( 1946,  p.  18 1 ).  For  a distribution  with  the  distribution  frunction  Fix), 
we  define  a quantity  £p  by  the  equation  F(  £p)  = p,  where  p is  any  number  such  that  0 < p < 1 . Then  £p  is 
the  quantile  of  order  p of  the  distribution.  The  quantile  of  order  p is,  then,  the  variate  value  which 
exceeds  in  value  a proportion  p of  all  the  variates  in  the  population.  . . . Consider  now  a large  random 
sample  of  n from  a normal  distribution.  Let  us  denote  by  zp  and  z,_p  the  quantiles  of  the  sample  of  order  p 
and  1-p,  where,  following  Cramer  (1946,  p.  367),  we  define  the  sample  quantiles  of  order  p in  the 
following  way:  Suppose  that  np  is  not  an  integer  and  that  the  sample  values  are  arranged  in  order  of 
magnitude  x,  s x2  s . . . < x„.  Then  there  is  a unique  quantile  zp  equal  to  the  sample  value  x +1,  where  p. 
= [np]  denotes  the  greatest  integer  s np.  If  np  is  an  integer,  then  zp  can  be  any  value  in  the  interval  xnp, 
xnp,,.  ■ ■ .”  He  summarizes  his  results  as  follows  (p.  99):  "It  is  sometimes  convenient  to  use  quantiles  for 
estimating  the  mean  and  standard  deviation  of  a distribution  which  may  not  be  normal.  It  is  shown  that, 
if  the  distribution  is  not  markedly  non-normal,  bias  in  the  estimates  can  be  minimized  if  the  estimate  of 
the  mean  is  half  the  sum  of  the  quantiles  of  order  1/6  and  5/6  and  the  estimate  of  the  standard  deviation  is 
the  difference  between  the  quantiles  of  order  0.93  and  0.07  divided  by  2.95.  Moreover,  if  the  distribution 
is  normal,  the  estimate  of  the  mean  will  have  an  efficiency  of  75  per  cent,  which  is  not  much  less  than  the 
maximum  efficiency  of  81  per  cent  for  estimation  from  a single  pair  of  quantiles.  The  estimate  of  the 
standard  deviation  will  be  the  most  efficient  possible  for  a single  pair  of  quantiles. 

References:  Yule  (1911)  [Yule  & Kendall  ( 1946)],  Pearson  ( 1920),  Kendall  ( 1943),  Cramer  ( 1946). 

* Birnbaum,  Z.  W.;  Zuckerman,  H.  S.  1 1949).  A graphical  determination  of  sample  size  for  Wilks'  tolerance 
limits.  Annals  of  Mathematical  Statistics  20,  313-316.  (MR  10,  724 — listing  only). 
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Summary:  The  authors  write  (Summary,  pp.  313-314):  "To  determine  the  smallest  sample  size  for  which 
the  minimum  and  the  maximum  of  a sample  are  the  100  {¥'<  distribution-free  tolerance  limits  at  the 
probability  level  e,  one  has  to  solve  the  equation  < 1 1 Nfis  1 - iN - 1 )/3N  = 1 -e  given  by  S.  S.  Wilks  [( 1943)]. 
A direct  numerical  solution  of  ( 1 ) by  trial  requires  rather  laborious  tabulations.  An  approximate  formula 
for  the  solution  has  been  indicated  by  H.  Scheffe  and  J.  W.  Tukey  [( 1944)],  however  an  analytic  proof  for 
this  approximation  does  not  seem  to  be  available.  The  present  note  describes  a graph  which  makes  it 
possible  to  solve  (1)  with  sufficient  accuracy  for  all  practically  useful  values  of  fi  and  e.” 

References:  Wilks  (1943),  Scheffe  & Tukey  (1944). 

* Chung,  Kai-Lai  ( 1949).  An  estimate  concerning  the  KolmogorolT  limit  distribution.  Transactions  of  the 
American  Mathematical  Society  67,  36-50.  (MR  11,  606 1. 

Summary:  The  author  writes  (pp.  36-37):  "We  consider  a sequence  of  independent  random  variables 
having  the  common  distribution  function  Fix)  which  is  assumed  to  be  continuous.  Let  nF„(xi  denote  the 
number  of  random  variables  among  the  first  n of  the  sequence  whose  values  do  not  exceed  x.  Write  ( 1.1  tdn 
= sup_  *<x^,|n(Fn(x)-F(x))|.  Kolmogoroff  [<  1933)]  proved  that  the  probability  ( 1.2)  Pidns\n'  ->.  where  A 
is  a positive  constant,  tends  as  n— uniformly  in  A to  the  limiting  distribution  ( 1.3 » *f><  A ) = 11 J -l)Je  2J’*!. 
Smirnoff  [( 1939a)]  extended  this  result  and  recently  Feller  [(1948)]  has  given  new  proofs  of  these 
theorems.  In  this  paper  we  shall  obtain  an  estimate  of  the  difference  between  ( 1.2)  and  ( 1.3)  as  a function 
of  n,  valid  not  only  for  A equal  to  a constant  but  also  for  A equal  to  a function  A'  n)  of  n which  does  not  grow 
too  fast.  Since  this  estimate  of  the 'remainder'  will  be  of  the  order  of  magnitude  of  a negative  power  of  n.  it 
is  futile  to  consider  A(n)  which  is  beyond  the  order  of  magnitude  of  lg  n.  In  fact,  a glance  at  (1.3)  will  show 
that  already  for  A(n)  = lg  n we  have  <t>(  A)  differ  from  1 bv  a term  of  an  order  of  magnitude  smaller  than 
that  of  any  negative  power  of  n,  thus  smaller  than  our  estimate  of  the  remainder.  Fora  similar  reason  it 
is  also  futile  to  consider  A(nt  whose  order  is  less  than  (lg  n)_l.  Keeping  these  facts  in  mind  we  state  our 
result  as  follows:  Theorem  1.  If  A„  > 0 is  an  arbitrary  constant  and  (1.4)  (A,,  lg  n)_,-<A(n)<  A„  lg  n.  we 
have  (1.5)  |P(dnsA(n)n'  2)-d>(  Aln))|sAn  1 10 {1  +(lg  n>’  2 ( A '(nt+A  '2(n))}where  A is  a constant  depend- 
ing only  on  A„.  . . .”  The  author  also  proves  Theorem  2*:  We  have  Pilim  supn^  dn  (2  'n  lg2  m1  2 = 1 > = 1. 

References:  Kolmogoroff  (1933),  Smirnov  1 1939a),  Feller  (1948).  Doob  [(1949],  Kac  [(1949)]. 

* Cole,  Randal  H.  (1949).  An  R-ply  Range  Estimation  of  Mean  and  Standard  Deviation.  Memorandum 
Report  No.  20.  Statistical  Research  Group.  Princeton  University.  Princeton.  NJ. 

Summary:  The  author  writes  (Summary,  p.l):  "An  r-ply  range  is  defined  to  be  the  difference  between 
the  average  of  the  r largest  and  the  average  of  the  r smallest  sample  values  from  a sample  of  size  n.  The 
estimate  of  the  population  standard  deviation  is  obtained  by  using  a table  of  expected  values  of  the  semi 
r-ply  range.  The  midpoint  of  the  r-plv  range  is  used  as  the  estimate  of  the  mean.  Tables  of  the  standard 
deviations  of  these  estimates  [for  a normal  population]  are given  By  consulting  the  tables  it  is  possible  to 
determine  the  most  economical  pair  of  values  of  n and  r to  use  in  a specific  situation." 

Note:  The  r-ply  range,  as  defined  by  the  author,  is  the  average  of  the  quasi-ranges  of  orders  0,1 r - 1 

and  the  r-ply  midrange  is  the  average  of  the  quasi-midranges  of  orders  0.1 r-1,  where  the 

quasi-range  of  order  0 is  the  range  and  the  quasi-midrange  of  order  0 is  the  midrange. 

References:  Jones  < 1946),  Mosteller  1 1946). 

: Cox.  I).  R.  1 1949).  The  use  of  the  range  in  sequential  analysis.  Journal  of  the  Royal  Statistical  Society  R 
11,  101-114.  (MR  1 1.  262). 
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Summary:  The  author  writes  (Summary,  pp.  1 13-1 14):  "Previous  authors  have  given  sequential  tests 
[one-sample  and  two-sample]  for  hypotheses  about  the  variances  of  normal  populations.  The  present 
paper  gives  arithmetically  more  convenient  tests  involving  the  range.  The  sampling  distribution  of 
range  is  approximated  by  al'distribution.  This  leads  to  convenient  sequential  and  fixed  sample  si/e  tests 
whose  properties  are  discussed.  The  adequacy  of  the  I'  approximation  in  sequential  analysis  is  consi- 
dered." 

References:  E.  S.  Pearson  (1926>,  Student  (1927),  K.  Pearson  (19311,  Pearson  & Hartley  < 1 942 1. 

* Doob,  J.  L.  ( 1949).  Heuristic  approach  to  the  Kolmogorov-Smirnov  theorems.  Annals  of  Mathematical 
Statistics  20,  393-403.  (MR  11.  43). 

Summary:  The  author  writes  (Introduction  and  summary,  p.  393):  "Asymptotic  theorems  on  the 
difference  between  the  (empirical)  distribution  function  calculated  from  a sample  and  the  true  distribu- 
tion function  governing  the  sampling  process  are  well  known.  Simple  proofs  of  an  elementary  nature 
have  been  obtained  for  the  basic  theorems  of  Kolmogorov  [(1933)]  and  Smirnov  [( 1939a, b>]  by  Feller 
[( 1948)],  but  even  these  proofs  conceal  to  some  extent,  in  their  emphasis  on  elementary  methodology,  the 
naturalness  of  the  results  (qualitatively  at  least),  and  their  mutual  relations.  Feller  suggested  that  the 
author  publish  his  own  approach  (which  had  also  been  used  by  Kac  |(  1949 ) | ).  which  does  not  have  these 
disadvantages,  although  rather  deep  analysis  would  be  necessary  for  its  rigorous  justification.  The 
approach  is  therefore  presented  (at  one  critical  point)  as  heuristic  reasoning  which  leads  to  results  in 
investigations  of  this  kind,  even  though  the  easiest  proofs  may  use  entirely  different  methods.  No 
calculations  are  required  to  obtain  the  qualitative  results,  that  is  the  existence  of  limiting  distributions 
for  large  samples  of  various  measures  of  the  discrepancy  between  empirical  and  true  distribution 
functions.  The  numerical  evaluation  of  these  limiting  distributions  requires  certain  results  concerning  ( 

the  Brownian  movement  stochastic  process  and  its  relation  to  other  Gaussian  processes  which  will  be 
derived  in  the  Appendix.” 

References:  Kolmogoroff  ( 1933),  Smirnov  ( 1939a, bi.  Feller  1 1948).  Smirnov  1 1948).  Kac  [( 1949)]. 

Citations:  Chung  ( 1949),  Kac  ( 1949 1. 

* Epstein,  Benjamin  ( 1949a).  A modified  extreme  value  problem.  Annals  of  Mathematical  Statistics  20, 

99-103.  (MR  10,  550). 

Summary:  The  author  writes  (Introduction  and  summary,  p.  99):  "Consider  the  following  problem. 

Particles  are  distributed  over  unit  areas  in  such  a way  that  the  number  of  particles  to  be  found  in  such 
areas  is  a random  variable  following  the  law  of  Poisson,  with  v equal  to  the  expected  number  of  particles 
per  unit  area.  Furthermore,  the  particles  themselves  are  assumed  to  vary  in  magnitude  according  to  a 
size  distribution  specified  (independently  of  the  particular  unit  area  chosen)  bv  a d.f.  Fix)  defined  over 
some  interval  asx<b,  with  Fla)  =0  and  F(bt  = 1 . The  problem  is  to  find  the  distribution  of  the  smallest, 
largest,  or  more  generally  the  nth  smallest  or  nth  largest  particle  in  randomly  chosen  unit  areas.  The 
problem  as  stated  is  not  completely  specified. ...  In  the  case  of  the  distribution  of  the  nth  smallest  or  nth 
largest  particle  [n  = 1,2,...  |,one  must  give  a rule  for  dealing  with  those  areas  which  contain  < n — 1 ) or 
fewer  particles.  There  are  at  least  two  possible  alternatives.  One  alternative  is  to  omit  none  of  the  areas 
from  consideration  by  setting  up  the  following  rule:  . . . if  ( n — 1 ) or  fewer  particles  are  found  in  a given 
unit  area  then  this  area  will  be  considered  as  one  for  which  the  nth  smallest  size  particle  is  x = b and  for 
which  the  nth  largest  size  particle  is  x = a.  A second  alternative  is  to  restrict  attention  to  those  areas 
which  contain  ...  at  least  n particles  ....  In  other  words,  this  means  finding  the  relevant  conditional 
distribution.  From  the  point  of  view  of  the  application  of  the  theory  of  extreme  values  to  fracture 
problems,  there  are  some  situations  where  the  first  model  and  other  situations  where  the  second  mode!  is 
the  more  appropriate  in  describing  the  phenomenon  under  investigation.  In  this  paper  section  2 will  be 
devoted  to  a derivation  of  the  distributions  associated  with  the  first  alternative:  in  section  3 the 
conditional  distributions  will  be  described  briefly. ” 
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References:  Cramer  (1946),  Epstein  (1948a),  Epstein  & Brooks  (1948). 


Epstein,  Benjamin  ( 1949b).  The  distribution  of  extreme  values  in  samples  whose  members  are  subject  to 
a Markoff  chain  condition.  A nnals  of  Mathematical  Statistics  20,  590-594;  correction:  22(1951),  133-134. 
(MR  11,  375). 

Summary:  Let  x,,  x2, . . . , xn, . . be  observations  taken  in  order  at  time  t = 1,  t = 2 t = n, ...  from  a 

stationary  stochastic  process  subject  to  the  condition  Prob  (x„  £ x|x,  £ x,  x2  £ x xn^,  £ x(  = Prob  (xn 

£ xjxn^,  £ x),  which  is  not  [as  W.  Feller  pointed  out  to  the  author,  and  he  in  turn  to  the  reviewer  (M. 
Loeve)],  a Markoff  chain  condition,  as  indicated  in  the  title.  The  author  finds  the  distributions  of 
smallest,  largest,  second  largest,  and  second  smallest  values  in  samples  of  size  n. 

* Godwin,  H.  J.  (1949a).  Some  low  moments  of  order  statistics.  Annals  of  Mathematical  Statistics  20, 
279-285.  (MR  10,  722). 

Summary:  The  author  writes  (Introduction,  p.  279);  "In  a paper  on  order  statistics  from  several 
populations  [Hastings,  Mosteller,  Tukey  & Winsor  ( 1947 )],  there  were  given,  among  other  results,  the 
means,  variances,  covariances,  and  correlations  of  order  statistics  in  samples  of  ten  or  less  from  a normal 
population.  These  were  obtained  by  numerical  integration,  and  on  account  of  the  difficulties  arising 
therefrom,  some  results  were  given  to  only  two  decimal  places.  More  recently,  Jones  [( 1948)]  has  shown 
that  some  of  the  integrals,  for  sample  sizes  not  greater  than  four,  can  be  evaluated  explicitly.  In  this  note 
these  results  are  supplemented  in  two  ways.  For  a paper  which  the  author  has  recently  submitted  to 
Biometrika  [Godwin  ( 1949b)]  integrals  were  evaluated  which  can  be  used  to  give  some  of  the  results  in 
[Hastings,  Mosteller.  Tukey  & Winsor  ( 1947 )]  to  more  places  of  decimals.  It  is  also  shown  that  the  table  of 
explicit  values  can  be  extended  [to  sample  sizes  up  through  six]."  The  integrals  available  from  Godwin 
( 1949b i are  Jiiii  = J" ^FHxi  ( 1 -F(x))'dx(  l£is5\  and  \J>ti,j)  = J J^Fhx)  J*  (1  -F(yH‘  dxdv  ( l£i,j:  i +j£l0), 
where  Fix)  = J'TfUidt  = J'\(l/\  27r>  exp  ( -t2/2i  dt.  These  integrals  were  evaluated  to  ten  decimal 
places,  the  last  place  possibly  being  in  error  by  one  or  two  units.  The  author  also  defines  aii.j)  = / *xxF‘  (x) 

( 1 — F< x ) )Jdx  = -«(j,i),  and  /3( i.j ) = /*xx2f(x)F'(x)  ( 1 -Fix))1  dx  = /3( j.i ) and  uses  recurrence  relations  to 
construct  tables  of  the  a's  and  ff  s.  For  the  order  statistics  of  samples  up  through  size  ten  from  N(0,1  >,  he 
tabulates  the  means  and  standard  deviations  (7DPi.  their  variances  and  covariances  (5DPi,  and  their 
correlations  (4DP). 

References:  Irwin  1 1925a),  Hastings,  Mosteller.  Tukey  & Winsor  1 1947),  Jones  1 1948). 

Citations:  Godwin  (1949b).  Howell  il949>. 

* Godwin,  H.  J.  1 1 949b  i.  On  the  estimation  of  dispersion  by  linear  systematic  statistics.  Biometrika  36, 
92-100.  (MR  11.  673). 

Summary:  The  author  writes  (Introduction,  p.  92 ):  "The  purpose  of  this  paper  is  to  discuss  the  efficiency 
of  estimates  of  the  standard  deviation  of  a population  which  are  obtained  by  ranking  the  observations  of 
a sample  and  taking  a linear  combination  of  them.  Such  statistics  are  termed  systematic  by  Mosteller 
1 1946i.  . . . The  best  known  statistic  satisfying  the  requirements  is  the  range  whose  probability  integral 
in  samples  from  a normal  population  was  tabulated  by  Pearson  . . . and  Hartley  ( 1942).  Earlier.  Tippett 
1 1925)  had  tabulated  its  mean  value  for  sample  sizes  2-1000.  and  given  formulae  for  higher  moments, 
while  E.  S.  Pearson  1 1926i  had  calculated  second,  third  and  fourth  moments  for  several  sample  sizes. 
Other  measures  which  are  the  difference  of  two  observations  have  been  proposed,  such  as  the  interquar- 
tile range,  discussed  by  Hojo  1 1931 1.  and  the  difference  of  quindeciles.  suggested  by  K.  Pearson  ( 1920). 
Mosteller  (1946>  discusses  these  and  other  differences  of  symmetrically  placed  ranks  which  he  calls 
quasi-ranges.  Recently.  Nair  i 1947 1 has  considered  the  mean  deviation  from  the  median.  He  propounds 
several  questions  as  to  the  usefulness  of  this  statist  ic  and  the  present  paper  has  grown  from  an  attempt  to 
answer  these.  I had  obtained  the  frequency  function  of  this  statistic  in  normal  samples  (as  Nair 
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1 1948[b]  i observed,  after  he  had  obtained  it  as  a special  case  of  a more  genera!  result  i,  but  finding  it 
intractable  for  further  development  did  not  attempt  to  publish  it.  The  method  used  here  is  to  consider  the 
first  and  second  moments  of  difference  of  consecutive  ranks.  They  were  studied  bv  Irwin  i I925[a]  ) and 
Pearson  & Pearson  ( 193 1 ),  the  last  authors  deriving  results  about  the  differences  from  a knowledge  of 
the  moments  and  correlations  of  the  ranks  themselves.  Recently,  Hastings,  Mosteller.  Tukev  & W insor 
1 1947 1,  have  also  tabulated  the  means,  variances  and  covariances  of  ranks,  and  either  of  their  results  or 
my  results  on  rank  differences  given  below  is  deducible  from  the  other.  However,  my  results  are 
computed  to  more  places  than  theirs,  and  I have  thus  been  able  to  give  a more  accurate  version  of  their 
table  (Godwin!  1949(a|)i.  Some  of  the  results  which  they  computed  have  been  given  exactly  by  Jones 
( 1948 1,  who  has  evaluated  certain  integrals  connected  with  the  normal  distribution.  I have  also  extended 
this  table  in  the  paper  referred  to  above." 

References:  K.  Pearson  (1920),  Irwin  ( 1925a),  Tippett  (1925),  E.  S.  Pearson  < 1926 >,  Hojo  (1931), 
Pearson  & Pearson  (1931),  Davies  & Pearson  c 1934 ),  Pearson  & Hartley  (1942),  Mosteller  (1946), 
Hastings,  Mosteller,  Tukev  & Winsor  (1947),  Nair  G947.  1948b),  Godwin  1 1 949a ) . 

Citation:  Nair  1 1949b  I. 

Gumbel,  E.  J.  1 1 949 ).  Probability  tables  for  the  range.  Biometrika  36,  142-148.  (MR  11.  527 ). 

Summary:  The  author  compares  the  asymptotic  distributions  of  the  range  and  the  midrange  for  any 
unlimited  distribution  of  the  exponential  type  with  Elfving's  distribution  of  the  probability  transforma- 
tion of  the  normal  range.  He  tabulates  the  asymptotic  cdf '!'( R)  and  pdf  iJ/(  R)  of  the  reduced  range  R = «( w 
- 2ui  to  five  significant  decimal  places,  where  w is  the  range  proper,  u is  the  expected  largest  value 
defined  by  <t>iu>  = 1 - 1 n,  and  the  coefficient  a is  defined  by  a = nd>iui,  J>(xi  and  <J>ix)  being  respectively 
the  pdf  and  the  cdf  of  the  distribution  under  consideration.  He  states  the  following  conclusions  >p.  147): 
"The  asymptotic  distributions  of  the  ranges  and  mid-ranges  for  an  unlimited  symmetrical  initial 
distribution  of  the  exponential  type  are  obtained  from  the  convolution  of  the  asymptotic  distributions  of 
the  extremes.  Elfving’s  approach  for  the  normal  range  leads  to  the  same  results  as  this  direct  method 
which  does  not  require  the  knowledge  of  the  sample  size,  nor  of  the  analytical  form  of  the  initial 
distribution,  nor  of  the  numerical  values  of  its  parameters." 

References:  Pearson  (19261,  Fisher  & Tippett  (1928),  Gumbel  1 1935a,  1944.  1946a).  Elfving  ) 1 947 >. 
Gumbel  1 1947 1. 

Harris.  Theodore  E.;  Tukey.  John  W.  1 1949).  Development  of  Large  Sample  Measures  of  Location  and 
Scale  which  are  Relatively  Insensitive  to  Contamination.  Memorandum  Report  No.  31.  Stastistical 
Research  Group.  Princeton  LTniversity.  Princeton,  NJ. 

Summary:  The  authors  study  the  relative  efficiencies,  in  large  samples,  of  estimators  obtained  from  the 
mean  and  standard  deviation  by  removing  the  extreme  / < at  each  end  of  the  sample,  for  varying  degrees 
of  contamination. 

Note:  The  compiler  has  been  unable  to  locate  a copy  of  this  report,  and  hence  has  had  to  rely  entirely  on  a 
report  on  "Statistical  Research  at  Princeton  Universit>  Supported  by  the  Office  of  Naval  Research 
1946-1956”  for  information  concerning  it  This  statement  applies  also  to  Memorandum  Reports  25.  32. 
33  and  34  [Tukey  ( 1949c.d.e.f )]. 


References:  Tukev  < 1949d). 


Citation:  Tukev  1 1 949d  >. 
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* Hartley,  H.  O.  ( 19491.  Tests  of  significance  in  harmonic  analysis . Biometrika  36,  194-201.  (MR  1 1,  529). 

Summary:  The  author  writes  (Introduction,  p.  1):  "The  classical  harmonic  analysis  and  closely  related 
periodogram  analysis  have,  in  recent  years,  been  the  subject  of  severe  criticisms  (Kendall,  1946  . . . I. 
These  have  been  mainly  of  two  kinds:  (a)  That  the  analysis  has  been  widely  misused  in  situations  where 
it  is  not  appropriate  and  has  thereby  led  to  faulty  conclusions,  (b)  That  the  tests  of  significance  used  are 
based  on  the  assumption  of  a random  series  and  are  therefore  hardly  ever  applicable.-’  In  dealing  with 
(b),  the  author  quotes  Kendall’s  summary  of  his  discussion  of  the  Schuster,  Walker  and  Fisher  tests,  then 
continues  (p.  2):  "Kendall’s  main  point  ...  is  that  the  'significance’  of  an  observed  intensity  may  be 
’misleading’  in  that  it  does  not  necessarily  indicate  the  reality  of  the  period  for  which  it  was  observed  but, 
possibly,  that  of  other  periods  or,  indeed,  quite  a different  non-random  behaviour  of  the  series.  Whilst  it 
would  appear  to  be  difficult  to  develop  a test  entirely  free  from  the  above  criticisms,  we  will  show  that 
most  of  the  difficulties  can  be  overcome  by  using  tests  in  which  the  periodogram  intensities  are 
independent  or  slightly  correlated,  and  by  applying  some  recent  results  in  analysis  of  variance  test 
distributions.  . . .”  Let  yt  (t  = 0,1,  . . . , n-li  be  a series  of  n observations  at  equidistant  intervals  x,  = 
27rt'n  of  the  independent  variable.  Harmonic  analysis  of  this  series  consists  in  fitting,  say,  2m + 1 
regression  coefficients  a0;  a,,  a2. . . . , am;  b,,b2, . . . , bm  in  the  regression  function  Yt  = a„  + X™  ,1a,  cos  ity  + 
bi  sin  ity),  where  y = 2n  n and  computing  the  'observed  intensities'  S*2  = a,2  + b, 2 corresponding  to  period 
i.  If  ms  in-  l)/2,  the  residual  sum  of  squares  is  given  bv  R2  = — "”,!(y,-Y,  )2  = X"J('(y,-y  )2  - ( n/2  )X"1  ,<  a,2 
+ bj2).  In  order  to  test  the  significance  of  the  harmonic  term  with  the  largest  intensity  S2mas,  the  author 
converts  the  criterion  of  Walker  (1914)  into  an  exact  test  by  making  use  of  the  residual  R2  as  an 
independent  estimate  of  a'1  and  then  'studentizing’  Walker’s  criterion.  The  resulting  test  is  one  for  the 
maximum  variance  ratio  Fmax  = ( n'4)  S2mas(n-2m  + 1 )<R2.  The  author  investigates  the  power  of  the  Fmas 
test  and  its  usefulness  under  various  alternative  assumptions  as  to  the  character  of  the  y,  distributions. 

References:  Walker  1 1914),  Brunt  (1917),  Fisher  ( 1929),  Finney  ( 1941 1,  Hartley  ( 1944),  Kendall  ( 1946). 

* Howell,  John  M.  1 1949).  Control  chart  for  largest  and  smallest  values.  A n rials  of  Mathematical  Statistics 
20,  305-309;  errata,  21  (1950),  615-616.  (MR  10,  724;  12.  347— listing  only). 

Summary:  The  author  writes  (Introduction,  p.  305 1:  ' It  may  at  times  be  desirable  to  use  a control  chart 
for  largest  and  smallest  values  ( L & Si  in  place  of  the  conventional  charts  for  averages  and  ranges  ( X & 
R).  The  chart  for  largest  and  smallest  values  has  certain  advantages:  all  information  may  be  combined 
on  one  chart,  computations  are  simple,  and  specifications  may  be  placed  on  the  chart.  In  this  paper, 
constants  for  the  use  of  this  chart  are  developed  and  comparison  is  made  with  the  average  and  range 
charts."  Corrections  to  one  of  the  tables  are  given  in  the  errata  notice;  the  more  accurate  values  given  are 
those  of  Godwin  ( 1949a). 

References:  Tippett  ( 1925 1,  Hojo  1 1931 1,  Shewhart  1 1931 1,  Pearson  |&  Hartley)  ( 1942).  Wilks  ( 1943), 
Daly  (1946),  {Godwin  1 1949a)}. 

* Juncosa,  M.  L.  ( 1949).  The  asymptotic  behavior  of  the  minimum  in  a sequence  of  random  variables. 
Duke  Mathematical  • Journal  16.  609-618.  (MR  11,  3 75). 

Summary:  The  author  writes  (Introduction,  p.  609):  "Let  £n  = min  ksnXk,  n = 1,2 where  X,.  X2, . . . 

is  a sequence  of  mutually  independent  random  variables  whose  respective  distribution  functions. 

assumed  to  be  non-unitary  throughout  this  work,  are  F , ( x ) . F2ix) If  sequences  of  real  constants 

(norming  parameters)  {an  > 0}  and  {bn}.  n =■  1,  2 exist  such  that  1 1 1 limn_,Pr{£n  > anx  + bn}  = 

limn_>,IIJl'  ,|1  - Fkianx  + bni]  exists  and  is  of  the  form  1 Vixi  where  Vixi  is  a non-unitary  distribution 
function,  then  one  says  that  {£,, } has  a limiting  distribution.  It  is  known  that  the  limit  class  V(ax  + bi,  if 
it  exists,  is  unique.  Furthermore,  for  each  non-unitary  limit  Vixi.  the  sequences  {an  > 0}  and  {bn}  are 
asymptotically  unique  (see  Gnedenko  [i  1943)]).  We  shall  give  some  conditions  under  which  {£„}  has  a 
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limiting  distribution.  Completing  previous  work  bv  Frechet  [( 19271],  Fisher  & Tippett  [i  1928)].  and  de 
Mises  [von  Mises  < 1936)]  in  the  case  of  identically  distributed  variables  {Xk},  Gnedenko  [i  1943)]  has 
shown  that  there  exist  only  three  classes  of  li  mi  ting  distributions  and  has  given  necessary  and  sufficient 
conditions  for  convergence  to  each  class.  One  of  the  chief  purposes  of  this  work  is  to  point  out  . . . that 
much  more  general  classes  exist  if  we  drop  the  restriction  that  the  random  variables  {Xk}  are  identically 
distributed.  . . ." 

Comments:  The  £n  are  not  order  statistics,  according  to  our  definition,  except  in  the  special  case  of 
identically  distributed  variables  {Xk}.  Complete  results  for  this  case  were  given  by  Gnedenko  i 1943 1,  so 
this  paper  adds  nothing  new  that  is  directly  relevant  to  a study  of  order  statistics. 

References:  Frechet  1 1927).  Fisher  & Tippett  1 1928),  de  Mises  [von  Mises]  ( 1936),  Gnedenko  1 1943). 

* Kac.  M.  1949).  On  deviations  between  theoretical  and  empirical  distributions.  Proceedings  of  the 
Motional  Academy  of  Sciences  (USA)  35.  252-257.  (MR  10.  614). 

Summary:  The  author  writes  (pp.  252-253):  "The  determination  of  a theoretical  distribution  function 
cri  ui  by  drawing  a random  sample  is  a familiar  technique.  The  reliability  of  this  procedure  is  based  on 
considerations  of  the  least  upper  bound  of  the  absolute  value  of  the  difference  between  mu)  and  the 
empirical  distribution  trn(u),  defined  as  1 n times  the  number  of  sample  elements  falling  below  u.  The 
theory  requires  delicate  and  powerful  mathematical  tools.  Considerable  simplification  can,  however,  be 
achieved  by  taking  samples  whose  size  is  not  fixed  but  drawn  from  a Poisson  population.  This  note  is 
devoted  mainly  to  exposition  of  this  idea.  We  also  consider  different  measures  of  deviations  and  compare 
the  theories  for  samples  of  fixed  and  random  sizes.  Let  x,,  x2,  . . . be  independent  random  variables 
having  the  same  continuous  distribution  functions  cri  u).  Let  furthermore  i//n( x ) be  0 or  1 according  as  x > 
u or  x < u.  The  empirical  distribution  function  crn(  u;  x,, . . . , xn)  =(rniui  is  defined  by  the  formula  <xn<  ui  = 
i 1 m ii"  , i/»u(X)).  < 1 1.  Kolmogoroff  [( 1933)]  has  shown  that  limn_%  Prob.  {l.u.b_x<u<x  |<rn(  u i — cri  u ) | <al  Vn} 
= Pi  a),  1 2)  where  Pi  a)  = ( V27r  «i  Xk=l,exp|  -(2k  + 1 iV2  8a2).  (3).  An  elementary  proof  of  this  and  some 
related  results  was  subsequently  given  by  Feller  [( 1 948 ) ].  (}uite  recently  Doob  [( 1 949 1]  derived  Koi- 
mogoroffs  result  using  the  theory  of  stochastic  processes.  He  has  pointed  out  that  P(a'  = Prob.  {Max. 
iisusi  |y«  u)|<«>,  (4)  where  yiu)iO<u<  1 ) is  a Gaussian  process  satisfying  the  conditions  y (0)  = y(  1 1 = 0, 
E{v(  u)y(  vi}  = Min.  ( u.vi-uv.  (5).  Since  the  process  yi  ui  is  related  in  a simple  way  to  the  classical  Wiener 
process  the  calculation  of  (4)  can  be  reduced  to  a more  or  less  standard  calculation  in  the  diffusion  theory. 
Doob’s  justification  of  ( 4 ) is  heuristic  and  he  states  that  a rigorous  proof  would  be  quite  delicate. 
Independently  of  Doob,  the  present  author  also  used  the  reduction  to  the  process  y<  u)  in  connection  with  a 
related  problem  (see  § 4 of  this  note)." 

References:  Kolmogoroff  1 1933).  Feller  1 1948).  Doob  1 1949). 

Citations:  Chung  ( 1949),  Doob  < 1949 1. 

* Kimball.  Bradford  F.  (1949).  An  approximation  to  the  sampling  variance  of  an  estimated  maximum 
value  ofa  given  frequency  bast'd  on  fit  of  doubly  exponential  distribution  of  maximum  values.  Annals  of 
Mathematical  Statistics  20,  1 10-1 13.  (MR  10.  466i. 

Summary:  The  author  writes  (Introduction,  p.  110):  "Given  the  doubly  exponential  distribution  of 
maximum  values  1 1 1 Fix)  = exp  ( -e“yi,  v = a(x-u),  where  a and  u are  unknown  parameters,  with  a 
prescribed  frequency  F0the  "reduced  variate"  v is  fixed,  say  at  y = v„.  Thus  with  F„  = .99.  y„  = 4.60015  .... 
Given  a sample  of  n maximum  values  xp.  we  are  interested  in  the  sampling  variance  of  i2>  x = gui.a'  = u 
+ y„  a d tie  to  sampling  variations  of  the  estimates  li  and  d.  H.  Fairfield  Smith  has  recently  pointed  out  to 
me  that  the  examples  of  applications  of  sufficient  statistical  estimation  functions  to  this  problem  given 
in  a previous  paper  i see  [Kimball  i 1946a  i,  pp.  307-309])  give  too  large  a range  for  x ■=  gi  li.d1  because  the 
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sample  points  (u,d)  within  the  confidence  region  of  the  constant  probability  ellipse  apply  to  optimum 
estimates  ofiu.di  rather  than  to  that  ofg  = g(u,d).  What  the  problem  calls  for  is  the  determination  of  the 
positions  of  curves  giu,a)  and  g(u.a)  such  that  the  integral  of  the  pdf  of  the  estimation  functions  over  all 
sample  values  (u,d)  which  lie  between  these  two  curves  is  equal  to  the  confidence  level  (taken  as  .95  in 
previous  paper).  Further  considerations  of  this  being  the  shortest  interval  g - g,  also  come  into  play.  As 
so  often  happens  in  research,  the  previous  analysis,  although  not  giving  the  final  answer,  suggests  the 
next  step.  If  we  change  our  parameters  to  (3)  g(  u,a)  = u +y„  la,  a'  = a and  are  able  to  carry  through  the 
inverse  of  the  maximum  likelihood  solution  for  fitting  of  ( 1 ) to  n sample  values  x,,  then  we  shall  be  in  a 
position  to  find  the  asymptotic  marginal  distribution  of  Vn(g  - g),  which  will  give  the  answer  to  our 
problem  (see  [Wilks  ( 1943)]). . . .”  The  author  reworks  the  example  of  his  earlier  paper  [Kimball  ( 1946a)] 
and  obtains  the  959<  confidence  interval  365.2  < g < 474.2,  which  is  symmetrical  about  g = 419.7  and  is 
shorter  than  the  interval  362.8  < g < 507.4,  which  was  not  symmetrical  about  g,  obtained  in  the  previous 
paper. 

References:  Wilks  (1943),  Kimball  (1946a). 

* Kontorova,  T.  A.;  Timoshenko,  O.  A.  (1949).  Generalization  of  the  statistical  theory  of  strength  for 
nonuniformly  stressed  bodies,  i Russian).  Zhurnal  Tekhnicheskoi  Fiziki  [ Journal  of  Technical  Physics 
(USSR)]  19,  355-370.  (AMR  3,  478). 

Summary:  The  authors  extend  the  results  on  the  size  effect  in  brittle  fracture,  given  in  several  earlier 
papers  by  Kontorova,  to  the  bending  of  bars  of  rectangular  cross  section  and  the  torsion  of  rods  of  circular 
cross  section.  They  assume  a Gaussian  distribution  of  strengths  in  an  assembly  of  specimens  of  equal 
size,  and  a proportionality  between  the  number  of  flaws,  the  most  hazardous  (weakest)  of  which  causes 
failure,  and  the  volume  of  the  specimen,  though  the  reviewer  (E.  Orowan)  believes  that,  while  these 
assumptions  are  justified  for  materials  like  plaster  of  Paris,  the  number  of  flaws  for  vitreous  materials 
would  be  proportional  to  the  surface  area  rather  than  the  volume.  The  results  show  that,  with  the 
authors’  assumptions,  the  mean  fracture  stress  of  specimens  of  given  volume  would  be  lower  in  tension 
than  in  bending  or  torsion,  which  conclusion  agrees  with  earlier  measurements  on  specimens  of  plaster 
of  Paris. 

References:  Kontorova  ( 1 940 ),  Kontorova  & Frenkel  (1941),  Kontorova  (1943). 

* Lane,  E.  W.:  Lei.  Kai  (1949).  Stream  flow  variability.  Proceedings  of  the  American  Society  of  Civil 
Engineers  75,  935-949;  discussion,  1508-1510.  Transactions  of  the  American  Society  of  Civil  Engineers 
115(1950),  1084-1098;  discussion.  1099-1134. 

Summary:  The  authors  write  (Synopsis,  p.  935):  "An  index  of  stream  flow  variability  is  suggested,  in  the 
form  of  the  standard  deviation  of  the  logarithm  of  the  stream  discharge.  The  method  of  determining  the 
index  is  described  and  the  values  from  the  flow  records  of  a large  number  of  streams  in  the  eastern  part  of 
the  United  States  were  obtained.  The  possibilities  of  using  this  index  in  estimating  the  duration  curve  of 
the  stream  flow,  where  flow  records  are  short  or  nonexistent,  is  indicated.  . . .”  The  index  of  flow 
variability  used  is  based  on  the  duration  curve  of  stream  discharge,  which  is  a curve  showing  the 
percentage  of  the  total  time  covered  by  the  flow  record  labscissa)  during  which  the  stream  discharge 
lordinate)  was  greater  than  the  various  discharge  values.  The  authors  write  (pp.  936-937):  "When 
ordinary  coordinates  are  used  for  duration  curves  ....  in  order  to  fit  them  on  a sheet  of  reasonable  size, 
the  discharge  scale  is  usually  such  that  the  low  flows  cannot  be  read  accurately.  This  can  be  remedied  bv 
plotting  the  discharge  on  a logarithmic  scale  ....  A still  better  presentation  has  been  suggested  by  the 
late  Allen  Hazen  ....  who  plotted  the  curve  on  his  logarithmic  probability  paper  and  secured  a curve 
which,  for  the  greater  part  of  the  total  time,  closely  followed  a straight  line  ....  It  departs  from  the 
straight  line  at  the  ends,  but  only  for  a small  part  of  the  total  time,  although,  because  of  the  distortion  of 
the  scale  in  the  probability  plotting,  this  small  part  of  the  time  covers  a large  proportion  of  the  space  on 
the  graph.  A stream  with  a very  uniform  flow  will  produce  a curve  with  little  slope  ....  and  a variable 
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stream  will  give  rise  to  a curve  of  considerable  slope  ....  The  steepness  of  the  slope  can  be  used  as  a 
measure  or  index  of  the  flow  variability.”  The  discussion  includes  comments  by  Ven  Te  Chow,  Dana  M. 
Wood,  H.  Alden  Foster  and  others,  with  a rejoinder  by  the  first  author.  Foster  (p.  1 107 1 gives  a curve 
showing  the  ratio  of  the  median  to  the  mean  discharge,  for  various  values  of  the  variability  index,  which 
Lane  says  will  be  of  considerable  assistance  in  applying  the  methods  presented  in  the  paper.  Lane  writes 
ip.  1132):  "The  shape  of  the  duration  curve  can  be  obtained  by  drawing  a straight  line  duration  curve  on 
logarithmic  probability  paper  with  a slope  such  that  the  ratio  of  the  discharge  exceeded  15.87r4  of  the 
time  to  the  discharge  exceeded  50ri  of  the  time  is  equal  to  the  antilogarithm  of  the  variability  index 
selected.”  This  statement  is  a correction  of  one  made  on  p.  1097  of  the  paper,  where  the  words  "the 
antilogarithm  of”  were  omitted. 

Comments:  The  duration  curve  is  similar  to  the  empirical  cdf  curve  (ogive),  but  differs  from  it  in  two 
ways:  1 1)  the  probabilities  are  cumulated  downward  instead  of  upward:  (2)  the  ordinate  and  the  abscissa 
are  reversed. 

References:  Hazen  (1914),  Hall  (1921),  Foster  (1924),  Goodrich  ( 1927 ),  Hazen  (19301,  Foster  < 1934 ), 
Slade  ( 1934  >[1936],  Creager  ( 1939),  Beard  ( 1 942 )[  1943],  Powell  ( 1943),  Gumbel  ( 1 945b ),  Potter  1 1949a). 

* Langbein,  W.  B.  1 1949).  Annual  floods  and  the  partial-duration  flood  series.  Transactions  of  the  Ameri- 
can Geophysical  Union  30,  879-881:  discussion,  31  (1950),  939-941. 

Summary:  The  author  writes  (Abstract,  p.  879 ):  "Flood  data  are  ordinarily  listed  either  in  annual-flood 
series  [highest  peak  discharge  in  each  water  year]  or  in  a partial-duration  series  [all  floods  above  a 
selected  base].  If  the  expectancy  of  a flood  in  the  duration  series  e is  known,  then  the  probability  of  that 
flood  being  an  annual  flood  is  shown  to  be  e~c.  From  this  relationship  it  is  possible  to  transform  the 
recurrence  intervals  in  the  partial-duration  series  to  those  in  the  annual-flood  series.  It  is  shown  that  for 
equivalent  floods,  the  recurrence  intervals  in  the  partial-duration  series  are  smaller  than  in  the 
annual-flood  series,  but  that  the  difference  becomes  inconsequential  for  floods  greater  than  about  the 
five-year  recurrence  interval."  The  discussion  includes  comments  by  Ven  Te  Chow  and  a closure  by  the 
author.  Chow  writes  (pp.  939-940):  "In  treating  hydrologic  data  for  the  study  of  their  frequency  of 
recurrence,  two  phases  of  study  are  generally  net.  One  is  the  frequency  of  recurrence  for  the  observed 
distributions,  and  the  other  is  the  corresponding  frequency  of  recurrence  for  the  theoretical  distributions 
of  best  fit.  The  former  is  usually  required  for  the  purpose  of  plotting  observed  data,  and  hence  is  called  the 
'plotting  positions',  a term  used  by  FOSTER  [1934,  p.  1217],  The  latter  is  treated  bv  the  mathematical 
theory  of  probability,  and  generally  serves  as  a theoretical  interpretation  of  the  observed  phenomena.  A 
correct  determination  of  plotting  positions  has  . . . caused  a great  deal  of  discussion.  Many  methods  for 
computing  plotting  positions  have  been  proposed.  ...  If  Tp  is  the  recurrence  interval  of  hydrological 
events  in  partial  duration  series,  and  Ta  is  the  recurrence  interval  ...  in  annual  maximum  series,  then, 
according  to  the  paper,  Tp  = 1/g  ( 1 ) and  Ta  = l/(  1 -e_e>  ( 2).  The  difference  between  these  two  recurrence 
intervals  with  respect  to  Ta  is  (Ta-Tp)'Ta  = (e_R  + e- 1 Me  (3)  where  e is  related  to  Tp  and  Ta  by  ( 1 1 and  (2) 
respectively.  . . From  a theoretical  point  of  view,  a recognized  distinction  between  the  two  methods  is 
that  the  annual  maximum  series  forms  a complete  series,  but  the  partial  duration  series  does  not;  herice, 
a mathematical  analysis  of  the  latter  cannot  be  made.  GUMBEL  [1941(a)]  has  utilized  the  theory  of 
largest  values  [FISHER  and  TIPPETT,  1928]to  interpret  the  theoretical  distribution  of  annual  maxima. 
By  this  method  the  recurrence  interval  of  the  annual  maximum  series  can  be  expressed  by  Ta  = 1 [1  -exp 
i_e  xci|  ( 4 1 in  which  x = a + y,  a and  c are  parameters,  and  y is  the  value  of  the  annual  maximum. 
Comparing  (4)  with  (2i,  it  is  obvious  that  the  expectancy  of  recurrence  is  f = e~*  c (5).  Substituting  (5)  in 
( 1 1,  the  recurrence  interval  in  partial  duration  series  becomes  Tp  =eX1'  i6>.  By  substituting  x = a + y in  (6) 
and  modifying,  y = c log,  T„  — a ( 7 • which  will  give  a straight-line  relationship  of  v and  T„  when  plotted 
on  a semi-logarithmic  graph  paper.  Therefore,  if  Gumbel's  method  of  using  the  theory  of  largest  values  in 
annual  maximum  series  is  mathematically  adequate,  then  the  conclusion  shown  by  (7)  should  explain 
the  legitimate  use  of  semi-logarithmic  plotting  in  the  empirical  method  of  partial  duration  series.” 
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References:  Fisher  & Tippett  ( 1928),  Foster  ( 1934),  Gumbel  1 1941a). 


* Levi,  Robert  1 1949).  Calculs  probabilistes  de  la  securite  des  constructions.  A nnales  des  Pont  set  Chou  sees 
119,  493-539. 

Summary:  The  author  points  out  that,  just  as  the  strength  of  a chain  is  that  of  its  weakest  link,  the 
strength  of  a long  bar  is  that  of  the  weakest  of  the  pieces  into  which  it  could  be  divided  by  cross-sectional 
cuts.  Since  the  distribution  of  the  smallest  of  n values  (n  > 2)  drawn  at  random  from  a normal 
distribution  is  not  normally  distributed,  the  author  [correctly]  concludes  that  if  the  strength  of  the  links 
of  a chain  (or  short  segments  of  a long  bar)  is  normally  distributed,  that  of  the  chain  lor  bar)  is  not.  He 
endeavors  to  use  this  fact  [incorrectly]  to  justify  the  use  of  the  lognormal  distribution  for  the  strength  of 
bars  or  chains. 

* Maniya,  G.  M.  i 1949).  Generalization  of  the  criterion  of  A.  N.  Kolmogorov  for  an  estimate  for  the  law  of 
distribution  for  empirical  data.  ( Russian).  Dokladv  Akademii  Sunk  SSSR  i N.  S.  > 69.  495-497.  (MR  11. 
261). 

Summary:  The  author  recalls  that  Kolmogorov  (1933)  proved  that,  for  each  A > 0 and  random 
continuous  distribution  function  Fix),  limn_*  Pi D„<A  \ 17)  =<1>IA)  = 1 - 2Lj  j ( -1)  *--t  expi  — 2i»2A2i, 
while  Smirnov  ( 1939a)  proved  that  limn_x  Pi  D*  <A/  vH)  = 1 - e--*\  where  D„  = sup  *^x<%  |Sn(x)-F(x)j 
and  D*  = sup-x<x<3C  {S„ixi  -Fix)},  S„(xi  being  the  empirical  cdf.  The  author  generalizes  the  results  of 
Kolmogorov  and  Smirnov  by  defining  the  two  random  values  D*  ( 8,.  H2)  = sup„  sFlxl  {Sn( x)  — Fix)}  and 
Dn<0,,  Op  = supHi5Flxls  |Sn(x>— F(x)j  and  stating  the  following  two  theorems  whose  proofs  are  said  to  be 
based  on  the  theorems  of  continuity  of  random  functions  and  the  Laplace  transform:  Theorem  1.  Let  Fix) 
be  the  continuous  distribution  function  of  each  of  the  independent  [unordered  sample]  values  x,  ( i = 1 . 2. 

■ • ■ , n),  8,""  = m,/n  = 8,  + oi  IfX  n),  82<nl  = m2/'n  = 8.,+  o ( 1/ V nil,  0 < 8,  < 82  < 1.  Then  limn_*  P]D~  i8,‘n\ 
02ln‘>  < \/Vn}  = d>*lfl,,  8-2;  A),  where  d>‘(fl,,  8-,\  A)  = {/■' , J1'  , exp  [ -fliz,,  z2)/2]dz,dz2  -exp  i -2a2»  J1’, 

exp[-^iz,,z2)/2]dz,dz2}/27i-\  1-R2,a  = A/  V^d-W,).  b = A V02(  1 -fl2),  a'  = (A  - 2A9,)  \ 9,1 1 -8, ).  b'  = (A 
- 2 A(  1 - tf2)  ]/  Vtf2(  1 -tf2),  R = X'8,  (1  -0,)/  8-2  ( 1 -02),  8( z„  z2)  = [z,-  + 2Rz,z2  + z22]/  ( 1 — R2),  and  8( z,.  z2i  = 
W - 2Rz,z2  + z22]/  ( 1 - R2).  Theorem  2.  Under  the  conditions  in  Theorem  1 , limn-»*  P{Dn  1 8,"",  d2"")  s A 
\ n } = <!>(«,.  8-2.  A),  where  d'ld,,  W2;  A)  = [/" exp  [-tf(z,.  z2)  2]  dz,dz.,-2  , i -1  )k  1 expi  -2k2A2)  / 

/ ^exp  [ - #( z„  z2 )/ 2] dz,dz2 }/  27?  V 1 -R2,  where  «k  = ( A - 2k A«,  > \ #,(  1 — «, ) and  /3k  = A 2kA  1 1 - 8.) 
\ «2l  1 -«2). 

Note:  The  reviewer  ( J.  Wolfowitz)  has  pointed  out  an  apparent  error  in  Theorem  2,  omission  of  the  bar 
over  8 in  the  first  integrand  of  the  expression  for  <t>itf,.  ft2;  A).  The  compiler  has  corrected  both  this  error 
and  a similar  one  in  Theorem  1,  omission  of  the  plus  sign  in  the  first  <1>'. 

References:  Kolmogorov  | Kolmogoroff]  1 1933),  Smirnov  1 1939a).  Feller  1 1948). 

* Mather,  K.  ( 1 949 1 . The  analysis  of  extinction  time  data  in  bioassay.  Biometries  5.  127-143. 

Summary:  The  relevant  portion  of  this  paper  has  been  summarized  by  Gumbel  < 1954hi.  who  writes 
ipp.  43-44):  "K.  Mather  has  given  an  interesting  application  of  the  theory  of  extreme  values  (without, 
however,  using  this  term)  to  the  problem  of  finding  the  time  necessary  to  kill  bacteria  In  a disinfectant. 

Mather  used  the  probability  of  largest  values  as  a life  table  function.  Thus  the  cumulative  frequency 
of  extinction  can  be  written  1 - Gxi  = expi  -e  ,,ls  Ul)  = expi  -e  vi. . . . Mather  . . minimizes  the  distance 
between  the  observed  and  theoretical  reduced  values  y.  . . . He  estimates  the  parameters  by  the  method 
of  maximum  likelihood,  uses  . . . probability  paper  ....  and  makes  three  approximations  taking  into 
account  the  relative  weight  of  each  observation.  . . . The  [results  of  the  analysis]  show  that  the  theory  of 
largest  values  is  an  adequate  tool  for  the  analysis  of  extinction  time  of  bacteria  subject  to  a disinfectant. 
However,  the  philosophical  question  of  why  these  data  follow  the  law  of  largest  values  instead  of  the 
smallest,  as  one  might  expect,  remains  open." 
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Comments:  The  time  to  extinction  is  the  largest  value  of  the  life  (after  treatment  i of  any  of  the  bacteria, 
so  it  is  not  clear  to  the  compiler  why  one  should  expect,  as  stated  by  Gumbel,  that  the  data  should  follow 
the  law  of  smallest  (rather  than  largest)  values. 


Reference:  Fisher  1 1 935 ) [1947], 

* McMillan,  Brockway  ( 1949).  Spread  of  minima  of  large  samples.  Annals  of  Mathematical  Statistics  20. 
444-447.  (MR  13,  479). 

Summary:  The  author  wrrites  ( pp.  444-446):  "Let  x have  the  continuous  cumulative  distribution 

function  Fix).  Let  ( x,, . . . , xN)be  a sample  of  N independent  values  of  x and  v = infix, xNi.  Theny  is  a 

random  variable  with  the  cumulative  distribution  function  ( 1 ) GN(y)  = 1 -( 1 -Fly  i)N.  Let  K values  of  the 

new  variable  y be  drawn,  (y„  . . . ,yK)  and  let  the  spread  w = sup  yK)  - infly, yK).  Fixing  K, 

we  consider  the  cumulative  distribution  function  of  w,  Ps(wt,  as  N -**.  That  is.  we  have  K large  samples 
ofx  and  wish  to  examine  the  spread  among  their  minima.  It  is  evident  intuitively  that  if  Fix)  = 0 for  some 
finite  x,  these  minima  are  bounded  from  below  and  will  cluster  near  the  vanishing  point  of  Fix),  making 
w — * 0 statistically  asN^x.  Our  theorems  also  show  that  even  when  y — »-*  statistically,  i.e.,  when  Fix) 
= 0 for  no  finite  x,  the  spread  w— * 0 statistically  if  the  tail  of  Fix)  is  sufficiently  small  (e.g.  Gaussian).  On 
the  other  hand,  if  Fix)  = 0(ekx)  as  x — » — x,  the  distribution  PN(  wi  does  not  peak  as  N — »x,  while  for  larger 
tails  i e.g.  algebraic)  w — ► statistically.  Two  simple  theorems  are  I.  If  limx__x  F(x)  Fix+s)  = l.  then 
limN_x  PN(s)  = 0.  II.  Let  s > 0.  If  Fix,,)  = 0 for  some  x„  > -»,or  if  limx_._x  F(x)/Fix+s)  = 0,  then  lim^, 
PN(sl  = 1.  Theorem  I is  directly  applicable  to  distributions  with  algebraic  tails,  theorem  II  to  Gaussian 
tails.  VVe  prove  them  both  as  corollaries  of  the  more  general  results:  III.  If  lint  inf  Fixi  Fix+si  = ( 
then  lim  supN_xPN(s)  s 1 1 — < )K-'-  IV.  Let  s > 0.  If  F(x)  =0  for  no  finite  x and  lim  supx___  ,Fixi  Fix+s)  = L. 
then  lim  infx_,x  Pv(s)  s [e"“L  -e~“JK  for  any  « > 0.  Theorems  III  and  IV  together  show  that  an 
exponential  tail  (Fix)  = 0(ekx))  leads  to  a PN(w)  which,  asymptotically,  is  bounded  away  from  0 for  any  w 
> 0 and  bounded  away  from  1 for  w sufficiently  small." 

van  Meer.  H.  P.:  Plantema,  F.  J.  ( 1949).  Vermoeiing  van  constructies  en  constructiedelen.  Rapport  S. 
.157.  Nationaal  Luchtvaartlaboratorium.  Amsterdam.  (AMR  3 #1270). 

Summary:  This  report  on  a survey  of  the  literature  concerning  fatigue  of  materials  and  structures 
contains  a section  on  the  statistical  theory  of  fatigue  failure  in  which  the  authors  discuss  the  "weakest 
link  theory"  [Weibull  i 1939a, hi],  the  "strength  summation  theory"  [Tucker  1 1941 i]  and  the  combination 
of  these  two  theories  proposed  bv  Gause  in  his  contribution  to  the  discussion  of  Tucker's  paper. 

References:  Faulhaber,  Buchholtz  & Schultz  (1933),  Weibull  ( 1939a, be  Tucker  (1941).  Moore  & 
Morkovin  1 1942-44). 

MeYzler.  I).  G.  1 1949).  On  a problem  of  B.  V.  Gnedenko,  i Russian).  Ukrainskii  Maternaticheskii Zhurnal  1 
(2).  67-64.  i MR  14.  186). 

Summary:  The  reviewer  (J.  L.  Doobi  writes  (MR  14.  186):  "Let  G be  the  class  of  distributions  each  of 
which  can  be  obtained  as  the  limiting  distribution  of  Xn  an.  where  X„  is  the  maximum  of  the  first  n terms 

of  a sequence  of  mutually  independent  random  variables  with  distribution  functions  F,.  F2 and  a,. 

a2.  . ■ ■ are  positive  constants.  It  is  supposed  that,  for  each  x.  limn_x  F,(anx)  = 1 uniformly  in  i £ n.  . . . 
| Several]  theorems  are  proved.  For  the  most  general  treatment  of  the  special  case  in  which  Fn  does  not 
depend  on  n see  Gnedenko  [i  1943)].  . . . Juncosa  ['  1 949 » | has  found  conditions  on  F,  sufficient  to  get 
various  limiting  <t>  . . . ." 

Notes:  1 1 1 The  compiler  has  been  unable  to  obtain  a copy  of  either  the  original  or  a translation  of  this 
paper,  so  he  has  had  to  rely  entirely  on  the  review  by  Doob  for  information  concerning  its  contents.  i2> 
See  note  on  the  paper  by  Juncosa  1 1949). 
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Reference:  Gnedenko  (1943). 


* Nair,  K.  R.  ( 1949a).  A further  note  on  the  mean  deviation  from  the  median.  Biomet  rika  36,  234-235.  (MR 
11,  608). 

Summary:  The  author  extends  the  results  given  in  his  earlier  paper  [Nair  ( 1947)]  on  the  mean  deviation 
from  the  median  and  from  the  mean,  m'  and  m,  respectively.  In  particular,  he  compares  their  coefficients 
of  variation  for  samples  of  size  n = 2(1)10  from  a normal  population.  When  n = 2,  m and  m’  are 
identical,  and  hence  so  are  their  coefficients  of  variation.  When  n = 3,  m and  m'  are  not  identical  but 
their  coefficients  of  variation  are  identical,  the  exact  common  value  being  (l/\^3)\  < 2tt  3 + \ 3—3 » = 
0.52486.  The  author  tabulates  approximate  numerical  values  (2DP)  of  the  coefficients  of  variation  of  m 
and  m'  for  n = 2(  1)10.  The  difference  is  never  greater  than  a unit  in  the  second  decimal  place,  and  the 
author  states  that  this  fact  reinforces  the  strong  practical  grounds  (greater  simplicity  in  calculation!  for 
using  m'. 

References:  Hastings,  Mosteller,  Tukey  & Winsor  (1947),  Nair  (1947),  Jones  ( 1948 »,  Nair  (1948b). 

* Nair,  K.  R.  1 1949b).  The  efficiency  of  Gini’s  mean  difference.  Bulletin  of  the  Calcutta  Statistical  Associa- 
tion 2,  129-130. 

Summary:  The  author  points  out  that  Godwin  1 1949b)  derived  expressions  for  the  most  efficient  linear 
systematic  statistic  d for  estimating  the  standard  deviation  a of  a normal  population  and  compared  its 
efficiency  with  that  of  the  maximum  likelihood  estimator  for  samples  of  size  n = 2(  1 ) 10. Godwin  found 
that  d is  much  more  efficient  than  other  linear  systematic  statistics  in  common  use,  including  the  mean 
deviation  from  the  mean,  the  mean  deviation  from  the  median,  and  the  range;  he  did  not  consider  Gini's 
mean  difference  g.  Using  the  exact  formula  for  the  standard  error  of  g given  by  U.  S.  Nair  ( 1936),  the 
author  has  computed  the  percentage  efficiency  of  g and  tabulated  it,  along  with  Godwin’s  corresponding 
values  for  d,  for  n = 2(  1)10.  A comparison  shows  that  g is  almost  as  efficient  as  d,  the  efficiency  dropping 
from  100*7  for  both  statistics  when  n = 2 to  99.0*7  for  d and  98.07*7  for  g when  n = 10. 

References:  U.  S.  Nair  (1936),  Godwin  (1949b). 

* Noether,  Gottfried  E.  (1949).  Confidence  limits  in  the  non-parametric  case.  Journal  of  the  American 
Statistical  Association  44,  89-100.  (MR  10,  554). 

Summary:  The  author  writes  (Abstract,  p.  89):  "The  purpose  of  this  article  is  to  give  a survey  of  certain 
methods  available  for  finding  confidence  limits  when  nothing  is  assumed  about  the  population  from 
which  a sample  has  been  drawn  except  possibly  that  it  has  a continuous  distribution.  The  following  three 
cases  are  treated:  a confidence  band  for  the  unknown  cumulative  distribution  function,  a confidence 
interval  for  the  proportion  of  a population  for  which  the  variate  is  smaller  (or  larger)  than  a given  value, 
and  confidence  intervals  for  quantiles.  The  results  have  been  known  for  many  years,  but  have  often  been 
accessible  only  to  those  who  were  able  to  follow  rather  involved  mathematical  arguments.  It  is  the 
purpose  of  this  paper  to  state  certain  important  results  without  referring  to  any  mathematical  proofs." 

Note:  The  confidence  limits  in  the  first  two  cases  discussed  by  the  author  depend  upon  the  sample  cdf. 
which  is  a step  function  with  steps  (of  size  1 n>  at  the  order  statistics,  and  in  the  third  case  they  depend 
directly  upon  the  order  statistics. 

References:  Smirnoff  [Smirnov]  1 1939a),  Wald  & Wolfowitz  ( 1939),  Nair  ( 1 940b),  Kolmogoroff  1 194 1 ), 
Thompson  ( 1941),  Scheffe  & Tukey  ( 1945).  Cramer  1 1946),  Smirnoff  [Smirnov]  ( 1948i. 

* Paulson,  Edward  1 1949).  A multiple  decision  procedure  for  certain  problems  in  the  analysis  of  variance. 
Annals  of  Mathematical  Statistics  20.  95-98.  (MR  10,  467). 
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Summary:  Tlie  reviewer  (A.  M.  Mooch  gives  the  following  summary  (MR  10, 467):  "Let  x,,x2, . . . , xk  be 
varietal  means  in  increasing  order,  each  based  on  r observations,  from  the  same  experiment,  which  have 
error  variances  tr-  estimated  by  s2.  The  varie*ies  may  be  classified  into  two  groups  by  the  criterion:  put  x, 
in  the  superior  group  if  x,  > xk  - As/  \ r,  where  A is  a constant  determined  so  that  the  probability  of  not 
including  all  varieties  in  the  superior  group  has  a specified  (small)  value  when  all  varieties  are  the  same; 
A is  readily  found  with  the  aid  of  tables  of  the  Studentized  range.  An  expression  is  given  for  the  power  of 
the  criterion  in  the  case  all  varieties  but  one  are  the  same.”  In  a special  case  where  the  error  variance  <r2 
is  known  a priori,  s is  replaced  by  it  in  the  procedure  described  above,  and  A is  determined  with  the  aid  of 
tables  of  the  range  [Pearson  & Hartley  ( 1942)]  instead  of  tables  of  the  studentized  range  [Pearson  & 
Hartley  ( 1943)]. 

References:  Pearson  & Hartley  (1942,  1943). 

* Peterson,  R.  E.  ( 1949a  (.  Approximate  statistical  method  for  fatigue  data.  ASTM  Bulletin.  No.  156,  50-52; 
discussion,  62. 

Summary:  The  author  notes  that  in  a number  of  recent  papers  [Weibull  (1939b),  Fowler  (1945), 
Freudenthal  ( 1946),  Davidenkov,  Shevandin  & Wittmann  1 1947 ),  Epstein  ( 1948a),  and  Hill  & Schmidt 
(1948)],  size  effect  is  considered  to  be  a consequence  of  probability  relations  based  on  the  weakest  link 
concept,  and  that  in  most  of  these  analyses  the  standard  deviation  it  is  a criterion  of  the  magnitude  of  the 
size  effect.  He  plots  failure  stresses  on  normal  probability  paper,  using  plotting  positions  ( 2i  - 1 >/2n  ( i = 1 , 
2, . . . , n),  and  estimates  the  standard  deviation  to  be  the  84G  point  minus  X (the  mean)  or  X minus  the 
16C7  point. 

References:  Dodge  et  al.  ( 1933)  [1943],  Weibull  ( 1939b),  Fowler  1 1945),  Freudenthal  1 1946).  Daviden- 
kov, Shevandin  & Wittmann  (1947),  Epstein  (1948a),  Hill  & Schmidt  (1948). 

Citation:  Peterson  ( 1949b). 

* Peterson,  R.  E.  ( 1949b).  Application  of  fatigue  data  to  machine  design.  Properties  of  Metals  in  Male  rials 
Enpineeriiifi  (ed.  R.  L.  Templin  et  al.),  pp.  60-78.  American  Society  for  Metals,  Cleveland,  Ohio. 

Summary:  The  author  presents  the  following  statistical  approach  to  the  "size  effect"  problem  (pp. 
68-73):  "As  pointed  out  in  the  main  body  of  the  paper,  the  test  data  available  to  the  designer  usually  are 
obtained  from  standard  test  pieces  of  rather  small  diameter.  We  would  like  to  have  a method  of 
estimating  the  properties  for  large  diameter  pieces.  While  some  tests  are  being  made  where  size  is  the 
variable,  it  is  desirable  that  parallel  studies  be  made  to  seek  a fundamental  basis  for  interpretation  of 
the  results.  Otherwise  the  amount  of  testing  would  be  endless.  Furthermore,  it  is  clearly  out  of  the 
question  to  run  fatigue  tests  of  sizes  represented  in  Fig.  1 [ratio  of  diameters  100  to  1]:  our  only  hope  is  to 
develop  relations  which  will  enable  us  to  extrapolate  with  more  confidence.  In  recent  years,  statistical 
analysis  has  been  used  to  explain  the  lower  strength  obtained  in  specimens  having  a larger  volume.  In 
the  engineering  field,  Weibull  1 1939b)|  seems  to  have  been  the  first  to  have  demonstrated  this  possibil- 
ity, although  evidently  unknown  to  Weibull,  a similar  approach  was  used  by  Peirce  |(  1 926 ) | in  explain- 
ing the  differences  in  strength  obtained  from  textile  threads  of  different  lengths.  Epstein  ] ( 1 948a ) ] has 
shown  that  these  and  other  papers  are  all  based  on  the  so-called  'weakest  link  theory'  which  derives  from 
a mathematical  study  of  the  distribution  of  the  lowest  values  as  a function  of  sample  size.  Hill  and 
Schmidt  [( 1948)]  have  prepared  a convenient  chart  (Fig.  6)  from  which  the  breakdown  voltage  of  large 
insulation  areas  can  be  estimated,  starting  with  data  from  a small  area.  It  is  believed  that  this  chart, 
which  is  based  on  a Gaussian  ’normal’  distribution,  can  also  be  used  for  certain  fracture  problems.  . . . 
Whether  the  above  general  method  can  be  extended  to  fatigue  problems  is  open  to  question.  It  is  hoped 
that  the  present  attempt  will  focus  attention  on  a method  of  attack  and  will  lead  toother  contributions  in 
this  field.  In  some  respects  a fatigue  fracture  resembles  a static  fracture  of  a brittle  material— yielding  in 
the  ordinary  sense  does  not  occur  (broken  pieces  held  together  usually  fit  closely):  cracking  follows  the 
normal  stress  field.  Since  fatigue  starts  locally  and  propagates  by  means  of  a progressively  growing 
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crack,  it  is  not  too  unreasonable  to  expect  that  'weakest  link’  theory  might  be  applicable  to  the  starting 
conditions  of  such  a crack.  Strictly  speaking,  comparisons  should  be  made  on  the  basis  of  a small 
detectable  crack  of  given  size,  since  the  time  of  propagation  through  pieces  of  various  sizes  will  vary.” 

References:  Peirce  1 1926),  Weibull  1 19119b),  Epstein  ( 1948a1,  Hill  & Schmidt  ( 1948i,  Peterson  ) 1949a). 

* Potter,  W.  D.  ( 1949ai.  Simplification  of  the  Gumbel  Method  for  Computing  Probability  Curves.  SCS- 
TP-78,  Soil  Conservation  Service.  U.  S.  Department  of  Agriculture,  Washington,  D.  C. 

Summary:  The  author  writes  ipp.  1-3):  "To  determine  peak  rates  of  runoff  or  amounts  or  intensity  of 
rainfall  that  might  be  expected  to  be  equaled  or  exceeded  in  various  recurrence  intervals  by  the  Gumbel 
method  involves  the  following  procedure:  1.  Arrange  highest  annual  values  in  ascending  order  of 
magnitude.  2.  Determine  frequency  [for  Type  1 asymptotic  distribution  of  largest  values]  of  highest  and 
lowest  values  in  accordance  with  Gumbel’s  formulas  in  which  frequencies  are  expressed  as  functions  of  N 
(table  1.  p.  2).  3.  Determine  frequency  for  all  intermediate  values  by  prorating  difference  between 
frequency  for  highest  and  lowest  values.  4.  Plot  frequency  versus  Y (peak  rates  of  runoff,  amounts,  or 
intensity  of  rainfall)  on  special  [extreme-value  (Gumbel)]  probability  paper.  5.  For  each  plotted  point, 
determine  corresponding  value  of  X on  reduced  variate  scale.  6.  Determine  least  squares  curve  (straight 
line)  by  solving  for  a and  b in  the  following  equations:  ( 1 ) Xxy  - aXx2  - bXx  = 0,  <2i  Xv  - aXx  - nb  = 0. 
Substitute  values  of  a and  b in  the  equation  for  a straight  line,  y = ax  + b.  7.  Determine  values  of  X 
corresponding  to  the  desired  recurrence  intervals  and  substitute  in  the  equation  for  the  least  squares 
curve.”  On  page  3,  the  author  gives  conditions  justifying  the  assumption  that  "the  value  of  Y for  any 
recurrence  interval  divided  bv  the  mean  Y should  vary  as  some  function  of  the  standard  deviation 
divided  by  mean  Y for  like  values  of  N [years  of  record].”  He  continues  (p.  4):  "To  test  the  accuracy  of  this 
assumption  and  to  determine  the  relationship  between  Y Y and  the  coefficient  of  variation  (Cvl  for 
various  values  of  N.  370  Gumbel  probability  curves  were  computed  by  the  method  outlined  on  pages  1 
and  3.  . . To  determine  the  relationship  between  Y Y and  C,  for  values  of  N ranging  from  5 to  100  years, 
additional  graphs  were  prepared.  . . . Since  these  curves  were  fitted  by  eve.  it  was  now  necessary  to 
balance  them  so  that  the  theoretical  or  curve  values  of  Y Y would  satisfy  the  Y Y versus  C,  relationship 
defined  by  the  experimental  data  and  also  would  be  such  that  smooth  curves  could  be  drawn  when  these 
theoretical  values  were  plotted  against  corresponding  values  of  N for  like  values  of  Cv.  This  was 
accomplished  by  trial  and  error.  Based  on  these  balanced  curves,  figures  13  and  14,  pages  21  and  22,  are  a 
series  of  Y Y versus  C,  curves  for  values  of  Cv  ranging  from  0 to  150  and  for  values  of  N of  from  5 to  100 
years  lor  recurrence  intervals  of  2,  5,  10,  25,  and  50  years.”  The  author  proposes  the  following  simplified 
method  ( pp.  4-7  >:  "Using  the  curves  in  figures  13  and  14,  the  procedure  for  determining  values  of  Y for  the 
several  recurrence  intervals  is  as  follows:  1.  Determine  the  coefficient  of  variation  (Cv).  Cv  = standard 
deviation  divided  by  the  mean  Y = . . . = \ NXY-'-iXY )2  XY.  2.  From  curves  in  figures  13  and  14,  pages 
21  and  22.  select  values  of  Y Y corresponding  to  the  computed  C,  for  the  recurrence  intervals  desired. 
3.  Multiply  the  selected  values  of  Y'Y  by  Y to  obtain  desired  values  of  Y.”  An  illustrative  example  is 
given  on  pp.  7-8,  and  graphs  culminating  in  figures  13  and  14  are  given  on  pp.  9-22. 

Reference:  Gumbel  (1945a). 

Citation:  Lane  & Lei  (1949). 

* Potter,  W.  D.  (1949b).  Effect  of  rainfall  on  magnitude  and  frequency  of  peak  rates  of  surface  runoff. 
Transactions  of  the  American  Geophysical  Union  30,  735-751. 

Summary:  The  author  writes  i Abstract,  p.  735 ):  "This  study  establishes  a relationship  between  rainfall 
intensity  and  peak  rates  of  surface  runoff,  and  uses  that  relationship  to  estimate  the  peak  rates  of  runoff 
that  might  he  expected  for  various  recurrence  intervals.  The  procedures  thus  developed  are  utilized  to 
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determine  the  effect  of  intensity  and  amount  of  rainfall  and  number  of  excessive  storms  on  the 
magnitude  of  peak  rates  of  runoff  for  various  frequencies.  The  relationships  developed  in  the  study  are 
also  utilized  to  adjust  peak  rates  of  runoff  from  watersheds  of  like  physiography  and  land  use  for 
differences  in  rainfall.”  The  author  finds  a fairly  good  agreement  between  his  results  at  the  maximum 
watershed  condition  (at  which  maximum  peak  rates  of  runoff  could  be  expected)  and  the  peak  rates  of 
runoff  determined  from  a Gumbel  probability  curve  [Gumbel  (1945a)],  even  though  the  former  considers 
all  runoffs  exceeding  some  arbitrary  value  and  the  latter  considers  only  annual  maxima. 

Reference:  Gumbel  (1945a). 

* Press,  Harry  (1949).  The  Application  of  the  Statistical  Theory  of  Extreme  Values  to  Gust-Load  Prob- 
lems. Technical  Note  1926,  National  Advisory  Committee  for  Aeronautics,  Washington,  D.C.  Super- 
seded by  NACA  Report  991  (same  title),  1950. 

Summary:  The  author  writes  (Summary,  p.  1 of  technical  note  and  p.  711  of  report):  "An  analysis  is 
presented  which  indicates  that  the  statistical  theory  of  extreme  values  is  applicable  to  the  problems  of 
predicting  the  frequency  of  encountering  the  larger  gust  loads  and  gust  velocities  for  both  specific  test 
conditions  as  well  as  commercial  transport  operations.  The  extreme-value  theory  provides  an  analytic 
form  for  the  distributions  of  maximum  values  of  gust  load  and  velocity.  Methods  of  fitting  the  distribu- 
tion are  given  along  with  a method  of  estimating  the  reliability  of  the  predictions.  The  theory  of  extreme 
values  is  applied  to  available  load  data  from  commercial  transport  operations.  The  results  indicate  that 
the  estimates  of  the  frequency  of  encountering  the  larger  loads  are  more  consistent  with  the  data  and 
more  reliable  than  those  obtained  in  previous  analyses.” 

References:  Fisher  & Tippett  (1928),  Gumbel  (1935a,  1941a,  1942c,  1945a),  Kendall  (1946)  [1948], 
Kimball  (1946a),  Gumbel  (1948). 

* Prot,  Marcel  (1949a).  La  securite.  Annales  des  Ponts  et  Chaussees  119,  19-49. 

Summary:  In  a section  (pp.  40-4 1 ) on  the  influence  of  the  dimensions  of  test  specimens,  the  author  points 
out  that  if  one  performs  traction  tests  on  specimens  of  wire  of  length  3f,  one  should  not  expect  the  same 
results  as  for  single  specimens  of  length  f,  but  rather  the  same  as  for  [the  minimum  breaking  strength  of] 
groups  of  three  specimens  of  length  f.  When  the  specimens  are  homothetic,  the  influence  of  the 
dimensions  is  less  evident,  but  it  is  not  nonexistent.  In  this  case,  the  effect  on  the  dispersion  tends  to  be 
greater  than  that  on  the  average — the  smaller  the  specimens,  the  greater  the  dispersion. 

Citation:  Prot  (1949c). 

* Prot,  Marcel  (1949b).  Essais  statistiques  sur  mortiers  et  betons.  Annales  de  l'lnstitut  Technique  du 
Batiment  et  des  Travaux  Publics  (Paris)  (N.S.)  2 (81),  1-40. 

Summary:  The  author  writes  (English  summary,  p.  1):  "The  mechanical  properties  of  any  material  can 
only  be  said  to  be  well  known  after  a certain  number  of  tests  have  been  carried  out  in  order  to  obtain  a 
fairly  precise  average  value  on  the  one  hand  and  a dispersion  index  on  the  other.  This  fact  is  now 
accepted  almost  without  dispute.  The  question  now  arises  as  to  how  many  tests  are  to  be  carried  out  in 
practice.  The  tests  of  which  the  results  are  given  in  this  report  answer  the  question  as  fully  as  possible, 
i.e.  they  indicate  what  degree  of  precision  can  be  reached  in  given  test  conditions  when  the  number  of 
tests  is  varied.  These  tests  were  carried  out  using  specimens  of  different  sizes,  so  that  attention  is  drawn 
to  the  effect  of  the  size  of  the  test  pieces  on  the  results  obtained— a fact  which  is  not  well  known;  the 
dispersion  index,  in  particular,  appears  to  be  a somewhat  variable  function  of  the  similarity  of  test 
pieces.  The  practical  conclusion  of  these  experiments  is  that,  if  the  traditional  safety  factors  are  raised  to 
no  purpose  for  large-sized  pieces,  they  may  on  the  other  hand  be  inadequate  for  pieces  of  small  thickness 
[since  the  dispersion  as  well  as  the  average  of  the  strength  increases  as  the  size  decreases]."  The 
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author  reports  median  values  and  maximum  positive,  negative  and/or  absolute  deviations  of  some  of  his 
test  measurements. 

Citation:  Prot  (1949c). 

* Prot,  Marcel  (1949c).  Statistique  et  securite.  Revue  de  Metallurgie  46,  716-718;  discussion,  718. 

Summary:  The  author  repeats  most  of  the  statements  made  in  an  earlier  paper  [Prot  ( 1949a)]  concern- 
ing the  size  effect.  He  adds  that  the  small  test  specimens  tend  to  have  slightly  larger  average  strength 
than  larger  ones.  In  answer  to  a question  by  G.  Valensi,  he  states  that  the  problem  of  the  distribution  of 
the  smallest  of  n values  can  be  solved  completely  for  various  forms  (including  normal)  of  the  initial 
distribution. 

References:  Prot  ( 1949a, b). 

* Purcell,  W.  R.  (1949).  Saving  time  in  testing  life.  Electrical  Engineering  68,  617-620. 

Summary:  The  author  writes  (Synopsis,  p.  617):  "By  using  only  the  median  and  the  shortest  life  in 
statistical  analysis,  the  time  required  to  predict  performance  from  a test  is  accelerated.  This  article 
describes  how  the  method  was  used  successfully  for  saving  time  in  testing  life  of  incandescent  lamps; 
however,  this  method  is  just  as  applicable  to  many  other  products.” 

Note:  Parts  of  this  paper  are  identical  with  the  author’s  earlier  paper  [Purcell  ( 1947 )]  by  the  same  title, 
to  which  he  does  not  refer.  However,  a different  example  is  given,  along  with  a table  of  means,  standard 
deviations  and  correlation  coefficients  for  certain  order  statistics  which  was  not  included  in  the  earlier 
paper. 

References:  Hastings,  Mosteller,  Tukey  & Winsor  (1947),  Jacobson  (1947). 

* Scheffe,  Henry  (1949).  Operating  characteristics  of  average  and  range  charts.  Industrial  Quality 
Control  5 (5),  13-18.  (MR  11,  43). 

Summary:  The  author  gives  theoretical  results  and  graphs  for  the  OC  (operating  characteristic)  curves 
of  X and  R charts  for  (1)  control  with  no  standard  given  and  (2)  control  with  respect  to  a given  standard. 
The  mathematical  results  are  relegated  to  an  appendix. 

Reference:  Pearson  [&  Hartley]  (1942). 

* Shone,  K.  J.  (1949).  Relations  between  the  standard  deviation  and  the  distribution  of  range  in  non- 
normal populations.  Journal  of  tlte  Royal  Statistical  Society  B 11,  85-88.  (MR  11.  260). 

Summary:  The  author  writes  (p.  85);  "In  B.S.  600  . . . [Pearson  ( 1935)],  the  range  of  small  samples  taken 
from  a larger  parent  population  is  used  as  a method  for  the  estimation  of  the  standard  deviation  of  the 
parent  population.  The  ratio  between  range  and  standard  deviation  is  given  for  normal  populations.  In 
this  publication  it  is  indicated  that  the  effect  of  non-normality  is  unknown.  The  problem  is  to  estimate 
the  effect  of  non-normality  of  the  parent  population.  In  the  present  work  the  following  formulae  are 
deduced  for  non-normal  populations  with  a single  mode:  2<xp2  = r2  + crr-  where  r is  range  of  2 in  a sample. 
r/frp=2.H)-0.81o-r/r  where  rjs  range  of  3 in  a sample,  r/<r„=  2.29-0.69  <rr/r  where  r is  range  of  4 in  a 
sample,  r/trp  = 2.41  -0.46  crj r where  r is  range  of  5 in  a sample  and  where  rrp  is  the  population  standard 
deviation,  cr,  is  the  standard  deviation  of  the  range  distribution  . . . and  r is  the  mean  range.”  The  above 
relation  for  samples  of  size  2 is  exact,  while  the  others  are  only  approximate.  The  author  states  the 
following  conclusion  (p.  88):  "The  correcting  term  crjr  does  seem  to  enable  a more  accurate  value  of  r rrp  to 
be  calculated,  and  hence  to  reduce  the  bias  that  would  be  introduced  by  assuming  the  population  to  be 
normal.  No  theoretical  basis  for  these  results  which  are  empirical  has  been  deduced  despite  some  effort 
in  that  direction.  . . . The  writer’s  conclusion  is  that  though  good  agreement  has  been  shown  to  exist. 
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there  is  no  reason  to  expect  this  to  be  perfect;  in  fact,  his  opinion  is  that  the  formulae  given  are  empirical 
only,  and  do  not  represent  a near  approximation  to  a mathematical  identity.  The  work  was  started  to  test 
the  validity  of  the  use  of  r for  determining  crp.  It  has  been  written  up  for  the  interest  of  any  who  may  be 
able  to  expound  the  reason  for  the  results.” 

References:  K.  Pearson  (1931),  E.  S.  Pearson  (1935). 

* Smirnov,  N.  V.  (1949a).  On  the  Cramer-Mises  criterion.  (Russian).  Uspekhi  Mathematicheskikh  Nauk 
(N.  S.)  4 (4),  196-197.  (MR  11,  261). 

Summary:  The  author  writes  (translation  of  pp.  196-197):  "This  report  gives  a new  approach  to  deriving 
the  limiting  distribution  of  criterion  io„2  = njT,[Sn(x)  - F(x)]2dF(x)  = l/12n  +S"=1[F(xv  - 2v-l/2n  = 
n/o[S'n(y)  - y]2  dy,  where  S„(x)  is  the  empirical  distribution  function  constructed  from  n independent 
observations  of  the  random  variable  f,  which  follows  the  continuous  distribution  law  Fix),  x,  < x2  < . . . < 
xn  is  the  series  of  observed  values,  and  S'n(y)  is  the  empirical  distribution  function  of  value  F(£), 
uniformly  distributed  in  the  segment  (0,1).  The  random  function  yn(t)  = Vn[S’n(t)  - t],  0 < t < 1 is 
asymptotically  normally  distributed  for  large  n.  The  characteristic  function  d>s(u,,  u2,  . . . , us)  of  the 
s-dimensional  distribution  law  for  random  values  of  function  yn(t)  at  s assigned  points  0 < t,  < t2  < . . . < 
ts  < 1 is  as  follows:  d>s(u,,  u2,  . . . , us)  = exp(  -Ej_,  Ska]  BJkUjUk/2),  where  Bw  = t/l  - t,),  BJk  = tj(l  - tk) 
(j  < k),  Bik  = tk(  1 - tj)  lj>  k).  The  random  function  yn(t>  can  be  expanded  into  a series  with  respect  to  the 
inherent  functions  top(t)  = sin  p7rt  (p  = 1,2,.  . .)  of  the  kernel  B(t,s)  = t(l  — s)  (t  s s),  B(t,s)  = s(  1 - t)  (t  2 
s),  yn(t>  = Ep,,  ap,n)ci>p(t),  converging  with  a probability  of  one.  The  random  values  aplnl,  p = 1,  2, . . . are 
maximally  independent  and  follow  the  normal  distribution  law;  here  M(ap'n>)  — » 0,  M[(apln,l2]=Ap  = l/p2w* 
and  tu„2  = Jo  y „2dt  - Xpf , {ap,nl}2.  Whence,  it  is  easy  to  obtain  «//„(  t)  = Mie'1". ) = «i/(  t)  = 1/v  np=1'  1 -2it/p27r2) 
= 1 Vsin  \'2lt/  V2it." 


* Smirnov,  N.  V.  1 1949b).  Limit  distributions  for  the  terms  of  a variational  series.  (Russian!.  Trudy 
XIatematiceskogo Institute!  imeni  V.  A.  Steklova  25,  60  pp.;  English  translation,  American  Mathematical 
Society  Translation  No.  67  (1952),  pp.  1-64.  (MR  11,  605). 

Summary:  The  reviewer  (J.  Wolfowitz)  writes  (MR  11,  605):  "Let  Y,kn,  be  the  klh  in  order  of  size  of  n 
independent  chance  variables  with  the  same  distribution  function  Fix).  This  paper  deals  at  great  length 
with  the  asymptotic  distribution  <J»x)  of<  Y,k  n,-bn)an,  where  an  > 0 and  bn  are  suitable  constants.  Most  of 
the  results  fall  into  two  classes:  (a)  n — * x,  k constant,  (b)  n — » k/n  — > K (a  constant),  n1  2(k/n  — A ) — » 0.  It 
is  impossible  to  describe  the  results  within  the  bounds  of  a brief  review.  A sample  is  given  by  theorem  7 
[of  Part  I:  see  page  27  of  translation]:  for  the  case  ( b ) <J>(  x ) can  only  be  one  of  the  following  types:  < 1 1 <J>„'(x) 
= ( 2n-i  1 2 J cx"e  x‘  2dx,  x 2 0,  c > 0;  ) = 0,  x < 0;  (2)  d>a2(xt  = (2ir)  1 2J^X  ' e~x‘2  dx,  X2  0,  c>  0; 

<V(X)  = 1.  x > 0;  (3)  <t>Q:,(x)  = l'^7r|  1 2/C|  * "e  x‘  2dx,  x < 0,  c,  > 0;  <J>a'i(x)  = 1/2  + ( 277- » ~ 1 2 /2,*“e  x’  2dx,  x > 0, 
c2  >0:  1 4 1 <l>(14ix)  = 0,  x s-1:  <i>(i'(x)  = 1 2,  - 1<  x < 1;  <t>„4(x)  = 1,  x > 1."  Part  I deals  with  sequences  of 
central  terms  (class  (bi  of  Wolfowitz’s  review].  Part  II  deals  with  sequences  of  extreme  terms  with 
constant  rank  number  [class  (a)  of  the  review].  The  author  writes  (p.  48  of  the  translation):  "We  pass  now 
to  an  investigation  of  limit  distributions  for  sequences  of  extreme  terms  in  a variational  series.  We  shall 
restrict  ourselves  here  to  consideration  of  extreme  terms  with  fixed  left  rank  number  k or  right  rank  number 
n k + 1.  The  more  general  case  of  limiting  rank  equal  to  zero  i k n— »0>  or  one  (k  n— >1 ) as  n— »x  will  be 
considered  in  another  work.  The  cases  k = 1 andn-k  + 1 = 1,  corresponding  to  minimal  and  maximal 
terms  of  variational  series  were  exhaustively  studied  in  a work  bv  B.  V.  Gnedenko  [( 1943)].  We  shall 
show  that  the  results  of  this  work  can  be  generalized  without  fundamental  difficulty  if  with  increasing  n 
the  left  or  right  rank  number  keeps  a constant  value."  He  establishes  the  fundamental  theorem 
'Theorem  5,  page  56>  allowing  classification  of  the  limit  types  for  this  case:  "The  proper  limit  laws  for 
sequences  of  extreme  terms  with  constant  rank  k are  enumerated  in  the  following  three  types:  1.  «//,,' k 1 ix  > 
0 when  x < 0:  ik„  k‘ (xi  = [1  i k 1 1!] /x°e  Xxk  'dx,  x > 0,  <>  > 0.  2.  <1>„  k i x'  = [ 1 < k - 1 )!]/  J e Xxk  'dxwhen 
x < 0,  <»  • 0:  <l>„  k ix)  = 1 when  x > 0.  3.  Vk'ixi  = |1  ' k - 1 1!)  f*'e  Xxk  'dx,  -x  < x < x." 
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References:  Gnedenko  (1941,  1943),  Cramer  (1946). 


* Tukey,  John  W.  ( 1949a).  Comparing  individual  means  in  the  analysis  of  variance.  Biometrics  5,  99-114. 
(MR  11,  43). 

Summary:  This  paper  is  the  same  as  the  author’s  earlier  report  [Tukey  ( 1948c)]  by  the  same  title,  with 
minor  exceptions.  The  material  on  the  largest  gap  given  in  the  appendix  of  the  report  has  been  condensed 
somewhat  and  included  in  the  body  of  the  paper. 

References:  Fisher  ( 1935 )[  1947],  Snedecor  ( 1937)[1946],  Fisher  & Yates  ( 1938)[1948],  Newman  1 1939), 
Duncan  (1947),  Nair  (1948b). 

* Tukey,  John  W.  (1949b).  The  Simplest  Signed-Rank  Tests.  Memorandum  Report  No.  17,  Statistical 
Research  Group,  Princeton  University,  Princeton,  NJ. 

Summary:  "The  signed-rank  test  [based  only  on  ranks,  not  on  order  statistics]  for  the  difference  in 
medians  of  two  samples  with  paired  observations  was  introduced  by  Wilcoxon  ....  (One  sample  can,  of 
course,  be  compared  with  theory  in  the  same  way).  Recent  work  in  two  directions  by  Walsh  (1949a,b) 
throws  new  light  on  these  tests,  since  these  two  different  approaches  turn  out  to  be  equivalent.  The 
present  memorandum  presents  the  practical  and  theoretical  conclusions  which  result  from  the  combina- 
tion of  these  ideas.  The  first  part  is  directed  toward  the  applications,  and  presents,  successively,  a table  of 
critical  values  for  the  usual  significance  levels,  examples  of  its  use  (with  and  without  interpolation)  in 
connection  with  both  significance  testing  and  the  setting  of  confidence  intervals.  This  is  followed  by  a 
discussion  of  the  merits  of  the  test  based  on  the  conclusions  of  the  second  part.  The  second  part 
establishes  the  equivalence  of  the  two  approaches,  develops  the  distribution  theory  from  the  Wilcoxon 
approach,  applies  Walsh’s  idea  of  bounded  significance  level,  and  discusses  the  asymptotic  and  moderate 
sample  behavior  of  the  significance  levels.  The  third  part  tabulates  the  exact  distribution  for  small 
samples,  and  bounds  for  the  significance  levels  of  critical  values  given  in  the  first  part.”  (Author’s 
summary,  pp.  1-2).  The  author  states  that  Wilcoxon’s  approach  is  simplest  for  significance  testing,  while 
Walsh's  approach  is  simplest  for  setting  confidence  intervals. 

References:  Pearson  [&  Adyanthaya]  (1929),  Fisher  (1935)[1947],  Snedecor  ( 1937)[1946],  Kendall 
(1943),  Daly  (1946),  Lord  (1947),  Walsh  ( 1949a, b). 

* Tukey,  John  W.  (1949c).  Scaling  by  and  for  Power-Means — The  Asymptotic  Means.  Memorandum 
Report  No.  25,  Statistical  Research  Group,  Princeton  University,  Princeton,  NJ. 

Summary:  In  this  report  and  two  subsequent  ones  [Tukey  (1949e,f>],  the  author  studies  the  relative 
efficiencies  and  effectivenesses  (in  large  samples)  of  various  estimation  procedures  which  have  scaling- 
like purposes  when  the  distribution  differs  from  normality  in  the  direction  of  long  tails  (actually,  when 
the  underlying  distribution  is  a contaminated  distribution,  a mixture  of  two  normals  with  the  same 
center  and  different  scales). 

Note:  See  note  on  the  report  by  Harris  & Tukey  ( 1949). 

Reference:  Tukey  (1946). 

* Tukey,  John  W.  ( 1949d).  The  Truncated  Mean  in  Moderately  Large  Samples.  Memorandum  Report  No. 
32,  Statistical  Research  Group,  Princeton  University,  Princeton,  NJ. 
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Summary:  The  author  studies  the  relative  efficiency,  in  moderately  large  samples,  of  estimators 
obtained  from  the  mean  and  standard  deviation  by  removing  the  extreme  at  each  end  of  the  sample, 
for  varying  degrees  of  contamination. 

Note:  See  note  on  the  report  by  Harris  & Tukey  (1949). 

Reference:  Harris  & Tukey  (1949). 

Citation:  Harris  & Tukey  (1949). 

* Tukey,  John  W.  ( 1949e).  Scaling  by  and  for  Percentiles  and  Exponential  Averages.  Memorandum  Report 
No.  33,  Statistical  Research  Group,  Princeton,  NJ. 

Summary:  See  summary  of  the  related  report  by  Tukey  ( 1949c). 

Note:  See  note  on  the  report  by  Harris  & Tukey  (1949). 

Reference:  Tukey  ( 1946). 

* Tukey,  John  W.  ( 1949f).  Skeleton  Tables  Related  to  Contaminated  Distributions  at  Scale  3.  Memoran- 
dum Report  No.  34,  Statistical  Research  Group,  Princeton  University,  Princeton,  NJ. 

Summary:  See  summary  of  the  related  report  by  Tukey  (1949c). 

Note:  See  note  on  the  report  by  Harris  & Tukey  (1949). 

I 

Reference:  Tukey  (1946). 

* Walsh,  John  E.  (1949a).  Some  significance  tests  for  the  median  which  are  valid  under  very  general 
conditions.  Annals  of  Mathematical  Statistics  20,  64-81.  (MR  10,  554). 

Summary:  The  author  writes  ( Summary , p . 64 ):  "Order  statistics  are  used  to  derive  significance  tests  for 
the  population  median  which  are  valid  under  very  general  conditions.  These  tests  are  approximately  as 
powerful  as  the  Student  t-test  for  small  samples  from  a normal  population.  Also  the  application  of  a test 
requires  very  little  computation.  Thus  the  tests  derived  compare  very  favorably  with  the  t-test  for  small 
sets  of  observations.  Applications  of  these  order  statistic  tests  to  certain  well  known  statistical  problems 
are  given  in  another  paper  [Walsh  ( 1949c)].”  The  author  considers  n independent  observations,  one  from 
each  of  n populations  which  are  continuous,  symmetrical,  and  have  the  same  median  <f>.  He  emphasizes 
that  no  two  of  the  observations  are  necessarily  drawn  from  the  same  population.  He  derives  significance 
tests  to  compare  <t>  with  a given  constant  value  (tests  of  the  hypothesis  H:  <t>  = <*>„). 

Comments:  The  ordered  observations  used  by  the  author  are  not  order  statistics  in  the  usual  sense, 
since  they  may  all  come  from  different  populations,  about  which  nothing  is  known  except  that  they  are 
all  continuous  and  symmetric  about  the  same  median. 

References:  Yule  ( 1911)  [Yule  & Kendall  ( 194/1],  Fisher  ( 1935 >[ J 942],  Scheffe  & Tukey  ( 1945),  Walsh 
(19490. 

Citations:  Tukey  (1949b),  Walsh  (1949b,c,d). 
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* Walsh,  John  E.  ( 1949b).  On  the  range-midrange  test  and  some  tests  with  bounded  significance  levels. 
Annals  of  Mathematical  Statistics  20,  257-267.  (MR  11,  191). 

Summary:  The  author  writes  (Summary,  p.  257 ):  "This  paper  is  divided  into  two  parts.  The  significance 
tests  investigated  in  Part  I concern  the  population  mean  and  are  based  on  the  quantity  [D  =]  [(sample 
midrange)  - (hypothetical  mean)]/!  sample  range).  The  case  in  which  the  observations  are  a sample  from 
a normal  population  is  considered  in  detail.  The  tests  investigated  are  summarized  in  Table  1.  These 
tests  are  found  to  be  very  efficient  for  small  samples  ....  An  investigation  of  several  extremely 
non-normal  populations  using  the  values  of  Da  [critical  values  of  D at  significance  level  a]  obtained  for 
normality  indicates  that  the  significance  level  of  the  range-midrange  test  is  not  very  sensitive  to  the 
requirement  of  normality  for  small  samples  ....  Also  the  tests  of  Table  1 can  be  applied  without 
computation  through  the  use  of  an  easily  constructed  graph  ....  These  properties  suggest  that  the 
range-midrange  test  is  preferable  to  the  Student  t-test  and  the  analogue  of  the  Student  t-test  using  the 
sample  range  (see  [Daly  ( 1946)]  and  [Lord  ( 1947)])  whenever  the  sample  size  is  sufficiently  small.  Use  of 
the  range-midrange  test  for  the  case  of  normality  was  proposed  by  E.  S.  Pearson  [&  Adyanthaya 
( 1929 ) |.  . .,  where  properties  of  the  test  were  experimentally  investigated  for  the  normal  and  certain 
non-normal  populations.  In  Part  II  several  significance  tests  for  the  mean  are  developed  which  have  a 
specified  significance  level  for  the  case  of  a sample  from  a normal  population  but  whose  significance  level 
is  bounded  near  the  specified  value  under  very  general  conditions,  one  of  which  is  that  the  observations 
are  from  continuous  symmetrical  populations.  Some  of  these  tests  are  range-midrange  tests.  Table  2 
contains  a summary  of  the  tests  and  their  properties  . . . .” 

References:  Pearson  [&  Adyanthaya]  (1929),  Daly  (1946),  Lord  (1947),  Walsh  (1949a). 

Citations:  Tukey  (1948b),  Wilks  (1948),  Tukey  (1949b),  Walsh  (1949c). 

* Walsh,  John  E.  ( 1949c).  Applications  of  some  significance  tests  for  the  median  which  are  valid  under 
very  general  conditions.  Journal  of  the  American  Statistical  Association  44,  342-355. 

Summary:  The  author  writes  (Abstract,  p.  342):  "In  two  other  papers  [Walsh  ( 1949a.  bl]  order  statistics 
were  used  to  derive  some  tests  for  the  population  median  which  have  significance  levels  which  are  either 
exact  or  bounded  under  some  very  general  conditions.  These  order  statistic  tests  were  found  to  be  very 
efficient  for  small  samples  from  a normal  population:  also  they  can  be  applied  with  very  little  computa- 
tion. This  paper  contains  applications  of  these  tests  to  several  well  known  statistical  problems.  Also  a 
graphical  method  of  applying  the  tests  of  [Walsh  (1949a)]  is  outlined."  He  continues  (Introduction,  pp. 
342-344):  "The  significance  tests  for  the  population  median  derived  in  [Walsh  ( 1949a)]  are  valid  if  the  n 
observations  on  which  a test  is  based  are  independent  and  are  drawn  from  n populations  satisfying  the 
conditions  (A)  1)  Each  population  is  continuous  (i.e.  its  cumulative  distribution  is  continuous).  2'  Each 
population  is  symmetrical.  3)  The  median  of  each  population  has  the  same  value  <t>.  These  tests  compare 
d>  with  a given  constant  value  d>„.  The  tests  for  comparing  <f>  with  d>„  derived  in  [Walsh  ( 1949b )]  are  based 
on  the  assumption  of  a sample  from  a normal  population.  The  significance  level  of  these  tests,  however,  is 
bounded  near  the  value  for  normality  if  the  n independent  observations  are  from  populations  necessarily 
satisfying  only  conditions  (A).  An  important  feature  of  conditions  (A)  is  that  no  two  of  the  observations 
are  necessarily  drawn  from  the  same  population.  Thus  the  order  statistic  tests  can  be  applied  to  a wide 
variety  of  situations.  The  motivation  for  introducing  tests  with  bounded  significance  levels  in  addition  to 
the  tests  of  [Walsh  ( 1949a)]  was  to  obtain  a wider  variety  of  suitable  significance  levels  for  small  values 
of  n without  greatly  weakening  the  generality  of  application.  The  purpose  of  this  paper  is  to  use  these  two 
types  of  tests  to  obtain  generalized  solutions  for  the  cases  of  quality  control  slippage,  and  the  sign  test. 
Also  direct  applications  of  the  tests  are  considered.  . . ."  With  regard  to  the  sign  test,  the  author  shows 

that  the  usual  assumption  that  the  dummy  observations  x,  - y, xn  - yn  satisfy  the  condition  ( 1 ) Pr 

lx,  ~ Yi  > 0)  = Prix,  - y,  < 0)  = 1/2  (i  = 1 n)  is  almost  equivalent  to  the  assumption  that  the  dummy 

observations  satisfy  conditions  (A)  with  zero  median,  which  suggests  that  the  tests  of  Walsh  ( 1949a)  can 
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be  used  in  practical  situations  where  the  sign  test  is  usually  used.  The  author  asserts  that  the  tests  of 
Walsh  (1949a>  are  preferable  to  the  sign  test  from  the  viewpoint  of  suitable  significance  levels  and 
efficiency  for  normality. 

References:  Walsh  ( 1949a, bi. 

Citation:  Walsh  < 1 949a ). 

* Walsh,  John  E.  (1949d>.  Some  comments  on  the  efficiency  of  significance  tests.  Human  Biology  21, 
205-217. 

Summary:  The  author  writes  (Summary,  pp.  205-2061:  "A  method  sometimes  used  to  measure  the 
efficiency  of  a significance  test  consists  in  associating  a statistic  with  the  test  and  defining  the  efficiency 
of  the  test  to  be  the  efficiency  of  the  statistic  considered  as  an  estimate.  This  paper  investigates  the 
power  function  implications  of  the  estimate  method  of  defining  the  efficiency  of  a test  for  several  special 
cases  where  uniformly  most  powerful  tests  exist.  Of  the  various  ways  of  defining  the  efficiency  of  an 
estimate,  consideration  will  be  limited  to  one  definition  for  finite  sample  sizes  and  to  two  definitions  for 
the  asymptotic  case.  For  finite  sample  sizes,  the  efficiency  of  an  estimate  is  defined  to  be  the  minimum 
variance  for  such  estimates  divided  by  the  variance  of  the  given  estimate.  . . . Examples  are  presented 
which  show  that  an  estimate  efficiency  of  100  E'i  does  not  necessarily  imply  that  the  corresponding 
most  powerful  test  based  on  100  E'I  as  many  sample  values  has  approximately  the  same  power  function 
as  the  given  test  for  the  admissible  set  of  alternative  hypotheses.  . . As  an  example,  the  author 
considers  n sample  values  x„  x8,  . . . , x„  from  a normal  population  with  unknown  mean  p.  and  known 

variance  <r2.  He  denotes  bv  y„  y2 yn  the  values  of  x,,  x2,  . . . , xn  arranged  in  increasing  order  of 

magnitude.  He  compares  the  efficiency  of  the  one-sided  sign  test  of  /x  > 0:  Accept  g > 0 if  v,  > 0,  where 
the  value  of  i depends  upon  n and  the  desired  significance  level  a.  with  that  of  the  most  powerful 
one-sided  test:  Accept  g > 0 if  \ n x it  >Ka  where  K((  is  the  value  of  the  standardized  normal  deviate 
exceeded  with  probability  «. 

References:  Wilks  ( 1943),  Cramer  1 1946>.  Hastings.  Mosteller,  Tukey  & Winsor  1 1947 ),  Walsh  ( 1949a). 

* Weibull,  Waloddi  1 1949).  A statistical  representation  of  fatigue  failure  in  solids.  Transactions  of  the 
Royal  Institute  of  Technology  (Stockholm),  separate  no.  27.  (AMR  3#1098). 

Summary:  The  author  writes  (Introduction,  pp.  4-5):  "When  some  ten  years  ago  the  author  [Weibull 
( 1939a, bi]  published  his  statistical  theory  of  the  strength  of  materials,  he  was  quite  aware  of  the 
possibility  of  applying  the  theory  to  other  problems  than  the  ultimate  strength  of  materials  at  statical 
loads.  It  appeared  particularly  promising  to  try  the  idea  on  fatigue  problems  ....  When  it  first  became 
evident — which  was  not  very  long  ago — that  a small  stress,  sufficiently  repeated,  was  able  to  cause  a 
failure,  the  designer  based  his  calculations  on  the  simple  rule  that  the  stress  should  be  well  below  the 
endurance  limit,  i.e.  the  stress  below  which  it  is  known  that  an  infinite  number  of  stress  cycles  can  be 
borne.  It  seemed  too  hazardous  to  allow  stresses  giving  a finite  life.  The  increasing  demand  fer  more 
economical  or  less  heavy  constructions  has  actualized  the  question  of  the  relation  between  the  load  and 
the  life  It  seems  as  though  this  problem  was  first  introduced  in  the  hall  hearing  design,  where  an  infinite 
life  would  give  economically  prohibitive  dimensions  and  later  on  in  the  airplane  constructions,  where 
the  weight  is  of  vital  importance.  Now  it  is  not  sufficient  to  know  the  load,  at  which  failure  never  will 
occur,  but  also  the  number  of  cycles  endured  at  high  loads.  In  this  way,  there  has  been  a continuous 
transition  from  statical  to  dynamical  theory  of  strength.  Furthermore,  at  all  real,  not  idealized  materials 
there  is  a dispersion  of  the  properties  of  such  a magnitude  that  statistical  points  of  view  have  to  be 
introduced.  . . ."  Section  1 (pp.  6-12)  deals  with  the  statistical  aspects,  in  which  order  statistics  play  an 
important  role.  The  author  derives  the  c.d.f.  of  the  r'h  order  statistic  of  a sample  of  size  n from  a uniform 

distribution  on  the  interval  (0,1 ),  plots  it  for  n = 1 . 2.  5:  r = 1 n,  shows  that  the  expected  value  is 

e/(n  + 1 and  discusses  the  sampling  variation.  Section  5 (pp.  31-37 ) deals  with  the  size  effect,  employing 
the  weakest-link  theory,  which  is  valid,  the  author  says,  for  determining  the  effect  of  the  length  of  the 
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specimen,  but  not  necessarily  that  of  its  diameter  or  its  volume.  Assuming  a Weibull  distribution  of 
strength,  he  derives  an  equation  for  the  volume  effect.  This  relation  is  based  on  the  further  assumption 
that  the  stress  is  uniform  throughout  the  entire  volume,  which  he  admits  is  not  satisfied  for  bending  or 
torsional  loads. 

References:  Weibull  ( 1939a, b),  Kontorova  & Frenkel  (1941)  |Frenkel  & Kontorova  (1943)],  Freuden- 
thal  (1946). 

* Wolfowitz,  J.  (1949).  Non-parametric  statistical  inference.  Proceedings  of  the  Berkeley  Symposium  on 
Mathematical  Statistics  and  Probability  (ed.  J.  Neyman),  pp.  93-113.  University  of  California  Press, 
Berkeley- Los  Angeles.  (MR  10,  387). 

Summary:  The  author  surveys  various  methods  of  non-parametric  inference.  Many  of  these  methods 
depend  only  on  the  ranks  of  the  observations  in  a sample  or  samples,  but  others  make  use  of  the  values  of 
the  ordered  observations  (order  statistics)  as  well.  The  author  discusses,  in  particular,  the  following: 
point  estimation  of  the  population  cdf  by  the  sample  cdf  (a  step  function  with  jumps  at  the  order 
statistics);  use  of  the  theory  of  Kolmogoroff  ( 1933),  Smirnov  ( 1939b),  and  Wald  & Wolfowitz  1 1939)  to 
determine  confidence  regions  for  the  population  cdf;  the  work  of  Thompson  ( 1936)  on  the  use  of  order 
statistics  to  set  confidence  intervals  on  the  median  and  other  percentiles;  the  work  of  Wilks  ( 1941,  1942 ) 
and  Wald  ( 1943)  on  the  use  of  order  statistics  in  setting  tolerance  intervals;  Kolmogoroff-Smirnov  tests 
of  hypotheses  in  the  one-sample  and  two-sample  cases;  and  the  median  test  of  Mathisen  ( 1943),  which 
Bowker  (1944)  proved  not  consistent. 

References:  Kolmogoroff  ( 1933),  Fisher  ( 1935),  Thompson  1 1936),  Neyman  1 1937b),  Smirnov  ( 1939b), 
Wald  & Wolfowitz  (1939),  Wilks  (1941,  1942),  Mathisen  (1943),  Scheffe  (1943),  Wald  (1943).  Bowker 
(1944). 

* Yamanouchi,  Ziro  ( 1949).  Estimates  of  the  mean  and  standard  deviation  of  a normal  distribution  from 
linear  combinations  of  some  chosen  order  statistics.  (Japanese.  English  summary).  Bulletin  of 
Mathematical  Statistics  3 (1-2),  52-57. 

Summary:  According  to  Ogawa  ( 1951 1,  the  author  makes  great  contributions  to  the  theory  of  estimation 
of  the  mean  and  standard  deviation  of  a univariate  normal  population  by  the  use  of  systematic  statistics. 
His  results  are  essentially  that  best  linear  unbiased  estimates  are  considerably  more  efficient  than  those 
used  by  Mosteller  (1946). 

Note:  The  compiler  has  been  unable  to  obtain  a copy  of  this  paper,  and  hence  has  had  to  rely  entirely 
upon  Ogawa  (1951)  for  information  concerning  its  contents. 

* Youden,  W.  J.  ( 1949).  The  fallacy  of  the  best  two  out  of  three.  Motional  Bureau  of  Standards  Technical 
News  Bulletin  33  (7),  77-78. 

Summary:  The  author  writes  ( pp.  77-78 1:  "In  scientific  and  engineering  investigations  a single  mea- 
surement of  an  unknown  quantity  is  seldom  considered  sufficient.  Two  or  more  measurements  are 
usually  made  in  order  to  establish  a check  on  instrument  errors,  operator's  errors  in  making  readings, 
and  reliability  of  the  sample.  These  multiple  measurements  have  two  principal  advantages:  they  reveal 
by  their  concordance  the  precision  of  the  measuring  process,  and  they  make  possible  the  use  of  an 
average  of  several  measurements  which  will,  in  general,  have  a higher  precision  than  one  measurement 
alone.  If  three  measurements  are  made,  it  is  fairly  common  practice  for  students  to  take  the  'best  two  out 
of  three' — averaging  the  two  values  closest  together  and  discarding  the  other.  Recently,  however.  . . . 
Youden  . . . has  shown  that  this  procedure  very  often  leads  to  less  precise  results  than  the  averaging  of  all 
three  measurements  together.  . . . Intuition  suggests  that  if  two  of  the  three  measurements  are  in  close 
agreement  while  the  third  stands  apart  considerably  removed  from  either  of  the  others,  then  there  may 
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be  grounds  for  suspecting  and  perhaps  rejecting  the  third  value.  In  terms  of  the  difference  between  the 
two  in  good  agreement,  how  different  may  be  the  third  measurement  be  before  it  should  be  suspected? . . . 
An  approximate  solution  has  been  obtained  in  the  Bureau’s  statistical  engineering  laboratory  through 
an  empirical  study  of  triads  drawn  at  random  from  a large  group  of  measurements  constructed  to 
conform  to  the  characteristics  of  a normally  distributed  set  entirely  free  from  any  gross  errors.  . . . The 
mathematical  solution  of  this  problem  has  been  obtained  by  J.  Lieblein  and  the  frequency  of  occurrence 
for  various  ratios  of  the  two  differences  has  been  calculated. . . . These  results  reveal  that  in  an  average  of 
one  out  of  every  twelve  sets,  one  of  the  measurements  will  be  at  least  19  times  farther  away  from  its 
neighbor  than  the  difference  separating  the  two  closest.  Since  in  every  12  sets  1 shows  such  a spacing  for 
measurements  with  no  gross  observational  errors,  it  appears  that  measurements  that  should  be  retained 
are  often  dropped  from  the  record.  . . 
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SUBJECT  INDEX 
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( 1948a, b),  Tukey  (1948c),  Paulson  (1949),  Tukey  (1949a) 


AIRCRAFT  INDUSTRY,  APPLICATIONS  TO 
Grant  (1946),  Weibull  (1949) 

AIRY’S  METHOD  OF  TREATING  OUTLIERS— SEE  OUTLIERS,  AIRY'S  METHOD  OF  TREATING 

ALGEBRAIC  DISTRIBUTION,  JORDAN  S FIRST— SEE  JORDAN'S  ALGEBRAIC  DISTRIBUTION, 
FIRST 

ALGEBRAIC  DISTRIBUTION,  JORDAN’S  SECOND— SEE  JORDAN'S  ALGEBRAIC  DISTRIBU- 
TION, SECOND 

ALL  ORDER  STATISTICS  OF  SAMPLE— SEE  ORDER  STATISTICS  OF  SAMPLE.  ALL 

ALPHA— SEE  ERROR  RATE  OF  A TEST,  TYPE  I 

AMOROSO’S  DISTRIBUTION 
Amoroso  (1925),  d’Addario  (1932,  1934b,  1936) 

ANALYSIS,  CANONICAL— SEE  CANONICAL  ANALYSIS 

ANALYSIS,  DISCRIMINANT— SEE  DISCRIMINANT  ANALYSIS 

ANALYSIS,  HARMONIC— SEE  HARMONIC  ANALYSIS 

ANALYSIS  OF  COVARIANCE 

Snedecor  ( 1937),  Wilks  ( 1943),  Kendall  (1946),  Bartlett  ( 1947b,  1948).  Rao  ( 1948) 


* 


ANALYSIS  OF  VARIANCE  (ANOVA  OR  MANOVA)— SEE  ALSO  K-SAMPLE  TESTS 
Student  ( 1931),  Gini  ( 1932),  Davies  & Pearson  ( 1934),  Fisher  ( 1935),  Snedecor  ( 1937 ),  Roy  ( 1942b), 
Schefle  (1943),  Wilks  (1943),  Rodgers  (1944),  Anderson  (1946),  Cramer  (1946),  Greenwood  (1946), 
Kendall  (1946),  Roy  ( 1946a, b),  Tukey  ( 1946),  Bartlett  ( 1947b),  Duncan  ( 1947),  Bartlett  ( 1948),  Geary 
(1948),  Nair  (1948a),  Rao  (1948),  Tukey  (1948c).  Wilks  (1948),  Hartley  (1949),  Tukey  (1949a) 

ANTHROPOMETRY,  APPLICATIONS  TO 

Quetelet  ( 1835,  1846),  Herschel  ( 1850),  Galton  ( 1869,  1875,  1881 ),  Edgeworth  ( 1885,  1887e),  Galton 
( 1888),  Pearson  ( 1895),  Sheppard  ( 1899b),  Bowley  ( 1901 ),  Yule  (1911),  Gini  (1912),  King  ( 1912),  Gini 
(1914a),  Weinberg  ( 1916),  Gini  ( 1917),  Czuber  ( 1921),  Julin  (1921),  von  Bortkiewicz  ( 1922a,b),  Rietz 
(1924),  Whittaker  & Robinson  ( 1924),  Irwin  ( 1925b),  Pietra  ( 1925),  Gini  ( 1926),  von  Verschuer  ( 1927 ), 
Cramer  (1928),  Lenz  & von  Verschuer  ( 1928),  Neyman  & Pearson  ( 1928 1,  von  Mises  (1931),  Pearson 
( 1931),  Castellano  ( 1933b),  Smith  ( 1934),  Savur  ( 1937b',  Snedecor  ( 1937),  Bruen  ( 1938),  Gini  ( 1939), 
Pearson  (1939),  Pizzetti  (1941a),  Boldrini  (1942),  Kendall  (1943),  Cramer  ( 1946 ),  Bartlett  (1947b) 

ANY  CONTINUOUS  DISTRIBUTION— SEE  CONTINUOUS  DISTRIBUTION,  ANY 

ANY  KNOWN  DISTRIBUTION— SEE  KNOWN  DISTRIBUTION,  ANY 

APPLICATIONS— SEE  (NAME  OF  FIELD),  APPLICATIONS  TO 

APPROXIMATION,  MINIMUM— SEE  MINIMAX  METHOD  (MINIMUM  APPROXIMATION) 

APPROXIMATION,  QUADRATIC— SEE  QUADRATIC  APPROXIMATION 

AREA  OF  CONCENTRATION— SEE  CONCENTRATION,  AREA  OF 

ASCENDING  MEANS— SEE  MEANS,  ASCENDING 

ASTRONOMY,  APPLICATIONS  TO 

Ptolemaeus  (circa  150),  Galilei  (1632),  Euler  (1749),  Mayer  (1750),  Simpson  (1756,  1757),  Short 
( 1763),  Lalande  ( 1771 ),  Laplace  ( 1774,  1799),  Legendre  ( 1805),  von  Zach  ( 1805),  Gauss  ( 1809),  Laplace 
(1812),  Delambre  (1813),  Quetelet  ( 1846),  Airy  ( 1861),  Chauvenet  ( 1863),  Stone  ( 1868),  Jordan  ( 1869). 
von  Andrae  (1872),  Glaisher  (1872),  Stone  (1873b),  Merriman  (1877),  Newcomb  (1886),  Edgeworth 
(1887e),  Lehmann-Filhes  (1887),  Turner  (1887),  Saunder  (1903),  Mansion  (1906),  Goedseels  (1909. 
1911),  Newcomb  (1912),  Mansion  (1913),  Contarino  (1914),  Stewart  (1920a),  Keynes  (1921), 
Edgeworth  (1923),  Wilson  (1923),  Whittaker  & Robinson  (1924),  Goedseels  (1925),  Irwin  (1925b), 
OgrodnikofT  (1928),  Smith  (1929),  Scarborough  (1930),  Pearson  (1931),  Luvten  (1932),  Eddington 
( 1933),  Rider  ( 1933),  Calichiopulo  ( 1937),  Jeffreys  ( 1938),  Hulme  & Symms  ( 1939).  Jeffreys  1 1939), 
Kendall  ( 1946) 

ASYMMETRIC  DISTRIBUTION,  UNSPECIFIED 
Galton  (1896),  Yule  ( 1896a, b),  Edgeworth  (1898),  Hall  (1921),  Goodrich  (1927).  Gumbel  (1943a), 
Kendall  ( 1943),  Gumbel  ( 1944),  Gurney  ( 1945),  Baker  ( 1946),  Cramer  ( 1946),  Kendall  1 1946),  Gumbel 
( 1947),  Tanenhaus  ( 1947),  Epstein  ( 1948b),  Higuchi.  Leeper  & Davis  ( 1948),  Rao  ( 1948),  Cole  ( 1949), 
Lane  & Lei  ( 1949) 

ASYMPTOTIC  DISTRIBUTIONS 

Dodd  (1923),  Levy  (1925),  Frechet  (1927),  Fisher  & Tippett  (1928),  Levy  (1929).  Gnedenko  (1943), 
Carlton  ( 1946),  Cramer  ( 1946),  Kendall  ( ) 946),  Gumbel  (1947),  Hastings.  Mosteller.  Tukey  & Winsor 
( 1947),  von  Mises  ( 1947),  Anderson  ( 1948),  Epstein  & Brooks  ( 1948),  Feller  ( 1948),  GartsteTn  ( 1948). 
Hoeffding  (1948),  Nanda  (1948b).  Wilks  ( 1 948 ),  Gumbel  (1949),  Juncosa  ( 1 949 ) . MeTzler  (1949). 
Smirnov  (1949a,b>.  Walsh  (1949d) 
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AVERAGE  (ABSOLUTE)  DEVIATION  (FROM  MEDIAN) 

Lalande  (1771),  Boudin  (1865),  Venn  (1866),  Helmert  (1875a,  1876a),  Breger  (1881),  Edgeworth 
(1887f),  Gore  (1889),  Bowley  (1901),  Watkins  (1909),  Edgeworth  (1911),  Yule  (1911),  Dettori  (1912), 
Gini  (1912),  King  (1912),  Czuber  (1914),  Gini  (1914a),  Savorgnan  (1915),  Secrist  (1917),  Niceforo 
(1919),  Dalton  (1920),  Daniell  (1920),  Fisher  (1920),  de  Pietri-Tonelli  (1920),  Czuber  (1921),  Jones 
( 1921),  Julin  ( 1921),  Rietz  ( 1924),  Winkler  ( 1924),  Estienne  (1926-27),  Burgess  (1927),  Jordan  (1927), 
Dufton  ( 1928),  Lenz  & von  Verschuer  ( 1928),  d’Addario  (1930),  March  (1930),  Scarborough  (1930),  von 
Bortkiewicz  (1931),  Galvani  (1931),  Horst  (1931),  Gini  (1932),  Pietra  ( 1932a, b),  Julin  (1933),  Rhodes 
( 1933),  d’Addario  ( 1934b),  Dominedof  1934),  Mortara(  1934b),  Miinzner  ( 1934),  Anderson  ( 1935),  Bond 
( 1935),  Castellano  ( 1935),  Pietra  ( 1935a, b),  Wold  ( 1935),  d’Addario  (1936),  Gini  (1936),  Nair  (1936), 
Pitman  ( 1937),  Barral  Souto  ( 1938),  Bruen  ( 1938),  Bresciani-Turroni  (1939).  Gini  (1939),  Gottschick 
( 1939),  Jeffreys  ( 1939),  Pitman  ( 1939),  Arley  & Buch  ( 1940),  Frechet  (1940a, b,  1941),  Pizzetti  (1941c), 
Simon  (1941),  Boldrini  ( 1942),  Dudding  & Jennett  (1942),  Frechet  (1942),  Gumbel  (1942c),  Kendall 
(1943),  Reiersol  (1944),  Cramer  (1946),  Kendall  (1946),  Kimball  (1946a),  Mosteller  (1946),  Tukey 
(1946),  Nair  (1947),  Eisenhart  & Martin  (1948),  Godwin  (1949b),  Nair  ( 1949a, b) 

AVERAGE  OF  QUARTILES— SEE  QUARTILE  AVERAGE 

AVERAGES  (MEASURES  OF  CENTRAL  TENDENCY) 

Ptolemaeus  (circa  150),  Cotes  (1722),  Simpson  (1756),  Boscovich  (1757),  Simpson  (1757),  Lambert 
(1760),  Short  (1763),  Lambert  ( 1765a, b),  Lalande  (1771),  Lagrange  (1774),  Laplace  (1774),  Bernoulli 
(1778),  Euler  (1778),  Laplace  (1781),  Bernoulli  (1785),  Laplace  (1786,  1799),  Trembley  (1804),  von 
Zach  (1805),  Delambre  (1806-10),  Adrain  (1808),  Gauss  (1809),  Laplace  (1810,  181  la, b,  1812),  De- 
lambre  (1813),  Mathieu  (1813-14),  Legendre  (1814),  van  Beeck  Calkoen  (1816),  Anonymous  (1821), 
Cauchy  (1824),  Fourier  (1824c),  Ivory  (1825),  Muncke  (1825),  Fourier  (1826a,  1829),  Hauber  (1830- 
32),  Cauchy  ( 1831),  Encke  ( 1832-34),  Quetelet  ( 1835),  Dirichlet  ( 1836),  Cauchy  ( 1837),  Hagen  ( 1837), 
Stampfer  ( 1839),  Cournot  ( 1843),  Gerling  ( 1843),  Ellis  ( 1844),  Quetelet  ( 1846),  Herschel  ( 1850),  Lloyd 
(1855),  Petzval  (1857),  von  Andrae  (1860),  Chauvenet  (1863),  De  Morgan  (1864),  Boudin  (1865), 
Todhunter  ( 1865),  Venn  ( 1866),  Galton  ( 1869),  Zachariae  ( 1871 ),  Glaisher  (1873),  Peirce  ( 1873),  Stone 
(1873a,b),  Fechner  (1874),  Glaisher  (1874),  Jevons  (1874),  Stone  (1874),  Galton  (1875),  Laurent 
(1875),  Breger  (1876),  Merriman  (1877),  Wilson  (1877),  Herschel  (1878),  Lalanne  (1879),  Chaplin 
(1880),  Breger  (1881),  Galton  (1881),  Bruns  (1882),  Chaplin  (1882),  Schreiber  (1882),  Edgeworth 
( 1883a, b),  Doolittle  (1884),  Wright  (1884),  Edgeworth  (1885,  1886a, b),  Newcomb  (1886),  Edgeworth 
( 1887a,c,d,e,f,  1887-90),  Turner  (1887),  Bertrand  ( 1888a, b),  Delauney  ( 1888),  Edgeworth  ( 1888),  Faye 
(1888),  Galton  (1888),  Jordan  (1888),  Bertrand  (1889),  Galton  (1889),  Gore  (1889),  Pizzetti  (1889), 
Czuberi  1890),  Estienne  ( 1890),  Runge  ( 1890),  Czuber  ( 1891a,b),  Venn  ( 1891 ),  Holmes  ( 1892),  Pizzetti 
(1892),  Edgeworth  (1893),  Vallier  (1894),  Mendeleev  (1895),  Pearson  (1895),  Cranz  (1896),  Galton 
( 1896),  Poincare!  1896),  Yule  ( 1896a,b',  Bliimcke  ( 1897),  Fechner  ( 1897),  Edgeworth  ( 1898),  Rodewald 
(1898),  Czuber  (1899),  Galton  ( 1899a, b),  Sheppard  ( 1899a, b),  Wolffing  (1899),  Estienne  ( 1900a, b), 
Laska  ( 1900),  Bowley  ( 1901 ),  Galton  ( 1902),  Hayford  ( 19021,  Pearson  ( 1902),  Czuber  ( 1903),  Hevden- 
reich  ( 1903),  Kapteyn  ( 1903),  Mitscherlich  ( 1903),  Saunder  ( 1903),  Edgeworth  1 1905),  Holmes  ( 1905), 
Lorenz  ( 1905),  Watkins  ( 1905),  Charlier  ( 1906),  Mansion  ( 1906),  Slocum  & Hancock  ( 1906),  Galton 
( 1907a, b,c).  Hooker  ( 1907),  Rohne  ( 1907),  Yule  ( 1907),  Mazzuoli  ( 1908),  Watkins  ( 1908),  Bohlmann 
( 1909),  Dunkel  ( 1909),  Goedseels  ( 1909),  Persons  ( 1909),  de  la  Vallee  Poussin  ' 1909'.  Watkins  1 1909). 
Wellisch  ( 1909),  Charlier  ( 1910),  Gini  ( 1910),  Goedseels  ( 1910),  Edgeworth  (1911),  Goedseels  1 191 1 1, 
Keynes  (1911),  Mortara  ( 191 1 ),  de  la  Vallee  Poussin  (1911),  Yule  (1911),  Dettori  (1912),  Fisher  (1912), 
Gini  (1912),  King  (1912),  Newcomb  (1912),  Tits  (1912),  Dodd  (1913),  Edgeworth  (1913),  Goodwin 
1 1913),  Mansion  (1913),  Wellisch  (1913),  Contarino  (1914),  Czuber  (1914),  Dodd  1 1914),  Fuller  ( 1914 ). 
Gini  ( 1914a, bl,  Hazen  < 1914)  Gini  ( 1915a, b),  Pietra  ( 1915),  Savorgnan  < 1915),  Trachtenberg  ( 1915), 
Gini  ( 1916a, b),  Ricci  (1916),  Spillman,  Tolley  & Reed  (1916),  Tolley  (1916),  Becker  (1917),  Brunt 
1 1917),  Gini  1 1917),  Secrist  ( 1917),  Gini  ( 1918).  Niceforo  1 1919),  Persons  1 1919),  Campbell  1 1920), 
Dalton  (1920),  Daniell  (1920),  Fisher  (1920),  Pearson  (1920),  de  Pietri-Tonelli  (1920),  Stewart 
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ll9'20a,b),  Czuber  (1921),  Hall  (1921),  Jackson  (1921),  Jones  (1921),  Julin  (1921),  Keynes  (1921), 
Savorgnan  ( 1921),  von  Bortkiewicz  ( 1922a, b),  Dodd  ( 1922),  Fisher  ( 1922),  Crum  ( 1923),  Dodd  ( 1923), 
Edgeworth  ( 1923),  Goldhizer  (1923),  Jackson  ( 1923),  von  Mises  ( 1923),  Sloane  ( 1923),  Neyman  ( 19231, 
Wilson  ( 1923),  Foster  ( 1924),  Haag  ( 1924),  Horton  ( 1924),  Jackson  ( 1924),  Rietz  ( 1924),  Whittaker  & 
Robinson  ( 1924),  Winkler  ( 1924),  Bottema  ( 1925),  Coolidge  ( 1925),  Goedseels  ( 1925),  Irwin  ( 1925a, b), 
Levy  (1925),  Pearson  (1925),  Pietra  (1925),  Reilly,  Rae  & Wheeler  (1925),  Tippett  (1925),  Estienne 
(1926-27),  Gini  (1926),  Jarvis  (1926),  Pearson  (1926),  Peirce  (1926),  Alliaume  ( 1927a, b),  Burgess 
(1927),  Estienne  (1927),  Friedrich  (1927),  Galvani  (1927),  Goodrich  (1927),  Gumbel  (1927),  Jordan 
(1927),  Student  (1927),  Birkeland  (1928),  Bowley  (1928),  Cramer  (1928),  Dufton  (1928),  Gumbel 
( 1928),  Koppen  1 1928),  Neyman  & Pearson  ( 1928),  OgrodnikofT ( 1928),  Pearson  & Adyanthaya  1 1928), 
Sophister  ( 1928),  Gini  & Galvani  ( 1929),  Levy  ( 1929),  Pearson  & Adyanthaya  ( 1929),  Rider  ( 1929), 
Smith  ( 1929),  Wilson  & Hilferty  ( 1929),  d’Addario  ( 1930),  Eells  ( 1930),  de  Finetti  & Paciello  ( 1930), 
Fogelson  ( 1930),  Gibrat  ( 1930),  Gini  ( 1930),  Hazen  ( 1930),  Lidstone  ( 1930),  March  ( 1930 ),  de  Montes- 
sus  de  Ballore  (1930),  Rhodes  (1930),  Ross  (1930),  Scarborough  (1930),  d’Addario  (1931),  von 
Bortkiewicz  (1931),  Edgett  (1931),  de  Finetti  ( 1931a, b),  Galvani  (1931),  Gibrat  (1931),  Hojo  ( 1931 ), 
Horst  (1931),  KoJmogoroff  (1931),  von  Mises  (1931),  Pearson  (1931),  Pearson  & Pearson  (1931), 
Shewhart  ( 1931 ),  Student  ( 1931),  d’Addario  ( 1932),  Craig  ( 1932a,bt,  Dodge  (1932),  de  Finetti  ( 1932 1, 
Galvani  ( 1932),  Garver  ( 1932),  Gibrat  ( 1932a,b),  Gini  ( 1932),  Gumbel  ( 1932),  Hotelling  & Solomons 
( 1932),  Jeffreys  ( 1932a, b),  Luyten  ( 1932), Pearson  ( 1932),  Pearson&  Pearson  ( 1932),  Pietra  ( 1932a, b), 
Bartlett  (1933),  Castellano  (1933a,b),  Craig  (1933),  Crowe  (1933),  Dodge  (1933),  Eddington  (1933), 
Galvani  (1933),  Gini,  Boldrini,  Galvani  & Venere  ( 1933),  Grassberger  1 1933),  Griffin  ( 1933),  Gumbel 
( 1933a, b,c,d,f,g),  Hojo  (1933),  Jeffreys  (1933),  Julin  (1933),  Linders  (1933),  Rhodes  (1933),  Rider 
(1933),  Romanovsky  (1933),  Scates  (1933),  Tricomi  (1933),  Yang  (1933),  Yntema  (1933),  Baidaff  & 
Barral  Souto  (1934),  Davies  & Pearson  (1934),  Eyraud  ( 1934a, b),  Foster  (1934),  Gumbel  (1934 
a,c,d,e,f,g),  Jeffreys  (1934),  Mortara  (1934a),  Miinzner  (1934),  Pollard  (1934),  Rosin  & Rammler 
(1934),  Slade  (1934),  Smith  (1934),  Anderson  (1935),  Baidaff  & Barral  Souto  (1935),  Barral  Souto 
(1935),  Birkeland  & Frogner  (1935),  Bond  (1935),  Castellano  (1935),  Frechet  (1935),  Gumbel 
( 1935a, b,c,d,  1935-36),  McKay  ( 1935),  Olds  ( 1935),  Pearson  ( 1935),  Pearson  & Haines  ( 1935),  Pietra 
( 1935a, b),  Sastry  (1935),  Smirnoff  (1935),  Thompson  (1935),  Wold  ( 1935 ),  d'Addario  (1936),  Crowe 
( 1936),  Darmois  ( 1936),  Foster  ( 1936),  Gini  ( 1936),  Grassberger  ( 1936),  Gumbel  ( 1936a, b,c,  1936-37), 
Logan  (1936),  Mathews  ( 1936),  Pearson  & Chandra  Sekar  ( 1936),  Saville  < 1936),  Slade  (1936),  Vi  lie 
(1936),  Bowley  (1937),  Bresciani-Turroni  (1937),  Calichiopulo  (1937),  Coutagne  (1937),  Friedrich 
( 1937).  Gumbel  ( 1937a,b,c,d,e,  1937-38),  Pitman  ( 1937),  Savur  ( 1937a,b),  Snedecor  ( 1937),  Thibaud  & 
Ferbert  1937),  Wold  ( 1937),  Barral  Souto  ( 1938),  Bose  ( 1938),  Brenet  & Armand  ( 1938),  Bruen  ( 1938), 
Cisbani  ( 1938),  Dodd  ( 1938),  von  Eberhard  ( 1938),  Gini  ( 1938),  Gumbel  ( 1938a, b,c>,  Jeffreys  ( 1938), 
Kimball  (1938),  Savur  (1938),  d'Addario  (1939),  Coutagne  ( 1939 1,  Derevitsky  (1939(,  Eisenhart 
( 1939),  Gini  ( 1939),  Gumbel  ( 1939a, b,c,d,e,f),  l’Hermite  ( 1939),  Hsu  ( 1939),  Hulme  & Symms  ( 1939), 
Jeffreys!  1939),  Pitman  ( 1939),  de  Vergottini  ( 1939),  Wald  ( 1939),  Zappa  ) 1939),  Arlev  ( 1940),  Arley  & 
Buch  ( 1940),  Dodd  ( 1940),  Frechet  ( 1940a),  Nair  ( 1940a),  Pizzetti  ( 1940),  de  Vergottini  ( 1940),  Wald 
(1940),  Wilson  (1940),  Zappa  (1940),  Brookner  (1941),  Daniels  (1941),  Frechet  (1941),  Gumbel 
( 1941a,b),  Mood  ( 1941),  Pizzetti  ( 1941a,b,c),  Roller  ( 1941 ),  von  Schelling  ( 1941 1,  Simon  ( 1941 ),  Smir- 
noff ( 1941 ),  Aldanondot  1942),  Beard  ( 1942),  Boldrini  (1942),  Dudding  & Jennett  ( 19421,  Evans  ( 1942), 
Frechet  (1942),  Gaede  (1942),  Gumbel  ( 1942a, b,c),  Hartley  (1942),  Henry  (1942),  Kimball  (1942), 
Livada  ( 1942),  Nair  & Shrivastava  ( 1942),  Pearson  & Hartley  ( 1942),  Roy  1 1942a, b),  Barnard  ( 1943), 
Barricelli  (1943),  Craig  (1943),  Curtiss  (1943),  Gumbel  ( 1943a, c),  Kendall  (1943),  Knudsen  (1943), 
Nair  & Baneijee  (1943),  Powell  (1943),  Rajalakshman  (1943),  SchefTe  (19431,  Wilks  (1943),  Geary 
(1944),  Gumbel  (1944),  Hartley  (1944),  Robbins  (1944b),  Rodgers  (1944),  Wing,  Price  & Douglass 
(1944),  Gumbel  (1945a),  Gurney  (1945),  Anderson  (1946),  Baker  (1946),  Brown  & Tukey  (1946), 
Carlton  ( 1946),  Cramer  ( 1946),  Daly  (1946),  Freudenthal  (1946),  Grant  (1946),  Greenwood  (1946), 
Gumbel  (1946b),  Hoel  (1946),  Jones  (1946),  Kendall  (1946),  Kimball  ( 1946a, b),  Kontorova  (1946), 
Mosteller  ( 1946),  Oding  (1946),  Roy  (1946a, b),  Tintner  (1946),  Tukey  (19461,  Walsh  ( 1946a), 
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Winsten  (1946),  Bartlett  (1947a, b),  Bickerstaff  (1947),  Cohan  (1947),  Davidenkov,  Shevandin  & 
Wittmann  ( 1947),  Duncan  (1947),  Egudin  (1947),  Elfving  (1947),  Fisher  & Hollomon  ( 1947),  Grubbs  & 
Weaver  ( 1947),  Gumbel  ( 1947),  Gurney  ( 1947),  Gurney  & Pearson  ( 1947),  Hastings,  Mosteller,  Tukey 
& Winsor  ( 1947),  Jacobson  (1947),  Kimball  ( 1947),  Lord!  1947),  Nair  (1947),  Purcell  ( 1947),  Ruggles  & 
Brodie  (1947),  Tanenhaus  (1947),  Walsh  (1947),  Anderson  (1948),  Cox  (1948),  Eisenhart,  Deming  & 
Martin  (1948b),  Eisenhart  & Martin  (1948),  Epstein  (1948a, b),  Epstein  & Brooks  (1948),  Frankel 
(1948),  Geary  (1948),  Gumbel  (1948),  Higuchi,  Leeper  & Davis  (1948),  Hill  & Schmidt  (1948), 
Hoeffding  ( 1948),  Housner  & Brennan  (1948),  Jones  ( 1948),  Nair  ( 1948a, b),  Pillai  ( 1948),  Rao  ( 1948), 
Stevens  (1948),  Thomas  (1948),  Tukey  ( 1948b, c),  Wilks  (1948),  Bartlett  (1949),  Benson  (1949),  Cole 
(1949),  Cox  ( 1949),  Godwin  ( 1949a, b),  Gumbel  ( 1949),  Harris  & Tukey  ( 1949),  Hartley  ( 1949),  Howell 
( 1949),  Kimball  ( 1949),  Kontorova  & Timoshenko  ( 1949),  Lane  & Lei  ( 1949),  Langbein  ( 1949),  Mather 
(1949),  van  Meer  & Plantema  (1949),  Nair  (1949a,b),  Noether  (1949),  Paulson  (19491,  Peterson 
( 1949a, b),  Potter  ( 1949a, b),  Press  (1949),  Prot  ( 1949a,b,c),  Purcell  ( 1949),  Scheffe  ( 1949),  Shone  ( 1949), 
Tukey  ( 1949a, b,c,d,e,f),  Walsh  ( 1949a, b,c,d),  Weibull  (1949),  Wolfowitz  (1949),  Yamanouchi  (1949), 
Youden  ( 1949) 

AVERAGES,  DISCARD— SEE  DISCARD  AVERAGES 
AVERAGES,  METHOD  OF— SEE  METHOD  OF  AVERAGES 
AVERAGES,  WALSH— SEE  WALSH  AVERAGES 
AVERAGES,  WEIGHTED— SEE  WEIGHTED  AVERAGES 

BALLISTICS  AND  GUNNERY,  APPLICATIONS  TO— SEE  ALSO  MISS  DISTANCE,  APPLICA- 
TIONS TO 

Cranz  ( 1896),  Estienne  ( 1900b),  Heydenreich  ( 1903),  Rohne  ( 1907),  Kozak  ( 1908-10),  Mazzuoli  ( 1908), 
Estienne  (1926-27),  Scarborough  (1930),  Bond  (1935),  von  Eberhard  (1938),  Arley  (1940),  Arley  & 
Buch  (1940),  Simon  (1941),  Hartley  (1942),  Gumbel  (1945a),  Grant  (1946),  Hoel  (1946) 

BERNOULLI  DISTRIBUTION— SEE  BINOMIAL  DISTRIBUTION 

BERTRAND’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  BERTRAND'S 
CRITERION  FOR  REJECTION 

BEST  TWO  OUT  OF  THREE 
Youden  ( 1949) 

BETA— SEE  ERROR  RATE  OF  A TEST,  TYPE  II 
BETA  DISTRIBUTION 

Eyraud  ( 1935),  Pitman  ( 1939),  Thompson  (1941),  Scheffe  ( 1943),  Cramer  ( 1946),  Bickerstaff  ( 1947), 
Eisenhart,  Deming  & Martin  ( 1948a),  Murphy  ( 1948),  Noether  ( 1948),  Wilks  ( 1948),  Noether  ( 1949) 

BIMODAL  DISTRIBUTIONS 

Baker  ( 1946),  Cramer  ( 1946),  Grant  ( 1946),  Kendall  ( 1946),  Tanenhaus  ( 1947) 

BINOMIAL  DISTRIBUTION 

Galton  (1875),  Lexis  (1875),  Merriman  (1877),  Pizzetti  (1892),  Rodewald  (1898),  Edgeworth  (1905), 
Bohlmann  ( 1909),  Edgeworth  (1911),  Gini  ( 1912),  Fisher  ( 1922),  Lenz  & von  Verschuer  ( 1928),  Rider 
(1929).  de  Montessus  de  Ballore  (1930),  Weinberg  (1933),  Eyraud  ( 1934b),  Gumbel  (1934e,  1935a), 
Snedecor  (1937),  Gini  (1939),  Gottschick  (1939),  Smirnov  (1939c),  Grant  (1940),  Curtiss  (1943), 
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SchefTe  (1943),  Wilks  (1943),  Cramer  (1946),  Grant  (1946),  Kendall  (1946),  Feller  (1948),  Noether 
(1948),  Tukey  (1948b),  Cox  (1949),  Noether  (1949) 

BIOMETRICS,  APPLICATIONS  TO 

Pearson  (1895),  Kapteyn  (1903),  Charlier  (1906),  King  (1912),  Edgeworth  (1913),  Gini  (1914b), 
Weinberg  (1916),  Niceforo  ( 1919),  Czuber  (1921),  Jones  (1921),  Julin  (1921),  Fisher  (1922),  Wilson 
(1923),  Whittaker  & Robinson  (1924),  Pearson  ( 1925),  Gini  (1926),  Burgess  ( 1927),  Goodrich  (1927), 
Cramer  (1928),  Steflensen  (1930),  Gumbel  (1933e,g),  Julin  (1933),  Snedecor  (1937),  Fisher  (1938)! 
Fisher  & Yates  (1938),  Thompson  (1938),  Eisenhart  (1939),  Pearson  (1939),  von  Schelling  (1941)! 
Boldrini  (1942),  Kendall  (1943),  Cramer  (1946),  Greenwood  (1946),  Kendall  (1946),  Lord  (1947), 
Bartlett  (1948),  Rao  (1948),  Bartlett  (1949),  Cole  (1949),  Mather  (1949),  Noether  (1949)  Tukev 
(1949b) 

BIVARIATE  DISTRIBUTIONS 

Hayford  ( 1902),  Sloane  ( 1923),  Gini  & Galvani  (1929),  Eells  ( 1930),  Ross  ( 1930),  Galvani  ( 1933),  Gini, 
Boldrini,  Galvani  & Venere  ( 1933),  Griffin  ( 1933),  Linders  ( 1933),  Scates  ( 1933),  Zappa  ( 1939),  Wald 
(1943),  Wilks  (1943),  Cramer  (1946),  Kendall  (1946),  Mosteller  (1946),  BickerstafT  ( 1947)  Tukey 
(1947),  Wilks  (1948) 

BONFERRONI’S  RATIO  OF  CONCENTRATION— SEE  CONCENTRATION  RATIO 
BONFERRONI’S 

BOUNDS,  CONFIDENCE—  SEE  CONFIDENCE  BOUNDS 

BOWLEY’S  QUARTILE  MEASURE  OF  SKEWNESS— SEE  SKEWNESS,  BOWLEY’S  QUARTILE 
MEASURE  OF 


BOWLEY’S  QUARTILE  MEASURE  OF  RELATIVE  VARIABILITY— SEE  RELATIVE  VARI- 
ABILITY, BOWLEY’S  QUARTILE  MEASURE  OF 

BUNDLES  OF  FIBERS  (OR  THREADS),  STRENGTH  OF 
Peirce  (1926),  Kontorova  (1943),  Daniels  ( 1945),  Epstein  ( 1948a, b),  Wilks  (1948) 

CALICHIOPULO’S  MEASURE  OF  DISPERSION— SEE  DISPERSION,  C ALICHIOPULO’S 
MEASURE  OF 

CANONICAL  ANALYSIS 

Hotelling  (1936b),  Girshick  (1939),  Tintner  (19461,  Bartlett  ( 1947a, b) 

CAUCHY  DISTRIBUTION 

Edgeworth  (1898,  1911),  Dodd  (1922),  Fisher  (1922),  Levy  (1925),  Darmois  (1936),  Jeffreys  (1938, 
1939),  Paulson  ( 1940),  Wilson  ( 1940),  Deming  1 1943),  Brown  & Tukey  ( 1946),  Cramer  ( 1946),  Kendall 
(1946),  Eisenhart,  Deming  & Martin  (1948b),  Epstein  (1948a),  Huzurbazar  (1948),  Stevens  (1948) 

CAUCHY’S  METHOD  OF  INTERPOLATION 

Cauchy  (1837),  Goedseels(  1909,  1925),  Gibrat  (1930),  Gini  (1932),  Boldrini  (1942),  Deming  (1943) 

CENSORED  SAMPLES,  DOUBLY 
Wald  (1943) 

CENSORED  SAMPLES.  FROM  ABOVE 

Gini  (1914b),  von  Bortkiewicz  (1915).  Ruark  & Devol  (1936),  Anderson  (1948),  Bartlett  (1948) 
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CENSORED  SAMPLES,  FROM  BELOW 

Gini  (1909,  1910),  Furlan  (1911),  Mortara  (1911),  Porru  (1912),  Wellisch  (1913),  Czuber  (1914), 
Savorgnan  (1915),  Gini  (1939),  Ruark  (1939),  Anderson  (1948) 

CENSORED  SAMPLES,  PROGRESSIVELY 
Ruark  & Devol  (1936) 

CENTILES— SEE  PERCENTILES 

CENTRAL  TENDENCY,  MEASURES  OF— SEE  AVERAGES  (MEASURES  OF  CENTRAL 
TENDENCY) 

CHANCE,  GAMES  OF,  APPLICATIONS  TO— SEE  GAMES  OF  CHANCE,  APPLICATIONS  TO 
CHARACTERISTIC  FUNCTIONS 

Anderson  ( 1946),  Brown  & Tukey  ( 1946),  Daly  ( 1946),  Kendall  ( 1946),  Gumbel  ( 1947 ), Smirnov  ( 1949a) 

CHARACTERISTIC  LARGEST  VALUE 
Gibrat  (1932b),  Kimball  (1946b),  Gumbel  (1948) 

CHARACTERISTIC  ROOTS  OF  MATRICES 

Hotelling  ( 1933),  Thomson  ( 1934),  Girshick  ( 1936),  Hotelling  ( 1936a, b),  Aitken  ( 1937),  Bartlett  ( 19381, 
Fisher  (1939),  Girshick  (1939),  Hsu  (1939),  Roy  (1939,  1940a, b),  Hsu  (1941a,b),  Roy  ( 1942a, b),  Wilks 
( 1943),  Anderson  ( 1945),  Roy  ( 1945),  Tintner  ( 1945),  Kendall  ( 1946),  Roy  ( 1946a, bi,  Bartlett  ( 1947b), 
Kincaid  (1947),  Anderson  (1948) 

CHARACTERISTIC  SMALLEST  VALUE 
Gibrat  (1932b),  Kimball  (1946b),  Epstein  (1948a),  Gumbel  (1948) 

CHARLIER  DISTRIBUTION,  TYPE  A 

Charlier  (1906,  1910),  Crum  (1923),  Rietz  (1924),  Cramer  (1928),  Steffensen  (1930),  Luvten  (1932), 
Kendall  (1943),  Wilks  (1943),  Cramer  (1946),  Kendall  (1946),  Benson  (1949) 

CHARLIER  DISTRIBUTION,  TYPE  B 

Charlier  (1906,  1910),  Dodd  (1923),  Rietz  (1924),  Cramer  (1928),  StefFensen  (1930),  Kendall  ( 1943 ) 

CHAUVENETS  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  CHAUVENETS 
CRITERION  FOR  REJECTION 

CHEMISTRY,  APPLICATIONS  TO 

Coolidge  1 1925),  Reilly,  Rae  & Wheeler  ( 1925),  Estienne  ( 1926-27 ),  Student  ( 1927),  Neyman  & Pearson 
( 1928),  Scarborough  ( 1930),  Pearson  ( 1935),  Newman  ( 1939),  Pearson  ( 1939),  Grant  ( 1946),  Eisenhart  & 
Martin  ( 1948),  Walsh  ( 1949c) 

CHI-SQUARE  DISTRIBUTION 

Pearson  (1931),  Pitman  (1937),  Snedecor  (1937),  Bartlett  (1938),  Lawlev  (1940),  Chandra  Sekar  & 
Francis  ( 1941),  Cochran  ( 1941 1,  Finney  ( 1941).  Hsu  ( 194 lb),  Dodd  ( 19421,  Gumbel  ( 1942a),  Pearson 
( 1942),  Kendall  ( 1943),  Scheffe  1 1943),  Wilks  ( 1943),  Scheffe  & Tukey  ( 1944),  Anderson  ( 1945),  Tintner 
(1945),  Cramer  ( 1946),  Kendall  (1946),  Kimball  (1946b),  Bartlett  1 1947b),  Duncan  1 19471,  Eisenhart. 
Hastav  & Wallis  ( 1947),  Eisenhart  & Solomon  < 1947),  Lehmann  ) 1947),  von  Mises  1 1947).  Anderson 
( 1948),  Bartlett  ( 1948),  Gearv  1 1948),  Murphy  1 1948),  Nair  1 1948a),  Rao  ( 19481,  Wilks  ( 1948),  Benson 
) 1949).  Hartley  1 1949),  Mather  ( 1949).  Wolfowitz  1 1949) 
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CLOSEST  ESTIMATES— SEE  ESTIMATES,  CLOSEST 


COCHRAN’S  RATIO  (TEST  STATISTIC) 

Bresciani-Turroni  < 1939 ),  Cochran  (1941),  Finney  (1941),  Kendall  )1946),  Eisenhart  & Solomon 
(1947) 

COCHRAN’S  TEST— SEE  COCHRAN’S  RATIO  (TEST  STATISTIC) 

COGRADUATE  QUANTITIES 

Gini  (1914b,  1915a, b,  1916b,  1917 )j  Pietra  (1925),  Gini  (1926),  Saibante  (1926),  d’Addario  ( 1 930 ), 
Watkins  ( 1933) 

COGRADUATION,  CONSTANT  OF 
Dettori  (1912),  Gini  (1917) 

COGRADUATION,  CURVE  OF 
Gini (1917) 

COGRADUATION,  EQUATION  OF 
Gini (1917) 

COGRADUATION,  INDEX  OF 
Saibante  (1926,  1928),  Watkins  (1933) 

COLLECTIVE  JUDGMENTS.  APPLICATIONS  TO 
Galton  ( 1899a, b,  1907a, b.c).  Hooker  (1907),  Yule  (1907),  Pearson  (1939) 

COMBINATION  (COMBINATORIAL)  MEANS  — SEE  MEANS,  COMBINATION  (COMBINA- 
TORIAL) 

COMBINATION  THEORY  OF  STRENGTH— SEE  STRENGTH  THEORY,  COMBINATION 

COMPETITION,  APPLICATIONS  TO— SEE  PRIZES  AND  COMPETITION,  APPLICATIONS  TO 

COMPOUND  NORMAL  (GAUSSIAN)  DISTRIBUTION 
Crum  ( 1923) 

COMPUTER  APPLICATIONS 
Mosteller  ( 1946) 

CONCENTRATION,  AREA  OF 

Dalton  ( 1920),  Amoroso  ( 1925),  Gumbel  ( 1927,  1928),  Gini  ( 1930),  von  Bortkiewicz  ( 1931 ),  de  Finetti 
(1931a),  Galvani  (1931),  d'Addario  (1932),  Galvani  (1932),  Pietra  ( 1932a, b),  Castellano  (1933a,bt, 
Yntema  1 1933),  Dominedo  ( 1934),  Castellano  ( 1935),  Pietra  ( 1935a),  Wold  (1935),  d'Addario  1 1936), 
Gini  (1936,  1939).  Davis  1 1941),  Kendall  ( 1943) 

CONCENTRATION  CURVE— SEE  ALSO  LORENZ  CURVE 
Pietra  (1915).  Ricci  ( 1916),  Niceforo  ( 1919).  Amoroso  1 1925),  Gumbel  1 1927,  1928),  d'Addario  1 1930), 
Gini  (1930),  von  Bortkiewicz  (1931),  de  Finetti  (1931a),  Galvani  (1931),  d'Addario  (1932).  Galvani 
1 1932),  Pietra  1 1932a, b),  Castellano  ( 1933a, b).  Yntema  ( 19331.  d'Addario  ( 1934a),  Castellano  ( 1935), 
Pietra  (1935a).  Wold  (1935), d’Addario!  1936),  Gini  (1936), d’Addario  (1939).  Gini  (1939),  Davis  ( 1941 ), 
Livada  < 1 942 ).  Kendall  (1943) 
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CONCENTRATION  CURVE,  WATKINS’  LOGARITHMIC 
Watkins  1 1908l,  Persons  ( 1909),  Watkins  ( 1909),  Ricci  ( 1916),  von  Bortkiewicz  1 1931 1 

CONCENTRATION,  HOLMES'  MEASURE  OF 
Holmes  (1892,  1905),  Watkins  ( 1 905 ).  von  Bortkiewicz  (1931) 

CONCENTRATION  INDEX,  GIBRAT’S 
Gibrat  1 1930) 

CONCENTRATION  INDEX,  GINIS 

Gini  ( 1909, 1910),  Furlan  (1911),  Mortara  (1911),  Porru  (1912),  Czuber  ( 1914 ),  Savorgnan  (1915),  Gini 
( 1917,  1926),  Saibante  ( 1928),  von  Bortkiewicz  ( 1931 ),  Castellano  1 1933b),  Yntema  ( 1933),  d’Addario 
( 1934a, b),  Castellano  < 1935),  Pietra  ( 1935b),  Gini  ( 1936),  Bresciani-Turroni  ( 1937 ),  d’Addario  ( 1939), 
Gini  G939),  Pizzetti  1 1941b) 

CONCENTRATION,  MEASURES  OF 

Holmes  (1892),  Pareto  (1897),  Holmes  (1905),  Lorenz  (1905),  Watkins  (1905,  1908),  Gini  (1909), 
Persons  (1909),  Watkins  (1909),  Gini  (1910),  Furlan  (1911),  Mortara  (1911),  King  (1912),  Porru 
(1912),  Czuber  ( 1914),  Gini  ( 1914a,bi.  Pietra  (1915),  Savorgnan  (1915),  Ricci  ( 1916),  Gini  ( 1917),  Vinci 
( 1918),  Niceforo  ( 1919),  Dalton  1 1920),  Amoroso  ( 1925),  Gini  ( 1926),  Saibante  1 1926),  Gumbel  < 1927, 
1928),  Saibante  ( 1928),  d'Addario  ( 1930),  de  Finetti  & Paciello  1 1930),  Gibrat  ( 1930),  Gini  ( 19301,  von 
Bortkiewicz  (1931),  de  Finetti  (1931a),  Galvani  (1931),  d'Addario  (1932),  Galvani  (1932),  Pietra 
( 1932a, b),  Castellano  ( 1933a, b),  Yntema  (1933),  d’Addario  ( 1934a, b),  Dominedo  (1934).  Mortara 
( 1934a, b),  Anderson  ( 1935),  Castellano  ( 1935),  Pietra  ( 1935a, b).  Wold  ( 1935),  d'Addario  ( 1936),  Gini 
( 1936).  Bresciani-Turroni  ( 1937 ),  d’Addario  ( 1939),  Bresciani-Turroni  1 1939),  Gini  ( 1939),  de  Vergot- 
tini  (1939,  1940),  Davis  (1941),  Pizzetti  (1941b),  Boldrini  (1942),  Livada  (1942).  Kendall  (19431, 
Cramer  ( 1946),  Kendall  ( 1946),  Hoeffding  ( 1948) 

CONCENTRATION  RATIO.  BONFERRONI’S 
de  Vergottini  (1940),  Boldrini  1 1942k 

CONCENTRATION  RATIO,  GINI  S 

Gini  ( 1914a),  Pietra  1 1915),  Savorgnan  ( 1915),  Ricci  ( 1916),  Vinci  ( 1918),  Niceforo’  (1919),  Amoroso 
1 1925),  Gini  (1926),  Saibante  (1926).  Gumbel  (1927,  1928),  Saibante  ( 1 928 ).  d'Addario  (1930),  de 
Finetti  & Paciello  ( 1930),  Gini  ( 1930'.  de  Finetti  ( 1931a),  Galvani  ( 1931 ),  d’Addario  ( 1932),  Galvani 
( 1932).  Pietra  ( 1932a, b),  Castellano  1 1933a. b).  Yntema  ( 1933).  d'Addario  ( 1934b).  Dominedo  ( 1934), 
Anderson  (1935),  Castellano  (1935),  Pietra  ( 1935a, b).  Wold  (1935),  d'Addario  (1936),  Gini  (1936. 
1939),  de  Vergottini  1 1940).  Davis  ( 1941 ),  Pizzetti  ( 1941b),  Boldrini  ( 1942),  Kendall  ( 1943).  Hoeffding 
(1948) 

CONCORDANCE  AND  DISCORDANCE 
Gini  ( 1916a, b),  Pietra  ( 1925),  Gini  1 1926),  Kendall  ( 1946) 

CONFIDENCE  BOUNDS 

Thompson  ( 1938),  Wilks  1 1938),  Wald  & Wolfowitz  ( 1939).  Kullback  & Frankel  ( 1940),  Nair  ( 1940b), 
Kolmogoroff  (1941),  von  Schelling  (1941),  Wald  & Wolfowitz  il941),  Gumbel  (1943a),  Pearson  & 
Hartley  ( 1943),  Scheffe  ( 1943),  Wilks  1 1943),  Scheffe  & Tukev  < 1945),  Cramer  ( 1946).  Kendall  ( 1946). 
Kimball  1 1946a. b).  Bickerstaff  1 1947 ).  Eisenhart,  Doming  & Martin  ( 1948bi.  Noether  ( 1948i.  Wilks 
( 1948),  Kimball  1 1949),  Tukev  1 1949b).  Walsh  ( 1949a),  Wolfowitz  ( 1949) 
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CONFIDENCE  PROCEDURES,  ONE-SAMPLE— SEE  ONE-SAMPLE  TESTS  (OR  CONFIDENCE 
PROCEDURES) 


CONFIDENCE  PROCEDURES,  TWO-SAMPLE— SEE  TWO-SAMPLE  TESTS  (OR  CONFIDENCE 
PROCEDURES) 

CONFIDENCE  REGIONS 
Kimball  (1946a),  Wilks  (1948),  Wolfowitz  (1949) 

CONNECTION,  MEASURES  OF 
Gini  (1914b),  Pietra  (1925) 

CONTAMINATED  DISTRIBUTIONS 
Tukey  (1946),  Harris  & Tukey  (1949),  Tukey  ( 1949c, d,e,f) 

CONTINUOUS  DISTRIBUTION,  ANY 

Galvani  ( 1931 ),  Wald  & Wolfowitz  ( 1941),  Wilks  ( 1941 ),  Mathisen  ( 1943),  Scheffe  ( 1943),  Wald  ( 1943), 
Bowker  (1944),  Scheffe  & Tukey  (1944),  Smirnov  (1944),  Gumbel  (1945a),  Scheffe  & Tukey  (1945), 
Cramer  (1946),  Kendall  (1946),  Bickerstaff  (1947),  Kimball  (1947),  Eisenhart,  Deming  & Martin 
(1948a),  Feller  (1948),  GartsteTn  (1948),  Gumbel  (1948),  Murphy  (1948),  Noether  (1948),  Schtitzen- 
berger  ( 1948),  Smirnov  ( 1948),  Wilks  ( 1948),  Chung  ( 1949),  Doob  (1949),  Godwin  ( 1949a,b),  Juncosa 
(1949),  Kac  (1949),  Maniya  (1949),  McMillan  (1949),  Melzler  (1949),  Noether  (1949),  Smirnov 
( 1949a, b),  Wolfowitz  (1949) 

CONTINUOUS  ISOSCELES  TRIANGULAR  DISTRIBUTION— SEE  ISOSCELES  TRIANGULAR 
DISTRIBUTION,  CONTINUOUS 

CONTINUOUS  RECTANGULAR  DISTRIBUTION— SEE  UNIFORM  DISTRIBUTION,  CON- 
TINUOUS 

CONTINUOUS  SYMMETRIC  DISTRIBUTIONS  — SEE  SYMMETRIC  DISTRIBUTIONS, 
CONTINUOUS 

CONTINUOUS  UNIFORM  DISTRIBUTION— SEE  UNIFORM  DISTRIBUTION,  CONTINUOUS 
CONTRAGRADUATE  QUANTITIES 

Gini  (1915a, b,  1916b,  1917),  Pietra  (1925),  Gini  (1926),  Saibante  (1926),  Reiersol  (1944) 
CORRELATIONS 

Edgeworth  (1911),  Dettori  (1912),  Walker  (1914),  Gini  (1915a, b,  1916b),  Weinberg  (1916),  Jones 
(1921),  Rietz  (1924),  Bottema  (1925),  Pearson  (1925),  Gini  (1926),  Pearson  (1926),  Saibante  (1926, 
1928),  d’Addario  ( 1930),  Pearson  & Pearson  (1931,  1932),  Craig  ( 1933),  Hojo  ( 1933),  Hotelling  ( 1933), 
Watkins  (1933),  Thomson  (1934),  Girshick  (1936),  Hotelling  ( 1936a, b),  Aitken  (1937),  Smirnoff 
(1937b),  Pearson  (1939),  Lawley  (1940),  Mood  (1941),  Henry  (1942),  Roy  (1942a),  Kendall  (1943), 
Wilks  1 1943),  Anderson  ( 1946),  Baker  ( 1946),  Cramer  ( 1946),  Grant  ( 1946),  Kendall  ( 1946),  Mosteller 
( 1946),  Tintner  ( 1946),  Bartlett  ( 1947a, b),  Bickerstaff  ( 1947),  Egudin  ( 1947),  Bartlett  (1948),  Geary 
( 1948),  Hoeffding ( 1948),  Nair  ( 1948a),  Nanda  ( 1948a, b),  Wilks  ( 1948),  Hartley  ( 1949),  Purcell  (1949), 
Scheffe  ( 1949),  Wolfowitz  ( 1949) 

COSINE  DISTRIBUTION 

Lagrange  < 1774),  Bernoulli  (1785),  Merriman  (1877),  Pizzetti  (1892) 
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COVARIANCE,  ANALYSIS  OF— SEE  ANALYSIS  OF  COVARIANCE 


COVARIANCE  MATRICES 

Foster  (1936),  Girshick  (1939),  Hsu ( 1939),  Kendall  ( 1940),  Roy  (1940a, b),  Mood  ( 1941),  Roy  ( 1942a, b), 
Wilks  (1943),  Anderson  (1945),  Tintner  (1945),  Anderson  (1946),  Cramer  (1946),  Kendall  (1946), 
Tintner  (1946),  Bartlett  (1947b),  Hastings,  Mosteller,  Tukey  & Winsor  (1947),  Anderson  (1948), 
Geary  (1948),  Hoeffding  (1948),  Nanda  ( 1948a, b),  Rao  (1948),  Kimball  (1949) 

COVERAGES 

BickerstafT  (1947),  Wilks  (1948) 

CRAMER- VON  MISES  STATISTIC  (OR  TEST) 

Cramer  ( 1928),  von  Mises  (1931),  KolmogorofT ( 1933),  Wold  (1935),  Smirnoff  ( 1936),  Neyman  (1937a), 
Smirnoff  ( 1937a),  Gumbel  ( 1942a),  Pearson  (1942),  Smirnov  (1944),  Cramer  ( 1946),  Kendall  (1946), 
von  Mises  (1947),  Feller  (1948),  Smirnov  (1949a) 

CROSS-PRODUCT  MOMENTS— SEE  MOMENTS,  CROSS-PRODUCT 

CURVE  FITTING 

Galton  (1896),  Yule  (1896a, b),  Charlier  (1906),  Tolley  (1916),  Jones  (1921),  Hazen  (1930),  Scar- 
borough (1930),  d'Addario  (1931),  Gibrat  (1931,  1932a, b),  Grassberger  (1932),  Luyten  (1932), 
Grassberger  ( 1933),  Slade  < 1934),  Saville  ( 1936),  Slade  ( 1936),  Thibaud  (1937),  Deming  (1943),  Price 
(1943),  Wilks  (1943),  Cramer  (1946),  Kendall  (1946),  Geary  (1948) 

CURVES,  DURATION— SEE  DURATION  CURVES 

CYCLICAL  SERIES 
Pietra  (1925),  Kendall  (1946) 

DALY’S  G DISTRIBUTION 
Daly  (1946),  Walsh  (1947),  Wilks  (1948) 

DECILES 

Galton  ( 1881),  Edgeworth  ( 1886b),  Galton  ( 1896),  Yule  (1896b),  Bowley  (1901),  Persons  (1909),  King 
( 1912),  Edgeworth!  1913), Secrist(  1917),  Vinci  (1918),  Niceforo(  1919),  Pearson!  1920), Czuber(  1921), 
Jones  (1921),  Julin  (1921),  Goldhizer  (1923),  Burgess  (1927),  Jordan  (1927),  March  (1930),  Galvani 
( 1931),  von  Mises  (1931),  Craig  ( 1932a),  Yang  (1933),  Bresciani-Turroni  (1937),  Gini  (1939),  Arley  & 
Buch  ( 1940),  Pizzetti  ( 1940),  Frechet  (1941),  Boldrini  ( 1942),  Gumbel  (1943a),  Kendall  ( 1943),  Cramer 
(1946),  Schutzenberger  (1948) 

DEMOGRAPHY,  APPLICATIONS  TO 

Quetelet  (1835),  Bowley  (1901),  Hayford  (1902),  Yule  (1911),  Gini  (1912,  1914a, b),  von  Bortkiewicz 
(1915),  Gini  (1918),  Niceforo  (1919),  Czuber  (1921),  von  Bortkiewicz  (1922b),  Sloane  (1923),  Wilson 
(1923),  Whittaker  & Robinson  (1924),  Pietra  (1925),  Gini  (1926),  Goodrich  (1927),  Jordan  (1927), 
Saibante  (1928),  Gini  & Galvani  (1929),  Eells  (1930),  de  Finetti  & Paciello  (1930),  Gini  (1930),  de 
Gleria  ( 1930),  Ross  ( 1930),  de  Finetti  (1931b),  Galvani  ( 1931),  Gibrat  (1931),  von  Mises  (1931),  Gibrat 
(1932b),  Galvani  (1933),  Gini,  Boldrini,  Galvani  & Venere  (1933),  Griffin  (1933),  Linders  (1933), 
Scates  (1933),  Watkins  (1933),  Gini  (1939),  Zappa  (1939),  Kendall  (1943),  Cramer  (1946),  Kendall 
(1946) 

DE  MORGAN’S  ALTERNATIVE  TO  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  DE  MORGAN’S 
ALTERNATIVE  TO  REJECTION 
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DEPENDENCE— SEE  INDEPENDENCE  AND  DEPENDENCE 


DEPENDENCE,  INDICES  OF— SEE  INDEPENDENCE  AND  DEPENDENCE,  INDICES  OF 

DESCENDING  MEANS— SEE  MEANS,  DESCENDING 

DESTRUCTIVE  TESTS,  APPLICATIONS  TO 
Jacobson  (1947),  Purcell  (1949) 

DETERMIN ANTAL  EQUATIONS,  ORDERED  ROOTS  OF— SEE  ORDERED  ROOTS  OF  DETER- 
MINANTAL  EQUATIONS 

DEVIATE,  EXTREME— SEE  EXTREME  DEVIATE 

DEVIATE,  STUDENTIZED  EXTREME— SEE  STUDENTIZED  EXTREME  DEVIATE 
DEVIATION,  DISCARD— SEE  DISCARD  DEVIATION 

DEVIATION,  LARGEST  (ABSOLUTE)— SEE  LARGEST  (ABSOLUTE)  DEVIATION 
DEVIATION,  QUARTILE— SEE  QUARTILE  DEVIATION 
DEVICE  LIFE,  APPLICATIONS  TO 

Gumbel  (1933e),  Pearson  (1935),  Grant  (1946),  Kendall  (1946),  Purcell  (1947),  Epstein  (1948b),  ( 

Purcell  ( 1949) 

DIFFERENCES  AT  HALF  RANGE 
Bose  (1938),  Nair  & Shrivastava  (1942) 

DIFFERENCES,  SUCCESSIVE— SEE  SUCCESSIVE  DIFFERENCES 

DISCARD  AVERAGES— SEE  ALSO  TRIMMED  MEANS 
Anonymous  (1821),  Cournot  (1843),  Mendeleev  (1895),  Daniell  (1920),  Estienne  (1926-27, 1927),  Levy 
(1929),  Cramer  (1946),  Bartlett  (1949),  Harris  & Tukey  (1949),  Tukey  (1949d) 

DISCARD  DEVIATION 

Daniell  (1920),  Harris  & Tukey  (1949),  Tukey  (1949d) 

DISCORDANCE— SEE  CONCORDANCE  AND  DISCORDANCE 

DISCRETE  ISOSCELES  TRIANGULAR  DISTRIBUTION— SEE  ISOSCELES  TRIANGULAR  DIS- 
TRIBUTION, DISCRETE 

DISCRETE  RECTANGULAR  DISTRIBUTION— SEE  UNIFORM  DISTRIBUTION,  DISCRETE 

DISCRETE  UNIFORM  DISTRIBUTION— SEE  UNIFORM  DISTRIBUTION,  DISCRETE 

DISCRIMINANT  ANALYSIS 
Fisher  ( 1938),  Tintner  ( 1946) 

DISCRIMINANT  FUNCTIONS— SEE  DISCRIMINANT  ANALYSIS 
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DISPERSION,  CALICHIOPULO’S  MEASURE  OF 
Calichiopulo  ( 1937) 

DISPERSION,  MEASURES  OF 

Ptolemaeus  (circa  150),  Lalande  (1771),  Mathieu  (1813-14),  Gauss  (1816),  Fourier  (1824a,  1826a, 
1829),  Hauber  (1830,  1830-32),  Encke  (1832-34),  Quetelet  (1835),  Dirichlet  < 1836 1,  Dove  (1838), 
Stampfer  ( 1839),  Cournot  ( 1843),  Quetelet  ( 1846),  Herschel  ( 1850),  Lloyd  < 1855),  De  Morgan  ( 1864), 
Boudin  (1865),  Venn  (1866),  von  Andrae  < 1869),  Galton  (1869),  Jordan  ( 1869 ),  von  Andrae  (1872), 
Helmert  ( 1872),  Jordan  (1872),  Peirce  ( 1873),  Galton  (1875),  Helmert  ( 1875a,b),  Mees(  1875 (.  Helmert 
(1876a,b>,  Mees  (1876),  Helmert  ( 1877a, b),  Jordan  ( 1877a, b),  Merriman  (1877),  Herschel  (1878), 
Jordan  (1879),  Breger  (1881),  Galton  (1881),  Doolittle  (1884),  Edgeworth  (1885,  1886a, b,  1887f, 
1887-90),  Galton  ( 1888,  1889),  Gore  ( 1889),  Czuber  ( 1891a),  Holmes  ( 1892),  Pizzetti  1 1892),  Vallier 
( 1894),  Cranz  ( 1896),  Galton  ( 1896),  Poincare  ( 1896),  Yule  ( 1896a),  Bliimcke  ( 1897 ),  Fechner  ( 1897), 
Bliimcke  (1898),  Edgeworth  (1898),  Rodewald  (1898),  Czuber  (1899),  Galton  ( 1899a, b).  Sheppard 
1 1899a, b),  Estienne  (1900a),  Bliimcke  (1901),  Bowley  (1901),  Czuber  (1903),  Hevdenreich  (1903), 
Mitscherlich  (1903),  Edgeworth  (1905),  Holmes  (1905),  Lorenz  (1905),  Watkins  (1905),  Charlier  — 
(1906),  Kozak  (1907),  Rohne  (1907),  Vogeler  (1907),  Kozak  (1908-10),  Mazzuoli  (1908),  Watkins 
( 1908),  Bohlmann  ( 1909),  Persons  ( 1909),  Watkins  ( 1909),  Wellisch  ( 1909),  Charlier  ( 1910),  Goedseels 
(1910),  Edgeworth  (1911),  Goedseels  (1911),  Mortara  ( 1911),  de  la  Vallee  Poussin  (1911),  Yule  (1911), 
Dettori  (1912),  Fisher  (1912),  Gini  (1912),  King  (1912),  Dodd  (1913),  Edgeworth  (1913),  Goodwin 
( 1913),  Wellisch  ( 1913),  Czuber  ( 1914),  Dodd  ( 1914),  Gini  ( 1914a,  1915a, b),  Pietra  ( 1915),  Savorgnan 
( 1915),  Gini  ( 1916a, b),  Ricci  ( 1916),  Spillman,  Tolley  & Reed  ( 1916),  Tolley  < 1916),  Weinberg  ( 1916), 
Becker  ( 1917),  Brunt  ( 1917),  Gini  ( 1917),  Secrist  ( 1917),  Czuber  ( 1918),  Gini  ( 1918),  Dalton  ( 1920), 
Daniell  (1920),  Fisher  (1920),  Pearson  (1920),  de  Pietri-Tonelli  (1920),  Stewart  (1920b),  Czuber 
( 1921),  Hall  ( 1921),  Jackson  ( 1921),  Jones  ( 1921),  Julin  ( 1921),  Savorgnan  ( 1921),  von  Bortkiewicz 
( 1922a, b),  Fisher  ( 1922),  Crum  ( 1923),  Dodd  ( 1923),  von  Mises  ( 1923),  Neyman  ( 1923),  Foster  ( 1924), 
Haag  (1924),  Horton  (1924),  Rietz  (1924),  Whittaker  & Robinson  (1924),  Winkler  (1924),  Bottema 
( 1925),  Coolidge  ( 1925),  Goedseels  ( 1925),  Irwin  ( 1925a, b),  Levy  ( 1925),  Pearson  ( 1925),  Pietra  ( 1925), 
Reilly,  Rae  & Wheeler  ( 1925),  Tippett  ( 1925),  Estienne  ( 1926-27),  Gini  ( 1926),  Jarvis  ( 1926),  Pearson 
( 1926),  Peirce  ( 1926),  Burgess  ( 1927),  Estienne  ( 1927),  Goodrich  ( 1927),  Gumbel  ( 1927),  Jordan  ( 1927), 
Student  ( 1927),  Tucker  ( 1927),  von  Verschuer  ( 1927),  Bartels  ( 1928),  Bowley  ( 1928),  Cramer  ( 1928), 
Dufton  (1928),  Gumbel  (1928),  Koppen  (1928),  Lenz  & von  Verschuer  (19281,  Neyman  & Pearson 
( 1928),  Ogrodnikoff  ( 1928),  Pearson  & Adyanthaya  ( 1928),  Sophister  ( 1928),  de  Gleria  ( 1929),  Levy 
( 1929),  Rider  ( 1929),  d'Addario  ( 1930),  de  Finetti  & Paciello  ( 1930),  Fogelson  ( 1930),  Gibrat  ( 1930), 
Gini  (1930),  de  Gleria  ( 1930),  Hazen  ( 1930),  Lidstone  ( 1930),  March  ( 1930),  de  Montessus  de  Ballore 
( 1930),  Rhodes  ( 1930),  Scarborough  ( 1930),  d’Addario  (1931),  von  Bortkiewicz  ( 1931 ),  Edgett  (1931), 
de  Finetti  (1931a),  Galvani  (1931),  Hojo  (1931),  Horst  (1931),  von  Mises  (1931),  Pearson  (1931), 
Pearson  & Pearson  ( 1931 ),  Shewhart  (1931 ),  Student  ( 1931 ),  Craig  ( 1932a,b).  Dodge  ( 1932),  Galvani 
( 1932),  Garver  ( 1932),  Gibrat  1 1932a).  Hotelling  & Solomons!  1932),  Jeffreys  ( 1932a, b),  Luvten  (1932), 
Pearson  (1932),  Pearson  & Pearson  (1932),  Pietra  ( 1932a, b),  Bartlett  (1933),  Craig  (1933),  Crowe 
(1933),  Dodge  (1933),  Eddington  (1933),  Gumbel  ( 1933a, f),  Hojo  (1933),  Hotelling  (1933),  Jeffreys 
( 1933),  Julin  ( 1933),  McKay  & Pearson  ( 1933),  Rhodes  ( 1933),  Rider  ( 1933),  Weinberg  ( 1933),  Yang 
(1933),  Yntema  (1933).  d’Addario  (1934b),  Davies  & Pearson  (1934),  Dominedo  (1934),  Eyraud 
• 1934a,b),  Foster  1 1934),  Gumbel  ( 1934c, d.e.ft,  Jeffreys  ( 1934),  Mortara  ( 1934a, b),  Miinzner  ( 1934), 
Pollard  ( 1934),  Slade  1 1934 ),  Anderson  1 1935),  Birkeland  & Frogner  < 1935),  Bond  ( 1935),  Castellano 
( 1935),  Frechet  1 19.35 1,  Gumbel  ( 1935a,b.c,d.  1935-36),  Olds  ( 1935),  Pearson  ( 19351,  Pearson  & Haines 
(1935),  Pietra  1 1935a, b).  Sastry  (1935),  Smirnoff  (1935).  Thompson  (1935),  Wold  ( 1 935 ),  d’Addario 
(1936),  Crowe  (1936),  Foster  (1936i.  Gini  (1936),  Girshick  (1936).  Grassberger  (1936),  Gumbel 
( 1936a.b,c,  1936-37 ),  Hotelling  1 19.36a, hi.  Mathews  ( 1936),  Nair  1 1936),  Neyman  & Pearson  ( 1936). 
Pearson  & Chandra  Sekar  (1936),  Saville  (1936),  Slade  (1936),  Bowley  (1937),  Bresciani-Turroni 
1 1937),  Calichiopulo  ( 1937 ),  Gumbel  1 1937b.c,d,e,  1937-38),  Pitman  ( 19.37 ).  Savur  ( 1937b).  Snedecor 
( 1937),  Thibaud  & Ferber  1 1937).  Wold  ' 19.371,  Barral  Souto  1 1938J.  Bose  ( 19.381,  Brenet  & Armand 
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(1938),  Bruen  (1938),  von  Eberhard  < 1938 ),  Fisher  & Yates  (1938'  Gumbel  ( 1938a, b,c),  Hertzman 
(1938),  Jeffreys  (1938),  Kimball  (1938),  Bresciani-Turroni  (1939),  iJerevitsky  (1939),  Eisenhart 
( 1939),  Gini  1 1939),  Girshick  ( 1939),  Gottschick  ( 1939),  Gumbel  ( 1939a, b,c,e,f),  l'Hermite  1 1939),  Hsu 
( 1939),  Hulme  & Symms  ( 1939),  Jeffreys  ( 1939),  Pitman  1 1939),  de  Vergottini  ( 1939),  Wald  ( 1939), 
Arley  (1940),  Arlev  & Buch  (1940),  Dodd  (1940),  Frechet  ( 1940a, b),  Kendall  (1940),  Nair  (1940ai, 
Pizzetti  ( 1940),  de  Vergottini  ( 1940),  Wald  ( 1940),  Wilson  ( 19401,  Brookner  ( 1941 ),  Cochran  ( 1941 ), 
Daniels  (1941),  Frechet  (1941),  Gumbel  ( 1941a, b),  Mood  (1941),  Pizzetti  ( 1941a, b,c),  Roller  (1941), 
Simon  ( 1941 ),  Smirnoff  ( 1941 ),  Aldanondo  ( 1942),  Boldrini  ( 1942),  Dudding  & Jennett  1 1942),  Evans 
(1942),  Frechet  (1942),  Gaede  (1942),  Gumbel  (1942a, b,c),  Hartley  (1942),  Kimball  (1942),  Livada 
i 11942),  Nair  & Shrivastava  (1942),  Pearson  & Hartley  (1942),  Roy  ( 1942a, bi,  Barricelli  (1943), 

Gumbel  ( 1943a, c),  Kendall  (1943),  Knudsen  (1943),  Pearson  & Hartley  (1943),  Powell  (1943), 
Rajalakshman  ( 1943),  Wilks  ( 1943),  Barnard  ( 1944),  Geary  ( 1944),  Gumbel  ( 1944),  Hartley  ( 1944), 
Reiersol  (1944),  Rodgers  (1944),  Wing,  Price  & Douglass  (1944),  Gurney  (1945),  Anderson  (1946), 
Baker  ( 1946),  Brown  & Tukey  ( 1946 ),  Carlton  ( 1946),  Cramer  ( 1946),  Daly  ( 1946),  Freudenthal  ( 1946), 
Grant  ( 1946),  Greenwood  ( 1946),  Gumbel  ( 1946b),  Hoel  (1946),  Jones  ( 1946),  Kendall  ( 1946),  Kimball 
(1946a),  Kontorova  (1946),  Mosteller  (1946),  Oding  (1946),  Rov  (1946a, b),  Tintner  (1946),  Tukev 
( 1946),  Walsh  ( 1946a),  Winsten  ( 1946),  Bartlett  ( 1947a, b),  Bickerstaff < 1947),  Cohan  ( 1947),  Daviden- 
kov,  Shevandin  & Wittmann  (1947),  Duncan  (1947),  Egudin  (1947),  Eisenhart,  Hastay  & Wallis 
( 1947),  Eisenhart  & Solomon  ( 1947),  Elfving  ( 1947),  Fisher  & Hollomon  (1947),  Grubbs  & Weaver 
(1947),  Gumbel  (1947),  Gurney  (1947),  Gurney  & Pearson  (1947),  Hastings,  Mosteller,  Tukey  & 
Winsor  ( 1947),  Jacobson  ( 1947),  Kimball  1 1947),  Lord  ( 1947),  Nair  ( 1947),  Plackett  ( 1947),  Purcell 
( 1947),  Walsh  ( 1947),  Anderson  ( 1948),  Cox  ( 1948),  Eisenhart,  Deming  & Martin  ( 1948b),  Eisenhart  & 
Martin  ( 1948),  Epstein  ( 1948a,b),  Epstein  & Brooks  ( 1948),  Frankel  ( 1948),  Gartsteln  ( 1948),  Geary 
(1948),  Gumbel  (1948),  Higuchi,  Leeper  & Davis  (1948),  Hill  & Schmidt  (1948),  Hoeffding  (1948), 
Housner  & Brennan  (1948),  Huzurbazar  (1948),  Jones  (1948),  Nair  (1948a,bi,  Pillai  (1948),  Rao 
( 1948), Stevens!  1948),  Tukey  ( 1948b,c),  Wilks  ( 1948),  Bartlett  ( 1949),  Benson  ( 1949), Cole  ( 1949),  Cox 
(1949),  Godwin  ( 1949a, b),  Gumbel  (1949),  Harris  & Tukey  (1949),  Hartley  (1949),  Howell  (1949). 
Kimball  ( 1949),  Lane  & Lei  ( 1949),  Mather  1 1949),  McMillan  ( 1949),  van  Meer  & Plantema  ( 1949), 
Nair  ( 1949a, b),  Noether  (1949),  Paulson  (1949),  Peterson  ( 1949a, b),  Potter  ( 1949a, b),  Press  (1949), 
Prot  ( 1949a, b,c),  Purcell  (1949),  Scheffe  (1949),  Shone  (1949),  Tukey  ( 1949a, b,c.d,e,f),  Walsh 
( 1949a,b,c,d),  Weibull  (1949),  Wolfowitz  (1949),  Yamanouchi  (1949),  Youden  (1949) 

DISSIMILARITY,  INDEX  OF 
Gini  (1914b,  1915b,  1926) 

DISSIMILARITY.  MEASURES  OF 
Gini  ( 1915b),  Pietra  ( 1925),  Gini  ( 1926) 

DISTRIBUTION-FREE  METHODS 

Hauber  ( 1830).  Breger  ( 1881 ),  Estienne  ( 1890),  Pizzetti  ( 1892),  Estienne  ( 1900a),  Savorgnan  ( 1915). 
Jackson  ( 1921 ),  Goldhizer  ( 1923),  Jackson  ( 1923),  Nevman  ( 1923),  de  Finetti  ( 1932),  Garver  1 1932), 
Hotelling  & Solomons  (1932),  Bartlett  (1933),  Cantelli  (1933),  de  Finetti  (1933),  Glivenko  (1933). 
Kolmogoroff  (1933),  Yang  (1933),  Fisher  (1934),  Jeffreys  (1934),  Pollard  (1934).  Smirnoff  (1936). 
Thompson  ( 1936),  Ville  ( 1936),  Kozakiewicz  ( 1937 ),  Madow  ( 1937),  Nevman  ( 1937a),  Savur  ( 1937a,b), 
Smirnoff  ( 1937a, b),  Snedecor  (1937),  Cisbani  (1938),  Hertzman  (1938),  Savur  (1938).  Thompson 
(1938),  Waschakidse  (1938),  Gottschick  (1939),  Smirnov  ( 1939a, b).  Wald  & Wolfowitz  (19391,  Nair 
( 1940a, b),  Kolmogoroff  (1941),  Evans  (1942),  Frechet  (1942),  Livada  (1942),  Wald  (19421,  Wilks 
(1942),  Mathisen  (1943),  Scheffe  (1943),  Wald  (1943),  Barnard  (1944),  Bowker  (1944),  Robbins 
(1944a,b),  Smirnov  (1944),  Scheffe  & Tukey  (1945),  Grant  (1946),  Kendall  (1946),  Winsten  (1946'. 
Bickerstaff  ( 1 947 ),  Egudin  (1947),  Kimball  il947i,  Tukey  (1947),  Feller  (1948).  Murphy  (19481. 
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Noether  1 1948),  Schiitzenberger  ( 1948),  Smirnov  ( 1948),  Thomas  ( 1948),  Tukey  1 1948a),  Wilks  1 1948), 
Birnbaum  & Zuckerman  ( 1949),  Chung  < 1949),  Doob  1 1949),  Epstein  1 1949b),  Godwin  ( 1949a, bi.  Kac 
1 1949),  Maniya  ( 1949),  Noether  ) 1949),  Smirnov  ( 1949a, b),  Wolfowitz  ( 1949) 


r 


DISTRIBUTION,  NAMED— SEE  (NAME)  DISTRIBUTION 
DISTRIBUTION  THEORY 

Edgeworth  (1886b),  Holmes  (1892),  G ini  (1909),  Watkins  (1909),  Furlan  (1911),  Mortara  (1911), 
Czuber  (1914),  Gini  ( 1914a,  1917),  Wilson  ( 1923),  Amoroso  ( 1925),  Frechet  ( 1927 ),  Goodrich  ( 1927), 
Fisher  & Tippett  (1928),  Pearson  & Adyanthaya  (1928),  Sophister  (1928),  Fisher  (1929),  Pearson  & 
Adyanthaya  1 1929),  Rider  ( 19291,  Fogelson  ( 1930 ) , Gibrat  ( 1930),  Edgett  ( 1931 ),  Gibrat  ( 1931 ),  Hojo 
(1931),  Pearson  (1931),  Shewhart  (1931),  Craig  (1932a, b),  de  Finetti  (1932),  Grassberger  (1932), 
Gumbel  ( 1932),  Jeffreys  ( 1932b),  Pearson  ( 1932),  Pearson  & Pearson  ( 19321,  Bartlett  ( 1933),  Cantelli 
(1933),  de  Finetti  (1933),  Fisher  (1933),  Glivenko  (1933),  Gumbel  ( 1933a,b,c,d,e,g),  Hojo  (1933), 
Hotelling  ( 1933),  Jeffreys  ( 1933),  Kolmogoroff  ( 1933),  McKay  & Pearson  1 1933),  Romanovskv  ( 1933), 
Fisher  ( 1934),  Gumbel  1 1934b,c,d,e,f),  Jeffreys  ( 1934),  Pollard  ( 1934),  Rosin  & Rammler  1 1934),  Slade 
1 1934),  Eyraud ( 1935).  Gumbel  1 1935a. b.c.d,  1935-36),  Olds  ( 1935),  Pearson  < 1935),  Pearson  & Haines 
(1935),  Sastry  (1935),  Smirnoff  ( 1 935 ),  Foster  (1936),  Girshick  (1936),  Grassberger  (1936),  Gumbel 
( 1936a, b,c,  1936-37),  Horton  (1936).  Hotelling  ( 1936a, b),  von  Mises  (1936),  Ruark  & Devol  (1936), 
Aitken  (1937),  Camp  (1937),  Coutagne  (1937),  Gumbel  ( 1937a,b,c,d,e),  Kozakiewicz  (1937),  Madow 
( 1937),  Smirnoff  ( 1937a, b).  Sukhatme  ( 1937),  Thibaud  ( 1937),  Gumbel  ( 1938a,b,ci,  Jeffreys  ( 1938), 
Kimball  (1938),  Waschakidse  < 19381,  Wilks  (1938),  d'Addario  ( 1939),  Coutagne  ( 1939),  Gini  (1939), 
Girshick  (1939),  Gumbel  ( 1939a,e,f),  Hsu  (1939),  Newman  (1939),  Pearson  ( 1939 ).  Ruark  (1939), 
Smirnov  1 1939a, b,c),  Stevens  (1939),  Feller  (1940),  Fisher  (1940),  Garwood  ( 1940 ).  Gumbel  (1940), 
Kendall  1 1940),  Nair  ( 1940a t,  Roy  ( 1940a, b),  Chandra  Sekar  & Francis  (1941),  Daniels  ( 1941 ),  Davis 
( 1941 ),  Finney  ( 1941 ),  Gnedenko  ( 1941 ),  Gumbel  (1941b),  Hsu  ( 1941a,b),  Kolmogoroff  ( 1941 1.  Mood 
1 1 94 1 ).  Rajalakshman  )1941),  Roller  (1941),  Thompson  (1941),  Aldanondo  (1942),  Beard  (1942). 
Frechet  (1942),  Gumbel  ( 1942a, b,c),  Hartley  (1942),  Kimball  (1942),  Pearson  & Hartley  < 1942 ),  Roy 
( 1942a, b i.  Curtiss  (19431,  Gnedenko  (1943),  Gumbel  (1943c),  Rajalakshman  (1943),  Wilks  (1943), 
Gumbel  ( 1 944 ),  Hartley  (1944),  Smirnov  (1944),  Anderson  (1945).  Baker  (19461,  Brown  & Tukey 
(1946),  Carlton  ( 1946).  Cramer  (1946).  5aly  (1946),  Gumbel  (1946b),  Hoel  (1946).  Kendall  (1946), 
Kimball  ( 1946a),  Mosteller  ( 1946i.  Rov  ( 1946a,b).  Walsh  ( 1946b),  Bartlett  1 1947a».  Bickerstaff)  1947). 
Domb  ( 1947 ),  Duncan  ) 1947 >,  Eisenhart  & Solomon  1 1947 ),  Elfving  ( 1947 ),  Gumbel  ( 1947 ),  Gurney 
( 1947 1.  Gurney  & Pearson  ( 1947 ),  Jacobson  ( 1947 ),  Lord  ( 1947 ).  Moran  ( 1947).  Cox  ( 1948),  Eisenhart. 
Deming  & Martin  1 1948a),  Epstein  ( 1948a).  Feller  1 1 948 ),  GartsteTn  ( 1948),  Hoeffding  ( 1948),  Huzur- 
bazar  (1948).  Nair  (1948b),  Nanda  (1948a,b>.  Pillai  (1948).  Rao  (1948).  Tukey  ( 19480.  Wilks  (1948), 
Epstein  ( 1949a, hi.  Juncosa  (1949),  Kac  il949>.  Kimball  < 1 949 ),  McMillan  (1949).  MeYzler  (1949), 
Smirnov  1 1949a. b).  Tukey  1 1949a, b),  Weibull  ( 1949) 

DISTRIBUTIONS.  MIXTURE  OF— SEE  MIXTURE  OF  DISTRIBUTIONS 

DOUBLE  EXPONENTIAL  DISTRIBUTION 

Laplace  (1774).  Glaisher  (1872).  Todhunter  (1873).  Merriman  (1877),  Edgeworth  (1887f.  1887-90, 
1888).  Gore  (1889),  Czuber  1 1891a, b).  Pizzetti  0892).  Czuber  (1899).  Keynes  (1911).  Brunt  (1917), 
Fisheri  1920),  Keynes(  1921 1.  Dodd  < 1922),  Fisher*  1922),  Wilson  1 1923),  Estiennei  1926-27),  Wilson  & 
Hilferty  (1929).  Luvten  (1932),  Eddington  (1933).  Rider  (1933),  Gumbel  (1934e>,  Miinzner  (1934). 
Bond  (1935),  Frechet  (1935).  Darmois  (1936),  Gumbel  (1937c,d),  Bruen  (1938).  Gumbel  (1938b), 
Jeffreys  1 1939).  Frechet  ( 1941 1.  Gumbel  < 1943c),  Cramer ( 1946),  Eisenhart.  Deming  & Martin  ( 1948b). 
Epstein  1 1948a, bi.  Walsh  1 1 949b ) 

DOUBLE  SPIKE  (POLAR)  DISTRIBUTION 
von  Bortkiewicz  (1931),  Smirnov  1 1949b) 
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DOUBLY  CENSORED  SAMPLES— SEE  CENSORED  SAMPLES,  DOUBLY 

DUFTON’S  METHOD  OF  FITTING  A STRAIGHT  LINE 
Dufton  (1928),  Bruen  (1938) 

DUNCAN’S  RANKED  DIFFERENCE  TEST— SEE  RANKED  DIFFERENCE  TEST,  DUNCAN’S 
DURATION  CURVES 

Foster  ( 1924),  Goodrich  ( 1927),  Foster  ( 1934),  Slade  ( 1934),  Foster  ( 1936),  Beard  ( 1942),  Lane  & Lei 
(1949) 

ECONOMETRICS,  APPLICATIONS  TO 

Edgeworth  (1887f,  1887-90),  Holmes  (1892),  Pareto  (1897),  Bowley  (1901),  Holmes  < 1 905 ),  Lorenz 
( 1905),  Watkins  ( 1905, 1908),  Gini  ( 1909),  Persons  ( 1908 ),  Watkins  ( 1909),  Gini  (1910),  Furlan  (1911), 
Mortara  (1911),  Dettori  (1912),  Gini  (1912),  King  (1912),  Porru  (1912),  Edgeworth  (1913),  Czuber 
(1914),  Gini  ( 1914a),  Savorgnan  (1915),  Ricci  (1916),  Gini  (1917),  Secrist  (1917),  Czuber  (1918),  Vinci 
( 1918),  Niceforo  ( 1919),  Persons  1 1919),  Dalton  ( 1920),  de  Pietri-Tonelli  1 1920),  Czuber  ( 1921 ),  Jones 
( 1921 ),  Julin  (1921),  Keynes  (1921),  Savorgnan  ( 1921 ),  Crum  ( 1923),  Sloane  ( 1923),  Wilson  ( 1923), 
Rietz  ( 1924),  Winkler  ( 1924),  Amoroso  ( 1925),  Pietra  ( 1925),  Gini  ( 1926),  Saibante  ( 1926 ),  Burgess 
(1927),  Goodrich  (1927),  Gumbel  (1927),  Jordan  ( 1927 ),  Bowley  (1928),  Gumbel  (1928),  Saibante 
( 1928),  d’Addario  ( 1930),  Gibrat  ( 1930),  Gini  ( 1930),  March  ( 1930),  de  Montessus  de  Ballore  ( 1930), 
Rhodes  (1930),  d’Addario  (1931),  von  Bortkiewicz  (1931),  Galvani  (1931),  Gibrat  (19311,  Shewhart 
(1931),  d’Addario  (1932),  Galvani  (1932),  Gibrat  (1932b),  Gini  (1932),  Pietra  1 1932a, b),  Castellano 
( 1933a, b),  Julin  ( 1933),  Rhodes  ( 1933),  Yntema  ( 1933),  d’Addario  ( 1934a, b),  Dominedo  ( 1934),  Mor- 
tara ( 1934a, b),  Castellano  (1935),  Pietra  ( 1935a, b).  Wold  (1935),  d’Addario  (1936),  Gini  (1936), 
Bresciani-Turroni  ( 1937),  Ney  man  ( 1937b),  Bruen  ( 1938),  d’Addario)  1939',  Bresciani-Turroni  1 1939', 
Gini  ( 1939),  Davis  (1941),  Pizzetti  (1941b),  Boldrini  ( 1942),  Evans  ( 1942),  Kendall  ( 1943),  Price  ( 1943 1, 
Cramer  ( 1946),  Grant  ( 1946),  Kendall  ( 1946),  Tintner  ( 1946),  Anderson  ( 1948),  Gearv  ( 1948),  Noether 
(1949) 

EDGEWORTH  SERIES  DISTRIBUTION 
Edgeworth  ( 1905,  1911),  Edgett  ( 1931 ),  Kendall  ( 1943),  Cramer  1 1946) 

EDGEWORTH’S  MODIFICATION  OF  STONE'S  FIRST  CRITERION— SEE  OUTLIERS. 
EDGEWORTH’S  MODIFICATION  OF  STONE’S  FIRST  CRITERION  FOR  REJECTION 

EDUCATION,  APPLICATIONS  TO 

Pearson  ( 1820),  Jones  (1921),  Burgess  1 1927 1,  Gibrat  1 1930 1,  Hotelling  ( 1933,  1936a  I.  Snedecor  ( 1937 1, 
Lawley  1 1940),  Kendall  ( 1943,  1946),  Bickerstaff  ( 1947) 

EFFICIENCY  OF  ESTIMATION— SEE  ESTIMATION,  EFFICIENCY  OF 

EFFICIENCY  OF  TESTS— SEE  TESTS,  EFFICIENCY  OF 

> l < JAY  VU  ES  OF  MATRICES— SEE  CHARACTERISTIC  ROOTS  OF  MATRICES 
» . t mi  i\|rs  APPLICATIONS  TO 

• i*  Fp'ii-in  1 94Hh i,  Epstein  & Brooks  ( 1 948 ).  Hill  & Schmidt  (1948).  Epstein  (1949a) 

• ■ , K XI >1  XTION  SEE  COGRADUATION,  EQUATION  OF 


ERROR  RATE  OF  A TEST,  TYPE  I_ 

Fisher  ( 1929),  Pearson  & Adyanthaya  ( 1929),  Student  ( 1931 ),  Neyman  & Pearson  1 1936),  Pearson  & 
Chandra  Sekar  1 1936),  Savur  ( 1937a),  Snedecor  ( 1937),  Newman  ( 1939),  Wald  1 1939),  Fisher  ( 1940), 
Nair  1 1940a),  Paulson  ( 1940),  Chandra  Sekar  & Francis  ( 1941 1,  Cochran  ( 1941 ),  Davis  ( 1941 ),  Finney 
(1941),  Kolmogoroff  (1941),  Pearson  (1942),  Knudsen  (1943),  Mathisen  (1943),  Pearson  & Hartley 
(1943),  Schefie  (1943),  Wilks  (1943),  Bowker  (1944),  Cramer  (1946),  Daly  (1946),  Kendall  (1946), 
Tintner  ( 1946),  Walsh  ( 1946a),  Bartlett  ( 1947b),  Duncan  ( 1947),  Eisenhart,  Hastay  & Wallis  ( 1947 ), 
Eisenhart  & Solomon  ( 1947 ),  Jacobson  ( 1947),  Kimball  1 1947 1,  Lord  ( 1947),  Walsh  ( 1947),  Bartlett 
(1948),  Nair  (1948a),  Rao  (1948),  Tukey  ( 1948b, c),  Wilks  (1948),  Noether  (1949),  Tukey  ( 1949a, b), 
Walsh  1 1949a, b,c,d) 

ERROR  RATE  OF  A TEST,  TYPE  II— SEE  ALSO  POWER  OF  A TEST 
Pearson  & Adyanthaya  ( 1929),  Neyman  & Pearson  ( 1936),  Wald  ( 1939),  Nair  ( 1940a),  Paulson  ( 1940), 
Knudsen  ( 1943),  Wilks  1 1943),  Cramer  ( 1946),  Daly  ( 1946),  Kendall  ( 1946),  Walsh  ( 1946a I,  Eisenhart, 
Hastay  & Wallis  ( 1947 ),  Jacobson  ( 1947 ) 

ERRORS,  THEORY  OF 

Ptolemaeus  (circa  150),  Galilei  1 1632),  Cotes  ( 1722),  Euler  ( 1749),  Mayer  ( 1750),  Maire  & Boscovich 
1 1755),  Simpson  1 1 7 56 1,  Boscovich  ( 1757),  Simpson  (1757),  Boscovich  (1760),  Lambert  (1760),  Short 
1 1763),  Lambert  1 1765a, bi,  Lalande  1 1771 ),  Lagrange  ( 1774).  Laplace  ( 1774),  Bernoulli  ( 1778),  Euler 
* 1778>,  Laplace  ( 1781 1,  Bernoulli  ( 1785),  Laplace  ( 1786,  1793,  1799),  Pronv  ( 1804),  Trembley  ( 1804), 
Legendre  ( 1805),  Puissant  1 18051,  Svanberg  ( 1805),  von  Zach  ( 1805),  Delambre  ( 1806-10).  von  Lin- 
denau  1 1806),  Adrain  ( 18081,  Gauss  ( 18091,  Laplace  ( 1810,  181  la.b,  1812).  Delambre  ( 1813),  Mathieu 
(1813-14).  Legendre  il814),  van  Beeck  Calkoen  (1816),  Gauss  (1816),  Adrain  (1818),  Anonymous 
i 182 1 1,  Fourier  < 1823),  Gauss  ( 1823),  Cauchy  ( 1824),  Fourier  ( 1824a, b.ci.  Ivory  ( 1825i.  Muncke  1 1825), 
Fourier  (1826a,  1829 1.  Hauber  (1830,  1830-.‘J2),  von‘Riese  (1830),  Cauchy  <18311,  Fourier  (1831), 
Encke  (1832-34),  Poncelet  (1835),  Quetelet  (1835),  Dirichlet  (1836),  Cauchy  ( 1837 1,  Hagen  (1837), 
Bessel  & Baever  (1838),  Stampfer  (1839),  Cournot  (1843),  Gerling  (1843),  Ellis  (1844),  Quetelet 
(1846),  De  Morgan  (1847),  Herschel  (1850),  Peirce  (1852),  Tchebvchef  (1854),  Gould  (1855),  Airv 
( 1856).  Winlock  ( 1856),  Petzval  1 1857),  von  Andrae  ( 1860),  Airv  ( 1861 ),  Chauvenet  ( 1863).  De  Morgan 
( 1864 1.  Boudin  ( 1865).  Todhunter  ( 1865 ),  Venn  ( 1866 ).  Stone  ( 1868),  von  Andrae  ( 1869),  Gal  ton  ( 1869), 
Jordan  1 1869),  Zachariae  ( 1871 ),  von  Andrae  ( 1872),  Glaisher  ( 1872),  Helmert  1 1872),  Jordan  1 1872), 
Glaisher  1 1873),  Peirce  ( 1873).  Stone  ( 1873a, b),  Todhunter  1 1873),  Fechner  ( 1874),  Glaisher  ( 1874), 
Jevons  ( 1874),  Stone  ( 1874),  Galton  ( 1875),  Helmert  ( 1875a, b),  Laurent  ( 1875).  Lexis  ( 1875),  Mees 
1 1875),  Breger  1 1876).  Helmert  1 1876a, b).  Mees  ( 1876),  Helmert  ( 1877a, b),  Jordan  1 1877a. bi,  Merri- 
man  1 1877 1.  Wilson  1 1877  >,  Herschel  (1878),  Peirce  ( 1878),  Schott  ( 1878),  Jordan  (1879),  Galton  1 1881 1, 
Bruns  il8H2i.  Schreiber  (1882),  Edgeworth  (1883a, hi,  Doolittle  (1884).  Merriman  (1884).  Wright 
1 1884),  Edgeworth  ( 1885,  1886a, hi.  Newcomb  ( 1886),  Bertrand  1 1887a, b),  Edgeworth  ( 1887a. b.c.d, el, 
Lehmann-Filhes  1 1 887 ),  Turner  (1887),  Bertrand  ( 1888a, b, cl,  Delauney  (1888),  Edgeworth  (1888), 
Faye  1I8881.  Galton  (1888),  Jordan  (1888),  Bertrand  ( 1 889 1.  Galton  1 18891,  Gore  (1889).  Pizzetti 
1 1889),  Czuber  1 1890),  Estienne  ( 1890),  Jordan  1 1890),  Runge  1 1890),  Czuber  ( 1891a, bt.  Venn  1 1891 ), 
Pizzetti  1 1892),  Edgeworth  1 1893),  Goedseels  & Mansion  ( 1893),  Vallieri  1894),  Pearson  ( 1895),  Cranz 
1 1896).  Galton  (1896),  Poincare  (18961,  Yule  ( 1896a, bl,  Bliimcke  (1897).  Fechner  (1897).  Bliimcke 
(1898i,  Edgeworth  (1898),  Rodewald  (1898),  Czuber  (1899t,  Galton  ( 1899a, b),  Sheppard  1 1899a, hi. 
Wolffing  1 1 899 1.  Estienne  1 1900a, b),  Laska  ( 1900),  Bliimcke  1 1901 ),  Bowley  1 1901 ),  Pearson  ( 1902), 
Czuber  1 1903).  Heydenreich  1 1903),  Kapteyn  1 1903),  Kirchberger  1 1903),  Mitscherlich  1 1903),  Saun- 
der  1 1903).  Edgeworth  1 1905),  Charlier  ( 1906).  Mansion  ( 1906),  Galton  ( 1907a,h.ci,  Hooker  1 1907), 
Kozak  ( 1907),  Rohne  1 1907),  Vogeler  1 1907),  Yule  ( 1 907 1,  Kozak  1 1908-10),  Mazzuoli  ( 19081,  Dunkel 
1 1909),  Goedseels  1 1909),  de  la  Vallee  Poussin  1 19091,  Wellisch  ( 19091,  Charlier  ( 1910).  Goedseels 
( 1910),  Edgeworth  (1911),  Goedseels  1 191 1 1.  Keynes  1 191 1 1.  de  la  Vallee  Poussin  (1911).  Yule  ( 191 1 1, 
Fisher  1 1912),  Gini  1 1912),  King  1 1912).  Newcomb  1 1912),  Tits  1 1912),  Dodd  1 1913),  Edgeworth  ( 19131, 
Goodwin  1 1913 1.  Mansion  ' 19131,  Contarino  1 1914),  C zuber  1 1914).  Dodd  ( 19141.  Fuller  1 1914),  Hazen 
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(1914),  Walker)  19 14), Trachtenberg)  1915),  Tolley  (1916),  Becker)  1917),  Brunt  (1917),  Secrist ( 1917), 
Czuber  (1918),  Frank  (1918),  Gini  1 1918),  Campbell  (1920),  Daniell  (1920),  Fisher  (1920),  Pearson 
(1920),  Stewart  (1920a, b),  Czuber  (1921),  Jackson  (1921),  Jones  (1921),  Keynes  (1921),  von 
Bortkiewicz  ( 1922a, b),  Dodd  ( 1922),  Fisher  1 1922),  Crum  ( 1923),  Edgeworth  ( 1923),  Goldhizer  ( 1923), 
Jackson  ( 1923),  von  Mises  ( 1923),  Neyman  ( 1923),  Wilson  ( 1923),  Haag  ( 1924),  Jackson  ( 1924),  Rietz 
(1924),  Whittaker  & Robinson  (1924),  Archibald  (1925),  Coolidge  (1925),  Goedseels  (1925),  Irwin 
( 1925a, b),  Levy  (1925),  Pearson  (1925),  Reilly,  Rae  & Wheeler  (1925),  Tippett  (1925),  Estienne 
(1926-27),  Alliaume  ( 1927a, b),  Burgess  (1927),  Estienne  (1927),  Friedrich  (1927),  Jordan  (1927), 
Student  (1927),  Bartels  (1928),  Birkeland  (1928),  Bowley  (1928),  Cramer  < 1 928 ),  Dufton  (1928), 
Koppen  (1928),  Neyman  & Pearson  (1928),  Ogrodnikoff  (1928),  Pearson  & Adyanthaya  (1928), 
Sophister  ( 1928),  Levy  ( 1929),  Pearson  & Adyanthaya  ( 1929),  Rider  ( 1929).  Smith  ( 1929),  Wilson  & 
Hilferty  ( 1929),  Gibrat  ( 1930),  Hazen  ( 1930),  Lidstone  1 1930),  March  ( 1930),  de  Montessus  de  Ballore 
( 1930),  Rhodes  ( 1930),  Scarborough  ( 1930),  d'Addario  ( 1931),  de  Finetti  1 1931a, b).  Hojo  ( 1931 1,  Horst 
(1931),  Kolmogoroff  (1931),  von  Mises  (1931),  Pearson  (1931),  Pearson  & Pearson  (1931),  Shewhart 
(1931),  Student  (1931),  Craig  (1932a, b).  Dodge  (1932),  de  Finetti  (1932),  Garver  (1932),  Gibrat 
(1932a,b),  Grassberger  (1932),  Jeffreys  ( 1932a, b),  Luvten  (1932).  Pearson  (1932),  Bartlett  (1933), 
Crowe  ( 1933),  Dodge  1 1933),  Eddington  ( 1933),  Fisher  ( 1933),  Jeffreys  ( 1933),  Rhodes  ( 1933),  Rider 
(1933),  Baidaff  & Barral  Souto  (1934),  Davies  & Pearson  (19341,  Eyraud  ( 1934a, b),  Fisher  (1934), 
Jeffreys  ( 1934),  Miinzner  ( 1934),  Pollard  1 1934),  Smith  ( 1934),  Baidaff  & Barral  Souto  ( 1935),  Barral 
Souto  (1935),  Birkeland  & Frogner  (1935),  Bond  (1935),  Frechet  (1935),  Thompson  (1935),  Crowe 
(1936),  Darmois  (1936),  Girshick  (1936),  Mathews  (1936),  Nair  (1936).  Pearson  & Chandra  Sekar 
(1936),  Slade  (1936),  Ville  (1936).  Bowley  (1937),  Calichiopulo  (1937),  Friedrich  (1937),  Gumbel 
( 1937c),  Pitman  ( 1937 ),  Savur  1 1937b i.  Snedecor  1 1937),  Thibaud  & Ferber  1 1937 ),  Wold  ( 1937),  Barral 
Souto  1 1938),  Bose  ( 1938),  Brenet  & Armand  ( 1938),  Bruen  ( 1938),  Cisbani  1 1938),  Dodd  ( 1938),  von 
Eberhard  1 1938),  Gini  ( 1938).  Gumbe*  i 1938b.c>.  Hertzman  1 1938),  Jeffreys  ( 1938),  Derevitsky  ( 1939), 
Eisenhart  ( 1939),  Gini  < 1939),  l’Hermite  1 1939),  Hulme  & Symms  ( 1939),  Jeffreys  (1939).  Pitman 
(1939).  Zappa  (1939),  Arlev  (1940).  Arlev  & Buch  (1940),  Dodd  ( 1 940 1,  Frechet  ( 1940a, b),  Pizzetti 
( 1940i,  Singleton  ( 1940).  Wald  1 1940),  Wilson  ( 1940),  Zappa  ( 1940),  Brookner  1 1941 1,  Daniels  ( 1941 ), 
Frechet  1 1941 ),  Pizzetti  1 1941a.ci.  Rajalakshman  1 1941 ).  Smirnoff  ( 1941 1,  Boldrini  ( 1942),  Dudding  & 
Jennett  < 1 942 ),  Evans  ( 1 942 ),  Frechet  1 1 942 ),  Nair  & Shrivastava  (1942),  Deming  (1943),  Wilks 
( 1943).  Wing,  Price  & Douglass  ( 1944>.  Cramer  ( 1946).  Grant  1 1 946 ),  Kendall  1 1946),  Tintner  ( 1946), 
Eisenhart,  Deming  & Martin  1 1948hi,  Nair  1 1948b),  Bartlett  ( 1 949 * . Harris  & Tukev  ( 1949),  Tukey 
1 1949c,d.e,f),  Youden  1 1949) 

ESTIMATES,  BEST  LINEAR  UNBIASED 

Daniell  ( 1920),  Pearson  ( 1920),  Grubbs  & Weaver  1 1947).  Wilks  ( 1948),  Nair  (1949a).  Yamanouchi 
( 1949i 

ESTIMATES.  CLOSEST 

Pitman  ( 1937.  1939),  Craig  1 1943),  Geary  ( 1944).  Cramer  1 19461,  Kendall  ( 1 946 ) 

ESTIMATION.  EFFICIENCY  OF 

Fisher  ( 1922),  Geary  ( 1944),  Cramer  ( 1946),  Kendall  ( 1946),  Mosteller  ( 1946),  Eisenhart,  Deming  & 
Martin  (1948b),  Gearv  (1948),  Huzurbazar  (1948),  Stevens  (1948),  Wilks  (1948i.  Bartlett  (1949), 
Benson  1 1949).  Nair  ( 1949b),  Walsh  1 1949d),  Yamanouchi  1 1949) 

ESTIMATION,  INTERVAL— SEE  INTERVAL  ESTIMATION 

ESTIMATION.  POINT— SEE  POINT  ESTIMATION 

ESTIMATORS.  BEST  LINEAR  UNBIASED— SEE  ESTIMATES,  BEST  LINEAR  UNBIASED 
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ESTIMATORS,  LINEAR— SEE  LINEAR  ESTIMATORS 

ESTIMATORS,  MEDIAN— SEE  MEDIAN  ESTIMATORS 

ESTIMATORS,  UNBIASED— SEE  UNBIASED  ESTIMATORS 

EXCEEDANCE  INTERVAL 

Horton  (1936),  Gumbel  ( 1941a, b),  Beard  (1942),  Gumbel  ( 1942b, c),  Kimball  (1942),  Gumbel 
( 1943a, b,c),  Powell  (1943),  Price  (1943),  Gumbel  (1945a) 

EXCESS,  MEASURES  OF— SEE  ALSO  KURTOSIS,  MEASURES  OF 
Charlier  ( 1906),  Crum  ( 1923),  Cramer  ( 1928),  Saville  ( 1936),  Gumbel  ( 1944),  Baker  ( 1946),  Cramer 
(1946),  Grubbs  & Weaver  (1947),  Peterson  (1949a) 

EXPONENTIAL  DISTRIBUTION 

Whitworth  ( 1867),  Walker  ( 1914),  von  Bortkiewicz  ( 1915),  Morant  ( 1921 ),  Gumbel  ( 1928),  Neyman  & 
Pearson  ( 1928),  Fisher  ( 1929),  von  Bortkiewicz  ( 1931 ),  Pearson  & Pearson  ( 1932),  Castellano  1 1933a), 
Craig  (1933),  Jeffreys  (1933),  Gumbel  (1935-36,  1936b, c),  von  Mises  (1936),  Nair  (1936).  Pitman 
(1936),  Ruark  & Devol  (1936),  Sukhatme  (1936),  Camp  (1937),  Coutagne  (1937),  Gumbel 
( 1937a, b,c,d),  Pitman  ( 1937),  Sukhatme  ( 1937),  Thibaud  ( 1937),  Thibaud  & Ferber  ( 1937 ),  Brenet  & 
Armand  (1938),  Gumbel  (1938c,  1939a,b,f),  Pitman  (1939),  Ruark  (1939),  Weibull  ( 1939a, b).  Feller 
(1940),  Fisher  (1940),  Garwood  (1940),  Nair  (1940b),  Paulson  (1940,  19411,  Beard  (1942),  Gumbel 
( 1942a, b,  1943a,c,  1945a),  Cramer  (1946),  Greenwood  (1946),  Kendall  ( 1946 ),  Fisher  & Hollomon 
( 1947),  Gumbel  ( 1947),  Lehmann  ( 1947 ),  Epstein  & Brooks  ( 1948),  McAdam,  Geil,  Woodard  & Jenkins 
( 1948),  McMillan  ( 1949),  Walsh  ( 1949b) 

EXPONENTIAL  TYPE  INITIAL  DISTRIBUTION 
Gumbel  (1933c,d,  1937-38,  1938c,  1940,  1941a, b),  Gnedenko  (1943),  Gumbel  (1943c.  1946a).  Jones 
( 1946),  Gumbel  ( 1947),  Cox  ( 1948),  Epstein  ( 1948a, b),  Wilks  ( 1948),  Gumbel  ( 1949),  Juncosa  i 1949), 
McMillan  (1949),  Meizler  (1949),  Press  (1949) 

EXTREME  DEVIATE 
Nair  (1948b) 

EXTREME  DEVIATE,  STUDENTIZED— SEE  STUDENTIZED  EXTREME  DEVIATE 

EXTREMES  ( LARGEST  AND  SMALLEST)— SEE  ALSO  LARGEST  ( SMALLEST)  SAMPLE  VALUE 
Bernoulli  (1709),  Maire  & Boscovich  (1755),  Lambert  (1760),  Short  (1763),  Lambert  ( 1765a, b),  Ber- 
noulli ( 1785),  Laplace  ( 1786,  1793,  1799),  Prony  ( 1804),  Legendre  ( 1805),  Svanberg  ( 1805),  von  Zach 
( 18051,  Delambre  ( 1806-10),  Laplace  ( 1812),  Mathieu  ( 1813-14),  Legendre  ( 18141,  van  Beeck  Calkoen 
(1816),  Anonymous  (1821),  Fourier  (1823),  Gauss  (1823),  Cauchy  (1824).  Fourier  (1824b),  Muncke 
(1825),  Fourier  1 1826a, b,  1829),  Cauchy  (1831),  Fourier  (1831),  Poncelet  (1835),  Quetelet  (1835), 
Hagen  (1837),  Bessel  & Baever  (1838),  Stampfer  (1839),  Cournot  (1843).  Peirce  (18521,  Tchebvchef 
(1854),  Gould  (1855),  Lloyd  (1855),  Airy  (1856),  Winlock  (1856),  Petzval  (1857),  Airy  (1861), 
Chauvenet  (1863),  Stone  (1868),  Glaisher  (18721,  Helmert  (1872),  Glaisher  (1873),  Peirce  (1873), 
Stone  ( 1873b),  Todhunter  f 1873),  Glaisher  1 1874),  Jevons  1 1874),  Stone  f 1874),  Lexis  1 1875),  Merri- 
man  ( 1877 ),  Peirce  ( 1878),  Schott  ( 18781,  Jordan  ( 1879),  Edgeworth  ( 1883b),  Doolittle  1 1884).  Merri- 
man  ( 1884),  Wright  ( 1 884 ).  Newcomb  ( 1886i,  Bertrand  ( 1887a),  Edgeworth  ( 1887a, hi.  Lehmann-Filhes 
(1887),  Bertrand  ( 1888a. b),  Faye  (1888),  Bertrand  ( 1 889 ),  Czuber  (1890),  Jordan  (1890).  Czuber 
(1891a),  Pizzetti  (1892),  Vallier  (1894),  Cranz  (1896),  Poincare  i1896i.  Fechner  (1897i.  Rodewald 
( 1898).  Czuber  1 1899i,  Sheppard  1 1899b).  Wolffing  ( 1899),  Hevdenreich  1 1903),  Kirchberger  ' 1903), 
Mitscherlich  ( 1903),  Saunder  ( 1903),  Mansion  1 1906).  Vogeler  ( 1907 1,  Mazzuoli  1 1908),  Bohlmanm  1909), 
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Dunkel  il909),  Goedseels  ( 1 909 ),  de  la  Vallee  Poussin  (1909),  Wellisch  (1909),  Goedseels  (1910), 
Edgeworth  (1911),  Goedseels  (1911),  de  la  Vallee  Poussin  (1911),  Newcomb  (1912),  Tits  (1912), 
Goodwin  ( 1913),  Mansion  (1913),  Contarino  (1914),  Fuller  (1914),  Hazen  (1914),  Walker  (1914), 
Savorgnan  ( 1915),  Spillman,  Tolley  & Reed  ( 1916 1,  Tolley  (1916),  Brunt  1 1917 ),  Frank  (1918),  Niceforo 
(1919),  Persons  ( 1919),  de  la  Vallee  Poussin  (1919),  Griffith  (1920),  Stewart  (1920a),  Hall  (1921), 
Fisher  ( 1922),  Dodd  ( 1923),  Griffith  ( 1924),  Horton  ( 1924),  Whittaker  & Robinson  ( 1 924 ),  Archibald 
( 1925 ),  Coolidge  (1925),  Goedseels  (1925),  Irwin  ( 1925a, bi.  Reilly,  Rae  & Wheeler  (1925),  Tippett 
( 1925),  Jarvis  ( 1926 ),  Alliaume  ( 1927a,b),  Burgess  ( 1927 1,  Frechet  ( 1927),  Galvani  ( 1927 ),  Student 
( 1927 ),  Tucker  ( 1927 ),  Fisher  & Tippett  ( 1928),  OgrodnikofT  ( 1928),  Sophister  ( 1928),  Fisher  ( 1929 ), 
Gini  & Galvani  ( 19291,  Levy  ( 1929),  Pearson  & Adyanthava  ( 1929),  Rider  ( 1929),  Gibrat  1 1930),  Gini 
( 1930),  Lidstone  ( 1930),  Peterson  ( 1930),  Steffensen  ( 1930),  Galvani  ( 1931 1,  Insolera  ( 1931 1,  Logan  & 
Grodskv  (1931),  Pearson  (1931),  Pearson  & Pearson  ( 1 93 1 ),  Reinkober  (1931),  Steffensen  (1931), 
Student  (1931),  Craig  (1932b),  Dodge  (1932),  de  Finetti  (1932),  Gibrat  (1932b),  Grassberger  (1932), 
Gumbel  ( 1932),  Jeffreys  ( 1932a),  Alexandrov  & Xurkov  ( 1933),  Faulhaber  ( 1933),  Faulhaber.  Buch- 
holtz  & Schulz  (1933),  Grassberger  (1933),  Gumbel  ( 1933a, b,c,d,e,f,g),  Hotelling  (1933),  Insolera 
( 1933),  Rider  ( 1933),  Tricomi  ( 1933),  Baidaff&  Barral  Souto  ( 1934),  Eyraud  ( 1934a),  de  Finetti  ( 1 934 ), 
Foster  (1934),  de  Franchis  (1934),  Gumbel  1 1934a, b,c,d,e,f,g).  Insolera  (1934),  Slade  (1934),  Smith 
(1934),  Thomson  (1934),  Baticle  (1935),  Birkeland  & Frogner  (1935),  Fisher  (1935).  Gumbel 
( 1935a, b,c,d,  1935-36),  Insolera  ( 1935),  McKay  ( 1935),  Olds  ( 1935),  Pearson  ( 1935),  Smirnoff  ( 1935), 
Thompson  ( 1935),  Foster  ( 1936),  Girshick  ( 1936),  Grassberger  ( 1936),  Gumbel  ( 1936a, b.c,  1936-37), 
Horton  (193 6),  Hotelling  ( 1936a. b),  Logan  (1936),  Mathews  (1936),  von  Mises  (1936),  Pearson  & 
Chandra  Sekar  (1936),  Pitman  (1936),  Saville  (1936),  Slade  (1936),  Aitken  (1937),  Calichiopulo 
(1937),  Camp  (1937),  Coutagne  (1937),  Gumbel  ( 1937a, b,d,e,  1937-38),  Insolera  (1937-38),  Madow 
( 1937),  Neyman  ( 1937b),  Pitman  ( 1937),  Thibaud  1 1937 ).  Barral  Souto  < 1938),  Bartlett  ( 1938),  Brenet 
& Arrnand  (1938),  Bruen  (1938),  Cisbani  (1938),  Dodd  (1938),  von  Eberhard  (1938),  Fisher  (1938), 
Gumbel  ( 1938a, b.c),  Jeffreys  ( 1938),  Kimball  ( 1938),  Wilks  ( 1938),  Wishart  f 1938),  Coutagne  1 1939), 
Creager  ( 1939),  Derevitsky  1 1939),  Fisher  ( 1939),  Gini  ( 1939),  Gumbel  ( 1939c, e,f>,  l'Hermite  ( 1939). 
Hulme  & Symmsl  1939),  Levy  ( 1939),  Pitman  ( 1939),  Roy  ( 1939),  Stevens  ( 1939).  de  Vergottini  ( 1939), 
Wald  (1939),  Weibull  ( 1939a, b),  Afanassiev  (1940),  Arley  ( 1940),  Fisher  (1940),  Garwood  (1940), 
Gillett  ( 1940),  Grant  ( 1940),  Gumbel  ( 1940),  Kontorova  ( 1940),  Kullback  & Frankel  ( 1 940 ),  Lawley 
1 1940),  Zappa  1 1940),  Chandra  Sekar  & Francis  ( 1941 ),  Cochran  ( 1941 ),  Daniels  ( 1941 ),  Davis  1 194 1 ), 
Finney  (1941),  Gnedenko  (1941),  Gumbel  (1941a, b),  Hsu  (1941b),  Kontorova  & Frenkel  (1941), 
Rajalakshman  ( 1941 ),  Simon  ( 1941 ),  Smirnoff  ( 1941 ),  Tucker  ( 1941 ),  Aldanondo  (1942),  Beard  (1942), 
Dodd  ( 1942),  Gaede  ( 1942),  Gumbel  ( 1942b, c),  Hartley  ( 1942).  Henry  ( 1 942 ).  Kimball  1 1 942 ),  Moore  & 
Morkovin  (1942-44),  Nair  & Shrivastava  (1942),  Pearson  & Hartley  (19421,  Rov  ( 1942a, bl,  Wald 
(1942).  Wilks  (1942),  Barricelli  (1943),  Craig  (1943),  Deming  (1943),  Gnedenko  (19431,  Gumbel 
(1943a, b.c),  Kendall  (1943),  Knudsen  (1943),  Kontorova  (1943),  Pearson  & Hartley  (1943),  Powell 
( 1943),  Price  ( 1943).  Rajalakshman  ( 1943),  Scheffe  ( 1943),  Wilks  ( 1943),  Geary  ( 1944),  Gumbel  ( 1944), 
Hartley  (1944),  Robbins  (1944b),  Wing,  Price  & Douglass  ( 1 944 ),  Daniels  (1945),  Fowler  1 19451, 
Gumbel  ( 1945a. b),  Gurney  (1945),  Nordquist  (1945).  Roy  (1945),  Tintner  (1945),  Tucker  1 1945a, h), 
Carlton  ( 1946),  Cramer  ( 1946),  Freudenthal  ( 1946),  Gumbel  ( 1946a, b),  Jones  ( 1946),  Kendall  1 1946), 
Kimball  1 1946a, b),  Kontorova  (1946).  Mosteller  (1946),  Oding  (1946).  Roy  ( 1946a,b). Tintner  il946), 
Bartlett  ( 1 947b (,  Bickerstaff  (1947),  Davidenkov,  Shevandin  & Wittmann  (1947).  Egudin  (1947), 
Eisenhart,  Hastav  & Wallist  1947).  Eisenhart  & Solomon  1 1947),  Elfving  1 1947),  Fisher  & Hollomon 
(1947),  Gensamer,  Saibel  & Lowrie  (1947),  Gensanter,  Saibel  & Ransom  (1947),  Gumbel  (1947), 
Gurney  (1947),  Gurney  & Pearson  (19471,  Kincaid  (1947),  Lehmann  1 19471,  Lord  (1947),  Purcell 
( 1947),  Ruggles  & Brodie  ( 1947),  Tanenhaus  ( 1947),  Walsh  ( 1947).  Anderson  ( 1948).  Bartlett  ( 1948), 
Cox  ( 1948).  Eisenhart  & Martin  ( 1948>,  Epstein  1 1948a, bi,  Epstein  & Brooks  ( 1948),  Frankel  1 1948), 
Gartstein  (1948),  Gearv  (1948),  Gumbel  (1948),  Higuchi,  Leeper  & Davis  (19481,  Hill  & Schmidt 
(19481,  Huzurbazar  (1948),  McAdam,  Geil,  Woodard  & Jenkins  (19481.  Nair  ( 1948a. b),  Nanda 
( 1948a, b),  Pillai  (1948),  Schiitzenberger  (1948),  Thomas  ( 1 948 >.  Tukey  (1948b),  Wilks  (1948i, 
Birnbaum  & Zuckerntan  (1949),  Cole  (1949).  Epstein  ( 1949a, bi,  Godwin  < 1 949b),  Gumbel  (1949). 
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Hartley  (1949),  Howell  (1949),  Juncosa  (1949),  Kimball  (1949),  Kontorova  & Timoshenko  (1949), 
Langbein  (1949),  Levi  (1949),  Mather  ( 1949),  McMillan  ( 1949),  van  Meer  & Plantema  ( 1949),  MeYzler 
(1949),  Paulson  (1949),  Peterson  ( 1949a, b),  Potter  ( 1949a, b),  Press  (1949),  Prot  ( 1949a, b,c),  Purcell 
(1949),  Scheffe  (1949),  Shone  (1949),  Smirnov  (1949b),  Tukey  (1949b),  Walsh  1 1949a, b,c),  Weibull 
(1949) 

EXTREME— VALUE  DISTRIBUTION,  TYPE  I LARGEST 
Gumbel  (1933c,d,  1934a,b,c,e,f,  1935a,  1935-36),  Smirnoff  ( 1935),  Gumbel  ( 1936a, b,c,  1936-37),  von 
Mises  (1936),  Coutagne  (1937),  Gumbel  ( 1937b, c,d,e,  1937-38),  Thibaud  (1937),  Brenet  & Armand 
(1938),  Gumbel  (1938a’b,c),  Coutagne  (1939),  Gumbel  ( 1939c, e,f,  1940),  Gnedenko  (1941),  Gumbel 
(1941a,b),  Beard  (1942),  Gumbel  ( 1942b, c),  Kimball  (1942),  Barricelli  (1943),  Gnedenko  (1943), 
Gumbel  (1943a, b,c),  Powell  (1943),  Price  (1943),  Gumbel  (1945a, b),  Nordquist  (1945),  Gumbel 
(1946b),  Kimball  (1946a, b),  Gumbel  (1947),  Cox  (1948),  GartsteTn  (1948),  Gumbel  (1948),  Wilks 
(1948),  Kimball  (1949),  Lane  & Lei  (1949),  Langbein  (1949),  Mather  (1949),  MeYzler  (1949),  Potter 
( 1949a, b),  Press  (1949),  Smirnov  (1949b) 

EXTREME-VALUE  DISTRIBUTION,  TYPE  I SMALLEST 
Gumbel  ( 1934a, b,c,e,f,  1935a,  1940,  1942b),  Barricelli  (1943),  Gnedenko  (1943),  Gumbel  (1943c, 
1947),  Cox  ( 1948),  Gart¥teYn  ( 1948),  Wilks  ( 1948),  Juncosa  ( 1949),  Mather  ( 1949),  Smirnov  (1949b) 

EXTREME-VALUE  DISTRIBUTION,  TYPE  II  LARGEST 
von  Mises  (1936),  Gnedenko  (1941,  1943),  Gumbel  (1947),  GartsteYn  (1948),  Wilks  (1948),  MeYzler 
( 1949),  Smirnov  ( 1949b) 

EXTREME- VALUE  DISTRIBUTION,  TYPE  II  SMALLEST 
Gnedenko  ( 1943),  Gumbel  1 1947),  Gart¥teYn  ( 1948),  Wilks  ( 1948),  Juncosa  ( 1949),  Smirnov  < 1949b) 

EXTREME-VALUE  DISTRIBUTION,  TYPE  III  LARGEST 
von  Mises  ( 1936),  Kimball  ( 1942),  Gnedenko  ( 1943),  Gumbel  ( 1946b,  1947),  Gart¥teln  ( 1948),  Wilks 
( 1948),  MeYzler  ( 1949),  Smirnov  ( 1949b) 

EXTREME-VALUE  DISTRIBUTION,  TYPE  III  SMALLEST— SEE  ALSO  WEIBULL  DISTRIBUTION 
Gnedenko  (1941),  Roller  (1941),  Gnedenko  (1943),  Gumbel  (1947),  Gart¥teYn  (1948),  Wilks  (1948), 
Juncosa  (1949),  Smirnov  (1949b) 

EXTREME- VALUE  PROBABILITY  PAPER— SEE  PROBABILITY  PAPER,  EXTREME-VALUE 

EXTREME-VALUE  THEORY 

Bernoulli  (1709),  Dove  ( 1838),  Chaplin  ( 1880,  1882),  Biiimcke  ( 1897,  1898,  1901 ),  Slocum  & Hancock 
( 1906),  Bohlmann  ( 1909),  Fuller  1 19141,  Hazen  ( 19141,  Spillman,  Tolley  & Reed  ( 1916),  Tolley  ( 1 9 16 1 , 
Frank  ( 1918),  Dodd  ( 1923),  Horton  ( 1924),  Tippett  ( 1925),  Jarvis  ( 1926),  Peirce  ( 1926),  Frechet  ( 1927), 
Tucker  (1927),  Birkeland  (1928),  Fisher  & Tippett  (1928),  Koppen  (1928),  Levy  (1929),  Lidstone 
(1930),  Steffensen  (1930),  Insolera  (1931),  Logan  & Grodskv  (1931),  Steffensen  (1931),  de  Finetti 
(1932),  Gibrat  (1932b),  Grassberger  (1932),  Gumbel  (1932),  Grassberger  (1933),  Gumbel  (1933 
a,b,c,d,e,f,g).  Insolera  (1933),  Tricomi  (1933),  Eyraud  (1934a),  de  Finetti  (1934),  Foster  (1934),  de 
Franchis  (1934),  Gumbel  ( 1934a, b,c,d,e,f,g),  Insolera  (1934),  Slade  (1934),  Gumbel  ( 1935a,b,c,d. 
1935-36),  Insolera  ( 1935),  Smirnoff  ( 1935),  Foster  ( 1936),  Gumbel  ( 1936a,b,c,  1936-37),  Horton  ( 1936), 
Logan  ( 1936),  von  Mises  ( 1936),  Saville  ( 1936),  Slade  ( 1936),  Coutagne  ( 1937).  Gumbel  ( 1937a, b,d,e, 
1937-38),  Insolera  ( 1937-38),  Thibaud  ( 1937),  Brenet  & Armand  ( 1938),  Gumbel  ( 1938a. b,c),  Kimball 
( 1938),  Coutagne  ( 1939),  Creager  ( 1939).  Gumbel  i 1939b, c.e.f),  Weibull  ( 1939a, b),  Afanassiev  ( 1940), 
Gillett  (1940).  Grant  (1940),  Gumbel  (1940),  Kontorova  (1940),  Daniels  (1941),  Gnedenko  (1941), 
Gumbel  ( 1941a, b),  Kontorova  & Frenkel  ( 1941  >.  Rajalakshman  ( 1941 ).  Roller  1 1941 ),  Tucker  1 1941 ). 
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Aldanondo  1 1942),  Beard  ( 1942),  Gaede  ( 1942),  Gumbel  ( 1942b, c),  Kimball  1 1942),  Barricelli  ( 1943), 
Gnedenko  ( 1943),  Gumbel  ( 1943a, b,c),  Kontorova  ( 1943),  Powell  ( 1943),  Price  ( 1943),  Wilks  1 1943), 
Geary  (1944),  Gumbel  (1944),  Daniels  (1945),  Fowler  (1945),  Gumbel  ( 1945a, b),  Gurney  ( 1945 ). 
Nordquist  (1945),  Tucker  ( 1945a, b),  Cramer  (1946),  Freudenthal  (1946),  Gumbel  (1946b),  Kendall 
( 1946),  Kimball  (1946a),  Kontorova  1 1946),  Mosteller  ( 1946 ),  Oding  ( 1946),  Fisher  & Hollomon  ( 1947 ), 
Gensamer,  Saibel  & Lowrie  (1947),  Gensamer,  Saibel  & Ransom  (1947),  Gurney  ( 1 947 ),  Gurney  & 
Pearson  ( 1947),  Cox  ( 1948),  Epstein  ( 1948a, b),  Epstein  & Brooks  < 1948),  Gart&teYn  ( 1948),  Gumbel 
( 1948),  Higuchi,  Leeper  & Davis  ( 1948),  Hill  & Schmidt  1 1948),  McAdam,  Geil,  Woodard  & Jenkins 
1 1948),  Thomas  ( 1948),  Wilks  ( 1948),  Epstein  ( 1949a,b),  Juncosa  ( 1949),  Kimball  1 1949),  Kontorova  & 
Timoshenko  (1949),  Langbein  (1949),  Levi  (1949),  Mather  ( 1949),  McMillan  (’.949),  van  Meer  & 
Plantema  (1949),  Metzler  (1949),  Peterson  (1949b),  Potter  ( 1949a, b),  Press  (1949),  Prot  ( 1949a, ci, 
Smirnov  ( 1949b ),  Weibull  (1949) 

F DISTRIBUTION— SEE  FISHER-SNEDECOR  F DISTRIBUTION 
FACTOR  ANALYSIS,  MULTIPLE— SEE  MULTIPLE  FACTOR  ANALYSIS 

FIBERS,  STRENGTH  OF  BUNDLES  OF— SEE  BUNDLES  OF  FIBERS  ( OR  THREADS),  STRENGTH 
OF 

FIDUCIAL  INTERVALS 

Fisher  ( 1933),  Wilks  ( 1938),  Pitman  ( 1939),  Paulson  ( 1940),  Kendall  ( 1946) 

FISHER-SNEDECOR  F DISTRIBUTION 

Snedecor  (1937),  Sukhatme  (1937),  Wishart  (1938),  Fisher  (1939),  Pearson  (1939),  Finney  (1941), 
Thompson  ( 1941 ),  Curtiss  ( 1943).  Wald  1 1943),  Wilks  ( 1943).  Brown  & Tukey  1 1946),  Cramer  ( 1946), 
Tintner  ( 1946),  Duncan  1 1947 ),  Eisenhart  & Solomon  1 1947 ),  Eisenhart.  Doming  & Martin  1 1948a),  Nair 
< 1948a),  Tukey  ( 1948ci,  Bartlett  < 1949),  Hartley  ( 1949),  Tukey  ( 1949a) 

FISHER'S  MULTIPLE  COMPARISON  TEST— SEE  MULTIPLE  COMPARISON  TEST,  FISHER'S 

FISHER'S  Z DISTRIBUTION 

Fisher  ( 1935),  Snedecor  1 19371,  Fisher  & Yates  < 1938),  Curtiss  ( 1943),  Scheffe  1 1943).  Hartley  1 1944), 
Cramer  (1946),  Kendall  (1946),  Eisenhart,  Deming  & Martin  (1948a),  Tukey  (1948c,  1949a) 

FLOODS  AND  HYDROLOGY,  APPLICATIONS  TO 

Herschel  1 1878),  Fuller  ( 1914),  Hazen  (1914),  Hall  ( 1921),  Foster  ( 1924).  Horton  ( 1924),  Jarvis  ( 1926), 
Goodrich  (1927),  Hazen  (1930),  Gibrat  ( 1932a, b).  Grassberger  (1932,  1933),  Foster  (1934).  Slade 
(1934),  F'oster  (1936),  Grassberger  (1936),  Gumbel  (1936a),  Horton  1 19361,  Saville  (1936).  Slade 
(1936),  Coutagne  (1937),  Gumbel  (1937d,  1937-38),  Fisher  & Yates  (1938),  Gumbel  U938a.b.c), 
Kimball  < 1938),  Coutagne  ( 1939),  Creager  1 1939),  Gumbel  1 1939c, f).  Grant  1 1940),  Gumbel  1 1941a. bi. 
Beard  ( 1942),  Gumbel  ( 1942c),  Kimball  1 1942),  Gumbel  ( 1943b, ci,  Powell  ( 1943),  Price  1 1943),  Gumbel 
( 1945a, b).  Cramer  (1946),  Kendall  (1946),  Kimball  ( 1946a, bi,  Epstein  (1948b),  Epstein  & Brooks 
( 1948),  Gumbel  ( 1 948 ).  Thomas  ( 1948),  Kimball  1 1949),  Lane  & Lei  1 1949),  Langbein  ( 1949).  Potter 
( 1949a,b) 

FOODS  AND  NUTRITION,  APPLICATIONS  TO 
Snedecor  1 1937 1,  Grant  ( 1946),  Kendall  1 1946).  Tintner  1 1946> 

FUNCTIONS.  CHARACTERISTIC— SEE  CHARACTERISTIC  FUNCTIONS 

FUNCTIONS,  DISCRIMINANT-SEE. DISCRIMINANT  ANALYSIS 
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FUNCTIONS,  MOMENT-GENERATING— SEE  MOMENT-GENERATING  FUNCTIONS 


1 


FUNCTIONS  OF  MOMENTS— SEE  MOMENTS  AND  FUNCTIONS  OF  MOMENTS 
G DISTRIBUTION.  DALY  S— SEE  DALY’S  G DISTRIBUTION 
GALTON  DISTRIBUTION— SEE  LOGNORMAL  iGALTON)  DISTRIBUTION 
GAMES  OF  CHANCE.  APPLICATIONS  TO 

von  Bortkiewicz  I 1922a, b),  Whittaker  & Robinson  (1924),  Goodrich  1 1927 1,  Smith  < 1 929 • . von  Mises 
1 1931 ),  de  Finetti  ( 1932),  Fisher  & Yates  ( 1938),  Wald  ( 1939),  Kendall  1 1943.  1 94G > 

GAMMA  DISTRIBUTION 

Burgess  il927).  Pitman  1 1937,  1939),  Curtiss  (19431.  Cramer  (1946).  Kendall  (1946).  Cox  '1919). 
Epstein  1 1949a) 

GAMMA  DISTRIBUTION,  GENERALIZED— SEE  GENERALIZED  GAMMA  DISTRIBUTION 
GAPS 

Galton  11902),  Pearson  (1902),  von  Bortkiewicz  (1915),  Morant  (1921),  Irwin  1 1925a, b).  Pearson 
( 1926),  Pearson  & Pearson  1 1931,  19321,  Rajalakshman  ( 1943),  Greenwood  ( 1946).  Bickerstaffi  1947). 
Domb  ( 1947 ),  Duncan  ( 1947 ),  Kimball  ( 1947 ),  Moran  ( 1947),  Ruggles  & Brodie  ( 1947 ).  Nair  1 1948b). 
Tukey (1948c,  1949a) 

GAP-STRAGGLER  PROCEDURE,  TUKEY'S 
Tukey (1948c,  1949a) 

GAP,  STUDENTIZED  LARGEST— SEE  STUDENTIZED  LARGEST  GAP 

GAUGING 
Stevens ( 1948) 

GAUSSIAN  DISTRIBUTION— SEE  NORMAL  (GAUSSIAN)  DISTRIBUTION 

GENERALIZED  GAMMA  DISTRIBUTION 
Pitman  ( 1939) 

GENERALIZED  LOGISTIC  DISTRIBUTION 
Gumbel  ( 1944) 

GENERALIZED  NORMAL  (GAUSSIAN)  DISTRIBUTION 
Miinzner  1 1934),  Slade  1 1934) 

GENETICS.  APPLICATIONS  TO 

Edgeworth  (1913).  Weinberg  (1916).  Pearson  (1925),  von  Verschuer  (1927),  Lenz  & von  Verschuer 
(1928),  von  Mises  (1931 1.  Weinberg  ( 19331,  Savur  ( 1937b),  Snedecor  ( 1937),  Fisher  & Yates  1 1938), 
Gottschick  (1939),  von  Schelling  (1941),  Kendall  (1943),  Cramer  (1946),  Kendall  (1946) 

GEODESY.  APPLICATIONS  TO 

Maire  & Boscovich  ( 1755).  Boscovich  1 1757,  1760).  Lambert  ( 1765b),  Laplace  ( 1786.  1793).  Puissant 
( 1805),  Svanberg  i 1805).  von  Zach  ' 1805),  Delambre  1 1806-10),  von  Lindenau  ( 1806).  Adrain  ( 1808). 
Laplace  i 1812).  Mathieu  i 1813- 14).  Adrain  ( 1818),  Fourier  1 1824c),  Bessel  & Baever  < 1838),  Helmert 
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( 1872),  Peirce  ( 1873),  Todhunter  (1873),  Helmert  (1877a),  Jordan  ( 1877a, b),  Merriman  ( 1877),  Jordan 
(1879),  Bruns  (1882),  Schreiber  (1882),  Wright  (1884),  Jordan  (1888),  Gore  (1889),  Runge  (1890), 
Goedseels  (1909,  1910),  Contarino  (1914),  Brunt  (1917),  Levy  (1925),  Friedrich  (1927),  Scarborough 
(1930),  von  Mises  (1931),  Eddington  (1933),  Calichiopulo  (1937),  Friedrich  (1937),  Bruen  (1938), 
Jeffreys  (1938),  Arley  & Buch  (1940),  Deming  (1943),  Kendall  (1946) 

GEOGRAPHY,  APPLICATIONS  TO 

Hayford  (1902),  Goedseels  (1909),  Sloane  (1923),  Eells  (1930),  Ross  (1930),  Galvani  (1933),  Gini, 
Boldrini,  Galvani  & Venere  (1933),  Griffin  (1933),  Linders  (1933),  Scates  (1933),  Watkins  (1933), 
Zappa ( 1939) 

GEOMETRIC  QUASI-MIDRANGES 
Laska ( 1900) 

GEOPHYSICS,  APPLICATIONS  TO 
Madow  ( 1937) 

GIBRAT’S  INDEX  OF  CONCENTRATION— SEE  CONCENTRATION  INDEX,  GIBRAT’S 

GINI’S  INDEX  OF  CONCENTRATION— SEE  CONCENTRATION  INDEX,  GINI’S 

GINI’S  MEAN  DIFFERENCE  (SIMPLE  OR  QUADRATIC) 
von  Andrae  ( 1869),  Jordan  ( 1869),  von  Andrae  ( 1872),  Jordan  ( 1872),  Helmert  ( 1876a),  Gore  ( 1889), 
Bowley  (1901),  Czuber  (1903),  Wellisch  (1909),  Dettori  (1912),  Gini  (1912),  Czuber  (1914),  Gini 
( 1914a),  Pietra  ( 1915),  Savorgnan  ( 1915),  Gini  ( 1916b),  Ricci  ( 1916),  Weinberg  ( 1916),  Gini  ( 1918), 
Niceforo  ( 1919),  Dalton  ( 1920),  de  Pietri-Tonelli  ( 1920),  Julin  ( 1921),  Savorgnan  ( 1921 ),  Pietra  ( 1925), 
Gini  ( 1926),  Tucker  ( 1927),  von  Verschuer  ( 1927),  Gumbel  ( 1928),  Lenz  & von  Verschuer  ( 1928),  de 
Gleria  (1929),  de  Finetti  & Paciello  (1930),  Gini  (1930),  de  Gleria  (1930),  March  (1930),  von 
Bortkiewicz  (1931),  de  Finetti  (1931a),  Galvani  (1931,  1932),  Gini  (1932),  Pietra  (1932a,b),  Yntema 
(1933),  Dominedo  (1934),  Mortara  ( 1934a, b),  Anderson  (1935),  Castellano  (1935),  Pietra  (1935a,b), 
Wold  (1935),  Gini  (1936),  Nair  (1936),  Bowley  (1937),  Wold  (1937),  Hertzman  (1938),  Gini  (1939), 
Gottschick  (1939),  Pizzetti  (1940,  1941a, c),  Boldrini  (1942),  Kendall  (1943,  1946),  Hoeffding  (1948), 
Nair  ( 1949b) 

GINI’S  RATIO  OF  CONCENTRATION— SEE  CONCENTRATION  RATIO,  GINI’S 

GLAISHER’S  ALTERNATIVE  TO  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  GLAISHER’S 

ALTERNATIVE  TO  REJECTION 

GOMPERTZ  DISTRIBUTION 
Gumbel  ( 1935d,  1937d,e) 

GOODNESS-OF-FIT  TESTS 

Cramer  (1928),  Edgett  ( 1931 ),  von  Mises  (1931),  Cantelli  (1933),  de  Finetti  ( 1933),  Glivenko  (1933), 
Kolmogoroff  (1933),  Smirnoff  ( 1936),  Kozakiewicz  (1937),  Neyman  (1937a),  Smirnoff  (1937a),  Was- 
chakidse  ( 1938),  Smirnov  ( 1939a, b,c),  Pearson  1 1942),  Scheffe  ( 1943),  Smirnov  ( 1944),  Cramer  (1946), 
Greenwood  (1946),  Kendall  (1946),  Kimball  (1946b),  Bickerstaff  (1947),  Kimball  (1947),  von  Mises 
( 1947),  Smirnov  1 1 948 ),  Chung  1 1949),  Doob  ( 1949),  Maniya  ( 1949),  Noether  ( 1949),  Smirnov  ( 1949a) 

GOODWIN’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  GOODWIN’S 

CRITERION  FOR  REJECTION 
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GRAIN  SIZE,  APPLICATIONS  TO 
Rosin  & Rammler  1 1934),  Roller  ( 1941 ) 

GROUP  AVERAGES,  METHOD  OF— SEE  METHOD  OF  GROUP  AVERAGES 

GUMBEL  DISTRIBUTION— SEE  EXTREME- VALUE  DISTRIBUTION,  TYPE  I (LARGEST  OR 
SMALLEST) 

GUMBEL’S  MTH  POINT  STATISTIC 
Gumbel  ( 1942a) 

GUNNERY,  APPLICATIONS  TO— SEE  BALLISTICS  AND  GUNNERY.  APPLICATIONS  TO 

GUST  LOADS,  APPLICATIONS  TO 
Press  ( 1949) 

HALF-NORMAL  DISTRIBUTION 

Bertrand  (1888c),  Gumbel  (1928),  McKay  (1935),  Kendall  (1946),  Smirnov  (1949b) 

HALF  RANGE,  DIFFERENCES  AT— SEE  DIFFERENCES  AT  HALF  RANGE 
HARMONIC  ANALYSIS 

Fisher  (1929,  1939,  1940),  Davis  (1941),  Greenwood  (1946),  Kendall  (1946),  Nair  (1948ai,  Hartley 
(1949) 

HEYDENREICH’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS.  HEYDEN- 
REICH’S  CRITERION  FOR  REJECTION 

HIGHER  MOMENTS— SEE  MOMENTS,  HIGHER 

HOLMES’  MEASURE  OF  CONCENTRATION— SEE  CONCENTRATION,  HOLMES’  MEASURE  OF 

HOMOPHILY,  BETWEEN  DEVIATIONS,  INDEX  OF 
Gini  ( 1915a, b,  1916a, b,  1926) 

HOMOPHILY,  BETWEEN  INTENSITIES.  INDEX  OF 
Gini  ( 1915a,b,  1916a, b),  Weinberg  ( 1916),  Gini  1 1926) 

HOMOPHILY,  BETWEEN  VARIATIONS  , INDEX  OF 
Gini  ( 1915a, b,  1916a,b,  1926) 

HOMOPHILY,  MEASURES  OF 

Gini  ( 1915a, b,  1916a, b),  Weinberg  ( 1916),  Pietra  (1925),  Gini  (19261 
HOTELLING’S  T-SQUARE  DISTRIBUTION 

Wilks  1 1943),  Cranier  ( 1946),  Kendall  ( 1946),  Tintner  ( 1946i,  Lehmann  ( 1947),  Rao  ( 1948).  Wolfowitz 
(1949) 

HOUSNER-BRENNAN  ESTIMATE  OF  REGRESSION 
Housner  & Brennan (1948) 


477 


HULME-SYMMS  ALTERNATIVE  TO  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  HULME- 
SYMMS  ALTERNATIVE  TO  REJECTION 

HYDRAULIC  PROBABILITY  PAPER— SEE  PROBABILITY  PAPER,  HYDRAULIC 

HYDROLOGY,  APPLICATIONS  TO— SEE  FLOODS  AND  HYDROLOGY,  APPLICATIONS  TO 

HYPERBOLA,  INDICATING— SEE  INDICATING  HYPERBOLA 

INDEPENDENCE  AND  DEPENDENCE 
Gini  (1910,  1926),  Gumbel  (1946a),  Kendall  (1946),  Bickerstaff  ( 1947) 

INDEPENDENCE  AND  DEPENDENCE,  INDICES  OF 
Gini  (1910) 

INDEX  NUMBERS,  APPLICATIONS  TO 

Edgeworth  ( 1887-90),  Yule  (1911),  Persons  (1919),  Keynes  ( 1921 1,  Crum  ( 1923),  Rietz  ( 1924),  Pietra 
( 1925),  Jordan  ( 1927),  Bowlev  ( 1928),  Kendall  ( 1946),  Tintner  ( 1946) 

INDICATING  HYPERBOLA 
Goedseels  ( 1925) 

INDICES  OF  DISSIMILARITY,  CONNECTION  AND  CONCORDANCE  (HOMOPHILY),  QUAD- 
RATIC 

Gini  (1915b.  1916b),  Pietra  (1925),  Gini  (1926) 

INDICES  OF  DISSIMILARITY,  CONNECTION  AND  CONCORDANCE  (HOMOPHILY),  SIMPLE 
Gini  ( 1915a, b,  1916b),  Pietra  (1925),  Gini  (1926) 

INITIAL  DISTRIBUTION,  EXPONENTIAL  TYPE— SEE  EXPONENTIAL  TYPE  INITIAL 
DISTRIBUTION 

INSPECTION  BY  VARIABLES— SEE  VARIABLES  INSPECTION 

INTERDECILE  RANGE 
Galton  1 1881 ),  Kendall  ( 1943) 

INTER-  i INTRA-i  FRACTIONAL  MEAN  DIFFERENCE 
von  Bortkiewicz  (1931) 

INTERMEDIANT 

March  (1930),  von  Bortkiewicz  (1931) 

INTERPOLATION.  CAUCHY'S  METHOD  OF— SEE  CAUCHY'S  METHOD  OF  INTERPOLATION 
INTERQUARTILE  RANGE 

Quetelet  1 1835.  1846).  Herschel  ( 1850),  Merriman  ( 1877 1,  Galton  ( 1881 1.  Gore  ( 1889),  Pizzetti  ) I892i. 
Edgeworth  ( 1898),  Levy  ( 1925),  von  Bortkiewicz  ( 1931 ),  Gumbel  ( 1936a),  Frechet  ( 1942).  Bickerstaff 
1 1947),  Benson  ( 1949),  Godwin  1 19491)) 

INTERVAL  ESTIMATION 

Lexis  1 1875).  Fisher  ( 1 933 ),  Thompson  ( 1 936 ),  Neyman  1 1937b).  Savur  (1937a),  Snedecor  (1937), 
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Thompson  < 1938 ),  Wilks  (1938),  Eisenhart  (1939),  Pitman  (1939),  Wald  (1939),  Wald  & Wolfowitz 
( 1939 1,  Kullback  & Frankel  ( 1940),  Nair  ( 1940b),  Paulson  1 1940),  Wald  ( 1940),  Kolmogoroff  ( 1941 ), 
von  Schelling  (1941),  Wald  & Wolfowitz  (1941),  Wilks  (1941),  Gumbel  (1943c),  Pearson  & Hartley 
1 1943),  Wilks  1 1943),  Scheffe  & Tukey  ( 1945),  Cramer  ( 1946),  Grant  ( 1946),  Kendall  ( 1946),  Kimball 
(1946a),  Bickerstaff  (1947),  Eisenhart,  Deming  & Martin  (1948b),  Murphy  (1948),  Noether  ( 1948 ), 
Schiitzenberger  (1948),  Wilks  (1948),  Birnbaum  & Zuckerman  (1949),  Howell  (1949),  Kac  (1949), 
Kimball  ( 1949),  Noether  ( 1949),  Press  ( 1949),  Tukey  ( 1949bi,  Walsh  ( 1949a),  Wolfowitz  ( 1949) 

INTERVAL,  EXCEEDANCE— SEE  EXCEEDANCE  INTERVAL 

INTERVAL,  OCCURRENCE— SEE  OCCURRENCE  INTERVAL 

INTERVAL,  RECURRENCE— SEE  RECURRENCE  INTERVAL 

INTERVALS,  BOTH  ONE-SIDED  AND  TWO-SIDED— SEE  TESTS  (OR  INTERVALS),  BOTH  ONE- 
SIDED AND  TWO-SIDED 

INTERVALS,  CONFIDENCE— SEE  CONFIDENCE  BOUNDS 
INTERVALS,  FIDUCIAL— SEE  FIDUCIAL  INTERVALS 
INTERVALS.  ONE-SIDED— SEE  TESTS  (OR  INTERVALS),  ONE-SIDED 
INTERVALS,  TWO-SIDED— SEE  TESTS  (OR  INTERVALS),  TWO-SIDED 
INTRINSIC  ACCURACY 

Fisher  ( 1922),  Pitman  ( 1936),  Kendall  ( 1946),  Huzurbazar  ( 1948) 

IRWIN’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  IRWIN'S  CRITERION 
FOR  REJECTION 

ISOSCELES  TRIANGULAR  DISTRIBUTION,  CONTINUOUS 
Simpson  ( 1757),  Gauss  ( 1823),  Breger  ( 1876),  Merriman  ( 1877),  Pizzetti  ( 1892),  Gini  ( 1932).  Cramer 
(1946) 

ISOSCELES  TRIANGULAR  DISTRIBUTION,  DISCRETE 
Simpson  (1756,  1757),  Lagrange  (1774),  Tremblev  (1804).  Merriman  (1877),  Pizzetti  (1892) 

JEFFREYS'  ALTERNATIVE  TO  REJECTION  OF  OUTLIERS— SEE  OUTLIERS.  JEFFREYS’  AL- 
TERNATIVE TO  REJECTION 

JORDAN'S  ALGEBRAIC  DISTRIBUTION.  FIRST 
Helmert  ( 1877b),  Jordan  ( 1877a, b).  Gore  1 1889).  Vogeler  ( 1907 1 

JORDAN'S  ALGEBRAIC  DISTRIBUTION,  SECOND 
Jordan  ( 1877b).  Gore  ( 1889),  Jordan  ( 18901,  Bliimcke  ( 1897,  1898.  1901 ),  Vogeler  1 1907) 

KAPTEYN'S  SYSTEM  OF  SKEW  FREQUENCY  CURVES 
Kapteyn  (1903),  Goodrich  (1927),  Gibrat  (1930),  Foster  (1936) 
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KNOWN  DISTRIBUTION,  ANY 

Pearson  (1902,  1920),  Gumbel  (1939d),  Daniels  (1945),  Epstein  (1949b) 

KOLMOGOROV-SMIRNOV  STATISTIC  (OR  TEST) 

Glivenko  (1933),  Kolmogoroff  (1933),  Smirnoff  (1937a),  Waschakidse  (1938),  Smirnov  ( 1939a, b,c), 
Kolmogoroff  ( 1941),  Wald  & Wolfowitz  (1941),  Smirnov  ( 1944),  Feller  ( 1948),  Smirnov  ( 1948),  Wilks 
(1948),  Chung  (1949),  Doob  (1949),  Kac  (1949),  Maniya  (1949),  Noether  (1949),  Wolfowitz  (1949) 

K-SAMPLE  TESTS  (K=3  OR  MORE)— SEE  ALSO  ANALYSIS  OF  VARIANCE 
Fisher  & Yates  ( 1938),  Wishart  ( 1938),  Fisher  ( 1939),  Newman  ( 1939),  Pearson  ( 1939),  Chandra  Sekar 
& Francis  (1941),  Cochran  (1941),  Finney  (1941),  Roy  (1942b),  Cramer  (1946),  Kendall  (1946),  Roy 
(1946a, b),  Bartlett  (1947b),  Eisenhart  & Solomon  (1947),  Anderson  (1948),  Geary  (1948),  Nair 
(1948a),  Rao  (1948),  Tukey  (1948c),  Wilks  (1948),  Paulson  (1949),  Tukey  (1949a),  Walsh  (1949c) 

KURTOSIS,  MEASURES  OF— SEE  ALSO  EXCESS,  MEASURES  OF 
Yule  (1896a),  Niceforo  (1919),  Pearson  (1926),  Pearson  & Adyanthaya  (1928),  Lidstone  (1930), 
Pearson  (1931),  Shewhart  (1931),  Eddington  (1933),  Sastry  (1935),  Slade  (1936),  Gumbel  (1942c),. 
Hartley  ( 1942),  Cramer  ( 1946),  Greenwood  ( 1946),  Kendall  ( 1946),  Elfving  ( 1947),  Grubbs  & Weaver 
( 1947),  Gumbel  ( 1947),  Gurney  ( 1947),  Gurney  & Pearson  (1947),  Kimball  ( 1947),  Cox  ( 1948),  Tukey 
(1948b),  Benson  (1949),  Shone  (1949) 

LAPLACE’S  DISTRIBUTION,  FIRST— SEE  DOUBLE  EXPONENTIAL  DISTRIBUTION 

LAPLACE’S  DISTRIBUTION,  SECOND— SEE  NORMAL  (GAUSSIAN)  DISTRIBUTION 

LARGEST  (ABSOLUTE)  DEVIATION 

Dove  (1838),  Rohne  (1907),  Haar  (1918),  de  la  Valiee  Poussin  (1919),  McKay  (1935),  Prot  (1949b) 

LARGEST  SAMPLE  VALUE 

Bernoulli  ( 1709),  Svanberg  ( 1805),  Mathieu  ( 1813-14),  Fourier  ( 1823,  1824a, b,  1826a,b,  1829,  1831), 
Poncelet  (1835),  Cournot  (1843),  Tchebychef  (1854),  Halphen  (1873),  Lemoine  (1873),  Lexis  (1875), 
Breger  ( 1876),  Helmert  ( 1877b),  Jordan  ( 1877a, b),  Merriman  ( 1877),  Herschel  ( 1878),  Jordan  ( 1879), 
Lalanne  (1879),  van  Pesch  (1882,  1884),  Bertrand  (1887b),  Edgeworth  (1887a),  Delauney  (1888), 
Bertrand  (1889),  Czuber  (1891a),  Pizzetti  (1892),  Vallier  (1894),  Cranz  (1896),  Bltimcke  (1897), 
Fechner  (1897),  Bltimcke  (1898),  Czuber  (1899),  Wolffing  (1899),  Laska  (1900),  Bltimcke  (1901), 
Kirchberger  ( 1903),  Kozak  ( 1907),  Vogeler  ( 1907),  Kozak  (1908-10),  Bohlmann  ( 1909),  Dunkel  ( 1909), 
Goedseels  ( 1909,  1910,  1911),  de  la  Valiee  Poussin  ( 1911),  Tits  ( 1912),  Mansion  ( 1913),  Fuller  ( 1914), 
Hazen  (19141,  Walker  (1914),  Mantel  (1915),  Frank  (1918),  Griffith  (1920),  Stewart  (1920a),  Hall 
(1921),  von  Bortkiewicz  (1922a,b),  Dodd  (1923),  von  Mises  (1923),  Neyman  (1923),  Wilson  (1923), 
Griffith  ( 1924),  Horton  ( 1924),  Jackson  ( 1924),  Whittaker  & Robinson  ( 1924),  Bottema  ( 1925),  Goed- 
seels < 1925),  Irwin  ( 1925a, b),  Tippett  ( 1925),  Pearson  ( 1926),  Burgess  ( 1927),  Frechet  ( 1927),  Galvani 
( 1927),  Bartels  ( 1928),  Birkeland  ( 1928),  Fisher  & Tippett  ( 1928),  Koppen  ( 1928),  Ogrodnikoff  ( 1928), 
Sophister  ( 1928),  Fisher  ( 1929),  Gini  & Galvani  ( 1929),  Levy  ( 1929),  Pearson  & Adyanthaya  ( 1929), 
Rider  ( 1929),  Gini  ( 1930),  Lidstone  ( 1930),  Peterson  ( 1930),  Steffensen  ( 1930),  Galvani  ( 1931),  Insol- 
era (1931),  Logan  & Grodsky  (1931),  Pearson  (1931),  Reinkober  (1931),  Steffensen  (1931),  Student 
( 1931 ),  Dodge  ( 1932),  de  Finetti  ( 1932),  Gibrat  ( 1932b),  Grassberger  ( 1932),  Gumbel  ( 1932),  Jeffreys 
(1932a),  Alexandrov  & Zurkov  (1933),  Faulhaber  (1933),  Faulhaber,  Buchholtz  & Schulz  (1933), 
Glivenko  (1933),  Grassberger  (1933),  Gumbel  ( 1933a, b,c,d,e,f,g),  Hotelling  (1933),  Insolera  (1933), 
Kolmogoroff  ( 1933),  Rider  ( 1933),  Tricomi  ( 1933),  Baidaff  & Barral  Souto  ( 1934),  Evraud  ( 1934a),  de 
Finetti  ( 1934),  Foster  1 1934),  de  Franchis  1 1934),  Gumbel  ( 1934a, b,c,d,e,f,g).  Insolera  ( 1934),  Smith 
(1934),  Thomson  (1934),  Baticle  (1935),  Birkeland  & Frogner  (1935),  Fisher  (1935),  Gumbel 
( 1935a, b,c,d,  1935-36),  Insolera  ( 19351,  McKay  < 1935),  Olds  ( 1935),  Pearson  ( 1935),  Smirnoff  ( 1935), 
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Thompson  (1935),  Foster  (1936),  Girshick  (1936),  Grassberger  (1936),  Gumbel  ( 1936a, b,c,  1936-37), 
Horton  (1936),  Hotelling  (1936a, b),  Logan  (1936),  Mathews  (1936),  von  Mises  (1936),  Pearson  & 
Chandra  Sekar  (1936),  Pitman  (1936),  Slade  (1936),  Aitken  (1937),  Camp  (1937),  Coutagne  (1937), 
Gumbel  ( 1937a, b,d,e,  1937-38),  Insolera  (1937-38),  Kozakiewicz  (1937),  Neyman  (1937b),  Pitman 
(1937),  Thibaud  ( 1937),  Barral  Souto  (1938),  Bartlett  (1938),  Brenet  & Armand  ( 1938),  Bruen  (1938), 
Cisbani  (1938),  Dodd  ( 1938),  von  Eberhard  ( 1938),  Fisher  ( 1938),  Gumbel  ( 1938a,b,c),  Kimball  (1938), 
Waschakidse  (1938),  Wilks  (1938),  Wishart  (1938),  Coutagne  (1939),  Creager  (1939),  Derevitsky 
( 1939),  Fisher  ( 1939),  Gini  ( 1939),  Girshick  ( 1939),  Gumbel  ( 1939b, c,e,f),  l’Hermite  ( 1939),  Hsu  (1939), 
Levy  (1939),  Pitman  (1939),  Roy  (1939),  Wald  (1939),  Arley  (1940),  Fisher  (1940),  Garwood  (1940), 
Gillett  (1940),  Grant  (1940),  Gumbel  (1940),  Kontorova  (1940),  Kullback  & Frankel  (1940),  Lawley 
(1940),  Roy  ( 1940a,b),  Zappa  (1940),  Chandra  Sekar  & Francis  ( 1941),  Cochran  ( 1941),  Daniels  (1941), 
Davis  (1941),  Finney  (1941),  Gnedenko  (1941),  Gumbel  (1941a, b),  Rajalakshman  (1941),  Simon 
(1941),  Smirnoff  (1941),  Tucker  (1941),  Aldanondo  (1942),  Beard  (1942),  Dodd  (1942),  Gumbel 
(1942b, c),  Hartley  (1942),  Henry  (1942),  Kimball  (1942),  Moore  & Morkovin  (1942-44),  Nair  & 
Shrivastava  (1942),  Pearson  & Hartley  (1942),  Roy  (1942a,b),  Wald  (1942),  Wilks  (1942),  Barricelli 
(1943),  Craig  (1943),  Gnedenko  (1943),  Gumbel  (1943a, b,c),  Kendall  (1943),  Knudsen  (1943),  Kon- 
torova (1943),  Pearson  & Hartley  (1943),  Powell  (1943),  Price  (1943),  Rajalakshman  (1943),  Scheffe 
(1943),  Wilks  (1943),  Geary  (1944),  Gumbel  (1944),  Hartley  (1944),  Robbins  (1944b),  Gumbel 
(1945a, b),  Nordquist  (1945),  Roy  (1945),  Carlton  (1946),  Cramer  (1946),  Gumbel  (1946b),  Kendall 
( 1946),  Kimball  ( 1946a, b),  Kontorova  ( 1946),  Mosteller  ( 1946),  Roy  ( 1946a,b),  Tintner ( 1946),  Bartlett 
(1947b),  Bickerstai'f  (1947),  Davidenkov,  Shevandin  & Wittmann  (1947),  Egudin  (1947),  Eisenhart, 
Hastay  & Wallis  (1947),  Eisenhart  & Solomon  (1947),  Elfving  (1947),  Fisher  & Hollomon  (1947), 
Gensamer,  Saibel  & Lowrie  (1947),  Gensamer,  Saibel  & Ransom  (1947),  Gumbel  (1947),  Kincaid 
( 1947),  Lehmann  ( 1947),  Lord  (1947),  Purcell  (1947),  Ruggles  & Brodie  (1947),  Walsh  ( 1947),  Ander- 
son (1948),  Cox  (1948),  Eisenhart  & Martin  (1948),  Epstein  (1948b),  Epstein  & Brooks  (1948), 
Gart¥tetn  ( 1948),  Geary  ( 1948),  Gumbel  ( 1948),  Hill  & Schmidt  (1948),  Huzurbazar  ( 1948),  McAdam, 
Geil,  Woodard  & Jenkins  (1948),  Nair  ( 1948a, b),  Nanda  ( 1948a, b),  Pillai  (1948),  Schvitzenberger 
(1948),  Thomas  (1948),  Tukey  ( 1948b, c),  Wilks  (1948),  Birnbaum  & Zuckerman  (1949),  Cole  (1949), 
Epstein  (1949a, b),  Gumbel  (1949),  Hartley  (1949),  Howell  (1949),  Kimball  (1949),  Kontorova  & 
Timoshenko!  1949),  Langbein ( 1949),  Mather  ( 1949),  MeTzler  ( 1949),  Paulson  (1949),  Potter (1949a, b), 
Press  (1949),  Purcell  (1949),  Smirnov  (1949b),  Tukey  ( 1949a, b),  Walsh  ( 1949a, b,c) 

LEAST  ABSOLUTE  VALUES,  METHOD  OF 

Boscovich  ( 1757,  1760),  Lalande  ( 1771),  Bernoulli  (1785),  Laplace  ( 1793,  1799),  Prony  ( 1804),  Puis- 
sant ( 1805),  Svanberg  ( 1805),  von  Lindenau  ( 1806),  Gauss  ( 1809),  Laplace  ( 1812),  Delambre  (1813), 
Mathieu  ( 1813-14),  van  Beeck  Calkoen  ( 1816),  Adrain  ( 1818),  Fourier  ( 1823),  Gauss  ( 1823),  Fourier 
(1824b, c),  von  Riese  (1830),  Fourier  (1831),  Dirichlet  (1836),  Hagen  (1837),  De  Morgan  (1847),  von 
Andrae  ( 1860),  Boudin  ( 1865),  Todhunter  ( 1865),  Glaisher  ( 1872),  Todhunter  ( 1873),  Fechner  (1874), 
Merriman  (1877),  Bruns  (1882),  Schreiber  (1882),  Edgeworth  (1886a,  1887b, c,d,f,  1887-90),  Turner 
( 1887),  Edgeworth  ( 1888),  Jordan  ( 1888),  Gore  ( 1889),  Estienne  ( 1890),  Runge  ( 1890),  Czuber  (1891b), 
Pizzetti  ( 1892),  Edgeworth  ( 1898),  Czuber  ( 1899),  Estienne  ( 1900b),  Edgeworth  (1911),  Keynes  (1911), 
Mansion  ( 1913),  Fisher  ( 1920),  Jackson  ( 1921),  Keynes  ( 1921),  Edgeworth  ( 1923),  Jackson  (1924), 
Whittaker  & Robinson  (1924),  Estienne  (1926-27),  Friedrich  (1927),  Bowley  (1928),  Rhodes  (1930), 
Smith  ( 1934),  Darmois  ( 1936),  Friedrich  ( 1937),  Barral  Souto  ( 1938),  Bruen  ( 1938),  Eisenhart  ( 1939), 
Jeffreys  (1939),  Pitman  (1939),  Singleton  (1940),  Boldrini  (1942) 

LEAST  MTH  POWERS,  METHOD  OF 
Jackson  (1924),  Bruen  (1938) 

LEAST  NUMBER,  METHOD  OF— SEE  LEAST  ZERO  POWERS,  METHOD  OF 

LEAST  SIGNIFICANT  DIFFERENCE  (LSD)  TEST— SEE  MULTIPLE  T (LSD)  TEST 
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LEAST  SQUARES,  METHOD  OF 

Legendre  (1805),  Puissant  (1805),  Delambre  (1806-10),  von  Lindenau  (1806),  Adrain  (1808),  Gauss 
( 1809),  Laplace  (1810,  1811a, b,  1812),  Delambre  (1813),  Mathieu  (1813-14),  Legendre  (1814),  Adrain 
(1818),  Anonymous  (1821),  Gauss  (1823),  Fourier  (1824c),  Ivory  (1825),  Muncke  (1825),  Hauber 
( 1830-32),  von  Riese  ( 1830),  Encke  ( 1832-34),  Dirichlet  ( 1836),  Hagen  ( 1837 1,  Bessel  & Baeyer  ( 1838), 
Cournot  (1843),  Gerling  ( 1843),  Ellis  ( 1844),  De Morgan  ( 1847),  Herschel  ( 1850),  Petzval  ( 1857 ),  Airy 
(1861),  Chauvenet  ( 1863),  Boudin  ( 1865),  Todhunter  ( 1865),  Zachariae  ( 1871 ),  Glaisher  < 1872,  1873), 
Peirce  ( 1873),  Stone  ( 1873b),  Todhunter  (1873),  Fechner  (1874),  Glaisher  ( 1874),  Jevons  ( 1874),  Stone 
(1874),  Laurent  (1875),  Merriman  (1877),  Schreiber  (1882),  Edgeworth  (1883b),  Doolittle  (1884), 
Merriman  ( 1884),  Wright  ( 1884),  Edgeworth  ( 1886a,  1887b, c,d,f,  1887-90),  Turner  ( 1887 ),  Edgeworth 
( 1888),  Gore  ( 1889),  Estienne  ( 1890),  Czuber  1 1891a, b),  Pizzetti  1 1892),  Goedseels  & Mansion  1 1893), 
Poincare  ( 1896),  Edgeworth  < 1898),  Czuber  1 1899),  Wolffing  1 1899).  Estienne  ( 1900b),  Bowlev  ( 1901 1, 
Czuber  ( 1903),  Saunder  ( 1903),  Mansion  ( 1906),  Goedseels  ( 1909),  Charlier  ( 1910),  Goedseels  ( 1910), 
Edgeworth  (1911),  Goedseels  (1911),  Keynes  (1911),  de  la  Vallee  Poussin  (1911),  Fisher  ( 1912 ), 
Goodwin  (1913),  Mansion  (1913),  Tolley  (1916),  Becker  (1917),  Campbell  (1920),  Fisher  (1920), 
Jackson  (1921),  Jones  ( 1921 ),  Keynes  ( 192 1 ),  Edgeworth  ( 1923),  Jackson  ( 1924),  Rietz  ( 1924),  Whit- 
taker & Robinson  (1924),  Goedseels  (1925),  Levy  (1925),  Reilly.  Rae  & Wheeler  (19251,  Estienne 
( 1926-27),  Friedrich  < 1927),  Bowley  ( 1928),  Dufton  ( 1928),  Smith  ( 1929).  Gibrat  1 1930),  Rhodes  ( 1930), 
Scarborough  (1930),  von  Bortkiewicz  (1931),  von  Mises  (1931),  Jeffreys  (1932b),  Eddington  (1933), 
Smith  ( 1934),  Bond  ( 1935),  Darmois  ( 1936 1,  Slade  ( 1936),  Friedrich  ( 1937 ),  Barral  Souto  ( 1938).  Bose 
( 1938),  Bruen  ( 1938),  Fisher  ( 1938),  Gumbel  1 1938c),  Eisenhart  ( 1939),  Jeffreys!  1939),  Pitman  1 1939). 
Arley  & Buch  (1940),  Wald  ( 1940),  Boldrini  ( 1942),  Nair  & Shrivastava  ( 1942),  Deming  ( 1943),  Nair  & 
Banerjee  (1943),  Wilks  (1943),  Tintner  (1945),  Cramer  (1946),  Kendall  (1946).  Tintner  (1946i, 
Housner  & Brennan  (1948),  Bartlett  (1949),  Potter  ( 1949a, b),  Yamanouchi  (1949) 

LEAST  ZERO  POWERS,  METHOD  OF 
Bruen ( 1938) 

LIFE  INSURANCE,  APPLICATIONS  TO— SEE  MORTALITY  AND  LIFE  INSURANCE,  APPLICA- 
TIONS TO 

LIFE  LENGTH,  HUMAN,  APPLICATIONS  TO— SEE  MORTALITY  AND  LIFE  INSURANCE. 
APPLICATIONS  TO 

LIFE  LENGTH  OF  DEVICES,  APPLICATIONS  TO— SEE  DEVICE  LIFE.  APPLICATIONS  TO 

LIFE  LENGTH  OF  ORGANISMS  (NONHUMAN),  APPLICATIONS  TO 
Gumbel  (1933e),  von  Schelling  (1941) 

LIKELIHOOD-RATIO  TESTS 

Anderson  ( 1946),  Bartlett  ( 1947bi,  Lehmann  ( 1947),  Rao  ( 1948).  Wilks  ( 1948 ) 

LIMITING  AGE 

Bohlmann  ( 1909),  Dodd  ( 1923),  Lidstone  ( 1930 1,  Steffensen  1 1930).  Insolera  (1931).  StefTensen  ( 1931 », 
Gumbel  ( 1932,  1933e,f,g>,  Insolera  1 1933),  de  Finetti  1 1934 ).  de  Franchis  1 1934),  Gumbel  ( 1934d,f,g), 
Insolera  ( 1934),  Gumbel  ( 1935c, d).  Insolera  ( 1935),  Gumbel  1 1936c,  1936-37 ),  Coutagne  ( 1937 1,  Gum- 
bel ( 1937a, e),  Insolera  (1937-38),  Gumbel  (1938a, c,  I939fi,  Kendall  (1946),  Epstein  (1948b) 

LIMITS,  CONFIDENCE— SEE  CONFIDENCE  BOUNDS 

LIMITS,  TOLERANCE— SEE  TOLERANCE  LIMITS 
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LINEAR  ESTIMATORS 

Craig  ( 1943),  Mosteller  ( 1946),  Wilks  ( 1948),  Yamanouchi  1 1949) 

LINEAR  HYPOTHESES,  TESTS  OF 

Anderson  (1945),  Roy  (1945),  Anderson  (1946),  Kendall  (1946),  Lehmann  (1947) 

LINEAR  REGRESSION— SEE  REGRESSION,  LINEAR 

LINEAR  UNBIASED  ESTIMATES,  BEST— SEE  ESTIMATES,  BEST  LINEAR  UNBIASED 

LOGISTIC  DISTRIBUTION 
Gumbel  (1944,  1945a) 

LOGISTIC  DISTRIBUTION,  GENERALIZED— SEE  GENERALIZED  LOGISTIC  DISTRIBUTION 
LOGNORMAL  (GALTON)  DISTRIBUTION 

Edgeworth  (1887-90),  Galton  (1889),  Yule  (1907),  Keynes  (1911),  Contarino  (1914),  Fuller  (1914), 
Hazen  ( 1914),  Keynes  1 1921 ),  Gibrat  ( 1930),  Hazen  ( 1930),  d'Addario  ( 1931  t.Gibrat  ( 1931,  1932a,b), 
Grassberger  ( 1932, 1933),  d'  Addario  ( 1934a),  Castellano  ( 1935),  Grassberger  < 1936),  Gumbel  1 1936a), 
Coutagne  (1937),  Gumbel  ( 1937c, d,  1937-38,  1938a, c),  Kimball  (1938),  Coutagne  (1939),  Gumbel 
( 1939f>,  Roller  (1941),  Beard  ( 1942 ),  Kimball  (1942),  Gumbel  (1943c),  Tanenhaus  (1947),  Epstein 
( 1948b),  Lane  & Lei  ( 1949),  Levi  1 1949) 

LOGNORMAL  PROBABILITY  PAPER— SEE  PROBABILITY  PAPER,  LOGNORMAL 
LONG-TAILED  DISTRIBUTIONS 

Edgeworth  (1886a,  1887d>,  Brown  & Tukey  (1946),  Hastings,  Mosteller,  Tukey  & Winsor  (1947) 

LORD'S  U DISTRIBUTION 
Lord (1947) 

LORENZ  CURVE— SEE  ALSO  CONCENTRATION  CURVE 
Holmes  ( 1905),  Lorenz  ( 1905),  Watkins  ( 1905,  1908),  Persons  ( 1909),  Watkins  ( 1909),  King  ( 1912), 
Gini  ( 1914a),  Ricci  ( 1916),  Dalton  ( 1920),  Amoroso  ( 1925),  von  Bortkiewicz  ( 1931  >,  de  Finetti  1 1931a), 
Galvani  (1931),  d'Addario  (1932),  Castellano  ( 1933a, b),  Yntema  (1933),  Dominedo  (1934),  Pietra 
(1935a),  d'Addario  (1936),  Gini  (1936),  Bresciani-Turroni  (1939),  Gini  (1939),  Davis  (1941) 

LOWER  CONFIDENCE  BOUND— SEE  CONFIDENCE  BOUNDS 

LOWER  SEMIRANGE— SEE  SEMIRANGE.  LOWER 

LOWER  TOLERANCE  LIMIT— SEE  TOLERANCE  LIMITS 

MAGNETISM.  APPLICATIONS  TO 
Lloyd  1 18551,  Grant  ( 1946),  Kendall  ( 19461 

MATERIAL  STRENGTH— SEE  ALSO  BUNDLES  OF  FIBERS  (OR  THREADSi.  STRENGTH  OF 
Pearson  ( 1931 1,  Dodge  1 1932),  Davies  & Pearson  ( 1934),  Pearson  ( 1935),  Derevitsky  ( 1939),  Dudding 
& Jennett  (1942),  Gaede  (1942).  Grant  (1946),  Kendall  (1946),  Eisenhart  & Solomon  il947), 
Tanenhaus  (1947i.  Epstein  (1948a).  Benson  (1949).  Epstein  (1949a),  Howell  ( 1 949 1,  van  Meer  & 
Plantema  ( 1949),  Prot  1 1949b).  Weibull  ' 1 049 1 


r 


MATERIAL  STRENGTH,  SIZE  EFFECT  ON— SEE  SIZE  EFFECT  ON  MATERIAL  STRENGTH 

MATRICES,  CHARACTERISTIC  ROOTS  OF— SEE  CHARACTERISTIC  ROOTS  OF  MATRICES 

MATRICES,  COVARIANCE— SEE  COVARIANCE  MATRICES 

MATRICES,  EIGENVALUES  OF— SEE  CHARACTERISTIC  ROOTS  OF  MATRICES 

MAXIMUM  LIKELIHOOD,  METHOD  OF  (AND/OR  MAXIMUM  PROBABILITY,  METHOD  OF) 
Lambert  (1760),  Lagrange  (1774),  Bernoulli  (1778),  Laplace  (1781),  Bernoulli  (1785),  Gauss  (1809), 
Laplace  (1810),  Todhunter  (1865),  Merriman  (1877),  Gore  (1889),  Czuber  (1890,  1891a),  Pizzetti 
(1892),  Czuber  (1899),  Fisher  (1912,  1922,  1934),  Sukhatme  (1937),  Lawley  (1940),  Nair  & Shrivas- 
tava  (1942),  Kendall  (1943),  Wilks  (1943),  Gumbel  (1945a),  Tintner  (1945),  Cramer  (1946),  Kendall 
(1946),  Kimball  (1946a),  Eisenhart  & Martin  (1948),  Geary  (1948),  Huzurbazar  (1948),  Kimball 
(1949),  Mather  (1949),  Nair  (1949b) 

MAXIMUM  SUM  OF  FOURTH  POWERS  OF  ERROR  P.D.F.,  METHOD  OF 
Euler  (1778),  von  Zach  (1805),  Todhunter  (1865),  Merriman  (1877),  Pizzetti  (1892) 

MAXWELL  DISTRIBUTION 
Gumbel  (1927,  1928) 

MAZZUOLI’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  MAZZUOLI’S 
CRITERION  FOR  REJECTION 

MCKAY’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  MCKAY’S  CRITERION 
FOR  REJECTION 

MEAN  DEVIATION  (FROM  MEDIAN)— SEE  AVERAGE  (ABSOLUTE)  DEVIATION  (FROM  ME- 
DIAN) 

MEAN  DIFFERENCE,  GINI’S— SEE  GINI’S  MEAN  DIFFERENCE 

MEAN  DIFFERENCE,  INTER-  (INTRA-)  FRACTIONAL— SEE  INTER-  (INTRA-)  FRACTIONAL 
MEAN  DIFFERENCE 

MEAN  OSCILLATION 
Pizzetti  ( 1941c) 

MEAN  QUOTIENT 
Hojo  (1933),  Pizzetti  (1941c) 

MEANS— SEE  AVERAGES  ( MEASURES  OF  CENTRAL  TENDENCY) 

MEANS,  ASCENDING 
Pizzetti  ( 1940) 

MEANS,  COMBINATION  (COMBINATORIAL) 

Fechner  (1874),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892),  Dunkel  (1909),  Gini  (1938),  Zappa 
(1940) 

MEANS,  DESCENDING 
Pizzetti  (1940) 
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MEANS,  POWER 

Fechner  (1874),  Merriman  (1877),  Gore  (1889),  Pizzetti  (1892),  Rietz  (1924),  de  Finetti  (1931b), 
Galvani  (1931),  Barral  Souto  (1938),  Bruen  (1938),  Gini  (1938),  Zappa  ( 1940),  Boldrini  ( 1942),  Tukey 
( 1949c) 

MEANS,  TRIMMED— SEE  TRIMMED  MEANS 

MEANS,  WINSORIZED— SEE  WINSORIZED  MEANS 

MEDIAL 

Winkler  (1924),  March  (1930),  von  Bortkiewicz  (1931),  Julin  (1933) 

MEDIAN 

Lalande  ( 1771 ),  Laplace  ( 1774),  D.  Bernoulli  (1778),  J.  Bernoulli  ( 1785),  Gauss  ( 1809),  Laplace  ( 1812), 
Delambre  (1813),  Anonymous  (1821),  Fourier  (1824c),  Quetelet  (1835),  Dirichlet  (1836),  Cournot 
(1843),  Herschel  (1850),  von  Andrae  ( 1860),  Boudin  (1865),  Todhunter  ( 1865),  Venn  (1866),  Galton 
(1869),  Zachariae  (1871),  Glaisher  ( 1872),  Todhunter  ( 1873),  Fechner  ( 1874),  Galton  ( 1875),  Merri- 
man (1877),  Wilson  (1877),  Galton  ( 1881),  Wright  ( 1884),  Edgeworth  ( 1885,  1886a, b,  1887a,b,c,d,e,f, 
1887-90),  Turner  ( 1887),  Edgeworth  ( 1888),  Galton  ( 1888, 1889),  Gore  ( 1889),  Pizzetti  (1889),  Estienne 
( 1890),  Czuber  ( 1891a,b),  Venn  ( 1891),  Holmes  ( 1892),  Pizzetti  ( 1892),  Edgeworth  (1893),  Mendeleev 
(1895),  Pearson  (1895),  Galton  (1896),  Yule  ( 1896a, b),  Fechner  (1897),  Edgeworth  (1898),  Czuber 
(1899),  Galton  ( 1899a, b),  Sheppard  (1899a),  Estienne  ( 1900a, b),  Bowley  (1901),  Hayford  (1902), 
Kapteyn  (1903),  Edgeworth  ( 1905),  Holmes  ( 1905),  Lorenz  ( 1905),  Watkins  ( 1905);  Charlier  ( 1906), 
Galton  ( 1907a,b,c),  Hooker  ( 1907),  Yule  (1907),  Persons  ( 1909),  Watkins  ( 1909),  Edgeworth  ( 1911), 
Keynes  ( 1911),  Yule  ( 1911),  Dettori  ( 1912),  Gini  ( 1912),  King  ( 1912),  Dodd  ( 1913),  Edgeworth  ( 1913), 
Czuber  (1914).  Dodd  (1914),  Gini  (1914a),  Pietra  (1915),  Trachtenberg  (1915),  Ricci  (1916),  Tolley 
(1916),  Becker  (1917),  Brunt  (1917),  Secrist  (1917),  Vinci  (1918),  Niceforo  (1919),  Persons  (1919), 
Dalton  ( 1920),  Daniell  ( 1920),  Fisher  ( 1920),  Pearson  ( 1920);  de  Pietri-Tonelli  ( 1920),  Czuber  ( 1921), 
Jackson  (1921),  Jones  ( 1921 ),  Julin  (1921),  Keynes  ( 1921),  Dodd  (1922),  Fisher  ( 1922),  Crum  (1923), 
Dodd  ( 1923),  Edgeworth  ( 1923),  Goldhizer  ( 1923),  Jackson  ( 1923),  Sloane  ( 1923),  Wilson  ( 1923),  Foster 
(1924),  Haag  (1924),  Rietz  (1924),  Whittaker  & Robinson  (1924),  Winkler  ( 1924),  Coolidge  (1925), 
Pietra  ( 1925),  Estienne  ( 1926-27),  Gini  ( 1026),  Peirce  ( 1926)1Burgess  ( 1927),  Estienne  ( 1927),  Jordan 
(1927),  Bowley  (1928),  Dufton  (1928),  Pearson  & Adyanthaya  (1928),  Gini  & Galvani  (1929),  Levy 
( 1929),  Rider  ( 1929),  Wilson  & Hilferty  ( 1929),  d’Addario  ( 1930),  Eells  ( 1930),  Fogelson  ( 1930),  Gibrat 
(1930),  Gini  (1930),  March  (1930),  de  Montessus  de  Ballore  (1930),  Rhodes  (1930).  "Ross  (1930), 
d'Addario  (1931),  von  Bortkiewicz  ( 1931),  Edgett  (1931),  de  Finetti  (1931b),  Galvani  (1931),  Gibrat 
( 1931),  Hojo  (1931),  Horst  (1931),  Kolmogoroff  (1931),  von  Mises  (1931),  Pearson  (1931),  Pearson  & 
Pearson  (1931),  Shewhart  ( 1931),  Craig  ( 1932a),  de  Finetti  (1932),  Garver  ( 1932),  Gibrat  ( 1932a,b), 
Gini  ( 1932),  Hotelling  & Solomons  ( 1932'  Luyten  ( 1932),  Pearson  & Pearson  ( 1932),  Pietra  ( 1932a, b), 
Craig  (1933),  Crowe  (1933),  Eddington  (1933).  Galvani  (1933),  Gini,  Boldrini,  Galvani  & Venere 
( 1933),  Grassberger  (1933),  Griffin  ( 1933),  Hojo  (1933),  Julin  ( 1933).  Linders  ( 1933),  Rhodes  ( 1933), 
Rider  (1933),  Scates  (1933),  Yang  (1933),  Eyraud  (1934a),  Fisher  (1934),  Foster  (1934),  Gumbel 
1 1934e,g),  Miinzner  ( 1934)  Pollard  ( 1934),  Rosin  & Rammler  ( 1934),  Anderson  ( 1935),  Birkeland  & 
Frogner  ( 1935),  Bond  ( 1935),  Castellano  ( 1935),  Frechet  ( 1935),  Gumbel  ( 1935a),  Pietra  ( 1935a),  Wold 
( 1935),  Crowe  ( 1936),  Darmois  ( 1936),  Gini  ( 1936),  Gumbel  ( 1936a, c),  Mathews  ( 1936),  Ville  ( 1936), 
Bowley  (1937),  Bresciani-Turroni  (1937),  Coutagne  (1937),  Gumbel  (1937c.d.  1937-38).  Pitman 
1 1937),  Savur(I937a,bt,Snedecor  <19371.  Barral  Souto  ( 1938),  Brenet  & Armandl  1938),  Bruen  ( 1938), 
Cisbani  ( 1938),  Dodd  ( 1938),  Gini  ( 1938),  Gumbel  ( 1938a,b,c>,  Jeffreys  ( 1938),  Savur  ( 1938),  d'Addario 
( 1939),  Coutagne  ( 1939),  Eisenhart  ( 1939),  Gini  ( 1939),  Gumbel  ( 1939a,d,e).  l'Hermite  ( 1939),  Jeffreys 
(1939),  Pitman  (1939),  Zappa  (1939).  Arlev  & Buch  (1940),  Dodd  (19401,  Frechet  (1940a),  Nair 
( 1940a, b),  Paulson  (1940),  Pizzetti  (1940),  Wilson  (1940),  Frechet  (1941),  Mood  (1941),  Pizzetti 
( 1941a).  Roller  1 1941),  von  Schelling  ( 1941),  Smirnoff  ( 1941 ).  Aldanondo  (1942).  Beard  (1942),  Bol- 
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drini  (1942),  Dudding  & Jennett  (1942),  Evans  (1942),  Frechet  (1942),  Gaede  (1942),  Gumbel 
( 1942a,c),  Livada  ( 1942),  Barnard  ( 1943),  Curtiss  ( 1943),  Gumbel  ( 1943a,c),  Kendall  ( 1943),  Mathisen 
( 1943),  Scheffe  ( 1943),  Wilks  ( 1943),  Bowker  ( 1944),  Geary  ( 1944),  Gumbel  ( 1945a),  Brown  & Tukey 
(1946),  Carlton  (1946),  Cramer  (1946),  Grant  (1946),  Kendall  (1946),  Kimball  ( 1946a, b),  Mosteller 
(1946),  Tintner  (1946),  Bickerstaff  (1947),  Gumbel  (1947),  Jacobson  (1947),  Nair  (1947),  Purcell 
(1947),  Tanenhaus  (1947),  Eisenhart,  Deming  & Martin  (1948a,b),  Noether  (1948),  Pillai  (1948), 
Stevens  ( 1948),  Wilks  ( 1948),  Benson  1 1949),  Cox  ( 1949),  Godwin  ( 1949a, b),  Lane  & Lei  ( 1949),  Nair 
( 1949a, b),  Noether  ( 1949),  Prot  ( 1949a, b),  Purcell  ( 1949),  Tukey  ( 1949b),  Walsh  ( 1949a, c),  Wolfowitz 
(1949),  Youden  (1949) 

MEDIAN  ESTIMATORS 

Galton  (1899a, b),  Hayford  ( 19021,  Galton  ( 1907a, b.ci,  Hooker  < 1907),  Yule  ( 1907),  Gumbel  < 1945a), 
Eisenhart  & Martin  (1948) 

MEDIAN,  NEIGHBORS  OF— SEE  NEIGHBORS  OF  MEDIAN 


MEDIAN  OF  ABSOLUTE  DEVIATIONS 

Gauss  (1816),  Hauber  (1830),  Encke  (1832-34),  Gore  (1889).  Pizzetti  (1892),  Rohne  (1907),  Kozak 
(1908-10),  Whittaker  & Robinson  (1924) 


MEDICINE,  APPLICATIONS  TO— SEE  PHYSIOLOGY  AND  MEDICINE,  APPLICATIONS  TO 


MERRIMAN’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  MERRIMAN'S 
CRITERION  FOR  REJECTION 

METALLURGY,  APPLICATIONS  TO 
Grant  (1946),  Epstein  (1948b),  Murphy  (1948) 

METEOROLOGY,  APPLICATIONS  TO 

von  Zach  (1805),  Dove  (1838),  Lloyd  (1855),  Fechner  (1874,  1897),  Edgeworth  (1898),  Yule  (1911). 
Fuller  (1914),  Hazen  ( 1914),  Walker  ( 1914),  Spillman,  Tolley  & Reed  ( 1916),  Tolley  ( 1916),  Becker 
(1917),  Czuber  (1921),  Hall  (1921),  Jones  (1921),  von  Bortkiewicz  (1922b),  Foster  (1924),  Horton 
( 1924),  Whittaker  & Robinson  ( 1924),  Pietra  ( 1925).  Jarvis  ( 1926),  Goodrich  ( 1927),  Bartels  ( 1928), 
Birkeland  ( 1928),  Cramer  ( 1928),  Koppen  ( 1928),  Gini  & Galvani  ( 1929),  Hazen  ( 1930),  March  ( 1930). 
de  Montessus  de  Ballore  ( 1930),  Gibrat  ( 1932a,b>,  Grassberger  ( 1932),  Crowe  ( 1933),  Foster  ( 19341. 
Slade  (1934),  Birkeland  & Frogner  (1935),  Crowe  (1936),  Foster  (1936).  Horton  (1936),  Mathews 
( 1936),  Slade  ( 1936),  Coutagne  ( 1937),  Gumbel  ( 1937-38).  Barral  Souto  ( 1938),  Fisher  & Yates  ( 1938). 
Kimball  (1938),  Coutagne  (1939),  Creager  (1939),  Gumbel  il939e).  Grant  (1940).  Gumbel  (1940, 
1941a),  Beard  (1942),  Gumbel  ( 1942b, c),  Kimball  ( 1 942 ),  Barricelli  (1943).  Gumbel  ( 1943a, b.c). 
Kendall  (1943),  Gumbel  (1945a),  Grant  ( 1946).  Kendall  ( 1946),  Hartley  ( 1949),  Potter  ( 1949b) 

METHOD  OF  AVERAGES 

Euler  (1749),  Mayer  (1750),  Lalande  ( 1771 ),  Puissant  1 1805).  Hauber  ( 1830-321,  Merriman  (1877). 
Gore  ( 1889),  Pizzetti  ( 1892),  Goedseels  (1909),  Campbell  1 1920).  Rietz  ( 1924),  Whittaker  & Robinson 
( 1924),  Scarborough  ( 1930),  Bruen  ( 1938),  Wald  1 1940).  Nair  & Shrivastava  1 1942),  Deming  ( 1943). 
Nair  & Banerjee  (1943),  Tintner  (1946),  Housner  & Brennan  (1948),  Bartlett  ( 1 949 ) 


METHOD  OF  GROUP  AVERAGES 

Eddington  1 1933),  Nair  & Shrivastava  1 1942),  Nair  & Banerjee  ( 1943),  Bartlett  ( 1949) 

METHOD  OF  INTERPOLATION,  CAUCHY'S— SEE  CAUCHY'S  METHOD  OF  INTERPOLATION 
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METHOD  OF  MOMENTS 

Tolley  (1916),  Jones  (1921),  Fisher  ( 1922),  Rietz  (1924),  Gibrat  (1930),  Nair  & Shrivastava  (1942), 
Gumbel  (1943c),  Wilks  (1943),  Cramer  ( 1946),  Gumbel  (1946b),  Kendall  (1946) 

METHOD  OF  REPEATING  CIRCLES— SEE  REPEATING  CIRCLES,  METHOD  OF 

METHOD  OF  SELECTED  POINTS 

Scarborough  (1930),  Bose  (1938),  Nair  & Shrivastava  (1942),  Deming  ( 1943) 

METHOD  OF  SITUATION— SEE  LEAST  ABSOLUTE  VALUES,  METHOD  OF 

METHOD  USING  THE  RANGE 
Bose  (1938),  Nair  & Shrivastava  (1942) 

METROLOGY,  APPLICATIONS  TO— SEE  STANDARDS  OF  LENGTH,  APPLICATIONS  TO 
MIDRANGE 

Laplace  (1774),  D.  Bernoulli  1778),  J.  Bernoulli  (1785),  Prony  (1804),  von  Zach  (1805),  Gauss  (1809), 
Anonymous  ( 1821),  Quetelet  ( 1835),  Boudin  1 1865),  Todhunter  ( 1865,  1873),  Merriman  ( 1877),  Faye 
(1888),  Gore  (1889),  Venn  (1891),  Pizzetti  ( 1892),  Fechner  < 1897),  Laska  (1900),  Mitscherlich  ( 1903), 
Goedseels  (1909,  1910,  1911),  de  la  Vallee  Poussin  ( 191 1 ),  Tits  (1912),  Mansion  ( 1913),  Haar  (1918), 
Jackson  (1921),  Dodd  (1922),  Haag  (1924),  Winkler  (1924),  Goedseels  (1925),  Alliaume  (1927a, b), 
Neyman  & Pearson  ( 1928),  Pearson  & Advanthaya  ( 1928,  1929),  Rider  ( 1929),  Hojo  ( 1931),  Pearson 
( 1931 ),  Shewhart  ( 1931 ),  Craig  ( 1932b),  Smith  ( 19341,  Barral  Souto  ( 1938),  Bruen  ( 1938),  Gini  ( 1938), 
Jeffreys  ( 1938),  Arley  & Buch  ( 1940),  Nair  ( 1940a),  Brookner  ( 1941 ),  Dudding  & Jennett  ( 1942),  Craig 
( 1943),  Scheffe  ( 1943),  Geary  (1944),  Gumbel  ( 1944),  Carlton  ( 1946),  Cramer  < 1946),  Kendall  ( 1946), 
Gumbel  (1947),  Eisenhart,  Deming  & Martin  (1948b),  Tukey  (1948b),  Wilks  (1948),  Cole  (1949), 
Gumbel  (1949),  van  Meer  & Plantema  (1949),  Tukev  (1949b),  Walsh  (1949a,b,c> 

MIDRANGE,  R-PLY— SEE  R-PLY  RANGE,  SEMIRANGE  AND/OR  MIDRANGE 

MINIMAX  METHOD  (MINIMUM  APPROXIMATION) 

Euler  ( 1749),  Lambert  ( 1765a),  Laplace  ( 1786,  1793,  1799),  Prony  ( 1804),  Legendre  ( 1805),  Puissant 
(1805),  Svanberg  (1805),  Delambre  (1806-10),  Gauss  (1809),  Laplace  (1812),  Mathieu  (1813-14), 
Fourier  ( 1823),  Gauss!  1823),  Cauchy  ( 1824),  Fourier  ( 1824b),  Cauchy  ( 1831 ).  Fourier  1 1831 ),  Poncelet 
( 1835),  Tchebvchef)  1854),  Petzval  ( 18571,  Boudin  ( 1865),  Todhunter  ( 1865,  1873),  Merriman  ( 1877), 
Edgeworth  ( 1887b),  Gore!  1889),  Pizzetti  ( 1892),  Wolffing  ( 1899),  Kirchberger  ( 1903),  Mansion  ( 1906), 
Goedseels  ( 1909),  de  la  Vallee  Poussin  ( 1909),  Goedseels  ( 1910,  191 1 1,  de  la  Vallee  Poussin  (1911),  Tits 
1 1912),  Mansion  (1913),  Haar  (1918),  de  la  Vallee  Poussin  (1919).  Jackson  (1921),  Dodd  (1922), 
Jackson  ( 1924 ),  Whittaker  & Robinson  ( 1924),  Goedseels  ( 1925),  Alliaume  ( 1927a, b).  Smith  (1934). 
Barral  Souto  ( 1938),  Bruen  1 1938),  Boldrini  ( 1942) 

MINIMUM  APPROXIMATION— SEE  MINIMAX  METHOD  (MINIMUM  APPROXIMATION) 

MISS  DISTANCE.  APPLICATIONS  TO 

Herschel  (1850),  Breger  ( 1876),  Delaunev  ( 18881,  Estienne  ( 1890),  Vallier  ( 1894),  Cranz(1896>.  von 
Eberhard  1 1938) 

MIXTURE  OF  DISTRIBUTIONS 
Jeffreys  (1932a),  Pollard  i 1934) 
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MOMENT-GENERATING  FUNCTIONS 
Kimball  (1946a,  1947) 

MOMENTS  AND  FUNCTIONS  OF  MOMENTS 

Yule  (1896a>,  Edgeworth  (1898),  Fisher  (1912),  Jones  (1921),  Julin  (1921),  Rietz  (1924),  Bottema 
(1925),  Tippett  (1925),  Pearson  & Pearson  (1931),  Gumbel  ( 1934b, c),  Miinzner  (1934),  Gumbel 
(1935a),  Sastry  (1935),  Slade  (1936),  Rajalakshman  (1941),  Kendall  (1943),  Rajalakshman  (1943), 
Wilks  ( 1943),  Gumbel  ( 1944),  Anderson  ( 1945),  Cramer  ( 1946),  Kendall  ( 1946),  Domb  ( 1947),  Moran 
(1947),  Hoef’fding  (1948),  Jones  (1948),  Godwin  (1949b) 

MOMENTS,  CROSS-PRODUCT 

Bottema  (1925),  Pearson  (1926),  Cramer  (1946),  Bickerstaff  (1947),  Hastings,  Mosteller,  Tukey  & 
Winsor  ( 1947),  Kimball  ( 1947),  Hoeffding  ( 1948),  Jones  ( 1948),  Godwin  ( 1949a, b),  Nair  ( 1949a) 

MOMENTS,  HIGHER 

Charlier  (1906),  Niceforo  (1919),  Fisher  (1920),  Julin  (1921),  Cramer  (1928),  Pearson  & Pearson 
(1932),  Gumbel  (1942c),  Brown  & Tukey  (1946),  Carlton  (1946),  Cramer  (1946),  Gumbel  (1946b), 
Jones  ( 1946),  Kendall  ( 1946),  Bartlett  ( 1947a),  Bickerstaff  ( 1947),  Egudin  ( 1947) 

MOMENTS,  METHOD  OF— SEE  METHOD  OF  MOMENTS 

MORTALITY  AND  LIFE  INSURANCE,  APPLICATIONS  TO— SEE  ALSO  LIMITING  AGE 
Bernoulli  (1709),  Bohlmann  ( 1909),  Yule  (1911),  Edgeworth  (1913),  von  Bortkiewicz  (1915),  Secrist 
( 1917),  Gini  ( 1918),  Niceforo  (1919),  Czuber  (1921),  Jones  ( 1921 ),  Dodd  ( 1923),  Whittaker  & Robinson 
( 1924),  Burgess  ( 1927),  Goodrich  ( 1927),  Bowley  ( 1928),  Gini  & Galvani  ( 1929),  Gini  ( 1930),  Lidstone 
(1930),  Steffensen  (1930),  Insolera  (1931),  von  Mises  (1931),  Steffensen  (1931),  Gumbel  (1932, 
1933e,f,g),  Insolera  ( 1933),  de  Finetti  ( 1934),  de  Franchis  ( 1934),  Gumbel  ( 1934d,f,g),  Insolera  ( 1934), 
Smith  ( 1934),  Gumbel  ( 1935c,d),  Insolera  ( 1935),  Gumbel  ( 1936c,  1936-37 ),  Coutagne  ( 1937),  Gumbel 
( 1937a, e),  Insolera  ( 1937-38),  Gumbel  ( 1938a, c),  Gini  ( 1939).  Gumbel  ( 1939f),  Pearson  ( 1939),  Boldrini 
( 1942),  Kendall  < 1943),  Cramer  ( 1946),  Grant  ( 19461,  Kendall  ( 1946),  Epstein  & Brooks  ( 1948) 

MOST  ADVANTAGEOUS  METHOD 

Laplace  1 1774,  1781,  1810,  181  la,  1812),  Ivory  ( 1825),  Todhunter  ( 1865).  Glaisher  ( 1872),  Merriman 
( 1877 ),  Edgeworth  ( 1883b,  1886a),  Gore  ( 1889),  Czuber  1 1891a),  Pizzetti  ( 1892).  Estienne  ( 1900b) 

MOST  APPROXIMATIVE  METHOD 

Goedseels  ( 1909,  1910,  1911),  Tits  (1912),  Goedseels  ( 1925),  Alliaume  ( 1927a,b> 

MOVING  RANGE 
Grant  ( 1946),  Hoel  ( 1946) 

MTH  LARGEST  VALUE 

Gumbel  ( 1933a, b,c,d.  1934a, c,e,  1935a, b),  Smirnoff  ( 1935),  Gumbel  (1937b),  Madow  (1937),  Fisher 
( 1938),  Gumbel  1 1938c,  1939b,c,f,  1940),  Roy  ( 1940a,b).  Finney  ( 1941 ).  Thompson  ( 1941 ).  Wilks  ( 1941), 
Gumbel  1 1943a, b, cl.  Kendall  (1943),  Wald  (1943),  Gumbel  (1944,  1946a),  Kendall  (1946),  Kimball 
( 1946b).  Mosteller  ( 1946),  Walsh  ( 1946a),  Bickerstaff  ( 1947),  Gumbel  ( 1947 ),  Eisenhart,  Deming  & 
Martin  ( 1948a),  Murphy  ( 1948),  Nair  ( 1948b),  Nanda  ( 1948a,b>.  Noether  ( 1948),  Thomas  ( 1948),  Wilks 
)1948i,  Benson  (1949),  Epstein  ( 1949a, b).  Godwin  (1949a).  Press  (1949),  Smirnov  (1949b),  Tukey 
i 1 949b i.  Walsh  ( 1949b.ci 

MTH  POINT  STATISTIC,  GUMBELS— SEE  GUMBELS  MTH  POINT  STATISTIC 
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MTH  SMALLEST  VALUE 

Gumbel  (1933b,c,d,  1934a,c,e,  1935a, b),  Smirnoff  (1935),  Madow  (1937),  Gumbel  (1939b,c,f,  1940), 
Hsu  (1941b),  Thompson  (1941),  Wilks  (1941),  Gumbel  (1943a, b,c),  Kendall  (1943),  Wald  (1943), 
Gumbel  ( 1945a, b),  Nordquist  ( 1945),  Tintner  ( 1945),  Cramer  ( 1946),  Gumbel  ( 1946a),  Kendall  ( 1946), 
Kimball  ( 1946b),  Mosteller  ( 1946),  Tintner  ( 1946),  Walsh  ( 1946a),  Bickerstaff  ( 1947),  Gumbel  ( 1947), 
Eisenhart,  Deming  & Martin  (1948a),  Murphy  ( 1948),  Nair(  1948b),  Nanda  ( 1948a,b),  Noether  ( 1948), 
Wilks  (1948),  Benson  (1949),  Epstein  ( 1949a, b),  Godwin  (1949a),  Press  (1949),  Smirnov  (1949b), 
Tukey  (1949b),  Walsh  ( 1949a, b,c) 

MULTINOMIAL  DISTRIBUTION 
Wilks  ( 1943),  Cramer  ( 1946),  Kendall  ( 1946),  Stevens  ( 1948) 

MULTIPLE  COMPARISON  TEST,  FISHER’S 
Fisher  ( 1935),  Duncan  (1947) 

MULTIPLE  COMPARISON  TEST,  NEWMAN-KEULS 
Newman  (1939),  Tukey  (1948c,  1949a) 

MULTIPLE  COMPARISON  TESTS 

Student  ( 1931 ),  Fisher  ( 1935),  Wishart  ( 1938),  Newman  ( 1939),  Pearson  ( 1939),  Duncan  < 1947 ),  Tukey 
(1948c,  1949a) 

MULTIPLE  DECISION  PROCEDURE,  PAULSON'S 
Paulson  (1949) 

MULTIPLE  FACTOR  ANALYSIS 

Hotelling  ( 1933),  Thomson  ( 1934),  Girshick  ( 1 936 ),  Hotelling  1 1936a).  Aitken  ( 1937 ),  Madow  ( 1937), 
Girshick  (1939),  Lawley  (1940),  Ken  Jail  (1946),  Tintner  (1946),  Bartlett  (1947b,  1948) 

MULTIPLE  T (LSD)  TEST 
Duncan ( 1947) 

MULTIVARIATE  NORMAL  DISTRIBUTION 

Hotelling  ( 1933),  Girshick  ( 1936),  Hotelling  1 1936a, b),  Bartlett  ( 1938),  Fisher  ( 1938,  1939),  Girshick 
( 1939),  Hsu  ( 1939),  Roy  ( 1939.  1940a, bi,  Frechet  ( 1941 ),  Hsu  ( 1941a, b).  Mood  ( 1941),  Roy  ( 1942a, b), 
Wald  (1942),  Kendall  (1943),  Wilks  (1943),  Anderson  (1945),  Roy  (1945),  Tintner  (1945),  Anderson 
(1946),  Cramer  (1946),  Kendall  (1946),  Mosteller  (1946),  Roy  (1946a,b),  Tintner  (1946),  Bartlett 
( 1947a, b),  Duncan  ( 1947),  Tukey  ( 1947),  Anderson  ( 1948),  Geary  ( 1948),  Nanda  1 1948a, b),  Rao  ( 1948), 
Wilks  ( 1948) 

MUSIC,  APPLICATIONS  TO 
Kendall  ( 1946) 

NEGATIVE  BINOMIAL  DISTRIBUTION 
Wilks  (1943),  Kendall  (1946) 

NEIGHBORS  OF  MEDIAN 
Gumbel  (1934e),  Pillai  (1948),  Youden  (19491 

NEWCOMB’S  METHOD  OF  TREATING  OUTLIERS— SEE  OUTLIERS.  NEWCOMB  S METHOD  OF 
TREATING 
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NEWMAN-KEULS  TEST— SEE  MULTIPLE  COMPARISON  TEST,  NEWMAN-KEULS 


NONLINEAR  REGRESSION— SEE  REGRESSION,  NONLINEAR 
NORMAL  (GAUSSIAN)  DISTRIBUTION 

Adrain  ( 1 808 ),  Gauss  (1809),  Laplace  (1810,  181  la, b,  1812),  Delambre  (1813),  Gauss  (1816,  1823), 
Fourier!  1824a),  Ivory  ( 1825),  Fourier)  1826a,  1829),  Hauber)  1830, 1830-32),  Enckei  1832-34),  Hagen 
1 1837 ),  Cournot  ( 1843),  Gerling  ( 1843),  Ellis  ( 1844),  De  Morgan  ( 1847),  Herschel  ( 1850 1.  Peirce  ( 1852), 
Gould  ( 1855),  von  Andrae  ( 1860),  Airy  ( 1861 ),  Chauvenet  1 1863),  De  Morgan  1 1864),  Boudin  ( 1865), 
Venn  ( 1866).  Stone  ( 1868),  von  Andrae  ( 1869),  Galton  ( 1869),  Jordan  < 1869),  Zachariae  ( 1871 ),  von 
Andrae  1 1872),  Glaisher  1 1872),  Helmert  ( 1872),  Jordan  ( 1872),  Glaisher  ( 1873),  Peirce  ( 1873),  Stone 
<1873a,b),  Fechner  (1874),  Glaisher  (1874),  Jevons  (1874),  Stone  (1874),  Galton  (1875),  Helmert 
( 1875a, b),  Laurent  ( 1875),  Lexis  ( 1875),  Mees  ( 1875),  Breger  ( 1876),  Helmert  ( 1876a.b),  Mees  ( 1876), 
Helmert  ( 1877a, b),  Jordan  ( 1877a, b),  Merriman  ( 1877),  Peirce  ( 1878),  Schott  ( 1878),  Jordan  (1879), 
Chaplin  ( 1880),  Breger  ( 1881),  Galton  ( 1881 ),  Chaplin  ( 1882),  Edgeworth  ( 1883a, b),  Doolittle  ( 1884). 
Merriman  (1884),  Wright  (1884),  Edgeworth  (1885,  1886a,b),  Newcomb  (1886),  Edgeworth  (1887 
a,b,c,d,e,f.  1887-90),  Lehmann-Filhes  (1887),  Bertrand  ( 1888a, b,c),  Delauney  (1888),  Edgeworth 
(1888),  Faye  (1888),  Bertrand  (1889),  Galton  (1889),  Gore  (1889),  Pizzetti  (1889),  Estienne  (1890). 
Jordan  (1890),  Czuber  ( 1891a, b),  Venn  (1891),  Pizzetti  (1892),  Edgeworth  (1893),  Vallier  > 1 894 ), 
Mendeleev  (1895),  Cranz  (1896),  Galton  (1896),  Poincare  (1896).  Yule  ( 1896a, b),  Bliimcke  (1897). 
Fechner  (1897),  Bliimcke  (1898),  Edgeworth  (1898),  Rodewald  (1898),  Czuber  (1899),  Galton 
1 1899a, b).  Sheppard  ( 1899a,b),  Wolffing  (1899),  Estienne  (1900a),  Bliimcke  (1901).  Bowley  (1901), 
Galton  (1902),  Pearson  (1902),  Czuber  (1903),  Heydenreich  ( 1903 ),  Kapteyn  (1903),  Mitscherlich 
(1903i,  Saunder  (1903),  Edgeworth  (1905),  Charlier  (1906),  Mansion  (1906),  Slocum  & Hancock 
1 1906 1,  Galton  1 1907b),  Kozak  ( 1907 ),  Rohne  ( 1907 ),  Vogeler  ( 1907 ),  Yule  ( 1907),  Kozak  1 1908-10). 
Mazzuoli  (1908i,  Bohlmann  (1909),  Wellisch  ( 1909 ),  Charlier  ( 1910),  Goedseels  (19101,  Edgeworth 
(1911).  Keynes  (1911),  Yule  (1911),  Fisher  (1912),  Gini  (1912),  King  (1912),  Newcomb  (1912),  Dodd 
( 1913),  Edgeworth  ( 1913),  Goodwin  ( 1913),  Mansion  ( 1913),  Contarino  ( 19141,  Czuber  1 1914).  Dodd 
( 1914),  Fuller  1 1914),  Hazen  1 1914),  Walker  ( 1914),  Spillman,  Tolley  & Reed  ( 1916),  Tolley  1 1916), 
Becker  1 1917),  Brunt  1 19 17),  Secrist  (1917),  Czuber  ( 1918),  Frank  (19181.  Niceforo  < 1919i.  Campbell 
( 1920),  Daniell  1 1 920 ),  Fisher  ( 1920),  Pearson  1 1920),  Stewart  1 1920a. b),  Czuber  ( 1921 ).  Jones  ( 1921 ). 
Julin  ( 1921 ),  Keynes  ( 1921 ),  von  Bortkiewicz  < 1922a, bt.  Dodd  < 1922),  Fisher  ( 1922),  Crum  1 1923), 
Dodd  1 1923),  Edgeworth  1 1923),  von  Mises  1 1923),  Nevman  ( 1923).  Wilson  ( 1923),  Foster  ( 1924 ).  Haag 
( 1924).  Rietzi  1924),  Whittaker  & Robinson  ( 1924 ).  Winkler  ( 1924).  Archibald  ( 1925),  Coolidgef  1925). 
Irwin  ( 1925a, b).  Levy  1 1925).  Pearson  ( 1925),  Reilly,  Rae  & Wheeler  ( 1925),  Tippett  1 1925),  Estienne 
( 1926-27 ),  Gini  1 1 926).  Jarvis  ( 1 926),  Pearson  ( 1926),  Peirce  1 1926),  Burgess  1 1927 ).  Estienne  < 1 927 ', 
Frechet  1 1927 1,  Goodrich  ( 1927),  Jordan  ( 1927 ).  Student  ( 1927 ),  Bartels  1 1928),  Bowley  ( 1928),  Cramer 
(1928),  Fisher  & Tippett  il928),  Gumbel  (1928),  Nevman  & Pearson  (1928).  Ogrodnikoff  ( 1 928 ). 
Pearson  & Adyanthava  ( 1928),  Sophister  ( 1928),  Levy  1 1929).  Pearson  & Advanthaya  ( 1929).  Rider 
( 1929),  Smith  1 1929),  Wilson  & Hilfertv  ( 1929).  Fogelson  1 1930).  Gibrat  ( 1930).  Hazen  1 1930).  Lidstone 
(1930),  Scarborough  (1930),  d'Addario  (1931),  von  Bortkiewicz  (1931),  Gihrat  (1931).  Hojo  (1931), 
KolmogorofT  1 1931 ),  von  Mises  ( 1931 ),  Pearson  1 1931 ).  Pearson  & Pearson  1 1931 ).  Shewhart  < 1931 1, 
Student  (1931),  Dodge  (1932),  de  Finetti  (1932).  Gibrat  (1932b).  Gini  (1932).  Grassberger  (1932), 
Gumbel  1 1932),  Jeffreys  ( 1932a,b>,  Luvten  ( 1932),  Pearson  ( 1932).  Bartlett  ( 1933),  Castellano  1 1933a), 
Dodge  1 1933),  Eddington  ( 1933),  Fisher  ( 1933),  Gumbel  ( 1933a. b.e.f.gi.  Hojo  1 1933),  Insolera  ( 1933), 
Jeffreys  1 1933 1.  McKay  & Pearson  1 1933),  Rider  1 1933),  Romanovskv  ( 1933),  Tricorn i 1 1933 ).  Davies  & 
Pearson  (1934),  Eyraud  (1934a,b),  Gumbel  1 1934d,e.f.g',  Jeffreys  (1934).  Mvinzner  (1934',  Rosin  & 
Rammler  ( 1934 1,  Slade  ( 1934),  Thomson  ( 1934),  Birkeland  & Frogner  ( 1935),  Bond  ) 1935),  Fisher 
(1935),  Frechet  (1935),  Gumbel  ( 1935a, b,c.  1935-36),  McKay  ( 1 935 ),  Pearson  (1935),  Pearson  & 
Haines  1 1935),  Pietra  < 1935b),  Thompson  ( 1935).  Darmois  1 1936),  Foster  1 1936).  Grassberger  1 1936), 
Gumbel  1 1936a ).  Horton  1 1936),  von  Mises  ( 19361.  Nair  ( 1936),  Nevman  & Pearson  i 1 936).  Pearson  & 
Chandra  Sekar  ( 1936),  Pitman  1 1936),  Saville  ( 1936),  Slade  ( 1936).  Sukhatme  ( 1936).  Bowley  < 1937 ). 
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Calich'iopulo  ( 1937 ),  Coutagne  ( 1937 ),  Gumbel  ( 1937a, c,d,  1937-38),  Neyman  ( 1937b),  Pitman  < 1937 1, 
Savur  ( 1937a,b),  Snedecor  ( 1937 ),  Sukhatme  ( 1937 ),  Wold  ( 1937),  Bruen  ( 1938),  Fisher  ( 1938 ).  Fisher 
& Yates  ( 1938),  Gumbel  ( 1938b),  Jeffreys  ( 1938),  Kimball  1 1938),  Savur  ( 1938),  Wilks  1 1938),  Wishart 
( 1938),  Coutagne  ( 1939),  Derevitskv  ( 1939),  Eisenhart  ) 1939),  Gini  ( 1939),  Gumbel  1 1939b, f),  l’Her- 
mitei  1939),  Hulme  & Symmsi  1939),  Jeffreys)  1939),  Newman  1 1939),  Pearson  1 1939),  Pitman  1 1939), 
Wald  (1939),  Arlev  (1940),  Arlev  & Buch  )1940>,  Fisher  (1940),  Frechet  ) 1940a),  Kendall  < 1940 ), 
Kontorova  (1940),  Lawley  (1940),  Nair  1 1940a),  Wald  (1940),  Chandra  Sekar  & Francis  (1941), 
Cochran  1 1941 1,  Daniels  ( 1941 ),  Davis  1 1941 ).  Finney  ( 1941 1,  Frechet  ( 1941 ),  Kontorova  & Frenkel 
(1941 1.  von  Schelling  (1941),  Simon  ( 194 1 ),  Smirnoff  (1941),  Tucker  (1941),  Wilks  (1941),  Beard 
( 1942).  Boldrini  ( 1942),  Dudding  & Jennett  ( 1942),  Evans  ( 1942),  Gaede  ( 1942),  Gumbel  ( 1942a, b,c>. 
Hartley  (1942),  Nair  & Shrivastava  (1942),  Pearson  (1942),  Pearson  & Hartley  (1942),  Wald  11942), 
Barnard  ( 1943),  Barricelli  ( 1943),  Curtiss  1 1943),  Deming  ( 1943),  Gumbel  ( 1943a.b,c>.  Kendall  1 1943), 
Knudsen  ( 1943),  Kontorova  ( 1943),  Nair  & Banerjee  ( 1943),  Pearson  & Hartley  ( 1943),  Wilks  ( 1943), 
Geary  (1944),  Gumbel  (1944),  Hartley  (1944),  Rodgers  (1944),  Daniels  (1945).  Gumbel  (1945a), 
Gurney  ( 1945),  Tintner  ( 1 945 ),  Tucker  ( 1945a, b),  Baker  (1946),  Brown  & Tukey  (1946),  Cramer 
(1946),  Daly  (1946),  Freudenthal  (1946),  Grant  (1946),  Hoel  (1946),  Jones  (1946).  Kendall  (1946), 
Kimball  ( 1946a).  Kontorova  (1946),  Mosteller  (1946),  Tukey  (1946),  Walsh  ( 1946a, b),  Bartlett 
( 1947a, b),  Bickerstaff  (1947),  Cohan  1 19471,  Davidenkov,  Shevandin  & Wittmann  (1947),  Duncan 
(1947),  Egudin  (1947).  Eisenhart,  Hastay  & Wallis  (1947).  Eisenhart  & Solomon  (1947),  Elfving 
(1947),  Fisher  & Hollomon  ( 1947 ),  Gensamer,  Saibel  & Lowiie  (1947),  Grubbs  & Weaver  (1947), 
Gumbel  (1947),  Gurney  (1947),  Gurney  & Pearson  (1947),  Hastings,  Mosteller,  Tukey  & Winsor 
( 1947),  Jacobson  ( 1947),  Lehmann  ( 1947),  Lord  ( 1947),  von  Mises  ( 1947).  Moran  ( 1947 ),  Nair  ( 1947 ), 
Plackett  (1947),  Purcell  (1947),  Walsh  < 1947 ),  Anderson  (1948),  Cox  ( 1948 ).  Eisenhart,  Deming  & 
Martin  1 1948b),  Eisenhart  & Martin  ( 1948i,  Epstein  ( 1948a, b),  Frankel  ( 1948),  Geary  ( 19481,  Gumbel 
( 1948),  Higuchi,  Leeper  & Davis  1 1948),  Hoeffding  ( 1948),  Housner  & Brennan  1 1948),  Jones  ( 1948), 
Nair  1 1948a, b),  Nanda  ( 1948a, b),  Pillai  (1948),  Rao  (1948),  Stevens  (1948),  Tukey  (1948b.c).  Wilks 
(1948),  Bartlett  (1949),  Benson  (1949),  Cole  (1949),  Cox  (1949),  Godwin  (1949a,b>,  Gumbel  (1949), 
Harris  & Tukey  (1949),  Hartley  (1949).  Howell  (1949).  Kac  (1949),  Kimball  (1949),  Kontorova  & 
Timoshenko  ( 1949),  Lane  & Lei  0949),  Levi  ( 1949),  McMillan  ( 1949),  Nair  ( 1949a, b).  Noether  ( 1949). 
Paulson  (1949),  Peterson  < 1949a, b),  Prot  ( 1949a, b,c),  Purcell  11949),  Scheffe  (1949),  Shone  (1949). 
Smirnov  (1949b),  Tukey  1 1949a, b,c,d,e,fT.  Walsh  il949a.c,d'.  Weibull  (1949),  Yamanouchi  (1949), 
Youden  1 1949) 

NORMAL  (GAUSSIAN)  DISTRIBUTION,  GENERALIZED— SEE  GENERALIZED  NORMAL 

(GAUSSIAN)  DISTRIBUTION 

NORMAL  (GAUSSIAN)  DISTRIBUTION,  MULTIVARIATE— SEE  MULTIVARIATE  NORMAL  DIS- 
TRIBUTION 

NORMAL  PROBABILITY  PAPER-SEE  PROBABILITY  PAPER,  NORMAL 

NUMBERS.  INDEX.  APPLICATIONS  TO— SEE  INDEX  NUMBERS.  APPLICATIONS  TO 

NUTRITION.  APPLICATIONS  TO-SEE  FOODS  AND  NUTRITION.  APPLICATIONS  TO 

OCCURRENCE  INTERVAL 
Gumbel  ( 1945a) 

OCTILES 
Edgeworth  < 1886b) 

OGRODNIKOFFS  METHOD  OF  TREATING  OUTLIERS— SEE  OUTLIERS,  OGRODN1KOFFS 

METHOD  OF  TREATING 
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ONE-SAMPLE  TESTS  (OR  CONFIDENCE  PROCEDURES) 

Fisher  (1929),  Savur  ( 1937a, b),  Smirnoff  (1937a),  Snedecor  (1937),  Sukhatme  (1937),  Thibaud  & 
Ferber  ( 1937),  Bartlett  ( 1938),  Savur  ( 1938),  Smirnov  ( 1939a,b,c),  Wald  ( 1939),  Nair  ( 1940a),  Paulson 
(1940),  Davis  (1941),  Kolmogoroff  (1941),  Paulson  (1941),  Dodd  (1942),  Gumbel  (1942a),  Pearson 
(1942),  Knudsen  (1943),  Pearson  & Hartley  (1943),  Scheffe  (1943),  Wilks  (1943),  Smirnov  (1944), 
Scheffe  & Tukey  (1945),  Tintner  (1945),  Cramer  (1946),  Daly  (1946),  Greenwood  (1946),  Kendall 
(1946),  Kimball  (1946a),  Mosteller  (1946),  Tintner  (1946),  Walsh  (1946a),  Bickerstaff  (1947), 
Eisenhart,  Hastay  & Wallis  (1947),  Jacobson  (1947),  Kimball  (1947),  Lehmann  (1947),  Lord  (1947), 
von  Mises  ( 1947),  Bartlett  ( 1948),  Eisenhart,  Deming  & Martin  ( 1948b),  Feller  ( 1948),  Geary  ( 1948), 
Murphy  (1948),  Nair  (1948b),  Noether  (1948),  Rao  (1948),  Smirnov  (1948),  Tukey  (1948a),  Wilks 
( 1948),  Birnbaum  & Zuckerman  < 1949),  Chung  ( 1949),  Cox  ( 1949),  Doob  (1949),  Hartley  ( 1949),  Kac 
(1949),  Kimball  (1949),  Maniya  (1949),  Noether  (1949),  Smirnov  (1949a),  Tukey  (1949b),  Walsh 
( 1949a, b,c,d),  Wolfowitz  (1949) 

ONE-SIDED  TESTS  (OR  INTERVALS)— SEE  TESTS  (OR  INTERVALS),  ONE-SIDED 

OPTICS,  APPLICATIONS  TO 
Lambert  (1760),  Petzval  (1857) 

ORDERED  ROOTS  OF  DETERMIN ANTAL  EQUATIONS 
Fisher  ( 1939),  Girshick  ( 1939),  Hsu  ( 1939),  Roy  1 1939,  1940a, b),  Hsu  ( 1941a, b),  Roy  ( 1942a, b),  Wilks 
(1943),  Anderson  (1945,  1946),  Kendall  (1946),  Roy  (1946a,b),  Tintner  (1946),  Bartlett  ( 1947a, b), 
Anderson  (1948),  Bartlett  (1948),  Geary  (1948),  Nanda  ( 1948a, b),  Rao  (1948) 

ORDER  STATISTIC,  FIRST  (SMALLEST)— SEE  SMALLEST  SAMPLE  VALUE 

ORDER  STATISTIC,  MTH  LARGEST  (SMALLEST)— SEE  MTH  LARGEST  (SMALLEST)  SAMPLE 

VALUE 

ORDER  STATISTIC,  NTH  (LARGEST)— SEE  LARGEST  SAMPLE  VALUE 

ORDER  STATISTICS  OF  SAMPLE,  ALL 

Boscovich  (1760),  Lalande  (1771),  Laplace  (1774),  D.  Bernoulli  (1778),  J.  Bernoulli  (1785).  Laplace 
(1793,  1799),  Prony  (1804),  von  Lindenau  (1806),  Laplace  (1812),  van  Beeck  Calkoen  (1816),  Adrain 
( 1818),  Anonymous  ( 1821),  Hagen  ( 1837),  Boudin  ( 1865),  Todhunter  ( 1865),  Clifford  ( 1866),  Whitworth 
(1867),  von  Andrae  (1872),  Todhunter  (1873),  Helmert  (1875a,  1876a,  1877a),  Merriman  (1877), 
Herschel  ( 1878),  Lalanne  ( 1879),  Galton  ( 1881),  Bruns  ( 1882),  Schreiber  ( 1882),  Bertrand  ( 1888c),  Faye 
( 1888),  Galton  ( 1888i,  Jordan  ( 1888),  Bertrand  ( 1889),  Pizzetti  ( 1889),  Estienne  ( 1890).  Runge  ( 1890), 
van  den  Berg  (1891),  Czuber  (1891b),  Pizzetti  (1892),  Wolffing  (1899),  Laska  (1900),  Galton  (1902), 
Pearson  ( 1902),  Czuber  1 1903).  Holmes  ( 1905),  Lorenz  ( 1905),  Watkins  1 1905),  Kozak  ( 1908-10),  Wat- 
kins ( 1908),  Gini  ( 1909),  Persons  ( 1909),  Watkins  ( 1909),  Gini  ( 1910),  Furlan  ( 191 1 ),  Mortara  (1911), 
Gini  ( 1912),  Wellisch  ( 1913),  Czuber  ( 1914),  Gini  ( 1914b,  1915a, b),  Mantel  ( 1915),  Savorgnan  ( 1915), 
Trachtenberg  ( 19 15),  Gini  ( 1916b,  1917),  Campbell  ( 1920),  Daniell  ( 1 920 1,  de  Pietri-Tonelli  ( 1920),  Hall 
(1921),  Julin  (1921),  von  Bortkiewicz  il922a,b),  Foster  ( 1 924 ),  Bottema  (1925),  Irwin  ( 1925a, b).  Levy 
( 1925),  Pearson  1 1925),  Chadwick  ( 1926),  Gini  ( 1926).  Jarvis  ( 1926),  Pearson  ( 1926).  Alliaume  ( 1927a). 
Friedrich  i 1927 ),  Goodrich  i 1927 ),  Tucker  ( 1927 ),  Cramer  ( 1928),  de  Gleria  ( 1 929 ),  d'Addario  ( 1930). 
de  Finetti  & Paciello  (1930),  de  Gleria  (1930),  Hazen  (1930),  March  il930>,  Rhodes  il930),  Scar- 
borough 1 1930i.  von  Bortkiewicz  ( 1931 ).  de  Finetti  < 1931a),  Hojo  ( 1931 ),  von  Mises  ( 1931 ),  Pearson  & 
Pearson  (1931  >,  Shewhart  i 193 1 ),  Jeffreys  1 1932b'.  Luvten  1 1932),  Pearson  & Pearson  1 1932).  Bartlett 
(1933),  Baticle  1 1933a, b),  Cantelli  (1933).  Castellano  (1933a),  Eddington  < 1933 1,  de  Finetti  (1933), 
Fisher  1 1933).  Glivenko  1 1933).  Hotelling  i 1933).  Kolmogoroff  1 1933),  Rider  ( 1933),  Watkins  1 1933), 
Yang  i 19.33),  Evraud  1 1934b),  Fisher  1 1934),  Foster  1 1934),  Jeffreys  1 1934),  Mortara  ( 1934a),  Slade 
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( 1934),  Anderson  ( 1935),  Eyraud  ( 1935),  Gumbel  ( 1935a),  Pietra  ( 1935a),  Wold  ( 1935),  Foster  < 1936), 
Girshick  1 1936),  Grassberger  (1936),  Horton  ( 1936 ),  Hotelling  ( 1936a, bi,  Nair  (1936),  Pearson  & 
Chandra  Sekar  (1936),  Ruark  & Devol  (1936),  Saville  ( 1936 >.  Smirnoff  (1936),  Sukhatme  (1936), 
Thompson  (1936),  Aitken  (1937),  Bowley  (1937),  Friedrich  (1937),  Kozakiewicz  (1937),  Nevman 
(1937a),  Pitman  (1937),  Savur  (1937a),  Smirnoff  ( 1937a, bl,  Sukhatme  (1937),  Thibaud  & Ferber 
(1937),  Wold  ( 1937),  Bartlett  ( 1938),  Bose  ( 1938),Cisbani  ( 1938),  Dodd  ( 1938),  Fisher  1 1938),  Fisher  & 
Yates  (1938),  Hertzman  (1938),  Kimball  (1938),  Thompson  (1938),  Waschakidse  ( 1938 ),  d’Addario 
( 1939),  Coutagne  < 1939),  Fisher  ( 1939),  Gini  ( 1939),  Girshick  < 1939),  Gumbel  < 1939a,b,d),  Hsu  1 1939), 
Pitman  1 1939),  Roy  ( 1939),  Ruark  ( 1939),  Smirnov  ( 1939a, b,c),  Stevens  ( 1939),  de  Vergottini  1 1939), 
Wald  & Wolfowitz  1 1939),  Dodd  1 1940),  Feller  ( 1940),  Garwood  ( 1949 ),  Kendall  ( 1940),  Roy  ( 1940a, bl, 
Singleton  (1940),  de  Vergottini  (1940),  Wald  (1940),  Gumbel  ( 1941a, b),  Hsu  (1941a),  Kolmogoroff 
(1941),  Paulson  (1941),  Pizzetti  (1941a, b),  Rajalakshman  (1941),  von  Schelling  ( 194 1 1,  Thompson 
(1941),  Wald  & Wolfowitz  (1941),  Wilks  (1941),  Beard  (1942),  Frechet  (1942),  Gumbel  (1942a, b,c). 
Hartley  ( 1942),  Livada  ( 1942),  Nair  & Shrivastava  ( 1942),  Pearson  ( 1942),  Roy  1 1942a,b).  Wald  ( 1942), 
Wilks  (1942),  Craig  (1943),  Gumbel  (1943a,b,c),  Kendall  (1943),  Nair  & Banerjee  (1943),  Powell 
( 1943),  Price  ( 1943 ),  Rajalakshman  ( 1943),  Scheffe  ( 1943),  Wald  ( 1943 1,  Wilks  ( 1943),  Bowker  (1944), 
Reiersol  ( 1944),  Robbins ( 1944a),  Smirnov  ( 1944),  Anderson  ( 1945),  Daniels!  1945),  Gumbel  ( 1945a,bl, 
Nordquist  ( 1945),  Roy  1 1945),  Scheffe  & Tukey  ( 1945),  Anderson  ( 1946),  Cramer  ( 1946),  Greenwood 
( 1946i,  Kimball  ( 1946bi,  Mosteller  ( 1946),  Rov  ( 1946a, b),  Walsh  ( 1946b).  Bartlett  1 1947b),  Bickerstaff 
(1947),  Domb  (1947),  Duncan  (1947),  Egudin  (1947),  Hastings,  Mosteller,  Tukey  & Winsor  (1947 
Kimball  1 1947),  Kincaid  1 1947),  Lehmann  ( 1947),  Lord  1 1947),  von  Mises  ( 1947),  Moran  ( 1947),  Nair 
( 1947),  Tukey  ( 1947),  Anderson  ( 1948),  Feller  ( 1948),  Gumbel  ( 1948),  Hoeffding  ( 1948).  Houstier  & 
Brennan  (1948),  Jones  (1948),  Murphy  (1948),  Nair  ( 1948a, bl,  Nanda  ( 1948a. bl,  Pillai  (1948),  Rao 
( 1948),  Smirnov  ( 1948),  Thomas ( 1948),  Tukey  ( 1948a,c),  Wilks  ( 1948),  Bartlett!  1949).  Benson  1949), 
Chung  (1949),  Doob  (1949),  Godwin  ( 1949a, b),  Kac  (1949),  Lane  & Lei  ( 1949),  Langbem  1 1949 ). 
Maniya  ( 1949),  Nair  ( 1949b),  Noether  ( 19491,  Paulson  ( 1949),  Potter  1 1949a, hi,  Purcell  ( 1949),  Smir- 
nov ( 1949a, b),  Tukey  ( 1949a, b),  Walsh  ( 1949a, c,d),  Weibull  (1949),  Wolfowitz  (1949),  Yamanouchi 
( 1949),  Youden  1 1949) 

ORDER  STATISTICS  OF  SAMPLE,  SELECTED 

Smirnoff  ( 1937b),  Kendall  ( 1940),  Nair  ( 1940b),  Wilks  ( 1943),  Scheffe  & Tukey  ( 1944),  Tintner  ( 1945), 
Mosteller  (1946),  Bickerstaff  (1947),  Tukey  (1949b),  Walsh  ( 1949b, c.d>.  Wolfowitz  (1949), 
Yamanouchi  (1949) 

OSCILLATION,  MEAN— SEE  MEAN  OSCILLATION 

OUTLIERS,  AIRY'S  METHOD  OF  TREATING 
Airy  (1856),  Winlock  (1856),  Edgeworth  (1887a),  Wellisch  (1909) 

OUTLIERS,  BERTRAND'S  CRITERION  FOR  REJECTION 

Bertrand  (1888b),  Gore  (1889),  Pizzetti  (1892),  Czuber  ( 1899 ),  Wolffing  11899).  Wellisch  (1909). 
Coolidge  ( 1925) 

OUTLIERS,  CHAUVENET'S  CRITERION  FOR  REJECTION 
Chauvenet  (1863),  Stone  (1868),  Glaisher  (1873),  Stone  (1873b),  Jevons  (1874),  Merriman  (1877. 
1884),  Wright  (1884).  Edgeworth  1 1887a).  Lehmann-Filhes  il887).  Pizzetti  (1892).  Vallier  il894i. 
Cranz  < 1 896 ),  Czuber  (1899),  Sheppard  ( 1 899b ),  Wolffing  (1899),  Heydenreich  (1903),  Kozak  (1907, 
1908-10),  Wellisch  (1909).  Goodwin  (1913).  Brunt  ( 1917),  Stewart  (1920a),  Coolidge  (1925),  Irwin 
1 1925b),  Ogrodnikoff  1 1928),  Pearson  ( 1931 1,  Jeffreys  1 1932a),  Rider  ( 1933).  Bond  1 1935i.  Derevitsky 
( 19391,  Jeffreys  ( 1939),  Arley  < 1940),  Smirnoff  ( 1941 1 

OUTLIERS.  DE  MORGAN'S  ALTERNATIVE  TO  REJECTION 
De  Morgan  (1847),  Edgeworth  1 1887a).  Gore  (1889),  Pizzetti  (1892),  Wellisch  (1909),  Ogrodnikoff 
i 1928) 
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OUTLIERS,  EDGEWORTH’S  MODIFICATION  OF  STONE’S  FIRST  CRITERION  FOR  REJECTION 
Edgeworth  (1887a),  Pizzetti  (1892),  Coolidge  (1925),  Rider  (1933) 

OUTLIERS,  GLAISHER’S  ALTERNATIVE  TO  REJECTION 
Glaisher  (1872,  1873),  Stone  (1873b),  Glaisher  (1874),  Stone  (1874),  Merriman  (1877),  Doolittle 
(1884),  Edgeworth  (1886a,  1887a),  Gore  (1889),  Pizzetti  (1892),  Wellisch  (1909),  Coolidge  (1925), 
Ogrodnikoff  (1928),  Rider  (1933) 

OUTLIERS,  GOODWIN’S  CRITERION  FOR  REJECTION 
Goodwin  ( 1913) 

OUTLIERS,  HEYDENREICH’S  CRITERION  FOR  REJECTION 
Cranz  (1896)  [Cranz  & Becker  (1910)],  Heydenreich  (1903),  Arley  (1940) 

OUTLIERS,  HULME-SYMMS  ALTERNATIVE  TO  REJECTION 
Hulme  & Symms  (1939) 

OUTLIERS,  IRWIN’S  CRITERION  FOR  REJECTION 
Irwin  (1925b),  Pearson  (1931),  Rider  (1933),  McKay  (1935),  Thompson  (1935),  Kendall  (1946) 

OUTLIERS,  JEFFREYS’  ALTERNATIVE  TO  REJECTION 
Jeffreys  (1932a),  Rider  (1933),  Hulme  & Symms  (1939),  Jeffreys  (1939) 

OUTLIERS,  MAZZUOLI’S  CRITERION  FOR  REJECTION 
Cranz  (1896)  [Cranz  & Becker  (1910)],  Mazzuoli  (1908),  Arley  (1940) 

OUTLIERS,  MCKAY’S  CRITERION  FOR  REJECTION 
McKay  (1935) 

OUTLIERS,  MERRIMAN’S  CRITERION  FOR  REJECTION 
Merriman  (1884),  Gore  (1889),  Pizzetti  (1892),  Wolffing  (1899),  Bruen  (1938) 

OUTLIERS,  NEWCOMB’S  METHOD  OF  TREATING 
Newcomb  ( 1886),  Edgeworth  ( 1887a),  Gore  ( 1889),  Pizzetti  ( 1892),  Wellisch  ( 1909),  Newcomb  ( 1912), 
Ogrodnikoff  (1928),  Rider  (1933),  Hulme  & Symms  (1939) 

OUTLIERS,  OGRODNIKOFF’S  METHOD  OF  TREATING 
Ogrodnikoff  ( 1928) 

OUTLIERS,  PEIRCE’S  CRITERION  FOR  REJECTION 
Peirce  (1852),  Gould  (1855),  Airy  (1856),  Winlock  (1856),  Chauvenet  (1863),  Stone  (1868),  Glaisher 
( 1872,  1873),  Peirce  ( 1873),  Jevons  ( 1874),  Merriman  ( 1877),  Peirce  ( 1878),  Schott  ( 1878),  Edgeworth 
(1883b),  Doolittle  (1884),  Merriman  (1884),  Wright  (1884),  Edgeworth  (1886a),  Newcomb  (1886), 
Edgeworth  ( 1887a),  Lehmann-Filhesi  1887),  Gore  ( 1889),  Pizzetti  ( 1892),  Cranz  ( 1896),  Czuber  ( 1899), 
Wolffing  ( 1899),  Saunder  ( 1903),  Kozak  ( 1907),  Wellisch  ( 1909),  Goodwin  ( 1913),  Contarino  ( 1914), 
Brunt  ( 1917),  Stewart  ( 1920a),  Archibald  ( 1925),  Coolidge  ( 1925),  Irwin  ( 1925b),  Ogrodnikoff  ( 1928), 
Jeffreys  1 1932a),  Rider  ( 1933),  Jeffreys  ( 1939),  Lawley  ( 1940) 

OUTLIERS,  ROHNE’S  CRITERION  FOR  REJECTION 
Cranz  ( 1896)  [Cranz  & Becker  ( 1910)],  Rohne  ( 1907),  Arley  ( 1940) 

OUTLIERS.  SHEPPARD’S  MODIFICATION  OF  CHAUVENET'S  CRITERION  FOR  REJECTION 
Sheppard i 1899b) 
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OUTLIERS,  STEWARTS  METHOD  OF  TREATING 
Stewart  (1920b),  Ogrodnikoff  (1928),  Rider  (1933) 

OUTLIERS,  STONE’S  FIRST  CRITERION  FOR  REJECTION 
Stone  (1868),  Glaisher  (1873),  Stone  (1873b),  Glaisher  (1874),  Stone  (1874),  Merriman  (1877), 
Edgeworth  (1883b),  Doolittle  (1884),  Wright  (1884),  Edgeworth  (1887a),  Pizzetti  (1892),  Vallier 
(1894),  Cranz  (1896),  Czuber  (1899),  Kozak  (1907,  1908-10),  Coolidge  (1925),  Ogrodnikoff  ( 1928), 
Rider ( 1933) 

OUTLIERS,  STONE’S  SECOND  CRITERION  FOR  REJECTION 
Stone  (1873b),  Edgeworth  (1887a),  Pizzetti  (1892),  Wellisch  (1909),  Rider  (1933) 

OUTLIERS,  STUDENT’S  CRITERION  FOR  REJECTION 
Student  1 1927) 

OUTLIERS,  THOMPSON’S  CRITERION  FOR  REJECTION 
Thompson  (1935),  Arley  (1940),  Smirnoff  (1941),  Kendall  (1946) 

OUTLIERS,  TIPPETT’S  CRITERION  FOR  REJECTION 
Tippett  (1925),  Rider  (1933),  Pearson  & Chandra  Sekar  (1936) 

OUTLIERS,  T0PSOE-JENSEN  CRITERION  FOR  REJECTION 
Arley  (1940) 

OUTLIERS,  TREATMENT  OF 

Maire  & Boscovich  (1755),  Boscovich  (1757),  Lambert  (1760),  Short  (1763),  Lambert  (1765b),  D. 
Bernoulli  (1778),  J.  Bernoulli  (1785),  Legendre  (1805),  von  Zach  (1805),  Delambre  (1806-10), 
Legendre  (1814),  van  Beeck  Calkoen  (1816),  Anonymous  (1821),  Muncke  (1825),  Hagen  1 1837),  Bessel 
& Baeyer(1838), Stampfer ( 1839),  Gerling)  1843),  De Morgan ( 1847),  Peirce!  1852),  Gould  1 1855),  Airy 
(1856),  Winlock  (1856),  Airy  (1861),  Chauvenet  (1863),  Todhunter  (1865),  Stone  (1868),  Glaisher 
( 1872),  Helmert  ( 1872),  Glaisher  ( 1873),  Peirce  ( 1873),  Stone  ( 1873b),  Glaisher  ( 1874),  Jevons  (1874), 
Stone  (1874),  Merriman  (1877),  Peirce  (1878),  Schott  (1878),  Edgeworth  (1883b),  Doolittle  (1884), 
Merriman  (1884),  Wright  (1884),  Edgeworth  (1886a),  Newcomb  (1886),  Edgeworth  ( 1887a, b.c.d), 
Lehmann-Filhes  (1887),  Bertrand  ( 1888a, b),  Faye  (1888),  Bertrand  (1889),  Gore  (1889),  Jordan 
(1890),  Czuber  (1891a),  Pizzetti  (1892),  Edgeworth  (1893),  Vallier  (1894),  Mendeleev  (1895),  Cranz 
( 1896),  Poincare  ( 1896),  Rodewald  ( 1898),  Czuber  (1899),  Sheppard  ( 1899b),  Wolffing  ( 1899),  Pearson 
(1902),  Heydenreich  (1903),  Saunder  (1903),  Kozak  (1907),  Rohne  (1907),  Vogeler  (1907),  Kozak 
(1908-10),  Mazzuoli  (1908),  Wellisch  (1909),  Edgeworth  (1911),  Goodwin  (1913),  Wellisch  (1913), 
Contarino  (1914),  Brunt  (1917),  Daniell  (1920),  Stewart  (1920a,b),  Keynes  (1921),  Fisher  (1922), 
Archibald  (1925),  Coolidge  (1925),  Irwin  (1925b),  Reilly,  Rae  & Wheeler  (1925),  Tippett  (1925), 
Alliaume  ( 1927a),  Estienne  (1927),  Student  ( 1927),  Dufton  (1928),  Ogrodnikoff  (1928),  Scarborough 
( 1930).  Pearson  ( 1931 ),  Jeffreys  ( 1932a),  Rider  ( 1933),  Bond  ( 1935),  McKay  ( 1935),  Thompson  1 1935), 
Pearson  & Chandra  Sekar  ( 1936),  Calichiopulo  ( 1937),  Jeffreys  ( 1938),  Derevitsky  ( 1939),  Hulme  & 
Symms  < 1939),  Jeffreys  ( 1939),  Arley  ( 1940),  Arley  & Buch  (1940),  Smirnoff  < 1941 ),  Deming  (1943), 
Wing,  Price  & Douglass  (1944),  Kendall  (1946),  Nair  (1948b),  Benson  (1949),  Youden  (1949) 

OUTLIERS.  VALLIER’S  CRITERION  FOR  REJECTION 
Vallier  ( 1894),  Cranz  ( 1896),  Heydenreich  (1903),  Kozak  ( 1908-10),  Arley  ( 1940) 
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OUTLIERS,  WELLISCH’S  CRITERION  FOR  REJECTION 
Wellisch  (1909,  1913) 

OUTLIERS,  WRIGHT-HAYFORD  CRITERION  FOR  REJECTION 
Wright  ( 1884)  [Wright  & Hayford  ( 1906)),  Brunt  ( 1917),  Reilly,  Rae  & Wheeler  1 1925),  Rider  ( 1933) 

OUTLIERS,  WRIGHT  S CRITERION  FOR  REJECTION 
Wright  (1884),  Gore  (1889)  [1903],  Pizzetti  (1892) 

PARABOLIC  DISTRIBUTION 

Lagrange  ( 1774),  Bernoulli  ( 1785),  Merriman  ( 1877),  Pizzetti  ( 18921,  Bliimcke  ( 1898i,  Fisher  ( 1922), 
Walsh  ( 1949bi 

PARETO  DISTRIBUTION 

Pareto  (1897),  Lorenz  (1905),  Watkins  (1908),  Gini  (1909),  Persons  (1909),  Watkins  (1909),  Gini 
(1910),  Edgeworth  (1911),  Furlan  (1911),  Mortara  (1911),  Porru  (1912),  Savorgnan  ( 1915 ).  Ricci 
1 1916),  Gini  ( 1917),  Niceforo  ( 1919),  Dalton  ( 1920),  Winkler  ( 1924),  Amoroso  ( 1925),  Gumbel  ( 1927), 
Saibante  ( 1928),  d’Addario  ( 1930),  Gibrat  ( 1930),  d’Addario  (1931),  von  Bortkiewicz  ( 1931 ),  d'Addario 
( 1932),  Castellano  ( 1933a),  Yntema  1 1933),  d’Addario  ( 1934a,b),  Dominedo  ( 1934),  Castellano  ( 1935), 
Pietra  ( 1935b),  d’Addario  ( 1936),  Gini  ( 1936),  von  Mises  ( 1936),  Bresciani-Turroni  ( 1937),  d'Addario 
( 1939),  Bresciani-Turroni  ( 1939),  Gini  ( 1939),  Davis  ( 1941 ).  Pizzetti  1 1941b),  Gumbel  ( 1943c,  1945a), 
Cramer  ( 1946),  Gumbel  ( 1947 ) 

PAULSON’S  MULTIPLE  DECISION  PROCEDURE— SEE  MULTIPLE  DECISION  PROCEDURE, 
PAULSON’S 

PAUPERISM,  APPLICATIONS  TO 
Galton  (1896),  Yule  1 1896a, b) 

PEARSON’S  MEASURE  OF  SKEWNESS— SEE  SKEWNESS,  PEARSON’S  MEASURE  OF 
PEARSON  SYSTEM  OF  DISTRIBUTIONS 

Pearson  (1895),  Galton  (1896),  Yule  1 1896a, b),  Kapteyn  (1903),  Charlier  (1910),  Edgeworth  (1911, 
1913),  Tolley  (1916),  Daniell  ( 1920),  Jones  (1921),  Julin  ( 1921 ),  Fisher  ( 1922),  Dodd  ( 1923),  Foster 
(1924),  Rietz  (1924),  Irwin  (1925a),  Burgess  (1927),  Goodrich  (1927),  Sophister  (1928),  Pearson  & 
Adyanthaya  (1929),  Rider  (1929),  Gibrat  (1930),  Lidstone  (1930),  Edgett  (1931),  Pearson  (1931), 
Pearson  & Pearson  ( 1931,  1932),  McKay  & Pearson  ( 1933),  Foster  ( 1934),  Rosin  & Rammler  ( 1934), 
Slade  ( 1934),  Gumbel  ( 1935b),  Foster)  1936),  Saville  ( 1936),  d'Addario  1 1939),  Creager  ( 1939),  Gumbel 
( 1942b),  Hartley  ( 1942),  Kendall  1 1943),  Wilks  ( 1943),  Cramer  ( 1946),  Kendall  ( 1946),  Gurney  ( 19471, 
Gurney  & Pearson  (1947),  Cox  (1949) 

PEARSON  TYPE  I DISTRIBUTION 

Pearson  (1895),  Foster  (1924i,  Sophister  (1928),  Hazen  (1930),  Steffensen  (1930),  Edgett  (1931). 
Pearson  & Pearson  ( 1931 1.  Foster  ( 1934),  Slade  ( 1934),  Sastrv  ( 1935),  Foster  ( 1936),  Saville  ( 1936), 
Kimball  ( 1938),  Wilks  ( 1943),  Cramer  ( 1946),  Greenwood  ( 1946),  Kendall  ( 1946),  Bickerstaff  ( 1947) 

PEARSON  TYPE  II  DISTRIBUTION 

Pearson  ( 1895),  Pearson  & Adyanthaya  ( 1928).  Steffensen  ( 1930),  Pearson  & Pearson  1 1931),  Foster 
(1936),  Kendall  (1946),  Bickerstaff  1 1947),  Benson  (1949) 
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PEARSON  TYPE  III  DISTRIBUTION 

Pearson  ( 18951,  Czuber  < 1921),  Fisher  1 1922),  Foster  1 1924),  Amoroso  1 1925),  Burgess  ( 1927 1,  Sophis- 
ter  ) 1928),  Gibrat  1 1930),  Hazen  ( 1930),  Edgett  ( 1 93 1 ),  d’Addario  ( 1932),  Foster  1 1934),  Slade  1 1934), 
Gumbel  (1935-36),  d'Addario  (1936),  Foster  (1936),  Saville  (1936),  Slade  (1936),  Gumbel  (1937d), 
Kimball  ( 1938),  d’Addario  ( 1939),  Roller  ( 1941 ),  Pearson  ( 1942),  Wilks  ( 1943),  Cramer  ( 1946),  Kendall 
( 1946),  Stevens  ( 1948),  Cox  ( 1949),  Press  ( 1949) 

PEARSON  TYPE  IV  DISTRIBUTION 
Pearson  (1895),  Edgett  (1931),  Luyten  (1932),  Kendall  (1946) 

PEARSON  TYPE  V DISTRIBUTION 

Pearson  (1895),  Amoroso  (1925),  Gibrat  (1930),  Edgett  (1931),  d’Addario  (1932,  1936) 

PEARSON  TYPE  VI  DISTRIBUTION 

Pearson  ( 1895),  Sophister  ( 1928),  Gibrat  ( 1930 ),  Edgett  ( 1931 ),  Saville  ( 1936),  Cramer  ( 1946) 
PEARSON  TYPE  VII  DISTRIBUTION 

Pearson  (1895),  Pearson  & Adyanthaya  (1928),  Steffensen  (1930),  Foster  (1936),  Jeffreys  (1939), 
Wilks  ( 1943),  Cramer  < 1946),  Benson  ( 1949) 

PEARSON  TYPE  IX  DISTRIBUTION 

Pearson  (1895),  Pearson  & Pearson  (1931),  Rajalakshman  (1941),  Bickerstaff  (1947) 

PEIRCE'S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  PEIRCE  S CRITERION 
FOR  REJECTION 

PERCENTAGE  POINTS 

Vinci  ( 1918),  Pearson  ( 1932),  McKay  & Pearson  ( 1933),  Pollard  ( 1934),  McKay  < 1935),  Pearson  ( 1935), 
Chandra  Sekar  & Francis  ( 1941 ),  Cochran  ( 1941 ),  Finney  ( 1941 ),  Kolmogoroff  ( 1941),  Simon  (1941), 
Thompson  (1941),  Pearson  & Hartley  (1942),  Curtiss  (1943),  Knudsen  (1943),  Mathisen  (1943), 
Pearson  & Hartley  (1943),  Scheffe  (1943),  Scheffe  & Tukey  (1944),  Brown  & Tukey  (1946),  Cramer 
( 1946),  Daly  ( 1946),  Kendall  ( 1946),  Kimball  ( 1946a),  Eisenhart,  Hastay  & Wallis!  1947),  Eisenhart  & 
Solomon  (1947),  Elfving  (1947),  Grubbs  & Weaver  (1947),  Gumbel  (1947),  Jacobson  (1947),  Lord 
(1947),  Eisenhart,  Deming  & Martin  (1948a),  Murphy  (1948),  Nair  (1948a),  Rao  (1948),  Schtitzen- 
berger  (1948),  Tukev  ( 1948b, c),  Wilks  (1948),  Godwin  (1949b),  Gumbel  (1949),  Tukey  (1949a,b), 
Walsh  ( 1949b, d) 

PERCENTILES 

Galton  ( 1889),  Gore  ( 1889),  Galton  ( 1896i.  Yule  ( 1896b),  Edgeworth  ( 1898),  Galton  ( 1899a, b),  Bowley 
( 1901 1,  Edgeworth  ( 1905),  King  ( 1912),  Vinci  (1918),  Czuber  ( 1921 ),  Goldhizer  ( 1923).  Jackson  ( 1923), 
Burgess  (1927),  Jordan  ( 1 927 ).  March  ( 1 930 ).  von  Mises  (1931),  Yang  (1933).  Bresciani-Turroni 
(1937),  Gini  ( 1 939 ),  Arlev  & Buch  (1940),  Frechet  (1941),  Boldrini  ( 1 942 ),  Evans  (1942),  Schiitzen- 
berger  ( 1948),  Tukey  ( 1949e),  Wolfowitz  ( 1949) 

PERIODICITIES 

Walker  1 1914),  Whittaker  & Robinson  1 19241,  Fisher  ( 1929,  19401.  Kendall  ( 1946),  Hartley  ( 1949) 

PERIOD,  RETURN— SEE  RETURN  PERIOD 

PHOTOGRAPHY,  APPLICATIONS  TO 
Grant ( 1946) 
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PHYSICS,  APPLICATIONS  TO 

Edgeworth  ( 1913),  Goodwin  ( 1913),  Frank  ( 1918),  Rietz  1 1924),  Reilly,  Rae  & Wheeler  ( 1925),  Gumbel 
1 1927,  1928),  Scarborough  ( 1930),  von  Mises  1 1931 ),  Eddington  ( 1933),  Jeffreys  ( 1933),  Smith  ( 1934), 
Gumbel  (1936b),  Ruark  & Devol  (1936),  Coutagne  (1937),  Gumbel  (1937b,d>.  Neyman  (1937b), 
Thibaud  ( 1937),  Thibaud  & Ferber  (1937),  Brer.et  & Armand  ( 1938),  Bruen  ( 1938),  Fisher  & Yates 
( 1938),  Gumbel  ( 1938a,c),  Jeffreys  ( 1938),  Gumbel  ( 1939b, f),  Jeffreys  ( 1939),  Ruark  ( 1939),  Weibull 
( 1939b),  Arley  & Buch  ( 1940),  Kendall  ( 1943,  1946),  Eisenhart  & Martin  ( 1948),  Doob  ( 1949),  Epstein 
( 1949a) 

PHYSIOLOGY  AND  MEDICINE,  APPLICATIONS  TO 
Gini  ( 1914a),  Weinberg  ( 1916),  Czuber  ( 1921 ),  Jones  ( 1921 ),  von  Bortkiewicz  ( 1922b),  Wilson  ( 1923), 
Gini  (1926),  von  Verschuer  (1927),  Neyman  & Pearson  (1928),  Weinberg  (1933),  Savur  1 1937b), 
Snedecor  (1937),  Bruen  ( 1938 ),  Gini  (1939),  Pearson  (1939),  von  Schelling  (1941),  Boldrini  (1942), 
Henry  (1942),  Kendall  (1943),  Greenwood  (1946),  Kendall  (1946),  Lord  (1947),  Moran  (1947) 

PLOTTING  POSITIONS  (ON  PROBABILITY  PAPER) 

Fuller  (1914),  Hazen  (1914),  Hall  (1921),  Goodrich  (1927),  Hazen  (1930),  Foster  (1934,  1 936 ), 
Grassberger  ( 1936),  Horton  1 1936),  Saville  ( 1936),  Kimball  1 1938),  Gumbel  1 1939a,d>,  Davis  1 1941 ), 
Gumbel  1 1941a, b),  Beard  ) 1942),  Gumbel  ( 1942a, c),  Pearson  < 1942),  Gumbel  1 1943a. b).  Powell  ( 1943), 
Price  (1943),  Gumbel  ( 1945a, b),  Nordquist  ( 1 945 ),  Kimball  (1946b),  Gumbel  (1947,  1948),  Thomas 
(1948),  Langbein  (1949),  Peterson  (1949a),  Potter  (1949a) 

POINT  ESTIMATION 

Galton  ( 1899a, b),  Edgeworth  (1911),  Fisher  (1912),  Daniell  (1920),  Pearson  (1920),  Fisher  (1922), 
Gibrat  ( 1930),  von  Bortkiewicz  ( 1931 1,  Pearson  & Pearson  ( 1931 ),  Fisher  ( 1934),  Pitman  ( 1936),  Slade 
( 1936),  Gumbel  < 1937-38),  Neyman  ( 1937b),  Pitman  1 1937 ),  Snedecor  ( 1937),  Sukhatme  ( 1937 ),  Wold 
( 1937),  Fisher  & Yates  ( 1938),  Gumbel  ( 1938b, c),  Pitman  ( 1939),  Wald  ( 1939),  Grant  ( 1940),  Lawlev 
( 1940),  Craig  ( 1943),  Geary  ( 1944),  Cramer  ( 1946),  Grant  ( 1946),  Kendall  ( 1946),  Kimball  ( 1946a), 
Mosteller  ( 1946),  Tintner  ( 1946),  Egudin  ( 1947 ),  Grubbs  & Weaver  ( 1947),  Gurney  ( 1947 ),  Gurney  & 
Pearson  (1947),  Ruggles  & Brodie  (1947),  Eisenhart  & Martin  (1948),  Huzurbazar  (1948),  Pillai 
(1948),  Stevens  (1948),  Wilks  (1948),  Benson  (1949),  Cole  (1949),  Godwin  (1949b),  Howell  (1949). 
Kimball  (1949),  Mather  (1949),  Nair  (1949b),  Peterson  (1949a),  Press  (1949),  Prot  (1949b),  Shone 
1 1949),  Walsh  ( 1949d),  Wolfowitz  ( 1949),  Yamanouchi  ( 1949) 

POISSON  DISTRIBUTION 

Whitworth  ( 1867),  Charlier  ( 1906),  Edgeworth  ( 1911 ),  von  Bortkiewicz  ( 1915),  Morant  ( 1921 ),  Fisher 
(1922),  Dodd  (1923),  Gumbel  ( 1933a, b,  1934e,f,  1935b),  Ruark  & Devol  (1936),  Sukhatme  (1936). 
Snedecor  (1937),  Thibaud  (1937),  Ruark  (1939),  Feller  (1940),  Garwood  (1940),  Gumbel  ( 1942b », 
Curtiss  ( 1943),  Kendall  ( 1943),  Wilks  ( 1943),  Cramer  ( 1946),  Grant  ( 1946).  Greenwood  ( 1946).  Ken- 
dall (1946),  Domb  (1947),  Feller  (1948),  Cox  (1949),  Epstein  (1949a),  Kac  (1949) 

POLAR  DISTRIBUTION— SEE  DOUBLE  SPIKE  (POLAR)  DISTRIBUTION 

POPULATION  SIZE,  ESTIMATION  OF,  APPLICATIONS  TO 
Geary  (1944),  Kendall  (1946),  Ruggles  & Brodie  1 1 947 ) 

POWER  EFFICIENCY  OF  TESTS— SEE  TESTS,  EFFICIENCY  OF 

POWER  LAW  DISTRIBUTION 
Camp  ( 1937),  Craig  ( 1943) 

POWER  MEANS— SEE  MEANS.  POWER 
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POWER  OF  A TEST— SEE  ALSO  ERROR  RATE  OF  A TEST,  TYPE  II 

Neyman  & Pearson  (1936),  Wilks  (1943),  Bowker  (1944),  Cramer  (1946),  Kendall  (1946),  Walsh 
(1946a),  Jacobson  (1947),  Walsh  (1947),  Tukey  (1948b),  Wilks  (1948),  Tukey  (1949b),  Walsh 
( 1949a, c,d) 

PRIZES  AND  COMPETITION,  APPLICATIONS  TO 
Galton  1 1902),  Pearson  (1902),  Irwin  (1925a),  Snedecor  (1937),  Davis  (1941),  Henry  (1942),  Wilks 
(1948) 

PROBABILITY  INTEGRAL 

Gumbel  (1942a).  Hartley  (1942),  Pearson  (1942),  Pearson  & Hartley  (1942),  Wilks  (1943),  Hartley 
(1944),  Cramer  (1946),  Grant  (1946),  Kendall  (1946),  Walsh  (1946b),  Bickerstaff  (1947),  Egudin 
(1947),  Eisenhart,  Hastay  & Wallis  (1947),  Eisenhart  & Solomon  (1947),  Elfving  (1947),  Gumbel 
(1947),  Jacobson  (1947),  Nair  (1947,  1948a),  Pillai  (1948),  Smirnov  (1948),  Wilks  (1948),  Gumbel 
( 1949),  Paulson  ( 1949) 

PROBABILITY-INTEGRAL  TRANSFORMATION— SEE  TRANSFORMATION,  PROBABILITY- 
INTEGRAL 

PROBABILITY  PAPER,  EXTREME-VALUE 

Beard  ( 1 942 ),  Gumbel  (1943b).  Price  (1943),  Gumbel  (1945b),  Nordquist  (1945),  Gumbel  (1948), 
Langbein  1 1949),  Mather  < 1949),  Potter  ( 1949a,b) 

PROBABILITY  PAPER,  HYDRAULIC 
Hall  (1921) 

PROBABILITY  PAPER,  LOGNORMAL 

Fuller  ( 1914),  Hazen  ( 1914 1,  Goodrich  ( 1927),  Hazen  ( 1930),  Slade  ( 1934),  Foster  ( 1936),  Grassberger 
(1936).  Saville  (1936),  Kimball  (1938),  Beard  (1942),  Gumbel  (1942c),  Kimball  (1942),  Tanenhaus 
(1947).  Lane  & Lei  < 1 949 ),  Langbein  ( 1949) 

PROBABILITY  PAPER,  NORMAL 

Galton  ( 1899bi,  Fuller  1 1914),  Hazen  ( 1914),  Wilson  ( 1923),  Foster  ( 1924),  Jarvis  1 1926),  Goodrich 
1 1927 ),  Hazen  1 1 930 1.  Luyten  1 1932),  Slade  ( 1934),  Foster  ( 1936),  Grassberger  ( 1936),  Saville  ( 1936), 
Kimball  1 1938),  Beard  1 1942),  Gumbel  ( 1943a, b,  1945a),  Grant  ( 1946),  Jacobson  ( 1947),  Lane  & Lei 
i 1949'.  Peterson  ( 1949a, b).  Schef’fe  ( 1949) 

PROBABILITY  PAPER.  PLOTTING  POSITIONS  ON— SEE  PLOTTING  POSITIONS  (ON  PROBA- 
BILITY PA PER i 

PROBABILITY  PAPER.  SKEW 
Goodrich  (1927),  Saville  (1936),  Lane  & Lei  (1949) 

PROPORTIONS 

Lexis  1 1875),  Cramer  1 1946),  Grant  ( 1946),  Kendall  ( 1946),  Noether  1 1949) 

P-STATIST1CS 

Roy  (1939,  1940a, b,  1942a, b.  1945),  Anderson  1 1946),  Kendall  (1946),  Roy  ( 1946a, b>.  Bartlett  (1947b), 
Rao ( 1948) 

PSYCHOLOGY,  APPLICATIONS  TO 

Neyman  & Pearson  (1928),  Wilson  & Hilfertv  (1929).  Hotelling  (1933),  Frechet  (1935).  Hotelling 
i 1936a).  Madow  1 1937),  Hertzman  ( 1938),  Bartlett  1 1948i,  Scluitzenberger  ( 1948i 
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QUADRATIC  APPROXIMATION 
Goedseels  ( 1925) 

QUADRATIC  INDICES  OF  DISSIMILARITY,  CONNECTION  AND  CONCORDANCE 

(HOMOPHILY)— SEE  INDICES  OF  DISSIMILARITY,  CONNECTION  AND  CONCORDANCE 

(HOMOPHILY),  QUADRATIC 

QUADRATIC  QUASI-MIDRANGES 
Laska  ( 1900) 

QUALITY  CONTROL,  APPLICATIONS  TO 

Pearson  ( 1931),  Shewhart  ( 1931 ),  Dodge  ( 1932),  Pearson  ( 1932),  Dodge  ( 1933),  Pearson  ( 1935),  Pear- 
son & Haines  ( 1935),  Neyman  & Pearson  ( 1936),  Eisenhart  ( 1939),  Simon  ( 1941 ),  Dudding  & Jennett 
(1942),  Hartley  (1942),  Pearson  & Hartley  (1942),  Barnard  (1943),  Knudsen  (1943),  Pearson  & 
Hartley  ( 1943),  Barnard  ( 1944),  Gumbel  ( 1944),  Rodgers  ( 1944),  Gumbel  ( 1945a  I,  Grant  ( 1946),  Jones 
1 1946),  Kendall  ( 1946),  Mosteller  ( 1946),  Walsh  ( 1946a),  Winsten  ( 1946),  BickerstafF ( 1947),  Cohan 
(1947),  Egudin  (1947),  Eisenhart,  Hastay  & Wallis  (1947),  Eisenhart  & Solomon  (1947),  Grubbs  & 
Weaver  (1947),  Jacobson  (1947),  Lord  (1947),  Purcell  (1947),  Eisenhart  & Martin  (1948),  Murphy 
( 1948),  Nair  ( 1948a),  Stevens  ( 1948),  Cole  ( 1949),  Howell  ( 1949),  Purcell  ( 1949),  Scheffe  ( 1949),  Walsh 
( 1949c) 

QUANTALS 
March  ( 1930) 

QUANTILES 

von  Andrae  (1860),  Whitworth  (1867),  Galton  (1869),  Whitworth  ( 1897 ),  Sheppard  (1899a),  Yule 
(1911),  Vinci  (1918),  Niceforo  (1919),  Daniell  ( 1920),  Pearson  ( 1920),  Julin  ( 1921 ),  Goldhizer  ( 1923), 
Jackson  ( 1923),  Levy  ( 1925),  Burgess  ( 1927),  Jordan  ( 1927),  de  Montessus  de  Ballore  ( 1930),  Galvani 
(1931),  Yang  (1933),  Mathews  (1936),  Savur  (1937b),  Dodd  (1938),  Gini  (1939),  Kendall  (1940), 
Boldrini  ( 1942),  Evans  ( 1942),  Curtiss  ( 1943),  Kendall  ( 1943),  Schefle  ( 1943),  Schefle  & Tukev  ( 1945), 
Cramer  (1946),  Kendall  (1946),  Noether  (1948),  Wilks  (1948),  Benson  (1949).  Cox  (1949),  Godwin 
1 1949b),  Noether  ( 1949) 

QUARTALS 
von  Bortkiewicz  (1931) 

QUARTILE  AVERAGE 
Bowley  ( 1901 ),  Daniell  ( 1920),  Wold  ( 1935) 

QUARTILE  DEVIATION  (SEMI-INTERQUARTILE  RANGE) 

Quetelet  « 1835 ),  Venn  (1866),  Zachariae  (1871),  Galton  (1875),  Merriman  (1877).  Galton  (1881), 
Edgeworth  ( 1885,  1886a, b,  1887-90),  Galton  1 1888,  1889),  Gore  ( 1889).  Pizzetti  1 1892),  Yule  ( 1896a). 
Bowley  < 1901 ),  Galton  1 1907b),  Kozak  ( 1907,  1908-10),  Yule  1 191 1 ),  Gini  1 1912),  King  ( 1912),  Secrist 
( 1917),  Niceforo  (1919),  Daniell  ( 1920),  Pearson  ( 1920),  Czuber  ( 1921 ),  Jones  1 1921 1.  Julin  (19211, 
Rietz  ( 1924),  Winkler  ( 1924),  Levy  ( 1925),  Burgess  ( 1927),  Goodrich  ( 1927 ),  Jordan  ( 1927),  March 
(1930),  von  Bortkiewicz  (1931),  Hojo  (1931),  Pearson  & Pearson  (1931).  Luvten  (1932).  Pearson  & 
Pearson  (1932),  Crowe  (1933),  Hojo  (1933),  Rhodes  (1933),  Bond  (1935),  Wold  (1935),  Gini  (1939), 
Frechet  ( 1940a. b,  1942),  Kendall  ( 1943),  Reiersol  ( 1944),  Cramer  ( 1946).  Mosteller  ( 1946) 

QUARTILE  MEASURE  OF  SKEWNESS— SEE  SKEWNESS.  BOWLEYS  QUARTILE  MEASURE  OF 


QUARTILE  RATIO 
Goodrich  < 1927 ) 
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QUARTILES 

von  Andrae  ( 1860),  Venn  ( 1866),  Zachariae  ( 1871 ),  Galton  ( 1881),  Edgeworth  ( 1886b,  1887-90),  Gore 
( 1889),  Edgeworth  1 1893,  1898),  Galton  ( 1899a),  Sheppard  ( 1899a),  Bowley  ( 1901),  Galton  ( 1907b, c), 
Persons  ( 1909),  Yule  ( 1911),  Gini  ( 1912),  King  ( 1912),  Edgeworth  (1913),  Secrist  (1917),  Vinci  ( 1918), 
Niceforo  ( 1919),  Dalton  ( 1920),  Daniell  ( 1920),  Pearson  ( 1920),  Czuber  (1921),  Jones  ( 1921 ),  Julin 
( 1921 ),  Goldhizer  ( 1923),  Jackson  ( 1923),  Rietz  ( 1924),  Levy  ( 1925),  Burgess  ( 1927),  Goodrich  ( 1927), 
Jordan  (1927),  Gibrat  (1930),  March  (1930),  de  Montessus  de  Ballore  (1930),  d’Addario  (1931),  von 
Bortkiewicz  (1931),  Edgett  ( 1931 ),  Galvani  (1931),  Hojo  ( 1931 ),  von  Mises  ( 1931 ),  Pearson  & Pearson 
(1931),  Craig  (1932a),  Luyten  (1932),  Pearson  & Pearson  (1932),  Craig  (1933),  Crowe  (1933),  Hojo 
(1933),  Rhodes  (1933),  Yang  (1933),  Bond  (1935),  Wold  (1935),  Crowe  (1936),  Gumbel  (1936a), 
Mathews  (1936),  Bresciani-Turroni  (1937),  Gumbel  (1937d,  1937-38),  Snedecor  (1937),  Brenet  & 
Armand  (1938),  Dodd  (1938),  Gumbel  ( 1938a, b),  Gini  (1939),  Gumbel  (1939a,c,e),  Arley  & Buch 
( 1940),  Pizzetti  ( 1940),  Frechet  ( 1941 ),  Roller  ( 1941 ),  Boldrini  ( 1942),  Frechet  ( 1942),  Curtiss  ( 1943), 
Gumbel  ( 1943a, c),  Kendall  ( 1943),  Mathisen  ( 1943),  Bowker  ( 1944 ),  Cramer  ( 1946),  Kendall  ( 1946), 
Bickerstaff  (1947),  Tanenhaus  (1947),  Wilks  (1948),  Benson  (1949) 

QUASI-MIDRANGES 

Faye  1 1888),  Pizzetti  ( 1889,  1892),  Laska  ( 1900),  Haag  ( 1924),  Jordan  ( 1927 ),  Craig  ( 1932b),  Gumbel 
( 19441,  Cramer  ( 1 946 ),  Wilks  ( 1948),  Cole  < 1949) 

QUASI-MIDRANGES,  GEOMETRIC— SEE  GEOMETRIC  QUASI-MIDRANGES 

QUASI-MIDRANGES,  QUADRATIC— SEE  QUADRATIC  QUASI-MIDRANGES 

QUASI-RANGES 

Craig  <1932 b),  Calichiopulo  <193 7),  Hertzman  <1938),  Thompson  <1938),  Newman  (1939),  Pearson 
(1939),  Wilks  (1941),  Kendall  (1943),  Gumbel  (19441,  Jones  (1946),  Mosteller  (1946).  Bickerstaff 
( 1947),  Gumbel  ( 1947),  Wilks  1 1948),  Cole  ( 1949 ),  Godwin  ( 1949b) 

QUOTIENT,  MEAN— SEE  MEAN  QUOTIENT 

RANDOM  DIVISION  OF  AN  INTERVAL 

Fourier  1 1826b),  Clifford  (1866),  Whitworth  (1867).  Halphen  (1873),  Lemoine  < 1873 ),  Merriman 
(1877),  Lalanne  (1879),  van  Pesch  (1882.  1884),  van  den  Berg  < 1 89 1 ) , Whitworth  (1897),  Wolffing 
(1899),  von  Bortkiewicz  (1915),  Mantel  (1915),  Morant  (1921),  Bottema  (1925),  Chadwick  (1926). 
Baticle  ( 1933a, b,  1935),  Ruark  & Devol  1 1936),  Sukhatme  ( 1936),  Levy  ( 1939).  Ruark  < 1939).  Stevens 
( 1939),  Feller  ( 1940),  Fisher  ( 19401,  Garwood  1 1 940 ),  Kendall  ( 1946i,  Domb  1 1947),  Moran  ( 1947) 

RANDOMNESS,  TESTS  OF 
Dodd  ( 1942),  Kendall  1 1946),  Wilks  1 1948) 

RANGE 

Ptolemaeus  (circa  150),  Lloyd  (1855),  Boudin  (1865),  Merriman  (1877),  Gore  (1889),  Yule  (1896a), 
Fechner  (1897),  Mitscherlich  (1903),  Charlier  (1910),  Yule  (1911),  King  (1912),  Czuber  (1914), 
Savorgnan  (1915),  Secrist  (1917).  Czuber  (19181,  Niceforo  (1919),  von  Bortkiewicz  ( 1922a, b),  von 
Mises  ( 1923),  Neyman  ) 1923),  Horton  1 1924),  Tippett  ( 1925),  Pearson  ( 1926).  Burgess  ( 1927),  Student 
11927),  Bartels  il928>,  Koppen  (1928),  Neyman  & Pearson  ( 1 928 ).  Pearson  & Adyanthaya  (1928, 
1929),  Rider  (1929),  Pearson  (1931),  Pearson  & Pearson  (1931),  Shewhart  (1931),  Craig  ( 1932a, bi. 
Dodge  1 1932),  Pearson  1 1932),  Bartlett  1 1933),  Craig  ( 1933),  Dodge  ( 1933),  McKay  & Pearson  ( 19331, 
Rhodes  (1933),  Romanovsky  (19331.  Weinberg  (1933),  Davies  & Pearson  (1934),  Jeffreys  (1934), 
Birkeland  & Frogneri  1935), Castellano!  1935),Olds(  1935),  Pearson  1 1935).  Pearson  & Hainesi  1935), 
Sastrv  1 1935 1.  Nair  ( 1936).  Neyman  & Pearson  1 1936),  Pearson  & Chandra  Sekar  ( 1936),  Snedecor 
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(1937),  Bose  (1938),  Bruen  (1938),  von  Eberhard  ( 1938 ),  Wilks  (1938),  Newman  (1939),  Pearson 
( 1939),  Arley  & Buch  ( 1940),  Kullback  & Frankel  1 1940),  Nair  ( 1940a),  Simon  ( 1941 ),  Boldrini  ( 1942), 
Dodd  (1942),  Dudding  & Jennett  (1942),  Hartley  (1942),  Pearson  & Hartley  (1942),  Kendall  (1943), 
Knudsen  (1943),  Pearson  & Hartley  (1943),  Rajalakshman  (1943),  Schef'fe  (1943),  Wilks  (1943), 
Barnard  (1944),  Hartley  (1944),  Robbins  (1944b),  Rodgers  (1944),  Wing,  Price  & Douglass  (1944), 
Baker  ( 1946),  Carlton  ( 1946),  Cramer  1 1946),  Daly  ( 1946),  Grant  ( 1946 ),  Hoel  ( 1946),  Kendall  ( 1946), 
Mosteller  (1946),  Winsten  ( 1946),  BickerstafT ( 1947),  Cohan  ( 1947),  Duncan  ( 1947),  Egudin  ( 1947), 
Eisenhart,  Hastay  & Wallis  (1947),  Elfving  (1947),  Grubbs  & Weaver  (1947),  Gumbel  (1947), 
Lehmann  ( 1947),  Lord  ( 1947),  Nair  ( 1947),  Plackett  ( 1947),  Purcell  ( 1947 1,  Walsh  ( 1947),  Cox  ( 1948), 
Eisenhart  & Martin  (1948),  Gart¥teln  (1948),  Nair  (1948b),  Pillai  (1948i,  Schiitzenberger  (1948), 
Stevens  ( 1948),  Tukey  ( 1948b),  Wilks  ( 1948 ),  Cole  ( 1949',  Cox  ( 1949 *.  Godwin  ( 1949bi,  Gumbel  1 1949), 
Howell  (1949),  Nair  (1949b),  Paulson  (1949),  Purcell  (1949),  SchefTe  (1949),  Shone  < 1949 1,  Tukey 
(1949b),  Walsh  ( 1949b, c) 

RANGE,  INTERDECILE— SEE  INTERDECILE  RANGE 
RANGE,  INTERQUARTILE— SEE  INTERQUARTILE  RANGE 
RANGE,  METHOD  USING— SEE  METHOD  USING  THE  RANGE 
RANGE,  MOVING— SEE  MOVING  RANGE 
RANGE,  REDUCED— SEE  REDUCED  RANGE 

RANGE,  R-PLY— SEE  R-PLY  RANGE,  SEMIRANGE  AND  OR  MIDRANGE 

RANGE,  SEMI-INTERQUARTILE— SEE  QUARTILE  DEVIATION  (SEMI-INTERQUARTILE 
RANGE) 

RANGE,  STUDENTIZED— SEE  STUDENTIZED  RANGE 

RANKED  DIFFERENCE  TEST,  DUNCAN  S 
Duncan  (19471,  Tukey  (1948c,  1949a) 

RATIO  OF  QUARTILES— SEE  QUARTILE  RATIO 

RECTANGULAR  DISTRIBUTION,  CONTINUOUS— SEE  UNIFORM  DISTRIBUTION,  CON- 
TINUOUS 

RECTANGULAR  DISTRIBUTION,  DISCRETE— SEE  UNIFORM  DISTRIBUTION.  DISCRETE 
RECURRENCE  INTERVAL 

Gumbel  1 1941a, bi.  Beard  (1942),  Gumbel  ( 1942b, c),  Kimball  (1942),  Gumbel  ( 1943a. b,c>.  Powell 
1 1943 1.  Price  1 1 943 1.  Gumbel  1 1945a), Thomas!  1948),  Langbein  ( 1949i,  Potter  ( 1949a.b'.  Press!  1949' 

REDUCE!  RANGE 

Gumbel  i 1947 (.  Cox  i 1948i.  Gart&eTn  ( 1948).  Wilks  1 1948',  Gumbel  ( 1948) 

REGIONS,  CONFIDENCE— SEE  CONFIDENCE  REGIONS 
REGIONS.  TOLERANCE  SEE  TOLERANCE  REGIONS 
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REGRESSION,  HOUSNER-BRENNAN  ESTIMATE  OF— SEE  HOUSNER-BRENNAN  ESTIMATE 
OF  REGRESSION 


REGRESSION,  LINEAR 

Euler  (1749),  Mayer  (1750),  Maire  & Boscovich  (1755),  Boscovich  (1757,  1760),  Lambert  ( 1 7 65b ), 
Lalande  (1771),  Bernoulli  (1785),  Laplace  ( 1786, 1793, 1799),  Prony  ( 1804),  Legendre  ( 1805).  Puissant 
( 1805),  Svanberg  ( 1805),  von  Zach  ( 18051,  Delambre  ( 1806-10),  von  Lindenau  1 1806),  Adrain  1 1808i, 
Gauss  (1809),  Laplace  (1811a, b,  1812),  Delambre  (1813),  Mathieu  (1813-14),  Legendre  (1814),  van 
Beeck  Calkoen  ( 1816),  Adrain  ( 1818),  Fourier  ( 1823),  Gauss  ( 1823),  Cauchy  ( 1824),  Fourier  ( 1824b, c), 
Ivory  (1825),  Muncke  (1825),  Hauber  (1830-32),  von  Riese  (1830),  Cauchy  < 183 1 1,  Fourier  (1831), 
Encke  (1832-34),  Poncelet  (1835),  Dirichlet  (1836i,  Cauchy  (1837),  Hagen  (1837),  Bessel  & Baeyer 
( 1838),  Cournot  ( 1843),  Gerling  ( 1843),  Ellis  1 1844),  De  Morgan  ( 1847),  Herschei  ( 1850),  Tchebychef 
( 1854),  Petzval  ( 1857),  von  Andrae  < I860),  Airy  1 1861 ),  Chauvenet  ( 1863),  Boudin  1 1865),  Todhunter 
(1865),  Zachariae  (1871),  Glaisher  (1872),  Todhunter  (1873),  Merriman  (1877),  Bruns  (1882), 
Schreiber  (1882),  Edgeworth  ( 1887b, c,f).  Turner  (18871,  Edgeworth  (1888),  Jordan  (1888),  Gore 
( 1889),  Czuber  ( 1890),  Estienne  ( 1890),  Runge  ( 1890),  Czuber  ( 1891a),  Pizzetti  ( 1892),  Poincare  ( 1896), 
Czuber  ( 1899),  WolfTing  1 1899),  Bowley  ( 1901),  Czuber  ( 1903),  Kirchberger  ( 1903),  Saunder  ( 1903), 
Mansion  (1906),  Goedseels  (1909),  de  la  Vallee  Poussin  (1909),  Charlier  (1910),  Goedseels  (1910), 
Edgeworth  (1911),  Goedseels  (1911).  de  la  Vallee  Poussin  (1911),  Tits  (1912),  Goodwin  (1913),  Man- 
sion (1913),  Haar  (1918),  de  la  Vallee  Poussin  (1919),  Campbell  (1920),  Jones  (1921),  Edgeworth 
(1923),  Jackson  (1924),  Rietz  (1924),  Whittaker  & Robinson  (1924),  Goedseels  (1925),  Levy  ( 1925 ». 
Reilly,  Rae  & Wheeler  (1925),  Estienne  (1926-27),  Friedrich  (19271,  Bowley  (1928),  Dufton  (1928), 
Smith  ( 1929),  Rhodes  ( 1930),  Scarborough  ( 1930),  von  Mises  ( 1931),  Eddington  ( 1933),  Smith  ( 1934), 
Bond  (1935),  Darmois  (1936),  Friedrich  (1937),  Bartlett  (1938),  Bose  (1938),  Bruen  (1938),  Fisher 
( 1938),  Eisenhart  ( 1939),  Jeffreys  ( 1939),  Pitman  ( 1939),  Arley  & Buch  ( 1940),  Lawlev  1 1940),  Single- 
ton  ( 1940),  Wald  ( 1940),  Boldrini  ( 1942),  Nair  & Shrivastava  ( 1942),  Deming  ( 1943),  Nair  & Banerjee 
( 1943),  Wilks  ( 1943),  Tintner  ( 1945),  Cramer  ( 1946),  Grant  ( 1946),  Kendall  ( 1946),  Tintner  ( 1946), 
Bickerstaff  ( 1947 1,  Bartlett  ( 1948),  Gearv  ( 1948),  Housner  & Brennan  ( 1948),  Bartlett  ( 1949).  Mather 
(1949),  Potter  ( 1949a, b) 

REGRESSION,  NONLINEAR 

Lambert  (1765b),  Bernoulli  (1785),  van  Beeck  Calkoen  (1816),  Hauber  (1830-32),  Cauchy  (1831), 
Tchebychef  ( 1854),  Todhunter  ( 1865),  Merriman  (1877),  Gore  ( 1889),  Pizzetti  ( 1892),  WolfTing  1 1899), 
Kirchberger  ( 1903),  Goedseels  1 1909),  Edgeworth  ( 1911),  de  la  Vallee  Poussin  (1919),  Jones  ( 1921 ), 
Rietz  1 1924),  Scarborough  ( 1930),  Smith  ( 1934 1,  Eisenhart  ( 1939).  Nair  & Shrivastava  ( 1942),  Deming 
(1943),  Nair  & Banerjee  (1943),  Cramer  (1946),  Grant  (1946),  Kendall  (1946),  Bickerstaff  ( 1947 ), 
Bartlett  (1948,  1949),  Mather  (1949) 

REGRESSION,  ROLLER'S  QUARTILE  COEFFICIENT  OF— SEE  ROLLER  S QUARTILE  COEFFI- 
CIENT OF  REGRESSION 

REGRESSION.  WEIGHTED— SEE  WEIGHTED  REGRESSION 

RELATIVE  VARIABILITY,  BOWLEYS  QUARTILE  MEASURE  OF 
Bowley  (1901),  Lorenz  (1905).  Persons  ( 1 909 ),  Niceforo  (1919),  Dalton  (1920),  Julin  (1921).  von 
Bortkiewicz  1 1931),  Bresciani-Turroni  ( 1937) 

RELATIVE  VARIABILITY.  MEASURES  OF 

Bowley  1 1901 ),  Holmes  ( 1905).  Lorenz  ( 1905).  Watkins  1 1905.  1908).  Persons  1 1909).  Watkins  1 1909i, 
Dettori  1 1912),  Czuber)  1914),  Gini  1 1914a,  1915a. b).  Pietra  1 1915).  Ricci  ( 1916).  Gini  1 1917).  Niceforo 
(1919),  Dalton  1 1920).  Fisher  1 1920).  de  Pietri-Tonelli  ( 1920),  Jones  ( 1921 1.  Julin  ( 1921 1,  Rietz  1 1924), 
Winkler  1 1924).  Pietra  1 1925).  Gini  1 1926).  Burgess  1 1927).  Jordan  1 1927),  Tucker  (1927),  Gumbel 
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(1928),  Gini  (1930),  von  Bortkiewicz  (1931),  de  Finetti  (1931a),  Galvani  (1931,  1932),  Gini  (1932), 
Pietra  ( 1932a, b),  Yntema  (1933),  d’Addario  (1934b),  Mortara  (1934b),  Castellano  (1935),  Pietra 
( 1935a, b),  Wold  (1935),  d’Addario  (1936),  Gini  (1936),  Mathews  (1936),  Slade  (1936),  Bresciani- 
Turroni  ( 1937,  1939),  Gini  (1939),  de  Vergottini  (1939),  Boldrini  (1942),  Dudding  & Jennett  (1942), 
Gaede  ( 1942),  Kendall  ( 1943),  Wing,  Price  & Douglass  ( 1944),  Cramer  ( 1946),  Kendall  ( 1946),  Gurney 
( 1947),  Nair  ( 1947),  Lane  & Lei  ( 1949),  Nair  ( 1949a),  Potter  ( 1949a) 

REPEATING  CIRCLES,  METHOD  OF 
Svanberg  (1805),  Todhunter  (1865) 

RESTRICTED  CLASS  OF  MULTIVARIATE  DISTRIBUTIONS 
Mood  (1941),  Tukey  (1947,  1948a),  Wilks  (1948),  Wolfowitz  (1949) 

RESTRICTED  CLASS  OF  UNIVARIATE  DISTRIBUTIONS 
Laplace  ( 1 7 8 1 , Gauss  ( 1809 ),  Laplace  (1810,  1811a, b,  1812),  Cournot  (1843),  Merriman  (1877), 
Pizzetti  1 1889,  1892),  Estienne  ( 1900a),  Whittaker  & Robinson  ( 1924),  Estienne  ( 1926-27),  Fogels^" 
( 1930),  Kolmogoroff  ( 1931 ),  Craig  ( 1932a),  Galvani  ( 1932),  Pearson  & Pearson  ( 1932),  Craig  ( 193^ 
Eddington  1 1933),  Fisher  ( 1934),  Foster  ( 1934),  Gumbel  ( 1934a, b,c),  Jeffreys  ( 1934),  Eyraud  ( 1935), 
Gumbel  ( 1935-36),  Pitman  ( 1936),  Gumbel  ( 1937c),  Neyman  ( 1937a),  Smirnoff  ( 1937b),  Waschakidse 
( 1938),  Gumbel  t 1939a, b),  Hulme  & Symms  1 1939),  Pitman  ( 1939),  Frechet  ( 1940a, b),  Kendall  ( 1940), 
Kolmogoroff  (1941),  Wald  & Wolfowitz  (1941),  Wald  (1942),  Bowker  (1944),  Hoel  (1946),  Winsten 
(1946),  Elfving  (1947),  Plackett  (1947),  Tukey  (1947),  Cox  (1948),  Hoeffding  (1948),  Huzurbazar 
(1948),  Pillai  (1948),  Wilks  (1948),  Benson  (1949),  Cole  (1949),  Godwin  (1949b),  Gumbel  (1949), 
Juncosa  (1949),  MeYzler  (1949),  Shone  (1949),  Wolfowitz  (1949) 

RETURN  PERIOD 

Fuller  (1914),  Spillman,  Tolley  & Reed  (1916),  Tolley  (1916),  Horton  (1924),  Foster  (1934,  1936), 
Horton  (1936),  Saville  (1936),  Creager  (1939),  Gumbel  (1939b,c),  Grant  (1940),  Gumbel  (1940, 
1941a,b),  Beard  ( 1942),  Gumbel  ( 1942b, c),  Kimball  ( 1942),  Gumbel  ( 1943a, b,c),  Powell  ( 1943),  Price 
(1943),  Gumbel  ( 1945a, b),  Nordquist  (1945),  Kimball  ( 1946a, b),  Gumbel  (1948),  Thomas  (1948), 
Langbein  1 1949),  Press  ( 1949) 

RIGHT  TRIANGULAR  DISTRIBUTION 

Gumbel  (1928),  Galvani  (1931),  McKay  & Pearson  (1933),  Pitman  (1939),  Kimball  (1946bi,  Walsh 
(1949b) 

ROBUST  PROCEDURES 
Harris  & Tukey  (1949),  Tukey  ( 1949c,d,e,f) 

ROHNE’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  ROHNE’S  CRITERION 

FOR  REJECTION 

ROLLER  S QUARTILE  COEFFICIENT  OF  REGRESSION 
Roller  ( 1941 ) 

ROLLERS  QUARTILE  COEFFICIENT  OF  UNIFORMITY 
Roller  ( 1941 1 

R-PLY  RANGE,  SEMIRANGE  AND  OR  MIDRANGE 
Cole  1 1949)  r 

SAMPLES.  CENSORED— SEE  CENSORED  SAMPLES 


SECH  DISTRIBUTION 
Eisenhart,  Deming  & Martin  ( 1948b) 

SECH-SQUARE  DISTRIBUTION 
Eisenhart,  Deming  & Martin  (1948b) 

SEISMOLOGY,  APPLICATIONS  TO 
Jeffreys  (1932a,  1939),  Gumbel  (1945a),  Nordquist  (1945) 

SELECTED  ORDER  STATISTICS— SEE  ORDER  STATISTICS  OF  SAMPLE,  SELECTED 

SELECTED  POINTS,  METHOD  OF— SEE  METHOD  OF  SELECTED  POINTS 

SEMICIRCULAR  DISTRIBUTION 

Lambert  ( 1765a),  Bernoulli  ( 1778),  Euler  ( 1778),  Bernoulli  (1785),  Glaisher  1 1872),  Merriman  ( 1877), 
Pizzetti  (1892) 

SEMI-INTERQUARTILE  RANGE— SEE  QUARTILE  DEVIATION  (SEMI-INTERQUARTILE 
RANGE) 

SEMI-LOGARITHMIC  PAPER 
Wilson  (1923),  Jarvis  (1926),  Potter  (1949b) 

SEMIRANGE 

Ptolemaeus  (circa  150),  Gore  ( 1889),  Goedseels  ( 1909,  1910,  1911),  de  la  Vallee  Poussin  < 191 1 ),  Tits 
(1912),  Mansion  (1913),  Haar  (1918),  Goedseels  (1925),  Barral  Souto  (1938),  Pillai  (1948),  Tukey 
(1948b),  Cole  (1949),  van  Meer  & Plantema  ( 1949 ) 

SEMIRANGE,  LOWER 
Tukey ( 1948b) 

SEMIRANGE,  R-PLY— SEE  R-PLY  RANGE,  SEMIRANGE  AND/OR  MIDRANGE 

SEMIRANGE,  UPPER 
Tukey  1 1948b) 

SEQUENTIAL  TESTS 

Eisenhart,  Hastay  & Wallis  1 1947 ),  Cox  ( 1949) 

SERIES,  CYCLICAL— SEE  CYCLICAL  SERIES 

SHEPPARD  S MODIFICATION  OF  CHAUVENET'S  CRITERION— SEE  OUTLIERS.  SHEPPARD'S 
MODIFICATION  OF  CHAUVENET’S  CRITERION  FOR  REJECTION 

SIMPLE  INDICES  OF  DISSIMILARITY,  CONNECTION  AND  CONCORDANCE  (HOMOPHILYi— 
SEE  INDICES  OF  DISSIMILARITY,  CONNECTION  AND  CONCORDANCE  iHOMOPHILY), 
SIMPLE 

SITUATION,  METHOD  OF— SEE  LEAST  ABSOLUTE  VALUES.  METHOD  OF 


SIZE  EFFECT  ON  MATERIAL  STRENGTH 

Chaplin  ( 1880,  1882),  Slocum  & Hancock  ( 1906),  Griffith  1 1920,  1924),  Peirce  ( 1926).  Tucker  ( 1927', 


Peterson  ( 1930i,  Logan  & Grodsky  ( 1931 ),  Reinkober  1 1931 ),  Alexandrov  & Zurkov  1 1933),  Faulhaber 
1 1933).  Faulhaber,  Buchholtz  & Schulz  (1933),  Logan  ( 1 936 ),  I'Hermite  (1939),  Weibull  ( 1939a, b). 
Afanassiev  1 1940 1,  Gillett  ( 1940),  Kontorova  1 1940).  Kontorova  & Frenkel  (1941 1,  Tucker  1 1941 1,  Moore 
& Morkovin  1 1942-44),  Kontorova  1 1943),  Wing,  Price  & Douglass  ( 1944),  Daniels  ( 1945),  Fowled  1 945 ), 
Gurney  (1945),  Tucker  1 1945a, bi,  Freudenthal  (1946i,  Kontorova  (1946),  Oding  (1946).  Davidenkov, 
Shevandin  & Witttnann  (1947),  Fisher  & Hollomon  ( J 94 7 ),  Gensamer,  Saibel  & Lowrie  (1947),  Gen- 
sanier.  Saibel  & Ransom  ( 1947 ),  Gurney  1 1947 ),  Gurney  & Pearson  1 1947 ),  Epstein  < 1948a, b i,  Epstein  & 
Brooks  ( 1948i,  Frankel  ( 1948),  Higuchi,  Leeper  & Davis  1 1948),  Hill  & Schmidt  ( 1948),  McAdam,  Geil, 
Woodard  & Jenkins  ( 1948),  Epstein  1 1949ai,  Kontorova  & Timoshenko  1 1949i.  Levi  1 1949).  van  Meer  & 
Planteina  (1949).  Peterson  1 1949a, b).  Prot  ( 1949a, b,c),  Weibull  1 1 949 ) 

SKEW  FREQUENCY  CURVES,  KAPTEYNS  SYSTEM— SEE  KAPTEYN’S  SYSTEM  OF  SKEW 
FREQUENCY  CURVES 

SKEWNESS.  BOWLEY'S  QUART1LE  MEASURE  OF 
Bow  ley  1 1901 ),  Yule  (1911),  King  (1912),  Secrist  ( 1917).  Niceforo  ( 1919),  Julin  ( 1921 ),  Rietz  ( 1924) 

SKEWNESS,  MEASURES  OF 

Pearson  i 1895).  Gallon  1 1896),  Yule  1 1896a),  Edgeworth  1 1898),  Laska  1 1900),  Bowley  1 1901 ),  Charlier 
( 1906),  Edgeworth  1 191 1 ),  Yule  (1911),  King  ( 1912).  Fuller  ( 19 1 4 1.  Hazen  < 1914).  Tolley  < 1916),  Becker 
1 1917 ).  Secrist  1 1917 ),  Niceforo  ( 1919),  Daniell  ( 1920).  Hall  ( 1921 1,  Jones  ( 1921),  Julin  1 1921 ),  Crum 
1 1923),  Foster  1 1924),  Rietz  1 1924),  Amoroso  ( 1925).  Pearson  ( 1925),  Tippett  < 19251,  Pearson  < 1926). 
Peirce  ( 1926),  Goodrich  1 1927 ),  Jordan  ( 1927).  Cramer  ( 1928),  Pearson  & Advanthava  ( 1928),  Hazen 
(1930),  Lidstone  1 1930),  Edgett  (19311,  Pearson  (1931),  Shewhart  ( 193 1 ),  d'Addario  (1932),  Garver 
1 1932),  Hotelling  & Solomons  ( 1932),  Foster  ( 1934),  Slade  ( 1934 ) , Sastry  ( 1935),  Foster  1 1936),  Saville 
1 1936),  Slade  ( 1936 ),  Gumbel  (1937dt,  Snedecor  (1937),  I'Hermite  (1939).  Gumbel  ( 1942c ),  Hartley 
1 1942),  Kendall  ( 1943),  Gumbel  ( 1944),  Reiersol  ( 1944),  Rodgers  ( 1944),  Gurney  ( 1945),  Baker  1 1946), 
Cramer  1 1946),  Greenwood  ( 1946).  Kendall  ( 1946),  Elfving  1 1947 ),  Grubbs  & Weaver  ( 1947 ).  Gumbel 
( 1947 1.  Gurney  1 1947 ),  Gurney  & Pearson  ( 1947 ),  Kimball  ( 1947 ),  Cox  ( 1948),  Tukey  ( 1948b),  Benson 
1 1949).  Lane  & Lei  ( 1949),  Shone  ( 1949) 

SKEWNESS.  PEARSON’S  MEASURE  OF 

Pearson  1 1895),  Yule  ( 1896a.  1911),  Secrist  ( 1917),  Jones  1 1921 ),  Rietz  ' 1924),  Jordan  ( 1927),  Cramer 
( 1946) 

SKEW  PROBABILITY  PAPER— SEE  PROBABILITY  PAPER,  SKEW 
SMALLEST  SAMPLE  VALUE 

Svanbergi  1805 1.  Mathieui  1813-14),  Fourier)  1826a. b.  1829).  Whitworth  ( 1867).  Lexis  ( 1875',  Herschel 
(1878).  Chaplin  (1880),  Bruns  (1882),  Chaplin  (1882),  Schreiber  (1882),  Bertrand  (1888c).  Jordan 
i 1888i.  Bertrand  1 1889),  Runge  ( 1890),  Czuber  1 1891a).  Vallier  1 1894i.  Cranz  1 1896),  Fechner  ( 1897). 
Whitworth  (1897),  Czuber  (1899).  Laska  (1900),  Slocum  & Hancock  (1906).  Kozak  (1907.  1908-10), 
Dunkel  ( 1909).  Goedseels  ( 1909,  1910,  191 1 ),  de  la  Vallee  Poussin  1 191 1 ),  Tits  ( 1912).  Mansion  ( 1913). 
Mantel  1 1915).  Frank  ( 1918),  Griffith  1 1920),  Hall  ( 1921 ),  von  Bortkiewicz  ( 1922a, bi.  Dodd  1 1923),  von 
Mises  1 1923),  Neyman  ( 1923),  Griffith  ( 1924),  Horton  ( 1924),  Whittaker  & Robinson  ( 1924),  Bottema 
1 1925).  Goedseels  1 1925),  Irwin  1 1925b).  Pearson  ( 1926),  Peirce  1 1926),  Burgess  ( 1927 ).  Friedrich  1 1927). 
Galvani  (1927).  Tucker  11927),  Bartels  (1928),  Birkeland  (1928).  Fisher  & Tippett  (1928).  Koppen 
1 1928).  Neyman  & Pearson  ( 1928),  Gini  & Galvani  ( 1929),  Levy  1 1929).  Pearson  & Advanthava  < 1929), 
Rider  (1929),  Peterson  ( 1 930).  Galvani  ( 1 93 1 ),  Pearson  (1931).  Reinkober  (1931),  Dodge  (1932),  de 
Finetti  (1932).  Gibrat  (1932b),  Gumbel  (1932),  Jeffreys  ( 1932a),  Alexandrov  & Zurkov  (1933), 
Faulhaber  1 1933).  Faulhaber,  Buchholtz  & Schulz  1 1933),  Gumbel  1 1933b. c.di.  Rider  ( 1933',  Baidaff  & 
Barral  Sou  to  1 1934),  Gumbel  1 1934a, b.c.e).  Smith  ( 1934),  Birkeland  & Frogner  1 1935),  Fisher  ( 1935). 
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Gumbel  (1935a, b).  Olds  (1935),  Pearson  (1935),  Smirnoff  (1935),  Thompson  (1935),  Foster  (1936), 
Mathews  (1936),  Nair  (1936),  Pearson  & Chandra  Sekar  (1936),  Pitman  (1936),  Sukhatme  (1936), 
Friedrich  (1937),  Pitman  ( 1937 ),  Sukhatme  ( 1937 ),  Barral  Souto  ( 1938),  Bruen  < 1938),  Cisbani  < 1 938 ), 
Dodd  ( 1938),  von  Eberhard  ( 1938),  Wilks  ( 1938),  Derevitsky  ( 1939),  Gumbel  1 1939b,fi.  l'Hermite  < 1939), 
Levy  (1939),  Pitman  (1939),  Roy  (1939),  Stevens  (1939),  de  Vergottini  (19391,  Wald  ( 1939i,  Weibull 
1 1939a, b),  Afanassiev  (1940),  Arley  (1940),  Fisher  (1940),  Gillett  (1940),  Gumbel  (1940),  Kontorova 
(1940),  Zappa  (1940),  Daniels  (1941),  Finney  (1941),  Gumbel  1 194 lb i,  Hsu  (1941b),  Kontorova  & 
Frenkel  1 1941 1,  Paulson  ( 1941 ),  Rajalakshman  ( 1941 ),  Simon  ( 1941 ),  Tucker  1 1941 ),  Aldanondo  (1942), 
Dodd  11942),  Gaede  (1942),  Gumbel  ( 1942b ),  Hartley  < 1 942 ),  Moore  & Morkovin  (1942-44),  Nair  & 
Shrivastava  (1942),  Pearson  & Hartley  (1942),  Roy  ( 1942a, b),  Wald  (1942),  Wilks  (1942),  Barricelli 
( 1943),  Craig  ( 1943),  Gnedenko  ( 1943),  Gumbel  ( 1943a,b,ct,  Kendall  1 1943),  Knudsen  ( 1943),  Kontorova 
(1943),  Pearson  & Hartley  (1943),  Powell  (1943),  Price  (1943),  Rajalakshman  (1943),  Scheffe  (1943), 
Wilks  ( 1943),  Geary  ( 1944),  Gumbel  ( 1944),  Robbins  ( 1944b),  Daniels  ( 1945),  Fowler  ( 1945),  Gumbel 
( 1945a, b I,  Gurney  ( 1945),  Roy  1 1945),  Tintner  ( 1945 1,  Tucker  ( 1945a.b),  Carlton  ( 1 946),  Cramer  (1946), 
Freudenthal  (1946),  Kendall  (1946),  Kimball  (1946b).  Kontorova  ( 1946 ),  Mosteller  i1946i.  Oding 
(1946),  Roy  1 1946a, bl,  Tintner  < 1946),  BickerstafTi  1947),Davidenkov,  Shevandin  & Wittmann  ( 1947 ), 
Egudin  (1947),  Eisenhart,  Hastay  & Wallis  il947),  Elfving  ( 1 947 ),  Fisher  & Hollomon  ( 1 947 ) , Gen- 
samer,  Saibel  & Lowrie  ( 1947),  Gensamer.  Saibel  & Ransom  ( 1947),  Gurney  ( 1947 ),  Gurney  & Pearson 
(1947),  Lehmann  (1947),  Lord  ( 1947 ),  Purcell  < 1947),  Tanenhaus  ( 1947 ),  Walsh  1 1947 ),  Anderson  1 1948), 
Bartlett  (1948),  Cox  (1948),  Eisenhart  & Martin  (1948),  Epstein  < 1948a, b).  Epstein  & Brooks  ( 1948i, 
Frankel  ( 1948),  Gart¥tein  ( 1948),  Geary  ( 1948),  Gumbel  ( 1948),  Higuchi,  Leeper  & Davis  1 1948 ),  Hill  & 
Schmidt  ( 1948),  Huzurbazar  ( 1948),  McAdam,  Geil,  Woodard  & Jenkins  ( 1948),  Nair  ( 1948a, b),  Nanda 
( 1948a. b),  Pillai  ( 1948),  Schiitzenberger  ( 1948),  Tukey  ( 1948b i,  Wilks  ( 1948),  Birnbaum  & Zuckerman 
(1949),  Cole  (1949),  Epstein  ( 1949a, b),  Gumbel  (1949),  Howell  (1949),  Juncosa  (1949).  Kontorova  & 
Timoshenko  (1949),  Levi  (1949),  Mather  (1949),  McMillan  (1949),  van  Meer  & Plantema  (1949), 
Paulson  (1949),  Peterson  1 1949a. b).  Potter  ( 1949a, b),  Prot  ( 1949a, c),  Purcell  ( 1949),  Smirnov  < 1949b), 
Tukey  (1949b),  Walsh  ( 1949a, b,c),  Weibull  1 1 949 ) 

SOCIOLOGY,  APPLICATIONS  TO— SEE  ALSO  PAUPERISM,  APPLICATIONS  TO 
Quetelet  ( 1835).  Holmes  ( 1892),  Galton  ( 1 896 ) , Yule  1 1896a, b).  Pareto  ( 1897).  Holmes  1 1905).  Lorenz 
( 1905),  Watkins  ( 1905.  1908).  Gini  ( 1909).  Persons  ( 1909),  Watkins  ( 1909).  Gini  1 1910).  Furlan  ( 1911), 
Mortara  (1911),  Gini  (1912),  King  (1912).  Porru  (1912),  Edgeworth  (1913),  Gini  1 1914a).  Savorgnan 
(1915),  Ricci  (1916),  Gini  (1917.  1918),  Vinci  (1918),  Niceforo  (1919).  Dalton  ( 1920).  Julin  (1921), 
Savorgnan  < 1921 ),  Winkler  1 1924).  Amoroso  1 1925).  Gini  ( 1926).  Saibante  ( 1926i,  Gumbel  ( 1927,  1928), 
Lenz  & von  Verschuer  1 1928),  Gini  & Galvani  1 1929).  d'Addario  ( 1930).  Gibrat  ( 1930),  Gini  ( 1930),  de 
Gleria  (1930),  d’Addario  (1931),  von  Bortkiewicz  (1931),  Galvani  (1931),  Gibrat  (19311,  d'Addario 
(19321,  Galvani  (1932),  Gini  (1932),  Castellano  ( 1933a, b).  Rhodes  (1933),  Yntema  (1933),  d'Addario 
( 1934a, b),  Dominedo  (1934),  Mortara  ( 1934a, b),  Castellano  (1935),  Pietra  (1935a.b).  Wold  (1935). 
d'Addario  (1936),  Gini  (1936).  Bresciani-Turroni  (1937),  d'Addario  (1939).  Bresciani-Turroni  (1939), 
Gini  (1939),  Davis  (19411,  Pizzetti  (1941b),  Boldrini  il942).  Kendall  (1943),  Cramer  ( 1946).  Noether 
(1949) 

SPIKE  DISTRIBUTION  (SINGLE  ISOLATED  VALUE) 

Bruen  ( 1938).  GartStein  1 1948) 

STABLE  DISTRIBUTIONS 
Brown  & Tukey  (1946).  Juncosa  (1949) 

STANDARDS  OF  LENGTH,  APPLICATIONS  TO 
Stampfer  ( 1839).  Faye  < 1888i.  Mendeleev  1 1895).  Wellisch  1 1913).  Kendall  < 194(0 

STEWART'S  METHOD  OF  TREATING  OUTLIERS— SEE  OUTLIERS.  STEWARTS  METHOD  OF 

TREATING 
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STOCHASTIC  PROCESSES,  APPLICATIONS  TO 
Madow  (1937),  Cisbani  (1938),  Davis  (1941),  Cramer  (1946),  Kendall  (1946),  Doob  (1949),  Epstein 
( 1949b),  Kac  ( 1949) 

STONE’S  FIRST  (SECOND)  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS, 
STONE’S  FIRST  (SECOND)  CRITERION  FOR  REJECTION 

STRENGTH-SUMMATION  THEORY— SEE  STRENGTH  THEORY,  SUMMATION 

STRENGTH  THEORY,  COMBINATION 
Tucker  (1945b),  van  Meer  & Plantema  (1949) 

STRENGTH  THEORY,  SUMMATION 
Tucker  (1941,  1945a, b),  van  Meer  & Plantema  (1949) 

STRENGTH  THEORY,  WEAKEST-LINK 

Chaplin  (1880,  1882),  Slocum  & Hancock  ( 1906),  Griffith  ( 1920,  1924),  Peirce  ( 1926),  Tucker  ( 1927), 
Peterson  ( 1930),  Logan  & Grodsky  (1931),  Reinkober  (1931),  Alexandrov  & Zurkov  ( 1933),  Faulhaber 
(1933),  Faulhaber,  Buchholtz  & Schulz  (1933),  Logan  (1936),  1’Hermite  (1939),  Weibull  (1939a, b), 
Afanssiev  ( 1940),  Gillett  ( 1940),  Kontorova(1940),  Kontorova  & Frenkel  ( 1941),  Tucker  ( 1941),  Moore 
& Morkovin  (1942-44),  Kontorova  (1943),  Daniels  (1945),  Fowler  (1945),  Gurney  (1945),  Tucker 
( 1945a, b),  Freudenthal  (1946),  Kontorova  ( 1946),  Oding  ( 1946),  Davidenkov,  Shevandin  & Wittmann 
(1947),  Fisher  & Hollomon  (1947),  Gensamer,  Saibel  & Lowrie  (1947),  Gensamer,  Saibel  & Ransom 
( 1947),  Gurney  ( 1947),  Gurney  & Pearson  ( 1947),  Epstein  ( 1948a,b),  Epstein  & Brooks!  1948),  Frankel 
(1948),  Higuchi,  Leeper  & Davis  (1948),  Hill  & Schmidt  (1948),  McAdam,  Geil,  Woodard  & Jenkins 
(1948),  Epstein  (1949a),  Kontorova  & Timoshenko  (1949),  Levi  (1949),  van  Meer  & Plantema  (1949), 
Peterson  1 1949a. b»,  Prot  (1949a,c),  Weibull  (1949) 

STUDENTIZATION 

Hartley  (1944),  Kendall  (1946),  Tukey  (1948c.  1949a) 

STUDENTIZED  EXTREME  DEVIATE 
Hartley  (1944),  Nair  ( 1948a, b),  Tukey  (1948c,  1949a) 

STUDENTIZED  LARGEST  GAP 
Tukey  (1948c,  1949a) 

STUDENTIZED  RANGE 

Snedecor  ( 1937)  1 1956],  Newman  ( 1939),  Pearson  ( 1939),  Hartley  (1942),  Pearson  & Hartley  ( 1943). 
Hartley  ( 1944),  Baker  ( 1946),  Kendall  ( 1946),  Duncan  ( 1947),  Nair  ( 1948a, b),  Tukey  ( 1948c),  Wilks 
• 1948).  Paulson  1 1949),  Tukey  ( 1949a) 

STUDENTS  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  STUDENT’S 
CRITERION  FOR  REJECTION 

STUDENT’S  T DISTRIBUTION 

Studer  t 1 193 1 ).  Thompson  ( 1935),  Wilks  ( 1938),  Eisenhart  ( 1939),  Newman  ( 1939),  Pearson  ( 1939), 
Wald  i 1940',  Kendall  1 19431,  Knudsen  (1943).  Wilks  (1943),  Hartley  (1944),  Cramer  (1946),  Daly 
1 1946).  Kendall  1 1946),  Walsh  ( 1946a).  Duncan  ( 1947),  Lord  ( 1947),  Walsh  ( 1947',  Nair  ( 1948a. b),  Rao 
( 1948),  Tukey  ( 1948b.c),  Wilks  1 1948),  Bartlett  ( 1949),  Tukey  ( 1949a, bi,  Walsh  ) 1949a, b) 

SUBNORMAL  DISTRIBUTIONS 
Bohlmann  < 1909),  Daniell  ( 1920) 
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SUCCESSIVE  DIFFERENCES 

Breger  (1881),  von  Bortkiewicz  (1931),  Bose  (1938),  Nair  & Shrivastava  (1942) 

SUFFICIENCY  (OF  STATISTICS) 

Fisher  (1920,  1922,  1934),  Pitman  (1936,  1937),  Cramer  (1946),  Kendall  (1946),  Kimball  (1946a), 
Eisenhart  & Solomon  (1947),  Lehmann  (1947),  Huzurbazar  (1948),  Kimball  (1949) 

SUPERNORMAL  DISTRIBUTIONS 
Bohlmann  (1909),  Daniel!  1 1920 ) 

SYMMETRIC  DISTRIBUTIONS,  CONTINUOUS 
Gumbel  (1944,  1949),  Tukey  (1949b),  Walsh  ( 1949a, b,c),  Wolfowitz  (1949) 

SYSTEMATIC  STATISTICS 

Mosteller  (1946),  Hastings,  Mosteller,  Tukey  & Winsor  (1947),  Wilks  (1948),  Nair  (1949b),  ^ 

Yamanouchi  (1949) 

T DISTRIBUTION,  STUDENT’S— SEE  STUDENT’S  T DISTRIBUTION 

TAXONOMY,  APPLICATIONS  TO 
Fisher  (1938),  Rao  (1948) 

TELEPHONY,  APPLICATIONS  TO 
Kendall  ( 1946) 

TERTILES 

Burgess  (1927),  Jeffreys  (1932b),  Bartlett  (1933),  Fisher  (1934),  Jeffreys  (1934) 

TEST,  COCHRAN’S— SEE  COCHRAN’S  RATIO  (TEST  STATISTIC) 

TEST,  KOLMOGOROV-SMIRNOV— SBE  KOLMOGOROV-SMIRNOV  STATISTIC  (OR  TEST) 

TEST,  MULTIPLE  T (LSD)— SEE  MULTIPLE  T (LSD)  TEST 

TEST,  POWER  OF— SEE  POWER  OF  A TEST 

TESTING  HYPOTHESES,  BOTH  ONE-SIDED  AND  TWO-SIDED 
Neyman  & Pearson  ( 1928),  Pearson  & Adyanthaya  ( 1929),  Student  ( 1931 ),  Pearson  & Chandra  Sekar 
(1936),  Madow  (1937),  Neyman  (1937a),  Savur  (1937b),  Snedecor  (1937),  Sukhatme  (1937),  Fisher 
(1938),  Savur  (1938),  Smirnov  (1939a),  Wald  (1939),  Roy  (1942a, b),  SchefTe  (1943),  Wilks  (1943), 
Tintner  (1945),  Cramer  (1946),  Kendall  (1946),  Kimball  (1947),  Feller  (1948),  Geary  (1948),  Nair 
( 1948b),  Rao  ( 1948),  Tukey  ( 1948c),  Wilks  ( 1948),  Cox  ( 1949),  Kac  ( 1949),  Maniya  ( 1949).  Noether 
(1949),  Smirnov  (1949a),  Tukey  ( 1949a, b),  Walsh  ( 1949a, b,c),  Wolfowitz  (’949) 

TESTING  HYPOTHESES,  ONE-SIDED— SEE  ALSO  TESTING  HYPOTHESES,  BOTH  ONE-SIDED 
AND  TWO-SIDED 

Fisher  ( 1929),  McKay  ( 1935),  Sukhatme  1 1936),  Thibaud  & Ferber  ( 1937),  Bartlett  ( 1938),  Fisher  & 
Yates  ( 1938),  Wishart  ( 1938),  Fisher  ( 1939),  Newman  ( 1939),  Pearson  ( 1939),  Fisher  ( 1940),  Chandra 
Sekar  & Francis  (1941),  Cochran  ( 1941 ),  Davis  (1941),  Finney  1 1941 ),  Knudsen  ( 1943),  Pearson  & 
Hartley  (1943),  Daly  (1946),  Greenwood  (1946),  Tintner  (1946),  Walsh  (1946a),  Bartlett  (1947b), 
Eisenhart,  Hastay  & Wallis  (1947),  Eisenhart  & Solomon  ( 1947 ),  Jacobson  ( 1947),  Lehman  ( 1947), 

Lord  ( 1947),  Walsh  ( 1947),  Anderson  ( 1948i,  Nair  (1948a),  Hartley  < 1949),  Walsh  ( 1949d) 
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TESTING  HYPOTHESES,  TWO-SIDED— SEE  ALSO  TESTING  HYPOTHESES,  BOTH  ONE-SIDED 
AND  TWO-SIDED 

Thompson  1 1935),  Savur  ( 1937a),  Smirnoff  ( 1937a),  Roy  i 1939),  Smirnov  ( 1939b, c),  Paulson  1 1940), 
Roy  ( 1940a, b),  Kolmogoroff  (1941),  Paulson  (1941),  Dodd  (1942),  Gumbel  (1942a),  Pearson  (1942), 
Mathisen  (1943),  Pearson  & Hartley  (1943),  Bowker  (1944),  Smirnov  (1944),  Kimball  (1946b),  von 
Mises  (1947),  Bartlett  (1948),  Smirnov  (1948),  Chung  (1949),  Doob  (1949) 


TESTS,  DESTRUCTIVE,  APPLICATIONS  TO— SEE  DESTRUCTIVE  TESTS,  APPLICATIONS  TO 

TESTS,  EFFICIENCY  OF 
Tukey  (1949b),  Walsh  ( 1949a, b,c,d) 

TESTS,  GOODNESS-OF-FIT— SEE  GOODNESS-OF-FIT  TESTS 

TESTS,  K-SAMPLE  (K=3  OR  MORE)— SEE  K-SAMPLE  TESTS  (K=3  OR  MORE) 

TESTS,  LIKELIHOOD-RATIO— SEE  LIKELIHOOD-RATIO  TESTS 

TESTS  OF  LINEAR  HYPOTHESES— SEE  LINEAR  HYPOTHESES.  TESTS  OF 

TESTS  OF  RANDOMNESS— SEE  RANDOMNESS,  TESTS  OF 

TESTS,  ONE-SAMPLE— SEE  ONE-SAMPLE  TESTS  (OR  CONFIDENCE  PROCEDURES) 


TESTS  (OR  INTERVALS),  BOTH  ONE-SIDED  AND  TWO-SIDED 
Pearson  & Chandra  Sekart  1936),  Thompson  ( 1936),  Madow  1 1937 ),  Neyman  ( 1937a,b).  Savur  ( 1937bi, 
Snedecor  (1937),  Sukhatme  (1937),  Fisher  (1938),  Savur  (1938),  Smirnov  (1939a).  Wald  (1939), 
Kullback  & Frankel  (1940),  Wald  & Wolfowitz  (1941).  Wilks  (1941),  Wald  (1942),  Wilks  (1942), 
Pearson  & Hartley  (1943),  Scheffe  (1943),  Wilks  (1943),  Scheffe  & Tukey  (1945),  Tintner  < 1945 ). 
Cramer  ( 1946),  Daly  ( 1946),  Grant  ( 19461,  Kendall  ( 1946),  Bickerstaff  < 1947),  Tukey  < 1947 1,  Feller 
( 1948),  Geary  ( 1948),  Murphy  ( 1948),  Nair  ( 1948b).  Tukey  ( 1948a, b).  Wilks  ( 1948).  Cox  ( 1949),  Doob 
( 1949),  Maniya  ( 1949),  Noether  ( 1949),  Tukey  ( 1949b),  Walsh  ( 1949a. b,c),  Wolfowitz  1 1949) 

TESTS  (OR  INTERVALS).  ONE-SIDED— SEE  ALSO  TESTS  (OR  INTERVALS).  BOTH  ONE-SIDED 
AND  TWO-SIDED 

Fisher  (1929),  Pearson  & Adyanthaya  (1929),  McKay  (1935),  Thompson  (1935),  Sukhatme  (1936), 
Smirnoff  (1937a),  Bartlett  (1938),  Fisher  & Yates  (1938),  Wishart  (1938),  Fisher  (1939),  Newman 
(1939),  Pearson  (1939),  Fisher  (1940),  Roy  ( 1940a, b>,  Chandra  Sekar  & Francis  (1941).  Cochran 
(1941),  Davis  (1941),  Finney  (1941),  Dodd  (1942),  Gumbel  (1942a),  Roy  ( 1942b),  Knudsen  (1943). 
Robbins  ( 1944a),  Kimball  ( 1946b),  Tintner  ( 1946),  Walsh  ( 1946a),  Bartlett  ( 1947b),  Eisenhart,  Hastav 
& Wallis  ( 1947),  Eisenhart  & Solomon  < 1947),  Jacobson  (1947),  Kimball  ( 1947 1,  Lehmann  ( 1947).  Lord 
( 1947),  von  Mises  ( 1947),  Walsh  ( 1947),  Anderson  ( 1948),  Bartlett  ( 1948),  Nair  ( 1948a>,  Rao  ( 1948), 
Smirnov  ( 1948),  Tukey  f 1948c),  Chung  ( 1949),  Hartley  ( 1949),  Kac  ( 1949),  Smirnov  ( 1949a),  Tukey 
(1949a),  Walsh  (1949d) 

TESTS  (OR  INTERVALS),  TWO-SIDED— SEE  ALSO  TESTS  (OR  INTERVALS),  BOTH  ONE-SIDED 
AND  TWO-SIDED 

Student!  1931 ),  Neyman  & Pearson  ( 1936),  Savur ( 1937a), Thibaud  & Ferber ( 1937),  Eisenhart  1 19391, 
Roy  11939),  Smirnov  ( 1939b, c),  Nair  ( 1940a, b).  Paulson  (1940),  Wald  (1940),  Kolmogoroff  (1941), 
Paulson  (19411,  von  Schellir.g  (1941),  Mathisen  ( 1943 1.  Bowker  (1944),  Scheffe  & Tukey  (1944). 
Smirnov  (1944),  Greenwood  (1946),  Kimball  (1946a),  Duncan  (1947),  Eisenhart,  Deming  & Martin 
(1948b),  Noether  ( 1948),  Schiitzenberger  ( 1948),  Birnbaum  & Zuckerman  (1949).  Kimball  (1949) 
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TESTS,  SEQUENTIAL— SEE  SEQUENTIAL  TESTS 

TESTS,  TWO-SAMPLE— SEE  TWO-SAMPLE  TESTS  (OR  CONFIDENCE  PROCEDURES) 
TESTS,  UNBIASED— SEE  UNBIASED  TESTS 


THEORY  OF  ERRORS— SEE  ERRORS,  THEORY  OF 

THOMPSON’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  THOMPSON’S 
CRITERION  FOR  REJECTION 

THREADS,  STRENGTH  OF  BUNDLES  OF— SEE  BUNDLES  OF  FIBERS  (OR  THREADS), 
STRENGTH  OF 

TIPPETT’S  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  TIPPETT’S  CRITER- 
ION FOR  REJECTION 

TOLERANCE  LIMITS 

Wilks  ( 1941 ),  Wald  ( 1942),  Wilks  ( 1942),  SchefTe  ( 1943),  Wald  ( 1943),  Wilks  ( 1943),  Robbins  ( 1944a), 
Scheffe  & Tukey  (1944,  1945),  Grant  (1946),  Kendall  (1946),  Winsten  (1946),  Cohan  (1947),  Tukey 
( 1947),  Murphy  ( 1948),  Schutzenberger  ( 1948),  Tukey  ( 1948a),  Wilks  ( 1948),  Birnbaum  & Zuckerman 
(1949),  Wolfowitz  (1949) 

TOLERANCE  REGIONS 

Wald  (1943),  Tukey  (1947),  Murphy  (1948),  Tukey  (1948a),  Wilks  (1948) 

TOPS0E-JENSEN  CRITERION  FOR  REJECTION  OF  OUTLIERS— SEE  OUTLIERS,  TOPS0E- 
JENSEN  CRITERION  FOR  REJECTION 

TOXICOLOGY,  APPLICATIONS  TO 
Fisher  & Yates  (1938),  Eisenhart  (1939),  Kendall  (1946) 

TRAFFIC  CONTROL,  APPLICATIONS  TO 
Greenwood  (1946),  Kendall  (1946) 

TRANSFORMATION,  PROBABILITY-INTEGRAL 
Mosteller  (1946),  BickerstafT  (1947),  Kimball  (1947),  Gumbel  (1949) 

TRAPEZOIDAL  DISTRIBUTION 

Gumbel  (1928),  von  Bortkiewicz  (1931),  Galvani  (1931),  Castellano  (1933a),  Pitman  (1936,  1939) 

TREATMENT  OF  OUTLIERS— SEE  OUTLIERS,  TREATMENT  OF 

TRIMMED  MEANS— SEE  ALSO  DISCARD  AVERAGES 
Short  (1763),  Newcomb  (1912),  d’Addario  (1939).  de  Vergottini  (1939),  Nair  & Banerjee  (1943). 
Jacobson  ( 1947),  Harris  & Tukey  ( 1949),  Tukey  ( 1949d) 

T-SQUARE  DISTRIBUTION,  HOTELLING’S— SEE  HOTELLING’S  T-SQUARE  DISTRIBUTION 

TUKEY'S  GAP-STRAGGLER  PROCEDURE— SEE  GAP-STRAGGLER  PROCEDURE.  TU KEY’S 
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TWO-SAMPLE  TESTS  (OR  CONFIDENCE  PROCEDURES) 

Savur  (1937a, b),  Snedecor  ( 1937),  Sukhatme  ( 1937),  Savur  ( 1938),  Roy  ( 1939),  Smirnov  ( 1939b),  Nair 
< 1940a),  Roy  ( 1940a, b),  Kolmogoroff  (1941),  Roy  ( 1942a),  Mathisen  ( 1943),  Pearson  & Hartley  ( 1943), 
Scheffe  ( 1943),  Bowker  ( 1944),  Smirnov  ( 1944),  Roy  ( 1945),  Cramer  ( 1946),  Kendall  ( 1946),  Tintner 
( 1946),  Lord  ( 1947),  Walsh  ( 1947),  Bartlett  ( 1948),  Feller  ( 1948),  Rao(  1948),  Wilks  ( 1948),  Cox  ( 1949), 
Doob  (1949),  Kac  (1949),  Tukey  (1949b),  Walsh  (1949c),  Wolfowitz  (1949) 

TYPE  A DISTRIBUTION— SEE  CHARLIER  DISTRIBUTION,  TYPE  A 

TYPE  B DISTRIBUTION— SEE  CHARLIER  DISTRIBUTION,  TYPE  B 

U DISTRIBUTION,  LORD'S— SEE  LORD’S  U DISTRIBUTION 

UNBIASED  ESTIMATORS 

Gumbel  (1937-38),  Sukhatme  (1937),  Wold  (1937),  Fisher  & Yates  (1938),  Wilks  (1943),  Cramer 
( 1946),  Kendall  ( 1946),  Mosteller  ( 1946),  Egudin  ( 1947),  Eisenhart  & Martin  (1948),  Hoeffdingl  1948), 
Pillai  (1948),  Yamanouchi  (1949) 

UNBIASED  TESTS 

Neyman  & Pearson  (1936),  Wilks  (1943),  Cramer  (1946),  Daly  (1946),  Eisenhart  & Solomon  (1947), 
Wilks  ( 1948) 

UNIFORM  DISTRIBUTION,  CONTINUOUS 

Bernoulli  (1709),  Lagrange  (1774),  Bernoulli  (1785),  Clifford  (1866),  Whitworth  (1867),  Halphen 
( 1873),  Lemoine  ( 1873),  Todhunter  ( 1873),  Helmert  ( 1876b),  Merriman  ( 1877),  Lalanne  ( 1879),  van 
Pesch  ( 1882, 1884),  van  den  Berg  ( 1891),  Pizzetti  ( 1892),  Whitworth  ( 1897),  Bliimcke  ( 1898),  Wolfilng 
(1899),  Contarino  (1914),  Mantel  (1915),  Haar  (1918),  Dodd  (1922),  Fisher  (1922),  Bottema  (1925), 
Chadwick  (1926),  Gumbel  (1928),  Neyman  & Pearson  (1928),  Pearson  & Adyanthaya  (1928,  1929), 
Rider  (1929),  Galvani  (1931),  Pearson  & Pearson  (1931),  Gini  (1932),  Baticle  (1933a, b),  Castellano 
( 1933a, b),  Craig  ( 1933),  McKay  & Pearson  ( 1933),  Pollard  ( 1934),  Baticle  ( 1935),  Castellano  ( 1935), 
Olds  (1935),  Sastry  (1935),  Smirnoff  (1935),  von  Mises  (1936),  Nair  (1936),  Pitman  (1936),  Bowley 
(19371,  Gumbel  (1937c),  Neyman  (1937b),  Pitman  (1937),  Smirnoff  (1937b),  Wold  (1937),  Bruen 
(1938),  Jeffreys  (1938),  Wilks  (1938),  Gumbel  (1939d),  Levy  (1939),  Pitman  (1939),  Wald  (1939), 
Kullback  & Frankel  (1940),  Nair  (1940b),  Paulson  (1940),  Brookner  (1941),  Rajalakshman  (1941), 
Thompson  ( 1941),  Gumbel  ( 1942a),  Pearson  ( 1942),  Craig  ( 1943),  Gumbel  ( 1943a, b,c),  Rajalakshman 
(1943),  Geary  (1944),  Carlton  (1946),  Cramer  (1946),  Greenwood  (1946),  Kendall  (1946),  Mosteller 
(1946),  Domb  (1947),  Gumbel  (1947),  Hastings,  Mosteller,  Tukey  & Winsor  (1947),  Kimball  (1947), 
Lehmann  ( 1947),  Moran  ( 1947),  Plackett  ( 1947),  Tukey  ( 1947),  Eisenhart,  Deming  & Martin  ( 1948b). 
Epstein  1 1948a),  Feller  ( 1948),  Tukey  ( 1948a),  Kac  ( 1949),  Smirnov  ( 1949b),  Walsh  ( 1949a,b>,  Weibull 
(1949) 

UNIFORM  DISTRIBUTION,  DISCRETE 

Simpson  (1756,  1757),  Lagrange  (1774),  Bernoulli  (1785),  Trembley  ( 1 804 ),  Hauber  (1830-32),  De 
Morgan  (1864),  Merriman  (1877),  Pizzetti  (1892),  Lorenz  (1905),  Gini  (1912),  Rider  (1929),  Smith 
( 1929),  Baticle  ( 1933a,  1935),  Olds  ( 1935),  Pitman  ( 1936),  Camp(  1937),  Gini  ( 1939),  Ruggles  & Brodie 
(1947) 

UNIFORM  DISTRIBUTION  ON  A CIRCLE 
Stevens  ( 1939),  Greenwood  ( 1946) 

UNIFORMITY,  ROLLER’S  (JUARTILE  COEFFICIENT  OF— SEE  ROLLER  S QUARTILE  COEFFI- 
CIENT OF  UNIFORMITY 
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UNSPECIFIED  DISTRIBUTION 

Ptolemaeus  (circa  150 >,  Galilei  ( 1632),  Cotes  (1722),  Euler  ( 1749),  Mayer  ( 1750),  Maire  & Boscovich 
(1755),  Boscovich  (1757,  1760),  Lambert  (1760),  Short  (1763),  Lambert  (1765a,b>,  Lalande  > 177 1 *. 
Bernoulli  ( 1785),  Laplace  ( 1786,  1793,  1799),  Prony  ( 1804),  Legendre  ( 1805),  Puissant  ( 1805i,  Svan- 
berg  (1805),  von  Zach  (1805),  Delambre  (1806-10),  von  Lindenau  (1806),  Laplace  (1812»,  Mathieu 
(1813-14),  Legendre  (1814),  van  Beeck  Calkoen  (1816),  Adrain  (1818),  Anonymous  (1821),  Fourier 
(1823),  Gauss  (1823),  Cauchy  (1824),  Fourier  (1824b, c),  Muncke  (1825),  Fourier  (1826a, b,  1829), 
Hauber  ( 1830-32),  von  Riese  ( 1830),  Cauchy  (1831),  Fourier  ( 1831 ),  Encke  1 1832-34),  Poncelet  ( 1835 1, 
Quetelet  ( 1835),  Cauchy  (1837),  Hagen  (1837),  Bessel  & Baeyer  ( 1838),  Dove  ( 1838),  Stampfer  1 1839 1. 
Cournot  1 1843),  Gerling  1 1843),  Ellis  ( 1844),  Herschel  ( 1850),  Tchebychef  ( 1854),  Lloyd  ( 1855 1.  Airy 
(1856),  Winlock  ( 1856),  Petzval  (1857),  von  Andrae  (1860),  Todhunter  ( 1865),  Venn  ( 1866>,  Todhunter 
(1873),  Helmert  (1875a),  Merriman  (1877),  Wilson  (1877),  Herschel  (1878),  Breger  ( 188 1 1.  Bruns 
( 1882),  Schreiber  ( 1882),  Edgeworth  ( 1885),  Bertrand  ( 1887a, b),  Edgeworth  ( 1887b,  1887-90),  Turner 
( 1887),  Bertrand  ( 1888a),  Galton  ( 1888),  Jordan  ( 1888),  Galton  ( 1889),  Runge  ( 1890),  Holmes  < 1892), 
Pizzetti  (1892),  Goedseels  & Mansion  (1893),  Vallier  (1894),  Mendeleev  ( 1895 ),  Wolffing  (1899), 
Estienne  (1900b),  Laska  (1900),  Bowley  (1901),  Hayford  (1902),  Czuber  (1903),  Heydenreich  (1903), 
Kirchberger  (1903),  Mitscherlich  (1903),  Saunder  (1903),  Holmes  (1905),  Watkins  (1905),  Mansion 
(1906),  Slocum  & Hancock  (1906),  Galton  < 1907a, b,c),  Hooker  (1907),  Mazzuoli  (1908),  Watkins 
( 1908),  Dunkel  ( 1909),  Goedseels  ( 1909),  Persons  ( 1909),  de  la  Vallee  Poussin  ( 1909),  Watkins  ( 1909), 
Gini  (1910),  Goedseels  (1910,  1911 ),  Mortara  ( 191 1),  de  la  Vallee  Poussin  (1911),  Yule  (1911),  Dettori 
( 1912),  Gini  ( 1912),  King!  1912),  Newcomb (1912),  Porru  (1912), Tits (1912),  Mansion  ( 1913),  Wellisch 
(1913),  Czuber  (1914),  Fuller  (1914),  Gini  (1914a,b),  Hazen  (1914),  Gini  (1915a, b),  Pietra  (1915), 
Savorgnan  (1915),  Trachtenberg  (1915),  Gini  ( 19 16a, b),  Ricci  ( 1916),  Weinberg  (1916),  Becker  ( 1917), 
Gini  ( 1917),  Secrist  (1917),  Gini  ( 1918),  Haar  (1918),  Vinci  (1918),  Niceforo  (1919),  Persons  ( 1919),  de 
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